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Notation and conventions

Throughout, we use R to denote the set of all real numbers, or equivalently, the
real line (—00, 00). The set of all non-negative real numbers is denoted by R,
The set of {0, 1, ...} of all non-negative integers is denoted N. The notation N,
will be used for the set {1, 2, ...} of all positive integers.

With p a positive integer, let R? denote the p'" cartesian product of R. An ele-
ment x in R?, whose p components are denoted 1, . . ., x,, is always interpreted
as a column vector (x4, ..., x,) (with’ denoting transpose).
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DETECTION THEORY






Chapter 1

Simple binary hypothesis testing

A decision has to be made as to which of two hypotheses (or states of nature) is
the correct one. The states of nature are encoded in a rv H and a decision has to
be made on the basis of an observation Y which is statistically related to H.

1.1 Motivating examples

Control process A machine produces circuit boards. It is either fully function-
ing (H = 1) or worn out (/{ = 0). Checking the state of the machine is not feasi-
ble as it would require that the production be stopped, incurring a loss of revenue
for the manufacturer if the machine were indeed shown to be fully functionally.
Instead, a batch of circuits is collected and tested for a number of performance
parameters, say Y7, ..., Y. Itis known that

A simple communication example

Testing means

1.2 The probabilistic model

These examples can be cast as binary hypothesis testing problems: Nature is in
either of two states, say H/ = 0 or H = 1 for sake of concreteness, and the obser-
vations are organized into an R*-valued rv Y. We assume given two probability
distribution functions Fy, F; : R* — [0,1] on R*; they will act as conditional
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8 CHAPTER 1. SIMPLE BINARY HYPOTHESIS TESTING

probability distribution of Y given / = 0 and /' = 1, respectively. This situation
is summarized by

H1 . Y ~ F1

HO Y~ F(). (11)

In the statistical literature the hypothesis Hy is called the null hypothesis and hy-
pothesis H; is referred to as the non-null hypothesis or the alternative.

Probabilistically, the symbolic statement (1.1) is understood as follows: Given
some probability triple (€2, F, P) (whose existence is discussed shortly), consider
rvs H:Q — {0,1} and Y : Q — R*. The probability distribution functions F;
and F} being interpreted as conditional probability distribution of Y given H = 0
and H = 1, respectively, we must have

y € R¥,

Fh(y):P[Y§y|H:h]7 h=0.1.

The probability distribution of the rv H is specified by p in [0, 1] with

We refer to the pmf (1 — p, p) on {0, 1}, or just to p, as the prior.

Because
PlY <y,H=h] = P[Y <y|H=h|P[H = h]
(1—-p)Fy(y) ifh=0,ycR
= (1.2)
pFi(y) ifh=1,y € R¥,
the law of total probability shows that
1
P[Y <y] = ) P[Y <y|H=hP[H=h
h=0
= phi(y)+ (1 -p)Fy), yeR" (1.3)

In other words, the conditional probability distributions of the observations given
the hypothesis and the probability distribution of A completely specify the joint
distribution of the rvs 4 and Y.



1.3. A CONSTRUCTION 9

1.3 A construction

The existence of the model described in Section 1.2 can be guaranteed through the
following construction: Take 2 = {0, 1} x R* with generic element w = (h, y)
with A = 0,1 and y an arbitrary element of R¥. We endow ) with the o-field F
given by

F =0 (P({0.1}) x BE")

where P({0, 1}) is the power set of {0, 1}, and B(IR*) is the Borel o-field on R*.
We define the mappings H : ) —+ RandY : Q — R by

Hw)=h and Y(w)=vy, w=(hy)ecd

Both projection mappings are Borel measurable, and therefore define rvs.

If P is any probability measure on the o-field F, then by construction of the
rvs H and Y just given, the joint probability distribution of the pair (H,Y") is
necessarily given by

PH=hY <y] = PlweQ: Hw)=hY (w) <y}

h=0,1
— Plh}x (ool 0 (14

{weQ: Hw)=hY(w) <y} ={h} x (—o0,y|.

On the way to identify a probability I’ on F under which the joint probability
distribution of the pair (H,Y") satisfies (1.2), we readily conclude from (1.4) that
P is necessarily determined on certain rectangles, namely

(I—p)Fo(y) ifth=0
P{r} x (=00, y]] = (1.5)
pFi(y) ifh=1

for every y in R*. At this point we recall the following fact from Measure Theory:
Any probability measure on the o-field F carried by the product space {0, 1} x R*
is uniquely determined on the entire o-field F by its values on the rectangle sets
of the form

h=0,1

{h} X (—OO,y], y € ]Rk
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Therefore, by virtue of (1.5) there exists a unique probability measure PP on F
such that (1.4) holds. More generally, it is also the case that

(1—p) [zdFy(y) ifh=0
P[{h} x (=00, y]] = (1.6)
p [ dFy(y) ifh=1

for every Borel set B in R” as a result of the fact that
o ((—oo,y], TS Rk) = B(R").

Finally, under this probability measure P it is plain (1.5) immediately implies

(1—p) ifh=0
P[H=h]=P[{hr}] = (1.7)
P ifh=1
and
PIH=hY <
PlY <y|H=h = [PH:my]
= Fu(y) (1.8)

for every y in R”, as required.

1.4 Basic assumptions

During the discussion, several assumptions will be enforced on the probability
distributions Fj and F}. The assumptions that will be most often encountered are
denoted by (A.1) and (A.2) for sake of convenience. They are stated and discussed
in some details below.

Condition (A.1): The probability distributions F, and F; on R* are both absolutely
continuous with respect to some distribution F' on R* — In general F' may not be
a probability distribution.

Condition (A.1) is equivalent to saying that there exist Borel mappings fy, f1 :
R*¥ — R, such that

Yy Rk
Fuw) = [ hmarm. S (19)
—00 y Le
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In some basic sense, this condition is hardly constraining since we can always
take F' to be the average of the two probability distributions £y and Fj. i.e.,
1 1

Fly)=5hm) + 3Ry, yeR. (1.10)

in which case F' is also a probability distribution. This choice for F' is usually
not operationally convenient and therefore discarded. However, the most often
encountered situations arise when F is either Lebesgue measure on R” or a count-
ing measure on some countable subset of R¥, in which case F is not a probability
distribution.

When F is Lebesgue measure on R”, the Borel mappings fy, fi : R¥ —
R, are just the probability density functions induced by F{ and F} in the usual
sense. When F'is counting measure on a countable subset S C R*, then the Borel
mappings fo, f1 : R¥ — R are best thought as probability mass functions (pdfs)

Fo=1/o(y), y€ S}and f, = {fi(y), y € S},ie,

y €S,

and

The condition (1.9) now takes the form

MesSnB

Condition (A.2): The probability distribution Fj is absolutely continuous with
respect to the probability distribution Fj.

Under Condition (A.1), with the notation introduced earlier, this is equivalent to
requiring
foly) =0 implies fi(y)=0. (1.11)

1.5 Admissible tests

Decisions as to which state of nature occurred are taken on the basis of observa-
tions; this is formalized through the following definition.
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An admissible decision rule (or test) is any Borel mapping d : R*¥ — {0,1}. The
collection of all admissible rules is denoted by D.

The measurability requirement entering the definition of admissibility is im-
posed to guarantee that the mapping d(Y) : @ — {0,1} : w — d(Y (w)) is indeed
arv,i. e, [we€ Q:d(Y(w)) = h|is an event in F for all h = 0, 1. The need for
this technical condition will become apparent in subsequent chapters.

The next fact will prove useful in some of the discussion

Lemma 1.5.1 The set D of admissible decision rules is in one-to-one correspon-
dence with B(RF).

Proof. By definition of admissibility every test d in D is completely specified by
the Borel subset C'(d) defined by

C(d) = {y € R* : d(y) = 0}. (1.12)

Conversely, any Borel measurable subset C' of R* uniquely determines an admis-
sible rule d¢ in D through
1 ify¢C
de(y) =
0 ifyecdC.

We note that C'(d¢) = C as expected. u

Any admissible rule d in D induces two types of error: Upon observing Y,
either H = 0istrueand d(Y') =1 or H = listrue and d(Y') = 0.

These two possibilities are the so—called errors of the first and second type asso-
ciated with the decision rule d; they are quantified by

a(d) =P[d(Y) = 1|H = 0] (1.13)

and
p(d) =Pld(Y)=0|H = 1], (1.14)
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respectively.

The quantity «(d) is sometimes called the size of the test d. In radar par-
lance, these probabilities are referred to as probabilities of false alarm and miss,
respectively, with alternate notation

Pe(d) =P[d(Y) =1|H = 0] (1.15)

and
Pu(d)=P[d(Y)=0|H =1]. (1.16)

Throughout we shall use this terminology. Sometimes, it is convenient to consider
the so—called probability of detection given by

Po(d) =Pld(Y) = 1|H = 1] = 1 — Py(d). (1.17)

1.6 Likelihood ratio tests

In subsequent chapters we shall consider several formulations for the binary hy-
pothesis problem. In all cases the tests of interest are related to tests in the class
of admissible tests {d,, > 0} which we now introduce.

For each 1) > 0, the mapping d,, : R¥ — {0, 1} is defined by

dy(y) =0 iff fi(y) <nfoly). (1.18)

It is plain from the definition (1.18) (with n = 0) that d; is simply the test that
always selects the non-null hypothesis H = 1, i.e., do(y) = 1 for every y in R*,
On the other hand, formally substituting 7 = oo in (1.18) will be problematic at
observation points where fy(y) = 0. However, by convention we shall interpret
dw as the test that always selects the null hypothesis H = 0, i.e., dy(y) = 0 for
every y in R”.

Such tests take an even simpler form under the additional Condition (A.2) as
will be seen shortly: Note that (1.18) can be rewritten as

if f1(y)

I(y) =0 fo(y)

<mn whenever fy(y) > 0.
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Taking our cue from this last statement, we define the likelihood ratio as any Borel
mapping L : R¥ — R of the form

f () >0

L(y) = (1.19)
Ay) if fo(y) =0

for some arbitrary Borel mapping A : R¥ — R,. Different choices of this ar-
bitrary non-negative function produce different versions of the likelihood ratio
function.

Given a version of the likelihood ratio function in (1.19), we define the likelihood
ratio test with threshold n > 0 to be the admissible decision rule Lrt,, : RF —
{0, 1} given by

1 if L(y) = n
Lrt,(y) = (1.20)
0 if L(y) <.
With
By={yeR": fi(y) =0}, h=0,1, (1.21)
we note that
Plfo(Y)=0[H=h]= [ fu(y)dF(y), h=0,1 (1.22)
Bg

Under (A.2), the inclusion By C B; holds and we conclude that
Plfo(Y)=0H=h]=0, h=0,1.

For any value 7 of the threshold it is plain that the tests d,, and Lrt, coincide
on the set {y € R* : fy(y) > 0} (while possibly disagreeing on the complement
By). Thus, for each h = 0, 1, we find that

P[d,(Y) = 0|H = h]
= P[d)(Y)=0,/o(Y)>O0[H =h] +P[d,(Y) =0, fo(Y) = O|H = h]
= P[Lrt,(Y) =0, fo(Y) > 0|H = h]
— P[Lrt,(Y) =0, fo(Y) > O|H = h] + P[Lrt,(Y) = 0, fo(Y) = 0| H = ]
— P[Lrt,(Y)=0|H = h].
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This discussion leads to the following fact.

Lemma 1.6.1 Assume the absolute continuity conditions (A.1)—(A.2) to hold.
For each ) > 0, the tests d,, and Lrt, are equivalent in the sense that Py (d,) =
PM(LT’tn) and Pp<d,7) = PF(L’/’t,?).

1.7 Exercises

1.8 References
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Chapter 2

The Bayesian formulation

The Bayesian formulation assumes knowledge of the conditional distributions F}
and F{, and of the prior distribution p of the rv H. Two other formulations, namely
the Minimax formulation and the Neyman-Pearson formulation, will be studied in
Chapters 4 and 35, respectively.

2.1 The Bayesian optimization problem

The cost incurred for making decisions is quantified by the mapping C' : {0, 1} x
{0,1} — R with the interpretation that

Cost incurred for deciding d

C(h, d) = when H = h ’

d,h=0,1.

As the sample w in 2 is realized, the observation Y (w) is recorded and the
use of the admissible rule d in D incurs a cost C(H (w),d(Y (w))). Although it
is tempting to seek to minimize this quantity, this is not possible. Indeed, the rv
Y is observed, whence d(Y') is known once the test d has been specified, but
the state of nature H is not directly observable. Consequently, the value of the
cost C(H,d(Y')) is not available. To remedy to this difficulty, we introduce the
expected cost function J : D — R given by

J(d)=E|[C(H,d(Y))], deD.
The Bayesian Problem Pg is the minimization problem

Pg :  Minimize J(d) over d in D.

17



18 CHAPTER 2. THE BAYESIAN FORMULATION

This amounts to finding an admissible test d* : R¥ — {0,1,...,M — 1} in D
such that
J(d*) < J(d), deD. 2.1)

Any admissible test d* which satisfies (2.1) is called a Bayesian test, and the value

J(d*) = inf J(d) = min J(d) (2.2)

deD deD

is known as the Bayesian cost.

The solution to the Bayesian problem Py is developed with the help of an auxiliary
result concerning the form of the Bayesian cost. This representation result will be
useful in several places and is given here for sake of easy reference: Introduce the
relative costs I'y and I'; given by

I'y=C(h,1—h)—C(h,h), h=0,1 (2.3)
and define the auxiliary expected cost function J:D — Rtobe

J(d)=E[1[d(Y) # H|Ty], deD. (2.4)

Lemma 2.1.1 For any admissible rule d in D, the relation
J(d) =E[C(H, H)] + J(d) (2.5)
holds with

J(d) = To(1 = p) - Pe(d) +T1p - Pry(d). (2.6)

Proof. Fix d in D. Recall that the rvs H and d(Y") are {0, 1}-valued rvs, and
that the events [d(Y') = H] and [d(Y) # H| form a partition of (), i.e.,

1[d(Y) = H] +1[d(Y) # H] =1[Q] = 1.
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It readily follows that

C(H,d(Y)) = 1[d(Y)=H|C(H,H)+1[d(Y) # H)C(H,1— H)
(1 =1[d(Y) # H) C(H,H) +1[d(Y) # H]C(H,1 — H)
C(H,H)+(C(H,1 - H) —C(H, H))1[d(Y) # H]
= C(H,H)+1[d(Y)# H]Ty 2.7)

with the relative costs ['y and I'; given by (2.3). Taking expectations on both sides
of (2.7) we obtain (2.5).
The law of total probabilities gives

J(d) = E[Lol[d(Y)#0]1[H =0]+T11[d(Y)#1]1[H =1]
= Do(1—p) -Pld(Y)#0[H=0]+Tp-P[d(Y) # 1|H = 1]
= To(1—p)-Pl(Y)=1H=0]+Tp-Pld(Y)=0[H=1],
and the desired expression (2.6) is obtained. [ |

The Bayesian cost under a given decision rule is completely determined by its
probabilities of false alarm and of miss. We also note that

J(d) = To(1—p)+Tip-PA(Y)=0H=1]
—To(1—p)-P[d(Y)=0H=0], deD (2.8)

as an immediate consequence of (2.6).

Therefore, by Lemma 1.6.1 it follows from (2.5)-(2.6) that J(d,,) = J(Lrt,)
regardless of the cost function C' : {0,1} x {0,1} — R. The same argument
also shows that any two versions of the likelihood ratio function will generate
likelihood ratio tests which are equivalent.

2.2 Solving the Bayesian problem Py

It follows from (2.6) that solving P is equivalent to solving the auxiliary problem
Pgr where R R
Pp:  Minimize J(d) over d in D.

To do so, it will be necessary to assume that the probability distributions Fj
and F) satisfy the absolute continuity condition (A1) given earlier, namely that
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there exists a single distribution /' on R* with respect to which both Fy, and F}
are absolutely continuous. For any test d in D, we get

PlY) =0 =1 = [ Ry
C(d)
- | nwirw. n=o1 @9
C/(d)
with C'(d) defined at (1.12). It is now easy to see from (2.8) that

i) =To(1=p)+ |  PF( (2.10)

where the mapping h : R* — R is given by

hy)=Tip- fiy) —To(1 —p) - foly), yeR" (2.11)

Theorem 2.2.1 Assume the absolute continuity condition (A.1) to hold. Define
the Borel set C* by
C*={y € R*: h(y) < 0} (2.12)
with h : R¥ — R given by (2.11). The decision rule d* : R* — {0, 1} induced by
C™ is given by
1 ifx¢C*
d*(y) = (2.13)
0 ifxeC*;

it 1s admissible and solves the Problem 733, hence solves the Bayesian Problem
Pxs.

Proof. The set C* is a Borel subset of R¥ due to the fact that the functions
fo, fi : RF — R, are themselves Borel measurable. The test d* is therefore an
admissible decision rule in D since C'(d*) = C*. We now show that d* satisfies

~ ~

J(d*) < J(d), deD. (2.14)

Indeed, for every test d in D, we see from (2.10) that

T =ttt [ wwarw) s [ wirw)
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and
J(d") = To(1 —p) + / h(y)dF (y) + / h(y)dF(y).
c*\C(d) C(d)NC*
Therefore,
7(d) — J(dr) = / h(y)dF(y) + / (—h(y)) dF(y) > 0
C(d)\C* C\C(d)
since

/ h(y)dF(y) >0 and / h(y)dF(y) <0
C(d)\C* C*\C(d)

by the very definition of C*. The problem 7/53 is therefore solved by the test d*
defined at (2.13). [ |

Uniqueness The solution to the Bayesian problem is not unique: It should be
plain that C* could be replaced by

C* ={y e R": h(y) <0}

(with corresponding test d**) without affecting the conclusion of optimality since

/ h(y)dF(y) = 0.
{YERE: h(Y)=0}

While it is true that J(d*) = J(d**), it is not necessarily the case that the equalities
Pp(d*) = Pp(d*) or Par(d*) = Par(d*) hold.

Implementation using likelihood ratio test Assume that 0 < p < 1 to avoid
trivial situations, and that the relative costs satisfy the conditions

I'y>0, h=0,1, (2.15)

1.e., the cost of making an incorrect decision is greater than the cost of making a
correct decision. This is of course a most reasonable assumption which always



22 CHAPTER 2. THE BAYESIAN FORMULATION

holds in applications. Under this condition, the Bayesian decision rule d* given in
Theorem 2.2.1 takes the equivalent form

[o(1—p)

T'op fo(y). (2.16)

d*(y) =0 iff fi(y) <

In view of the definition (1.18), the Bayesian test d* is indeed a test d,, with
given by
Io(1 —p)
Lip
Equipped with Lemma 1.6.1 we can now restate Theorem 2.2.1.

Ui

Theorem 2.2.2 Assume the absolute continuity conditions (A.1)—(A.2) to hold.
Whenever I'y, > 0 for h = 0, 1, the Bayesian decision rule d* identified in Theo-
rem 2.1 is equivalent to the likelihood ratio test Lrt,» where

s Tol=p) €O~
T'1p C(1,0) —

Ui

2.3 The probability of error criterion

A special case of great interest is obtained when the cost function C' takes the

form
C(h,d)=1[h#d], h,d=0,1.

The corresponding expected cost then reduces to the probability of making an
incorrect decision, namely the probability of error, and is given by

Pp(d)=P[d(Y) # H|], deTD.
We check that

T, =C(h,1—h)—C(h,h) =1, h=0,1,
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and the relations (2.5)-(2.6) yield

Pg(d) = (1—p)-Pr(d)+p- Py(d)
= p+(1=p)-Pp(d)—p- Pp(d), deD. (2.17)

For the probability of error criterion, the threshold n* appearing in Theorem 2.2.2
has the simpler form

The optimal decision rule d*, as described at (2.16), can now be rewritten as

I(y) =0 iff f1<y><1;pfo<y>. (2.18)

The ML test In the uniform prior case, 1.e., p = % the Bayesian test (2.18)
becomes

d*(y) =0 iff fi(y) < foly). (2.19)

In other words, the optimal decision is to select that hypothesis whose likelihood
is largest given the observation y. We refer to this strategy as the Maximum Like-
lihood (ML) test.

The MAP computer Finally, (2.18) can also be rewritten as
d(y)=0 iff P[H=1Y =y|<P[H =0]Y =y] (2.20)
since for each y in R*, we have

pfi(y)

PH =1]Y =y] = pfi(y) + (1 =p)fo(y)

and

(1—p)fo(y)
pfi(y) + (1 —p)fo(y)

by Bayes’ Theorem. For each i = 0, 1, the conditional probability P [H = h|Y = y|
is known as the posterior probability that H = h occurs given the observation y.
Put differently, the optimal test (2.20) compares these posterior probabilities given
the observation y, and selects the hypothesis with the largest posterior probability,
hence the terminology Maximum A Posteriori (MAP) computer.

P[H =0Y =y] =
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2.4 The Gaussian case
Assume that the observation rv Y is conditionally Gaussian given H, i.e.,

Hl : YNN(ml,Rl)
HO Y~ N(mo,Ro)

where m; and my are elements in R*, and the k& x k symmetric matrices R,
and Ry are positive definite (thus invertible). Throughout the pairs (1my, Ry) and
(my, Ry) are distinct so that the probability density functions fo, f; : R¥ — R,
are distinct since
1 _ly— /R71 -m y - Rk
fh y — e 2(y mh) h (y h)’
®) (2m)k det Ry, h=0,1.

Both conditions (A.1) and (A.2) obviously hold, and for each n > 0, the test d,
and Lrt,, coincide.

The likelihood ratio and the likelihood ratio tests For this example, the like-
lihood ratio function is given by

det(Ro) 1
L(y) = . e29) RF
(v) \det(Ry) < Y€

where we have used the notation

Q(y) = (y —mo) Ry (y — mg) — (y — my)' Ry (y — my).

Fix n > 0. By direct substitution, we conclude that

) 1 det Ry
Lrt,(y) =0 iff 62Q<y><,/n2~detRo,

and a simple logarithmic transformation yields

Lrt,(y) =0 iff Q(y) < log (UQthRl).

det R()
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The equal covariance case If the covariances are identical under both hypothe-
ses, 1.€.,
Ry=R, =R,

with m; # my, then

Qy) = (y—mo) R (y—mo) — (y—mi) R (y —m)
2y R (my — mg) — (m{R'my —myR 'm,). (2.21)

The form of Lrt, simplifies even further to read
Lrt,(y) =0 iff y’R'Am < 7(n)
where we have set
Am =my — my (2.22)

and
1
7(n) = 5 (m’lR_lml — ng_lmo) +logn. (2.23)

Evaluating probabilities We will now evaluate the probabilities of false alarm
and miss under Lrt,. It is plain that

Pp(Lrt,) = P[Lrt,(Y)=1H =0
= PIL(Y) 2 n|H =0
= P[YYR'Am >1(n) | H=0] (2.24)

and

Py(Lrt,) = P[Lrt,(Y)=0|H =1]
= BIL(Y) <ylH =1
= PYR'Am <7(n) | H=1]
= 1-P[YYR'Am>r7(n) | H=1]. (2.25)
To carry out the calculations further, recall that for each A = 0, 1, given H =
h,the rv'Y is conditionally Gaussian with mean vector m;, and covariance matrix

R. Therefore, the scalar rv Y'R™'Am is also conditionally Gaussian with mean
and variance given by

E[Y'R'Am|H = h| =m,R'Am
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and

Var [Y'R'Am|H =h] = (R 'Am) Cov|Y|H = h] (R"'Am)
= (R'Am) R(R'Am)
= Am'R 'Am, (2.26)

respectively. In obtaining this last relation we have used the fact that
Y'R'Am = (R 'Am)'Y.
Consequently, for all h = 0, 1,
P[Y'R'Am > 7(n)|H = h]
=P [m%R’lAm +VAMR 'Am - Z > 7’(77)}

_ / _1A
_ P [Z S T —mu R m} (2.27)
VAM'R 'Am
where Z ~ N(0, 1).
For the sake of convenience, pose
&> = Am'R 'Am, (2.28)

and note that

1 logn — 3d* ifh=1
7(n) —m,R™"Am =
logn—l—%al2 if h =0.

It is now clear that

logn + +d?
Pr(Lrt) =1— @ (()gn—2>

d
and Lo
Py(Lrt,)) = @ (W) .
We finally obtain
Pp(Lrt,) =1— @ (M) .
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The ML test The ML test corresponds to n = 1, in which case these expressions

become

Pp(dy) =1—@ <C§i) =Q (g)
and

Py(dar,) = @ <_g) =Q (g) ;
whence

Pg(dy) = (1 = p)Pr(duw) + pPu(da) = Q (C_Z>

regardless of the prior p.

2.5 The Bernoulli case
Consider the binary hypothesis testing problem

H,: Y ~ Ber(a)
Hy: Y ~ Ber(ap)

with a; < ag in (0, 1). The case ag < ay is left as an exercise. Thus,
PY =1|H=h=a,=1—P[Y =0|H="h], h=0,1

and Conditions (A.1) and (A.2) obviously hold with respect to counting measure
F on {0, 1}. The likelihood rate function is given by

1-— ay 1~y aq Y
L(y) = — R.
For each 1 > 0, the test d,, takes the following form

. 1—a \"Y a; \?
dy(y) =0 iff (1_a;> (a—;) <
_ Y _
iff (1 “°-ﬂ> <p 1T® R (229)

1—&1 Qo 1—&1
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P[d,(Y) = 1|H = 0]

[ 1—ap a1\’ 1—a
P °.2) > °|H =0
1—CL1 ag 1—CL1

Ply =1, (1_a° @> > _OH:()]
1—a1 Qo — ay
1 ap ap - W
+P|Y =0, ) > H=0
— a1 Qo 1—a
i ]_—CL() ]_—CLO ay 1—(10
1|n- < - — 1—ap)l |n- <1
%o ?7 1-@1_1—6L1 CLO:|+( aO) |:?7 1—(11_ :|
- 1—
apl US&:|+(1_GO)1 {77 aoﬁl}
L Qo 1-@1
- 1_
aol USﬂ]ﬂL(l—ao)l {ns al] (2.30)
L Qo 1—&0

Similarly, we get

Pld,(Y) = O[H = 1]

[ 1—ay a\” 1—a
P 0. <. °|H =1
1—a; ag 1—a;

[ 1—ay a1\’ 1—a
lPY:l,( 0.—1> <n- OH:l]

1-@1 Qo

1—CLO aq Y 1—a0
+P Y =0, —] <n- H=1
1—a; ag 1—a;
-1—CLO aq 1-&0 1-@0
1 - — : Il—a)l|l<n-
@ _1-&1 Qo 1-@1}—’_( al) |: " 1—(11:|
- 1—
a;l ﬂ<77}—|—(1—(11)1[1<7]- ao}
| Qo 1—(11
- 1_
a1 ﬂ<17}+(1—a1)1{ a1<n]. (2.31)
| Qo 1—&0
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2.6 Additional examples

We now present several examples where Conditions (A.1) or (A.2) fail. In all
cases we assume 'y > Oand I'; > 0.

An example where absolute continuity (A.2) fails Here, the observation is the
scalar rv Y with Fj and Fj admitting probability density functions fy, f1 : R —
R, with respect to Lebesgue measure given by

-y ifly[ <1
foly) = and  fi(y) =

0 otherwise 0 otherwise.

if—1<y<?2

Wl

Condition (A.1) holds (with Lebesgue measure) but the absolute continuity
condition (A.2) is clearly not satisfied. However, simple substitution reveals that

hy) = Tip- fily) —To(1 —p) - fo(y)
(0 ify < —1

sTip —To(1=p)(1 = y]) iffy] <1
- (2.32)
%Flp ifl<y<?2

0 if 2 <.

\

The Bayesian test d* is simply

1
_Flp
d*(y) =0 iff <l—- =

Another example where absolute continuity (A.2) fails The observation is the
scalar rv Y with F{y and F{, admitting probability density functions fy, f; : R —
R, with respect to Lebesgue measure given by

I-|y| iffy[ <1
fo(y): and fl(y):

0 otherwise 0 otherwise.

Wl

if0<y<3
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Condition (A.1) holds (with Lebesgue measure) but (A.2) fails. Simple substitu-
tion reveals that

hy) = Tip- fily) —To(1 —p) - fo(y)

(0 ify < —1
—Lo(1—p)(1 +y) if—1<y<o0
= { IMp-To(1—p)(1—y) ifo<y<1 (2.33)
1Typ ifl1<y<3
0 if 3 <y,

\

and it is straightforward to check that the Bayesian test d* is simply

-1<y<0
d*(y) =0 iff or 1
0<y<l y<l-git

Equivalently, d* can be described as

d*(y) =0 iff ye<—1,<1—%) )

A final example Consider the binary hypothesis testing problem

H1I YNF1
Hoi YNF()

where Fj is the discrete uniform distribution on {0, 1}, and F} is uniform on the
interval (0, 1). Thus, F; admits a probability density function f; : R — R, with
respect to Lebesgue measure given by

1 ify e (0,1)
fily) =

0 otherwise

and .
IP’[Y:O|H:O]:]P>[Y:1|H:0]:§.
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In this example F’ cannot be taken to be either the distribution associated with
Lebesgue measure on R or with the counting measure on {0, 1}. In principle we
could use F' given by (1.10) but this would yield complicated expressions for the
density functions fy, f1 : R — R™. Instead of applying Theorem 2.2.1 with that
choice, we provide a direct optimization of the auxiliary expected cost function
(2.4): For each test d in D we recall that we have

J(d)
= Lo(l=p)+Tp-Pld(Y) =0[H =1] = To(1 —p) - P[d(Y) = 0| H = (]
with
1 if0 e C(d),1 ¢ C(d)
5 if1eC(d),0¢ C(d)
PUY) =0 =01=9 1 it0ec(d)1ecd)
0 if0¢ C(d),1 ¢ C(d)
and
PlAY)=0H=1= [ fily)dy=|C(d) n]0,1]]
C(d)

Adding or deleting a finite number of points from C(d) will not affect the
value of P [d(Y) = 0| H = 1], but it may change the value of P [d(Y") = 0|H = 0.
Therefore, with C'(d) given, modify it, if needed, by adding both points 0 and 1.
If C" denotes this Borel subset of R, then C" = C(d) U {0, 1}; if d’ denotes the
corresponding test, then C'(d') = C’. Obviously

Pld(Y)=0lH =1 =P[d(Y) = 0|H = 1] = |C(d') N [0, 1]
since |C/(d') N[0, 1]] = |C(d) N [0, 1]], while
Pld(Y) = 0[H = 0] <P[d(Y) =0|H =0] = 1.
We can now conclude that

J(d)
= Lo(1=p)+Twp-PldY) =0[H = 1] = To(1 —p) - P[d(Y) = 0| = 0]
To(1—p)+Dip-Pld(Y)=0/H =1 —To(1—p)-P[d'(Y)=0|H = 0]
To(1 = p) +Tip-|C(d) N[0, 1]] = To(1 = p)
Iip-|C(d)N[0,1]] > 0. (2.34)

Y
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Consider the test d* : R — {0, 1} given by

d*(y) =1[{0,1}] (y), yveR

The arguments leading to (2.34) also show that
J(d) =Tip-|C(d) N[0, 1] =0,
and the test d* is therefore a Bayesian decision rule.

2.7 Exercises

2.8 References



Chapter 3

Randomized tests

As we shall see shortly, a solution cannot always be found to the Minimax and
Neyman—Pearson formulations of the hypothesis testing problem if the search is
restricted to the class of decision rules D as done for the Bayesian set—up. In
some very real sense this class D of tests is not always large enough to guarantee
a solution; to remedy this difficulty we enlarge D by considering the class of
randomized tests or decision rules.

3.1 Randomized tests

We start with a definition.

A randomized test § is a Borel mapping 0 : R¥ — [0, 1] with the following in-
terpretation as conditional probability: Having observed Y = v, it is decided
that the state of nature is 1 (resp. 0) with probability d(y) (resp. 1 — d(y)). The
collection of all randomized tests will be denoted by D*.

Obviously, any test d in D can be mechanized as a randomized test, say dg : RF —
[0, 1], given by
da(y) = d(y), yeR~

A test in D is often referred to as a pure strategy.

A natural question then arises as to how such randomization mechanisms can
be incorporated into the probabilistic framework introduced earlier in Section 1.2:
The model data is unchanged as we are given two probability distributions F{ and
Fy on R* and a prior p in [0, 1]. We still consider a sample space {2 equipped with

33



34 CHAPTER 3. RANDOMIZED TESTS

a o-field of events F, and on it we now define the three rvs H, Y and D which
take values in {0, 1}, R¥ and {0, 1}, respectively. The rvs H and Y have the same
interpretation as before, as state of nature and observation, respectively, while the
rv D now encodes the decision to be taken on the basis of the observation Y.
With each decision rule ¢ in D* we associate a probability measure Ps on F
such that the following constraints are satisfied: As before, this time under Ps, we
still have
y € RY,

and

Therefore, under IPs the probability distribution of the pair (H,Y") does not de-
pendent on § with

h=01,

as expected. In addition, for 4 = 0, 1 and y in R¥, we now require that

1 —6(y) ifd=0
Ps[D=dlH =hY =y] =
i(y) ifd=1

= di(y)+(1-d)(1-4(y). (B2

The joint probability distribution of the rvs /1, D and Y (under P5) can now
be completely specified: With h, d = 0,1 and a Borel subset B of R”, a precondi-
tioning argument gives

Py[H=h,D=dY € B
E;[1[H =h,Y € B|P;[D = d|H,Y]|
— Ey[1[H = hY € B](d5(Y) + (1 - d) (1 - 5(¥)))
= Bl =) [ (@) + (- 0) (1~ 3) dFify)

Ps[H =h]- [(1—d(y))dFr(y) ifd=0
= (3.3)
Ps[H = h] - [ 6(y)dFi(y) ifd = 1.
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3.2 An alternate framework

The class D* of randomized strategies gives rise to a collection of probability

triples, namely
{(Q, F,Ps), 6 € D}

It is however possible to provide an equivalent probabilistic framework using a
single probability triple (2, F,P). To see how this can be done, imagine that the
original probability triple (€2, F,P) is sufficiently rich that there exists on it a rv
U : @ — [0,1] which is uniformly distributed on (0, 1), and independent of the
pair of rvs H and Y, This amounts to

teR
PlU<t,H=hY <y]=P[U<t|P[H=hY <y|, h=0,1,
y € RF
with
0 ift <0
PlU<t]=
min(t,1) ift >0,
h=0,1,
P[H=hY <y|=P[H = 1| F,(y), k
and

PH=1=p=1-P[H =0].
Now, for each decision rule ¢ in D*, define the {0, 1}-valued rv Dj given by

Ds=1[U < (Y)].

Note that
P[Ds=1H=hY =y] = E[1[U<§Y)||H=hY =1y
= E1[U<iy]IH=hY =y
= P[U <(y)]
= (y) (3.4)

under the enforced independence assumptions. Similarly it follows that

P[Ds=0H=hY=y] = 1-P[Ds=1|H=hY =y]
= 1-4(y). (3.5)
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Therefore, the conditional distribution of Ds (under P) given H and Y coincides
with the conditional distribution of D (under Ps) given H and Y, and the two
formalisms are probabilistically equivalent.

3.3 [Evaluating error probabilities

Evaluating error probabilities under randomized tests can be done rather easily:
Consider a randomized test ¢ in D*. In analogy with (1.15) and (1.16), we evaluate
the probabilities of false alarm and miss under ¢ as

Pp(8) =Ps[D = 1|H = 0] (3.6)

and
Py(0) =Ps [D =0|H =1]. (3.7

It is also convenient to consider the so—called probability of detection given by
Pp(8) =Ps[D=1|H =1] =1 — Py(9). (3.8)
Because
Ps[D = h|H] =Es [Ps [D =h|H,Y]|H|], h=0,1

we readily conclude that

Pe(s) = [ Sw)iFs(w) (39
and
Pu(d) = [ (1= b)) aR() (3.10)
so that
Pp(6) = /R B(y)dFi(y). G.11)

3.4 The Bayesian problem revisited

Assuming the cost function C' : {0,1} x {0,1} — R introduced in Section 2.1,
we define the expected cost function J* : D* — R given by

J*(8) = Es [C(H,D)], &eD"



3.4. THE BAYESIAN PROBLEM REVISITED 37

When considering randomized decision rules, the original Bayesian Problem
Pp is now reformulated as the minimization problem

Pr :  Minimize J*(§) over § in D*.
This amounts to finding an admissible test * in D* such that

JH6*) < J*(6), &€ D (3.12)

Any admissible test 6* which satisfies (3.12) is called a randomized Bayesian test,
and the value

JH(6%) = inf J*(6)) (3.13)

6eD*
is sometimes referred to as the randomized Bayesian cost.

Obviously, since D C D* (with a slight abuse of notation) with
J*(0q) = J(d), deD,

it is plain that
inf J*(0) < inf J(d).

seD* " deD
While in principle this last inequality could be strict, we now show that it is not
so and that the Bayesian problem is not affected by considering the larger set of
randomized decision rules; the proof is available in Section 3.6.

Theorem 3.4.1 Under the absolute continuity condition (A.1), it holds that
inf J*(0) = églf) J(d). (3.14)

0eD*

It follows from Theorem 2.13 that (3.14) is equivalent to
min J*(9) = min J(d) = J(d*) (3.15)

seD*
where the deterministic test d* : R¥ — {0, 1} is given by (2.13).
For easy reference we close with the following analog of Lemma 2.1.1 for
randomized tests; the proof is left as an exercise.
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Lemma 3.4.1 For any admissible rule 6 in D*, the relation
J*(0) = E[C(H, H)] + J*(6) (3.16)
holds with
T*(8) = To(1 — p) - Pr(8) + T1p - Par(6). (3.17)

3.5 Randomizing between two pure decision rules

Consider two pure strategies d; and dy in D. With a in (0, 1), we introduce a
randomized policy J, in D* which first selects the pure strategy d; (resp. ds)
with probability a (resp. 1 — a), and then uses the pure policy that was selected.
Formally, this amounts to defining §, : R* — [0, 1] by

Ju(y) = adi(y) + (1 — a)da(y), y <R

Applying the expressions (3.9) and (3.10) with the randomized test J, we get

Pets) = [ aw)dFw)
_ /R (adi(y) + (1 - a)d(y)) dFy(y)

= o[ iR+ -0 [ bERw
= aPp(dy) + (1 — a) Pp(dy). (3.18)

Similarly we find that

Py(8,) = /R (1 —da(y)) dFi(y)
_ / (1= ad(y) — (1 - )da(y)) dF(y)

— o[ (- )R + -0 [ (- b@)iR)
= aPy(dy) + (1 — a)Pa(dy). (3.19)
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It immediately follows from (3.16) and (3.17) that
J;(éa) = aJy(dy) + (1 — a)J,(ds). (3.20)

as we use the relations (3.18) and (3.19).

One very concrete way to implement the randomized policy ¢, on the original
triple (€2, F,IP) proceeds as follows: Consider the original probabilistic frame-
work introduced in Section 1.2 and assume it to be sufficiently rich to carry an
additional R-valued rv V' which is independent of the rvs 4 and Y (under PP), and
is uniformly distributed on the interval [0, 1]. Define the {0, 1}-valued rv B, given
by

B,=1[V <d].

It is plain that the rv B, is independent of the rvs H and Y (under IP), with
PB,=1=a=1-P[B, =0].

Define the decision rv D, given by
Dy = Bodi(Y) + (1 — By)da(Y).

It is easy to check that

[
=P [Badl(Y> + (1 - Ba)d2<Y) = 1‘H = h7Y = y]
= P[Budi(y) + (1 — Bu)da(y) = 1|H = h,Y =y
= P[B.=1,di(y) =1|H =hY =y|+P[B, =0,do(y) = 1|H = h,Y = y]
= di(YP[B.=1H =Y =y|+d(y)P[B. =0[H =1, Y =y
= di(y)P[B, = 1] + dy(y)P[B, = 0]
k
— ad(y) + (-, L (3.21)
as desired.

3.6 A proof of Theorem 3.4.1

Pick an arbitrary test ¢ in D*. A simple preconditioning argument shows that

J*(6) = Es[C(H, D)
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|
&=

s [Es [C(H, D)|H, Y]

5 [C(H, )P [D = 1|H, Y] + C(H,0)B; [D = 0|H, Y]]
[C(H,1)-6(Y)+ C(H,0)-(1-04(Y))]

s [C(H,0)] +Es [(C(H,1) — C(H,0)) - 6(Y)] (3.22)

| [
SEsNs

with

Es [(C(H,1) = C(H,0)) - 6(Y)]

= Es;[(C(H,1) - C(H,0)) -Es [6(Y)|H]]
= (C(1,1) = C(1,0)) Es [0(Y)|H = 1] P; [H = 1]
+(C(0,1) = C(0 0)) Es [6(Y)|H = 0]Ps [H = 0]
= —Iip-Es[0(Y)H=14+T¢(1—p)-Es[0(Y)H=0]. (3.23)

Using the absolute continuity condition (A.1) we can now write

BBV =1 = [ Sw)aFi() = | s@)hwdPw), k=01
so that
7*(6) ~ B [C(H,0)]
= Twp- [ S Tl =9 [ Sw)h@)ir)

Rk

_ / (“Tapfi(y) + To(1 = ) fo(y)) 6(y)dF (y)
~ [ Hwiwarw) (324)

where the mapping i : R¥ — R is given by (2.11). Note that the term Es [C'(H, 0)]
does not depend on the randomized test § being used.

From Theorem 2.2.1 recall that the Bayesian rule which solves Problem Py is
the test d* : R¥ — {0, 1} in D given by (2.13). Note that d* can also be interpreted
as the randomized rule &* : R* — [0, 1] given by

0 ifh(y) <0 0 ifyeC*
0"(y) = =
1 ifh(y) >0 ify & C*

where C* is the Borel subset of R¥ given by (2.12).
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The desired result will be established if we show that
J*(6%) < J*(0), &€ D

The approach we take is reminiscent of the one used in the proof of Theorem
2.2.1: For an arbitrary ¢ in D*, earlier calculations (3.24) show that

7)) = = [ b))+ [ b wire)

RF

_ / h(y) (5"(y) — d(y)) dF (y)
— /C (=h(y)d(y)dF(y) + /]R (1—4(y)) h(y)dF(y)

k\c*
> 0

as desired since

[ chwnarw) >0 wna [ 0= 5w hw)arw) 2 0

RF\C*

by the very definition of the set C* and of the mapping h : R¥ — R. [ ]

3.7 Exercises

3.8 References
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Chapter 4

The Minimax formulation

The Bayesian formulation implicitly assumes knowledge of the prior distribution
on the hypothesis rv H. In many situations, this assumption cannot be adequately
justified, and the Bayesian formulation has to abandoned for the so—called Mini-
max formulation discussed in this chapter.

4.1 Keeping track of the prior

To facilitate the discussion, we augment the notation introduced in Chapter 1 and
Chapter 3 by explicitly indicating the dependence on the prior probability dis-
tribution: As before we are given two distinct probability distributions Fy, F} :
R* — [0, 1] which act as conditional probability distributions for the observation
given the state of nature. As in Chapter 1, we can always construct a collection
{(Q, F,P,), p € [0,1]} of probability triples, and rvs H and Y defined on €2
which take values in {0, 1} and R, respectively, such that for each p in [0, 1],

y € R¥,

Fu(y) =Pp[Y <ylH =h],  ~ 4

and
p=P,[H=1=1-P,[H=0].

One possible construction was given in Section 1.3: Take Q = {0, 1} x R* with
generic element w = (h,y) with h = 0, 1 and y an arbitrary element of R*. We
endow () with the o-field F given by

F =0 (P({0,1}) x B(RY))

43
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where P({0, 1}) is the power set of {0, 1}, and B(R*) is the Borel o-field on R*.
We define the mappings H : ) - RandY : Q — R¥ by

Hw)=h and Y(w)=vy, w=(hy)e.

Both projection mappings are Borel measurable, and therefore define rvs.
As before, it is plain that

P[Y <y,H=h] = P,[Y <y|H=h|P,[H = h]

(1—p)Fy(y) ifh=0,y€cRk
_ @.1)
pFi(y) ifh=1y€cRk

Let E, [-] denote expectation under P,

When dealing with randomized strategies we further augment the notation Ps
to read IP5, when using the randomized strategy ¢ in D* with prior p; see Section
3.1 for details on the probabilistic framework to be used.. In that case let E;, []
denote expectation under Ps .

4.2 The Bayesian problems

Fix pin [0, 1]. Let J,(d) denote the expected cost associated with the admissible
decision rule d in D when the prior on H is p, i.e.,

Jp(d) = E, [C(H,d(Y))].

Similarly, let .J;(J) denote the expected cost associated under the randomized
decision rule § in D* when the prior on H is p, i.e.,

J3(8) = Es,, [C(H, D)) .
The Bayesian problems introduced in Chapters 2 and 3 now read
P,5: Minimize J,(d) over d in D

and
>58¢ Minimize J;(J) over 0 in D*.

The corresponding Bayesian costs will be denoted by

V(p) = inf J,(d) (4.2)

deD
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and
V*(p) = 6i€rg* J;((S). 4.3)

As shown in Chapter 2, under Condition (A.1), for each p in [0, 1] the problem
P,5 has a solution which we denote d*(p) to indicate its dependence on the prior
p. Clearly, any such solution satisfies

Jp(d*(p)) < Jp(d), deD (4.4)

and the equality
Vip) = Jp(d"(p)) 4.5)
holds. Under the same condition, Theorem 3.4.1 further shows that
Ty (0a-p) < Jp(0), 6 €D*
so that
V*(p) =V(p). (4.6)

The following properties of the value function V' : [0, 1] — R will be useful
in the forthcoming discussion. Conditions (A.1) and (A.2) are not needed for the
results to hold.

Lemma 4.2.1 Assume I, > 0 for h = 0, 1. The value function V' : [0,1] — R is
concave and continuous on the closed interval [0, 1] with boundary values V' (0) =
C'(0,0) and V(1) = C(1,1). Moreover, its right-derivative (resp. left-derivative)
exists and is finite on [0, 1) (resp. (0,1]))

The proof can be omitted in a first reading, and can be found in Section 4.10. For
easy reference, recall that for each p in [0, 1] the expressions

Jp(d) = pC(1,1)+ (1 —-p)C(0,0) (4.7
+To(1 —p)- Pp(d) +Tp- Pu(d), deD
and
Jy(6) = pC(1,1)+ (1 —p)C(0,0) (4.8)
+F0(1—p)PF(5)+F1pPM(5), 0 € D*

hold. The relationships were given in Lemma 2.1.1 and Lemma 3.4.1, respec-
tively.
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4.3 The minimax formulation

Since the exact value of the prior p is not available, the Bayesian criterion has to
be modified. Two different approaches are possible; each in its own way seeks to
compensate for the uncertainty in the modeling assumptions.

Minmax On possible approach is to introduce a worst-case cost associated with
the original cost, and then use it as the new criterion to be minimized. With this
in mind, define

Jrax(d) = sup Jp(d), deD. 4.9)

We are then lead to consider the minimization problem

Pumax : Minimize Jyx(d) over d in D.

Solving Phrax amounts to finding an admissible test d, in D such that
Invax(d5) < Jvax(d),  d € D. (4.10)

When it exists, the test d7, is known as a minimax test.

A priori there is no guarantee that a test in D exists which satisfies (4.10) (even
under Condition (A.1)) — It is not clear that a cost C' : {0,1} x {0,1} — R (likely
related to the original cost C': {0,1} x {0,1} — R) and p in [0, 1] can be found
such that

Niax(d) = B [5(}[, d(Y))} , deD.

If that were indeed the case, then Theorem 2.2.1 would guarantee the existence of
a minimizer.

For technical reasons to become shortly apparent we also introduce the worst-
case cost under randomized strategies, namely

Jiax(0) = sup J*(6), &€ D, (4.11)

pe[0,1]
The minimization problem of interest here is now defined as

Priax ©  Minimize J{, (6) over § in D*.
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Solving Py, amounts to finding a randomized strategy o7, in D* such that
o (00) < Jpaxc(6), 0 € D, (4.12)
Again a priori there is no guarantee that there exists a test in D* satisfying (4.12)

(even under Condition (A.1)). When it exists, the test 07, is also known as a
minimax test.

It is natural to wonder whether the tests d, and 07, exist, (possibly under additional
conditions), whether they are different, and if not, whether J{,. (0%,) = Jmax(dS,)-

Maxmin Another reasonable way to proceed consists in using the Bayesian test
for that value of p which yields the largest Bayesian cost (4.2): With the notation
introduced earlier, let p,, in [0, 1] such that

V(pm) = max V(p), (4.13)

p€(0,1]

and use the Bayesian rule d*(p,,) — The existence of p,, is guaranteed by the fact
that the mapping V' : [0,1] — R is continuous on the closed bounded interval
[0, 1] by Lemma 4.2.1, hence achieves its maximum value on [0, 1].

The value p,, satisfying (4.13) is known as the least favorable prior. Although the
terminology is not standard, we shall refer to d*(p,,) as a maximin test.

4.4 Preliminary facts

In view of the two competing approaches outlined in Section 4.3, several questions
arise: (i) How does one characterize the minimax strategy d;, and develop ways
find it; (i1)) How does one characterize the least-favorable prior p,,, and develop
ways find it; (iii) Is there a simple relationship between the solutions proposed by
two approaches, and in particular, whether is d*(py,) is a candidate for d,.

To frame the discussion of these issues we start with a couple of preliminary
remarks.
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The minimax inequalities As a first step towards understanding how the two
approaches may be related to each other, consider the following arguments: From
the definitions it always holds that

pel0,1]

V(p) < Jp(d) < JMax<d)’ de D.

(4.14)

It is now immediate that

V(p) < inf Juax(d), p€[0,1]

~ deD

since V'(p) does not depend on d, whence

sup V(p) < inf Jyax(d).
sup (p) < If Jyiax(d)

This last inequality can be rewritten as the minimax inequality
sup | inf J d) <inf | sup J,(d (4.15)
s (10 4,0)) < jnt | s o

(in pure policies)
If we were to consider randomized strategies, it is also the case that

p € [0,1]

Vi) < K0) < Fuld), B

(4.16)

and arguments similar to the ones leading to (4.15) yield the minimax inequality

sup (inf J*((S)) < inf (sup J;(d)) 4.17)

; <
pef0,1] \9€P* 0D \ pefo,1]

in randomized strategies.

Toward minimax equalities As we contrast the inequalities (4.15) and (4.17),
it is natural to wonder whether these inequalities ever hold as equalities, namely

sup (mf Jp(d)) = inf (Sup Jp(d)> (4.18)

pef0,1] \4€P d€D \ peo,1]
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and

sup | inf J*(§ ) = inf | sup JX(9) |. (4.19)
p€[071} <6ED* p( ) 6€D* pE[O,l] p< )
When this occurs we shall then say that the minimax property holds in pure and
randomized policies, respectively.

It is worth pointing out that the equalities

inf (sup J;(é)) < inf (sup Jp(d)> (4.20)

6e€D* \ pefo,1] d€D \ pefo,1]

and

sup | inf J*(6 ) = sup (inf Jp(d > (4.21)
p€(0,1] (569* »(0) pef0,1] \4€P ()
always hold; the latter is a rewrite of (4.6) and is a simple consequence of Theorem
3.4.1. As we combine these observations with (4.17) we conclude that

sup (inf Jp(d)> < inf (sup J;(é)) < inf (sup J,,(d)) . (4.22)

pel0,1] \9€D —0€D* \ pefo,1] d€D \ pefo,1]

Thus, if (4.18) happens to be true, then (4.19) necessarily holds — Put differently,
the minimax property in pure policies is more difficult to achieve than the minimax
property in randomized strategies. This disparity will become apparent in the
discussion of the Minimax Theorem given in Section 4.5, opening the possibility
that we may have to resort to randomized tests (at least in some situations) in order
to achieve the minimax equality.

The structure of the worst-case costs (4.9) and (4.11) A little more can be said
concerning the auxiliary costs (4.9) and (4.11): For each test d in D, we note from
(4.7) and (4.8) that

sup J,(d) = max J,(d) = max{Jy(d), J1(d)} (4.23)

pel0,1] p€(0,1]

with the supremum achieved at either p = 0 or p = 1. Also, Jy(d) and J;(d) can
be given probabilistic interpretations as the conditional interpretations

Jo(d) = E, [C(H,d(Y)|H = 0] (4.24)
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and
Ji(d)=E,[C(H,d(Y)|H = 1] (4.25)

with p arbitrary in [0, 1]. Similarly, for each randomized strategy ¢ in D*, we have

sup J;(0) = max J3(0) = max{Jy(d), J7(6)} (4.26)
pe[0,1] peE[0,1]
with the supremum achieved at either p = 0 or p = 1 with probabilistic interpre-

tations
J5(0) = Esp [C(H,D)|H = 0] 4.27)

and
J;(8) = Es, [C(H, D)|H = 1] (4.28)

with p arbitrary in [0, 1].

4.5 The minimax equality

The main result concerning the minimax formulation for the binary hypothesis
testing problem is summarized in the following special case of the Minimax The-
orem from Statistical Decision Theory; see [?, Thm. 1, p. 82] for a discussion in
a more general setting.

Theorem 4.5.1 Assume I';, > 0 for all h = 0,1. Under Condition (A.1), the
minimax equality

sup | inf J*( ) = inf | sup JX(d (4.29)
pe[0,1] (569* p(0) 0D \ pefo,1] ()

holds in randomized strategies.

In Section 4.6 we present an analysis of the minimax equality which exploits
the specific structure of the binary hypothesis problem as reflected through the
properties of the value function: As pointed out earlier, there always exists p, in
[0, 1] such that (4.13) holds. From the concavity of the value function it follows
that the set of maximizers

In = {pm €[0,1]: V(pm) = max V(p)}

p€[0,1]
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is a closed interval in [0, 1]. The set 7, will often be reduced to a singleton, in
which case the value function admits a unique (isolated) maximizer. Four sit-
uations can occur depending on the location of [, and on the smoothness of
p — V(p) at the maximum. In each case we establish a minimax equality and
identify the minimax strategy. Throughout we still use d*(p,) to denote the
Bayesian test for the selected value p,, in I, so that

V(pm) = Jp (d*(p)) = géig e (). (4.30)

From the discussion of Section 4.4 we see that (4.29) will hold if we can
establish the reverse inequality to (4.17), namely

inf | sup JX(6) | < sup (inf J¥(6 ) . (4.31)
e (pe[o,l} 3 )) pef0,1] \I€D* p(0)
Recall that (4.31) will automatically hold if we show the stronger inequality
inf [ sup J,(d) | < sup (inf J,(d ) . (4.32)
inf (pem X >) sup (i ()
In the first three cases we show in effect that
i < i . .
6 (s 240 < (s 40 o

4.6 A proof of Theorem 4.5.1

We start with the boundary cases p,,, = 0 and p,,, = 1.

Case 1: Assume p,, = 0 - Thus, max,cp1 V(p) = V(0) = Jo(d*(0)). By
concavity we have %V(p) ’pog 0 with the mapping V' : [0, 1] — R being de-
creasing. But the straight line p — J,(d*(0)) is tangent to the value function
V :[0,1) — Ratp = 0, whence
d+
dp
The mapping p — J,(d*(0)) being affine, its derivative is therefore constant with

d k _ d *
ap P @(0) = 32 Jp(d(0))

1,
= )

<0.

Vi(p) o

<0, pel0,1]
p=0
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and the mapping p — J,(d*(0)) is also decreasing on [0, 1]. This leads to
Jo(d*(0)) = max J,(d*(0)).
pE[O,l]
With this in mind we get
2 (mp40) = v

= V(0)

= Jo(d*(0))

= max J,(d*(0)). (4.34)

p€e(0,1]

The desired inequality (4.32) (hence (4.31)) is now immediate from (4.34) as we
note that

* > : .
e I (0)) 2 jnf (w1

But the minimax equality being now established in pure strategies, we conclude
from the discussion that

max J,(d*(0)) = inf (max Jp(d)) .

p€[0,1] deD \ pel0,1]

This shows that %, can be taken to be d*(0). u

Case 2: Assume p,, = 1 — The proof is as in Case 1 mutatis mutandis, and is
left as an exercise. Again, the minimax equality holds in pure strategies and d},
can be taken to be d*(1). [

We now turn to cases when py, is selected in (0, 1).

Case 3: Assume that p,,, in an element of (0, 1) and p — V (p) is differentiable

at p = p,, — It is plain that dipV(p)‘ = 0 since py, is an interior point by
P=Pm

assumption. By concavity the mapping p — J,(d*(pm)) is tangent to the value

function V' : [0, 1] — R at p = p,,,, whence

d

— = 0.
dp

P=Pm

= 4 (pm)

1% —
() o
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The mapping p — J,(d*(pm)) being affine, its derivative is constant and given by

L n)) = - )| =0, peo.1]

dp 1% p=0
Therefore, the mapping p — J,(d*(pm)) is constant on [0, 1], and the equality
Jo(d*(pm)) = J1(d*(pm)) holds. It follows from the first equality in (4.30) that
V(pm) = Jp(d(pm)) = max Jy(d"(pm)), p € [0,1]. (4.35)

pE[O,l]

On the other hand, it is plain that

inf <ma,x Jp(d)) < max J,(d*(pm))

deD \ pe(0,1] p€[0,1]

= Jpu (@ (Pm))
= minJ,, (d)

deD

< C1l161£ (prél[%i{] Jp(d)) (4.36)
as we use the second equality in (4.35) with p = p,,, and then apply the second
equality in (4.30). The inequality (4.32) (hence (4.31)) is now a straightforward
consequence of (4.36).

Leveraging the fact that the minimax equality is now known to hold in pure
strategies, we conclude from the discussion that

e () = juf (@) )

and d*, can therefore be taken to be d*(py,). u

Case 4: Assume that [, = {p,,} C (0,1) but p — V(p) is not differentiable
at p = p,, — Under such assumptions we must have
dr d-
ar =—V
+ dp (p)
by concavity with either a;y < 0 < a_ oray < 0 < a_. We continue the
discussion under the assumption a, < 0 < a_; the case a; < 0 < a_ proceeds
along similar lines, and is therefore omitted.

< —V(p =a_
P=Pm dp ( ) P=Pm
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Recall that p — V (p) is defined as the envelope of a family of affine functions.
Thus, under the non-differentiability assumption at p = p,,, concavity guarantees
that there exist two pure strategies, say d_, d : R* — {0, 1}, such that V' (p,,) =
Jpe(d_) and V(py) = Jp,.(d+) (because py, is a maximum) while the straight
lines p — J,(d_) and p — J,(d;) are both tangent to the value function at
p = pm — These two strategies are distinct. Hence, as discussed in earlier cases,
the function p — J,(d_) (resp. p — J,(d)) is an affine function with constant
derivative a_ > 0 (resp. a; < 0), hence non-decreasing (resp. decreasing). It
follows that Jy(d_) < Jy(d-) and Jy(dy) < Jo(ds).

Next we introduce randomized policies {J,, a € [0, 1]} obtained by random-
izing two pure strategies d_ and d,. Thus, with each a in [0, 1] consider the
randomized policy &, : R¥ — [0, 1] given by

do =ady + (1 —a)d_.
The relation (3.20) discussed in Section 3.5 applies, yielding
J2(62) = ady(dy) + (1 a)Jy(d-), pe[0,1].
By construction we also note that
Vipm) = J;,.(6a), a€[0,1]. (4.37)

If a suitable of a, we were to have p — J(04) constant over [0, 1], then the
test 0, would a performance insensitive to the value of p. This requirement (on a)
is equivalent to the equality J§(d,) = J5(da), i.€.,

aJo(dy) 4+ (1 —a)Jo(d-) = aJi(dy) + (1 —a)Jy(d).
Thus,
a((Jo(dy) — Ji(ds)) + (Ni(d-) — Jo(d-))) = Ji(d-) — Jo(d-)
and solving for a we get

Ji(d-) — Jo(d-)
(Jo(dy) — Ji(dy)) + (Ji(d-) — Jo(d-))

It is a simple matter to check that a* lies in [0, ) since J;(d_) — Jo(d—) > 0 and
Jo(dy) — Ji(dy) > 0 as discussed earlier.

a* =
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It is now plain that

V(pm) = J3(0a+) = max J¥(6,+), p € [0,1]. (4.38)

pef0,]] P

Therefore, as in the discussion for Case 3, we have

inf (max J*(é)) < max J(0g+)

seD* \ pefo,1] ? pef0,1] P

= V(pm)
= inf J¥(9)

sepx P

< max ((Sieng* Jp(é)) (4.39)

p€l0,1]

and the desired inequality (4.31) is established.
The minimax equality now holds in mixed strategies, whence

max J*(0,-) = inf (max J*(5)>

pefo,1] P 5eD* \ pe[0,1]

by virtue of (4.39). The minimax strategy is a randomized strategy ¢ which is
identified as *(py, ). Note that 6*(py,) is also a (randomized) Bayesian policy for
the least favorable prior. [ |

We summarize these findings in the following corollary to Theorem 4.5.1.

Corollary 4.6.1 Assume I';, > 0 for all h = 0,1. Under Condition (A.1), the
minimax equality (4.29) holds in randomized strategies. Moreover, the minimax
strategy always exists and can be interpreted as a (possibly randomized) Bayesian
test under the least favorable prior p,,.

4.7 'The minimax equation

The discussion of Section 4.5 shows that finding minimax tests passes through
the evaluation of the value function p — V/(p) and its maximizing set [,,. As
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simple examples already suggest in later sections, this evaluation may not always
be straightforward to carry. Moreover, once an expression for the value function
becomes available, finding its maximizers may turn out to be rather cumbersome.
However, this two-step approach can be bypassed when [, contains an interior
point p,, at which the value function is differentiable, in which case the minimax
test is given by the Bayesian test d*(p,,). Instead a simple characterization of py,
is achieved through the so-called Minimax Equation.

Lemma 4.7.1 Assumel';, > 0 forall h = 0, 1, and that p, is an element of (0, 1)
and p — V/(p) is differentiable at p = p,,. Under Condition (A.1), p,, can be
characterized through the Minimax Equation

C(1,1) = C(0,0) =Tg - Pr(d*(pm)) — I'1 - Par(d*(pm))- (4.40)
For the probability of error criterion, the Minimax Equation takes the simpler form

Pr(d"(pm)) = Prr(d” (pm))- (4.41)

Proof. Fix pin [0, 1]. Upon specializing (4.7) to the test d*(p), we get

Ja(d"(p)) = aC(1,1)+ (1 —a)C(0,0)
+lo(1 = @) - Pr(d*(p)) + T~ Py(d*(p))  (4.42)
with « in [0, 1] and the mapping o — J,(d*(p)) is therefore affine in the variable

a on the interval [0, 1] Therefore, the graph of the mapping o« — J,(d*(p)) is a
straight line; its slope is given by
d
T Ja(d(p)) = C(1,1) = C(0,0) + 't - Pa(d*(p) = Lo - Pp(d’(p)). (4.43)
By its definition, the Bayesian cost satisfies
deD

Vi(a) < Jo(d), a € o,

with strict inequality for most tests. With d = d*(p) this inequality becomes an
equality when o = p, namely

Vi(p) = Jp(d”(p))
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while
V(a) < Jo(d*(p), a<[0,1].

With p in (0, 1), if the concave mapping o — V' («) is differentiable at o = p,
then the straight line o — J,(d*(p)) will be a tangent to the mapping o — V()
at « = p — This is a consequence of the concavity established in Lemma 4.2.1.

Thus,
d

d
@V(a)

a=p do

Jo(d(p))

In particular, if p,, is an element of (0,1) and the mapping & — V' («) is
differentiable at o = py,, then

a
do

(4.44)

a=p

= L@ )

a=pm dOé

(o) (4.45)

A=Pm

But the interior point p,, being a maximum for the function &« — V'(«), we must

have
d

—V =0
do (Oé) a=pm ’
whence p
—J (d* (P =0.
7o Jald () o
The equation (4.40) now follows from (4.43). |

Obviously this analysis does not cover the cases when (i) p,, = 0, (i) py, = 1
and (iii) p,, is an element of (0, 1) but the mapping o — V'(«) is not differentiable
at o = py,.

4.8 The Gaussian Case

The setting is that of Section 2.4 to which we refer the reader for the notation. As
shown there, for every n > 0 we have

logn + %dQ)

Pp(Lrt,)) =1— @ ( y

and
logn — %dQ)

Py(Lrt,) = ® ( -
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For each p in (0, 1], with

nwp D r,’

we have d*(p) = Lrt,,) and the expression (4.7) yields

Vip) = Jp(d*(p))
= pC(1,1) + (1 - p)C(0,0)

P (10 (P01

logn(p) — %d2)

; (4.46)

+F1p~<1><

The boundary cases p = 0 is easily recovered upon formally substituting this
value in the expression (4.46). The Minimax Equation (4.40) takes the form

C(1,1) - C(0,0)
— 0 (log”(pm) - %Cp) . (1 —® <log"(pm) ha %CF)) (447

d d

Probability of error — Simplifications occur since C'(0,0) = C(1,1) = 0 and
'y = I'y = 1: The expression (4.46) becomes

1-p 172 1-p 1,72
=P 4+ 2d log =2 — 14
o= (-8 (ZA)) o (),

and the Minimax Equation (4.47) reduces to

o (10g77(pn:l) - %dQ) o <log77(pngl) + %dQ) L

It is easy to see that this requires log 77(pm) = 0 so that p,, = 1 (indeed in (0, 1)),
an intuitively satisfying conclusion! Moreover, the minimax test is given by d =
dd).

2
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4.9 The Bernoulli case

The setting is that of Section 2.5 to which we refer the reader for the notation. We
discuss only the case a; < ag, and leave the case ay < a; as an exercise for the
interested reader.

Note that the condition a; < ag is equivalent to 1 < }:—Zé, so that the expres-
sions (2.30) and (2.31) for the probabilities Pp(d,,) and Py(d,), respectively, are
piecewise constant functions of 1 with different constant values on the intervals
(0, 2], (&, 3=9] and (=2 c0): Direct inspection of the expression (2.30) yields

7 ag ag’ 1—ag l—ap’
1 ifo<ny<a
Pp(d) =  1—ay if% <p< =2 (4.48)
r1—a
0 lfﬁ < n.

Similarly, using (2.31) we find

0 if0<n§2—;

Py(d,) = ¢ & if%<p<i=2 (4.49)

1—ag
1 ifi=a
l1—ag -

Thus, for each pin [0, 1], we see from (4.7) that the cost J,,(d,,) takes a different
value on each of the intervals (0, &t], (& 1=41] and (1=%, 00): Specifically, we

%’ 1—ap l1—agp’

have:

On (0, 2],

Jp(dy) pC(1,1) + (1 = p)C(0,0) + Lo(1 —p)
= pC(1,1)+ (1 —p)C(0,1). (4.50)
On (2. 4=2).
Jp(dn)
= pC(1,1) + (1 =p)C(0,0) + I'o(1 —p) - (1 —ag) + 'ip-
pC(L, 1)+ (1 —p)C(0,1) +T'1p-a; —To(1 —p) - ap
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On (=4 00),

l—ao’

= pC(1,0) + (1 — p)C(0,0). (4.52)

Recall that

V(p) = Jp(dyp) with n(p) = 22 0 < p < 1.

Iip

As the mapping p : (0,1] — Ry : p — n(p) is strictly decreasing, each of the

equations
1-— aq

n(p) , 0<p<l1

N 1— ap
and

np) =2, 0<p<1
ap

has a unique solution in (0, 1). These solutions, denoted p_ and p., respectively,
are given by

p_ = Fo(]_ — CL())
a Fl(l—a1)+Fo(1—a0)
and
. [oag
P+ = Iyay +Toag

As expected p_ < % < P4
Earlier expressions can now be used, and yield

V(p)
pC(1,0) + (1 — p)C(0,0) if p € (0,p-]

= ¢ p(C(1,1) +Tyay) + (1 —p)(C(0,1) = Toag) ifp € (p—,py]

pC(1,1) 4+ (1 —p)C(0,1) ifpe (py,1).

It is plain that the function V' : [0, 1] — R is piecewise linear with three distinct
segments, namely (0,p_|, (p_,p4] and (py, 1]. There are two kinks at p = p_
and p = p,, respectively. That the function is concave can be seen by computing
the left and right-derivatives at these points. The function V' : [0,1] — R is
differentiable everywhere except at these kinks. However the maximum occurs at
one of these points so that p,, € {p_,py}.
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Probability of error — In that case we find that

p if p € (0,p]
V(p) = ¢ par+ (1—p)(1—aop) ifp e (p—,py] (4.53)
1-p if p € (py,1)
with
1-— ao
p_ g
(1 — 0,1) —I— (1 — ao)
and
P+ = a; + (lo'

It is a simple matter to check that V' (p.—) = V(py+), establishing continuity
at the kink points. As we compare V' (p_) and V(p,), we readily conclude that
Pm = p— (resp. pm = p)iff 1 —p, <p_(resp. p—- <1 —piffas+a; <1
(resp. 1 < ag + a1). The minimax cost is then given by

1—a :
p_ = —(1—a1)+(01—tl0) if ag + a1 < 1

Vin =

|l A if 1 <ap+ay
Minimax strategy is necessarily randomized and is given by
b = ady + (1 —a)d_

with the pure tests d_, d, : R — {0, 1} given by

4.10 A proof of Lemma 4.2.1

The proof proceeds in several stages. We start with the fact that

V(p) = inf J,(d), pe€]0,1].

deD
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Values at the boundary points — Consider atestdin D. Withp =0andp =1
in (4.7) we get
Jo(d) = €(0,0) + Ty Py (d)

and
Ji(d) = C(1,1) + 'y Py(d).

Using the conditions I'y > 0 and I'; > 0, we conclude that

V(0) = Cllgif) Jo(d) = C(0,0) + Iy - 52% Pr(d)
and

V(1) = églf) Jo(d)=C(1,1) + Ty -Cllgfj Py (d).
However, Pr(dr) = 0 for the test dp : R* — {0,1} which always selects the
null hypothesis (H = 0) while Py;(dy;) = 0 for the test dy; : R¥ — {0, 1} which
always selects the alternative (H = 1). It follows that inf;ep Pp(d) = 0 and
infgep Pr(d) = 0, whence V' (0) = C'(0,0) and V(1) = C(1,1). [

Concavity on [0, 1] and continuity on (0,1) — Once the test d is selected, the
probabilities Pr(d) and P;(d) appearing in (4.7) do not depend on p, and are
determined only through F{ and Fy. Thus, the mapping p — J,(d) is affine,
hence concave in p. As a result, the mapping V' : [0, 1] — R is concave on the
closed interval [0, 1], being the infimum of the family {.J,(d), d € D} of concave
functions. Because a concave function defined on an open interval is necessarily
continuous on that open interval, the mapping V' : [0,1] — R is continuous on
(0, 1) by virtue of Fact 9.4.2. u

Continuity at the boundary points— We now turn to showing that the mapping
V :[0,1] — R is also continuous at the boundary points p = 0 and p = 1. We
discuss only the case p = 0; the case p = 1 can be handled mutatis mutandis and
is left to the interested reader as an exercise.

For notational convenience here and below we write

A(p) = inf (I'y(1 —p) - Pr(d) + T1p- Pu(d)), pe€(0,1].

deD
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Recall that V(0) = C(0, 0) by the first part of the proof. Thus, for each p in (0, 1]
we get from the definition of V'(p) that

Vip) =V(0) = p(C(1,1) = C(0,0) + Alp) (4.54)

by virtue of (4.7). The continuity of the mapping V' : [0,1] — Ratp = 0 is
therefore equivalent to
lim A(p) = 0. (4.55)

p—0

For any fixed p in (0, 1], the conditions Ty > 0 and I'; > 0 yield the inequali-
ties

0<A(p) <Tip (4.56)
since under the test d (introduced earlier in the proof) we have Pp(dr) = 0 and
Py (dr) = 1. The conclusion (4.55) is now immediate. [ ]

Differentiability — The existence and finiteness of the right-derivative and left-
derivative on the open interval (0, 1) are simple consequences of Fact 9.4.4. The
same argument also shows that the right-derivative (resp. left-derivative) does
exist at p = 0 (resp. p = 1); however it may not necessarily be finite.

Instead, we provide a direct argument to show the existence and initeness of
the right-derivative (resp. left-derivative) at p = O (resp. p = 1). We carry out the
discussion only for p = 0 as the case p = 1 is similar: For each p in (0, 1], we
note that

Vip) = V(0 A
Vil =VO _ o1y - o0,0) + 22 (4.57)
p D
with A .
D deD D
This last expression shows that p — # is decreasing on (0, 1], whence the limit
lim,, # always exists. This limit is finite by virtue of the bounds

0§¥§F1, p € (0,1]

which are inherited from the earlier bounds (4.56). This shows the existence of a
finite right-derivative at p = 0. [ ]



64 CHAPTER 4. THE MINIMAX FORMULATION

4.11 Exercises

4.1.
Let I denote an interval of R, not necessarily finite, closed or open, and let A be
an arbitrary index set. For each o in A, let f, : I — R be a concave function.
With the function g : I — R defined by

g(x) =inf (fo(x): € A), z€l

show that the mapping ¢ : I — R is concave.
4.2.
With hA > 0 show that the equation

Px—h)+P(x+h)=1, z€eR

has a unique solution z = 0.
4.3.

4.12 References



Chapter 5

The Neyman-Pearson formulation

In many situations, not only is the prior probability p not available but it is quite
difficult to make meaningful cost assignments. This is typically the case in radar
applications — After all, what is the real cost of failing to detect an incoming
missile? While it is tempting to seek to minimize both the probabilities of miss
and false alarm, these are (usually) conflicting objectives and a constrained op-
timization problem is considered instead. The Neyman-Pearson formulation of
the binary hypothesis problem given next constitutes an approach to handle such
situations.

5.1 A constrained optimization problem

Fix v in (0, 1) (the limiting case v = 0 being of little practical interest). Let D,
denote the collection of admissible tests in D of size at most «, namely

D,={deD: Pp(d) <a}.

The Neyman-Pearson formulation is based on solving the constrained optimiza-
tion problem NP, where

NP, : Maximize Pp(d) over d in D,,.
Solving NP, amounts to finding a test dxp () in D, with the property that

PD(d> < PD(de(Oé)>, d e D,.

Such a test dyp(«r), when it exists, is called a Neyman—Pearson test of size «, or

65
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alternatively, an a-level Neyman—Pearson decision rule. Such decision rules may
not be unique. Following the accepted terminology, its power () is given by

B(a) = Pp(dxe(a)) = sup Pp(d).

d€Dy

When reformulated as
NP, : Minimize Py(d) over d in D,,

the constrained optimization problem NP, can be solved by standard Lagrangian
arguments which are outlined in the next section. Throughout we assume that
Condition (A.1) holds.

5.2 The Lagrangian arguments

Fix o in (0, 1). For each A > 0 consider the Lagrangian functional J, : D — R
given by

The Lagrangian problem LP) is now defined as the unconstrained minimization
problem
LP,: Minimize J,(d) over d in D.

Solving LP amounts to finding a test d3 in D such that

Ia(d}) < Ji(d), deD.

Solving the Lagrangian problem LP, Fix A > 0. For any test d in D, we note
that

Ja(d) = PA(Y)=0]H=1]+AP[dY)=1H=0]—a)
= PlA(Y)=0H=1+\1-PdY)=0{H=0]-a)
= M1-—a)+Pd(Y)=0]H =1] - \P[d(Y) = 0|H = 0]

— A1-a)+ /C @) 5.1)

with hy : R¥ — R given by

ha(y) = fily) = Moly), ye€ RF.
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By the comparison arguments used in the proof of Theorem 2.2.1, the La-
grangian problem LP, is easily seen to be solved by the test d5 : R — {0,1}
given by

dy(y) =0 iff hi(y) <0, (5:2)
or equivalently,

dy(y) =0 iff fi(y) < Afo(y). (53)

Note that in the notation associated with the definition (??) we have d} = d,. ®

Meeting the constraint The next step consists in finding some value A(«) > 0
of the Lagrangian multiplier such that the test dy,) meets the constraint, i.e.,

Pr(dr@)) = o 5.4)
If such value A\(a) were to exist, then the optimality d ) implies
In@)(dr@) < I (d), deD,
or equivalently,
Pu(dr)) < Pu(d) + Ma) (Pp(d) —«), deD.
Consequently, for every test d in D, (and not merely in D), it follows that
PM(dA(a)) < PM(d)

since then Py;(d) < a. The test dy(,) is a test in D, by virtue of (5.4), hence it
solves NP,, —In other words, dyp () can be taken to be dy(q). [ ]

A difficulty The Lagrangian argument hinges upon the possibility of finding a
value A(a) of the Lagrange multiplier such that Pp(dy)) = «. Unfortunately,
this may not be always possible, unless additional assumptions are imposed. To
see how this may indeed happen, note that

Pr(dy) = P\(Y)=1H = (]
= PAY) =2 Ao(Y)|H=0], A>0. (5.5)
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The mapping Ry — [0,1] : A — Pr(d,) is clearly monotone non-increasing.
However, the constraint Pr(d,) = « may fail to hold for some « in (0, 1] because
the set of values {Pr(dy), A > 0} need not contain «. This will occur if the
mapping A — Pr(d,) is not continuous at some point, say A\* > 0, with

lim Pr(d lim Pp(d)y).

lim Pr(dy) < a < lim Pr(dy)
In Section ?? we illustrate such situations on simple examples that involve dis-
crete rvs. Randomized policies are introduced to solve this difficulty. There are
however situations where this can be avoided because each one of the problems

NP, (properly defined over randomized strategies) has a solution within the set
of non-randomized policies D.

5.3 The Neyman-Pearson Lemma

The discussion of Section 5.2 suggests the need to consider an extended version
of the Neyman-Pearson formulation where randomized strategies are allowed.

Fix a in (0, 1]. Let D}, denote the collection of all randomized tests in D* of
size at most o, namely

Dr={0eD": Pr(d) <a}.

The constrained optimization problem NP* is now replaced by the following con-
strained optimization problem NP}, where

NP? :  Maximize Pp(6) over d in Dy,
Solving NP’ amounts to finding a test dxp () in D}, with the property that

PD(é) < PD<5NP<OC)), o€ Dz

Such a test dxp (), when it exists, is also called a Neyman—Pearson test of size «,
or alternatively, an a-level Neyman—Pearson decision rule. It may not be unique.

The existence of the Neyman—Pearson test dxp () of size «, its characteriza-
tion and uniqueness are discussed below through three separate lemmas, known
collectively as the Neyman-Pearson Lemma. Proofs are delayed until Section 5.4.
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First a definition: With 7 > 0 and Borel mapping v : R* — [0, 1] (to be selected
shortly), define the randomized test 6* : R* — [0, 1] in D* given by

1 ifnfo(y) < fi(y)
*(y) = () if fily) = nfo(y) (5.6)

0 if f1(y) < nfo(y).

The inequality discussed next lays the groundwork for identifying the Neyman—
Pearson test oxp ().

Lemma 5.3.1 For any test § : R — [0, 1] in D*, the inequality
Po(6*) — Po(8) > 0 (Pe(5*) — Pe(6)) 57
holds where the randomized test 6* : R* — [0, 1] in D* is given by (5.7).
If we select > 0 and 7y : R* — [0, 1] so that §* satisfies the equality

Pe(0%) = a, (5.8)
then the inequality (5.7) reads
Pp(6*) — Po(0) > n(a— Pe(0)), 0€ D" (5.9)
For any test § : R¥ — [0, 1] in D}, we then conclude that
Po(8*) — Po(8) > 1 (a — Pe(8)) > 0 (5.10)

since Prp(9) < a. In other words,
Pp(6) < Pp(6%), d€D;

and the test 6* solves the constrained problem NP,.
We now show that the parameter 7 > 0 and the Borel mapping v : R¥ — [0, 1]
can indeed be selected so that a test 6* of the form (5.7) indeed satisfies (5.8).

Lemma 5.3.2 For every « in (0, 1] it is always possible to select n > 0 and a
Borel mapping v : R¥ — [0, 1] in (5.6) so that (5.8) holds.

Finally uniqueness is shown to hold in the following sense.

Lemma 5.3.3 Forevery « in (0, 1], if dxp () is a Neyman—Pearson test (possibly
in D*) of size «, then it necessarily holds that

P [oxp(a)(Y) =0*(Y)H="h]=1, h=0,1 (5.11)

where the test 0* is given by (5.6) with n > 0 and Borel mapping y : R* — [0, 1]
selected so that (5.8) holds.
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5.4 Proofs

Throughout the discussion « is given in (0, 1] and held fixed.

A proof of Lemma 5.3.1 Letd : R* — [0,1] be an arbitrary test in D*. As
discussed in Section 3.3 recall that

Rel) = [ Sl h@)dF(y) and Fe(@) = [ 5 @) flw)aF o),

while

Py (6) = / SWh@Py) wd Po@) = [ 5 @) w)

It follows that

Po(6*) — Po (s < w(5%) — Pr(5))

_ /Rk 1(y)dF(y>—77/Rk(5*(y)—5(3/))fo('y)dF(y)
_ / ) (f1(w) — nfol)) dF (y)

- [ pwirw) (512

where we have set
Py(y) = (6"(y) = 0(w)) (fi(y) —nfoly)),  yeR"
Direct inspection shows that we always have
P,(y) >0, yeR~ (5.13)
Obviously, we have P,(y) = 0 when f;(y) = nfo(y). When nfo(y) < fi(y),

then
Py(y) = (1 =0(y)) (fi(y) —nfo(y)) = 0,
while when fi(y) < nfo(y), then

Py(y) = —0(y) (fily) —nfo(y)) >0
It is now plain from (5.12) and (5.13) that

Pp(6%) = Pp(0) —n (Pr(0") — Pr(6)) = 0 (5.14)
and the inequality (5.7) follows. [ |
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A proof of Lemma 5.3.2 Using the definition (5.6) of the randomized test 0™,
we note that

;U

I
T

0" (y dF(y)

Rk

() folw)dF (y) + /{ fo(y)dF(y)

/yGRk f1(Y)=nfo( y)} yGRkifl(y)>77f0(y)}

J) @) o)) + BLAY) > nfol¥ )| = 0.
{yerk:(Y)=nfoy) }

As we seek to satisfy (5.8), we need to select » > 0 and a Borel mapping
v : RF — [0, 1] such that
~PIAY) > f(¥ ) =0 = [ ) o(W)AF(y).
{Yerk:f1(Y)=nfo(y) }

This last relation suggests introducing the quantity 7(«) defined by

n(e) =inf{n >0: P[/i(Y) >nfo(Y)H =0] < a}.

The definition of 7(«a) is well posed since n — P[f1(Y) > nfo(Y)|H = 0] is
non-increasing (and right-continuous) on (0, c0).
Two cases are possible: If

PA(Y) > n(e) fo(Y)|H = 0] < a
then take v : R* — [0, 1] to be constant, say
Y(y) =(a), yeR"

In that case, the constant y(«) satisfies

CPLA(Y) > n(a) folY)|H = 0] = 7(a) / fo(w)dF(y),

{yerr:fi(y)=n(e)foy)}

whence
—P[£1(Y) > ne) fo(Y)|H = 0]

M) = "B RE) = nle) oY) =0

(5.15)
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If
PLAY) >n(a) fo(Y)|H = 0] = o,
then the mapping v : R* — [0, 1] must selected so that

/ Y(y) foly)dF(y) = 0.
{yerb:n(@)=nfo¥)}

This can be achieved by taking the constant mapping given by

v(y) =0, yeR~

A proof of Lemma 5.3.3 The test dxp(«) being a Neyman—Pearson test of size
«a, the equality
Pp(0np(a)) = Pp(d7)

must hold where the test 6* is given by (5.6) with n > 0 and Borel mapping
v : R*¥ — [0, 1] selected so that (5.8) holds. This a consequence of the fact that
both dnp(cr) and §* solve the problem NP%.

It then follows from (5.7) that

0 = PD(5*) — PD(5NP(OK)) Z n (Oé — PF((SNP(Oé») Z O (516)

since Pr(0*) = « under the choice of 7 > 0 and the Borel mapping v : R¥ —
[0, 1], whence Pr(dnp(a)) = a.

In other words, Pp(dnp(a)) = Pp(0*) and Prp(dnp(a)) = Pp(6*). Using
these facts in the expression (5.12) (with the strategy dnxp(«)) we find that

0 = Pp(6") — Po(Onp(a)) — 1 (Pr(0%) — Pr(dnp(a)))
— [ @)~ dwl0)w) Gily) ~ nw) dFw) 517
with

(6*(y) — one(a)(w) (fi(y) —nfo(y)) >0, yeR"
by virtue of (5.13). It immediately follows that

(6*(y) — dnp(a)(y)) (fi(y) —nfo(y) =0 F —a.e. (5.18)
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on R*. Therefore,

onp(a)(y) =0"(y) F —a.e. (5.19)
on{y € R": fi(y) #nfo(y)}. u

5.5 Examples

The Gaussian case Consider again the situation discussed in Section 2.6 where
the observation rv Y is conditionally Gaussian given H, i.e.,

H1 . Y ~ N(ml,R)
HO Y~ N<m07R)

where m, and my are distinct elements in R*, and the k x k symmetric matrix R
is positive definite (thus invertible). From the discussion given in Section 2.6, it
follows for each \ > 0 the test d) takes the form

dy(y) =0 iff yR'Am > ¢(\)
with Am and ¢()\) given by (2.22) and (2.23), respectively. We also have

log A + %d2>

PF(dA)zl—QD( -

where d? is given by (2.28) — It is plain that the function A\ — Pg(d) is continuous
on R, with {Pr(dy), A > 0} = (0,1). Given « in the unit interval (0,1), the
value \(«) is uniquely determined through the relation

log A + 12
l—a:@(%).

This is equivalent to
Aa) = etmr-a=s®

where for ¢ in (0, 1), let z; denote the only solution to the equation

O(z)=t, zeR
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Discontinuity with Bernoulli rvs The setting is that of Section 2.5 to which we
refer the reader for the notation. We discuss only the case a; < ag, and leave the
case ay < a as an exercise for the interested reader. We have shown that

1 ifo<A< 2
Pe(dy) = ¢ 1—ap f 2 <A< 2 (5.20)
0 if 121 < )\

as A ranges over (0, 00).
Note that A — Pg(d)) is left-continuous but not continuous with

{Pe(dy), X>0}=1{0,1—ap1}.

Discontinuity with Poisson rvs With P(m) denoting the Poisson pmf on N
with parameter m > 0, consider the following simple binary hypothesis testing
problem

H1 . Y ~ 'P(ml)

Hg DY ~ P(mg)

where m; # mq in (0, 00), Thus,

(mn)* ., h=0.1
k! " k=0,1,...

In this example, we take ' to be the counting measure on N, and for every
A > 0, the definition of d) reduces to

P[Y = k|H = h] =

(02 _ (10

d\(k) =0 iff e
k
M’(ﬁg < e~ (mo=mi) (5.21)
myo
with k =0,1,....
If mg < my, then
e (ma)r o (me)t
CMM:Oﬁ-?%e <A£ gm0
k
mf<T0 < Ae~(mo=m)
mo

iff k<)) (5.22)
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with £ = 0,1, ..., where

log e~ (mo—mi)
nA) =
os (3)

It follows that

Pe(dy) = Pld\(Y)=1|H =0]
= PY >n(\)[H =0

> k

> —<”Z;) e (5.23)

k=0: n(\)<k

In this last expression only the integer ceiling [n(\)]| of n(\) matters, where
[n(A)] =inf {k € N:n(\) < k}, whence

PF(d)\) _ Z (mo)

k=[n(A)]

As a result, the mapping A — Pg(d)) is easily seen to be a left-continuous piece-
wise constant mapping with

>\n <A S )\n—l-l

Pe(dy) = Pe(dy,), " g7

where {\,, n = 1,2,...} is a strictly monotone increasing sequence determined
by the relation
log A, e (mo=m1)

T e (g—)

n=12...

or equivalently,

It is now plain that whenever « is chosen in [0, 1] such that

for some integer n = 0, 1, ... then the requirement that Py (d,)) = o cannot be
met. This difficulty is circumvented by enlarging D with randomized policies; see
Section ??.



76 CHAPTER 5. THE NEYMAN-PEARSON FORMULATION

5.6 Exercises

5.7 References



Chapter 6

The receiver operating
characteristics

In this chapter we investigate various properties of the mappings  — Pg(d,) and
n — Pr(d,) as 1 ranges over R, . This leads to defining the receiver operating
characteristic curve, and to developing it into a handy operational tool to solve
the various versions of the binary hypothesis problem discussed so far.

6.1 A basic limiting result

We start with a basic observation.
Lemma 6.1.1 Assume Condition (A.1) to hold. For each h = 0, 1, the mapping
R, = [0,1) : n = P[fi(Y) > nfo(Y)|H = hj

is monotone non-decreasing. Left (resp. right) limits exist at all points on (0, 00)
(resp. [0, 00)), with

i PA1(Y) 2 nfo(Y)H = ©1)
= PIAY) > AMo(Y), fo(Y) > O0[H = h] +P[fo(Y) =0[H =h], A>0
and
lin P £1(Y) 2 nfo(Y)|H =
= P[Ai(Y)>Ao(Y)H=h], A>0. (6.2)

77
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For future reference, for each 1 > 0 define the Borel subset R(n) of R* by

Rin)={yeR": fily) >nfo(y)}. (6.3)
Note that

PIA(Y) 2 nfo(Y)|H =h] =P[Y € R(n)|H =h], h=0,1,. (64

Proof. The asserted monotonicity property is a consequence of the inclusion
R(n2) € R(m) holding whenever 17; < n,. The existence of left (resp. right)
limits at all points on (0, 00) (resp. [0, 00)) immediately follows.

Consider h = 0,1. Fix A > 0. By standard continuity facts from measure
theory it follows that

limP[A(Y) = nfo(¥)|H = Hl = EmP[Y € R(p)|H = A
= PlUs, [Y € R(n)] |H = h]
= P[Y € UpaR(n)|H = 1],

and we obtain (6.1) as we note that

o) = fyems B0V Y gy cwr ) o,

In a very similar way, with A > 0 we get

lim P [f,(Y) > nfo(Y)[H =h] = LmP[Y € R(p)|H =
= Py [Y € RO |H
= P[Y €Ny R(n)|H = ]
= PIAY) > Mo(Y)|H = 1]

h]

because
NpaR(n) = {y eR": fi(y) > Afo(y)} = R(N).
This establishes (6.2). [ |
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6.2 Continuity properties

We shall specialize Lemma 6.1.1 for h = 0 and h = 1.

Lemma 6.2.1 The mapping n — FPr(d,) is monotone non-decreasing on R,
with the left (resp. right) limit existing at all points in (0,00) (resp. [0,00)).
Under Conditions (A.1), it holds that In particular, it holds that

lim Pp(d,) = P[/(Y) 2 Mo(Y)|H = 0] = Pp(dy),  A>0 (6.5)
while
lr}glpF( ) =PLAY) > Ao(Y)[H =0, A=0. (6.6)

Proof. Applying (6.1) and (6.2) with h = 0 readily yields the desired conclusions
as we recall that

P{fo(Y)=0[H =0] =0 (6.7)

under Condition (A.1). [

Thus, the mapping n — Py (d,,) is left-continuous on (0, co), but not necessar-
ily right-continuous on [0, o) as we note that

lim Pe(d;) = Pe(dy) =PLA(Y) = Mo(Y)[H =0120.  (68)

Lemma 6.2.2 The mapping n» — Pp(d,) is monotone non-decreasing on R,
with the left (resp. right) limit existing at all points on (0,00) (resp. [0, 00)).
Under Conditions (A.1) and (A.2), it holds that

lgglPD( ) =PLAY) = Mo(Y)[H =1] = Pp(dy), A>0 (6.9)

while
hglPD( 2) =PLAY) > Ao(Y)H=1], A=0. (6.10)
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Proof. As discussed in Section ??, under Conditions (A.1) and (A.2) it also holds
that

P[fo(Y)=0H = 1] = 0. (6.11)

Applying Lemma 6.1.1 with 4 = 1 and using this last fact we readily get the re-
sult. [ |

Again, the mapping  — Pp(d,,) is left-continuous on (0, co) but not neces-
sarily right-continuous on [0, co) as we note that

lgﬁ\l Pp(dy) = Po(dy) = P[f1(Y) = Afo(Y)|H =1] = 0. (6.12)

We close with the behavior at » = 0 and at 7 = o0; proofs are available in
Section 6.8.

Lemma 6.2.3 Under Condition (A.1) we have

lim Pr(d,) = P[fi(Y) > 0|H = 0], (6.13)

n—0

and if Condition (A.2) also holds, then

lim Pp(d,) = 1. (6.14)

n—0

In principle, it is possible that P [f1(Y) > 0|H = 0] < 1. However, with the
notation (??) introduced in Section ??, we see that (6.13) becomes

lim Py(d,) = 1 (6.15)

n—0

if By C Bj since then P [f;(Y) > 0|H = 0] = 1 (or equivalently, (6.7)) under
Condition (A.1).

Note that By C B; implies By = Bj; under Conditions (A.1) and (A.2). In
that case we have “continuity” at the origin because Pr(dy) = 1 and Pp(dy) = 1
(under the convention used for dy in Section ??).
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Lemma 6.2.4 Under Condition (A.1) we always have

lim Pg(d,) =0, (6.16)

n—oo

and if Condition (A.2) also holds, then

lim Pp(d,) = 0. (6.17)

n—o0

Note that Pr(ds) = 0 and Pp(ds) = 0 (under the convention used for d
introduced Section ??), implying “continuity” at infinity.

6.3 The receiver operating characteristic (ROC)

A careful inspection of the solutions to the three formulations discussed so far
shows that sometimes under mild assumptions, the test of interest takes the form

do(y) =0 iff  fi(y) <nfo(y) (6.18)

for some 77 > 0 —Itis only the value of the threshold 7 that varies with the problem
formulation. With the notation used earlier, we have
In the Bayesian formulation,

N = F0(1 - p)
I'ip
In the minimax formulation,
_ F0(1 - pm)
" Flpm

with p,,, such that
V(pm) = max (V(p) : p€10,1]).

When p,, is a point in (0, 1) at which V' : [0, 1] — R is differentiable, then p,, can
be characterized through the Minimax Equation.
In the Neyman—Pearson formulation,

nve (@) = Aa).
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with \(«) satisfying the constraint (5.4).

In view of this, it seems natural to analyze in some details the performance of
the tests (6.18). This is done by considering how their probabilities of detection
and of false alarm, namely Py(d,) and Pp(d,), vary in relation to each other
as 7 ranges from n = 0 to n = +o00. This is best understood by plotting the
graph (I') of the detection probability against the corresponding probability of
false alarm. Such a graph is analogous to a phase portrait for two-dimensional
non-linear ODEs, and is called a receiver operating characteristic (ROC) curve.
Its parametric representation is given by

Ry —[0,1] x [0,1] : = (Pr(dy), (Pp(dy)),

whence
()= {(Pr(dy), (Po(dy)), n = 0}.

This graph is completely determined by the probability distributions F{ and F7 of
the observation rv Y under the two hypotheses (through the densities f, and f;
with respect to the underlying distribution /') and not by cost assignments or the
prior probabilities. A typical ROC curve is drawn below.

6.4 Geometric properties of the ROC curve

The following geometric properties of the ROC curve are key to its operational
usefulness.

Theorem 6.4.1 Assume that Conditions (A.1) and (A.2) hold.

(i): Both mappings R, — [0,1] : n — Pg(dn) and R, — [0, 1]
Pp(dn) are monotone non-increasing, with lim, .o Pr(d,) = Pr < Pr(do)
and limn_)() PD(dn) = PD(doo) =1, and limmoo PF(dn) = PF(doo) = 0 and
limmoo PD(dn) = PD(doo) =0.

(ii): If the right-derivative of ) — Py(d,,) exists at) = X for some X > 0, then
the right-derivative of n — Pp(d,,) also exists at ) = A, and the relation

dr dr
—Pp(d =\ —PFPp(d 1
d77 D( 77) =X d77 F( 77) =X (6 9)

holds.
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(iii): If the left-derivative of 1 — Prp(d,) exists at) = X for some A > 0, then
the left-derivative of n — Pp(d,)) also exists at 7 = A, and the relation
C o) = xLpay) (6.20)
dy” P e T dy T e '

holds.

A proof of Theorem 6.4.1 is available in Section 6.7. It follows from this
last result that whenever the mapping n — Pr(d,) is strictly decreasing and dif-
ferentiable, then the mapping n — Pp(d,) is also strictly decreasing and dif-
ferentiable, whence the curve (I') can be represented as the graph of a function
I':[0,1] —[0,1] : Pr — Pp = I'(Pr), namely

PD(dn) = F(PF(dn))7 n = 0. (6.21)

In such circumstance, Theorem 6.4.1 yields the the following information con-
cerning this mapping. We consider only the case when Pz = 1 in Theorem 6.4.1;
the situation when P < 1 can be handled in a similar way with details left to the
interested reader.

Corollary 6.4.1 Assume Conditions (A.1) and (A.2) to hold. Whenever the map-
ping Ry — [0,1] : n — Pr(d,) is differentiable and strictly decreasing, so is
the mapping R, — [0,1] : n — Pp(d,). In that case, there exists a mapping
I': [0,1] — [0, 1] satisfying (6.21) which is differentiable, strictly increasing and

concave with

dl’
aPbr (Pr(dy)) =n, n=>0. (6.22)

Proof. By Part (i) of Theorem 6.4.1 we see that the mapping R, — [0,1] :
n — Pg(d,) maps Ry onto (0,1]. Being strictly decreasing and differentiable,
this mapping admits an inverse, denoted (0,1] — R, : Pr — n(Pr), with the
property that

PF(dn(pF)) = PF, PF € (O, 1].

By the Implicit Function Theorem this inverse mapping Pr — n(Pr) is differen-
tiable; it is also strictly decreasing.
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Define the mapping I' : [0, 1] — [0, 1] by setting
I'(Pr) = Po(dypy)),  Pr €[0,1] (6.23)

with the understanding that I'(1) = 1.

By Theorem 6.4.1 the differentiability of the mapping n — Pg(d,) on R,
implies that of the mapping n — Pp(d,) on R, and the mapping Pr — I'(Py)
is therefore also differentiable. It is simple matter to check that this mapping is
strictly decreasing on [0, 1].

By the very definition of the function I, the identity (6.21) must hold. Differ-
entiating both sides of (6.21) with respect of  we find

d d
%PD(dn) = d_nF(PF<dn))
dl’ d
= a5 (Pe(d) - 5 Pe(dy) (6.24)

as we use the Chain Rule. But Theorem 6.4.1 implies also that

d d
L Pody) = n-= Pe(d,).
d77 D( 77) ndn F( 77)

Combining these facts we conclude that

The mapping R, — [0, 1] : n — Pr(d,) being assumed differentiable and strictly
decreasing, we have %Pp(dn) < 0. Dividing by %Pp(dn) we get (6.22). The
other properties follow readily. [ ]

6.5 Operating the ROC

These results are most useful for operationally using the ROC curve:

For the Neyman—Pearson test of size «, consider the point on the ROC curve
with abscissa «. It is determined by the threshold value n(«) with the property
that Pr(dy) = «, and dyp(c) is simply d, ). Note that () is the slope of
the tangent to the ROC curve at the point with abscissa « and the power () of
the test is simply the ordinate of that point.
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For the Bayesian problem, 7 is determined by the cost assignment and the
prior distribution of the rv H. The values of Pp(d,) and Pr(d,) can be easily
determined by finding the point on the ROC where the tangent has slope 7.

The Minimax Equation takes the form

C(l, 1) - C(O, O) + F1PM(dn) - FOPF(dr]) == O,
or equivalently
C(]_, ].) - C(O, O) + Fl - FlpD(d»,]) + Fopp(dn)

This shows that the minimax rule d}, is obtained as follows. Consider the straight
line (L) in the (Pg, Pp)-plane with equation

Let (Pg, Pp) be the point of intersection of the straight line (L) wth the ROC
curve (I'), and let n* be the corresponding threshold value, i.e., Pi = Pp(d,+) and
Pjy = Pp(d,»). Itis now clear that dfy, = d,.

6.6 Examples

Building on material developed earlier we now discuss the ROC in the Gaussian
and Bernoulli cases, respectively.

The Gaussian case The setting is that of Section 2.4 to which we refer the
reader for the notation. As shown there, for any n > 0 we have

logn + %d2>

PF(dn):l—cIJ( -

and '
1 —=d
Po(d,)=1—® <Og7772) .

To find the ROC curve, note that

2

d
A9 (1= Pe(d,)) = 5 = log,
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while we must have

d2
do~" (1 — Pp(dy)) + 5 = log,

whence
d? d?
do~' (1 — Pe(d,)) — 5 = dd~' (1 — Pp(d,)) + 5
It follows that

®~' (1= Pp(dy)) = @7 (1 — Pe(dy)) —d

so that
1—Pp(d,) =@ (2" (1 - Pe(dy) — d)
This shows that here the mapping I : [0, 1] — [0, 1] is well defined and given by

Po=1-90 (@' (1-P)—d), Prel01].
The Bernoulli case The setting is that of Section 2.5 to which we refer the

reader for the notation. We discuss only the case a; < agp, and leave the case
ag < ay as an exercise for the interested reader. It was shown that

1 ifo<n<a
Pe(d,) = 1—ap if% <p<i=s (6.25)
0 if =2 <7
and
1 ifo<n<e
Po(d) =  1—ap if% << (6.26)
0 if 1= o <1
Therefore,

{(Pe(dy), Po(dy)), 120} ={(0,0),(1 —ap,1—a) (1,1)}.

Strictly speaking, in this case the ROC is not a “curve” as it comprises only three
points. However, the points on the two segments [(0,0), (1 — ag, 1 — ay)] and
[(1 —ap,1—ay),(1,1)] are achievable through randomization.
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6.7 A proof of Theorem 6.4.1

We start with some facts that prove useful in discussing Theorem 6.4.1: With
A > 0, recall the set R(\) defined in Section 6.2 as

R\ ={y eR": fi(y) > Ao(y)}.

Noting that
di(y) =1 iff y€ R(}),

it is plain that
Pe(dy) = Pdy(Y) = 1|H = 0]
= P[Y e R\)|H =0] = / foy)dF(y)
R())

and
Po(d) =PI(Y) =1 = 1] = | fi(y)iF(u).
R(X)
For each A\ > 0, easy algebra now leads to

Pe(dyyar) — Pr(dy) = /R(HM) foly)dF (y) — /R()\) fo(y)dF (y)

N _/R (A AN) fO(y)dF(y)

where

RN AN ={y e RF: Mo(y) < fily) < (A + AN) fo(y)}-

Similarly, we have
Peldoan) = Fed) = [ fw)iF@) - [ w)iFe)
R(A—AN) R(X)

where

Ro(GAN ={y eR": (A= AN foly) < fily) < Mo(y)}-
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We can now turn to the proof of Theorem 6.4.1: Part (i) is already covered
in Section 6.2. We shall discuss only Part (ii) as Part (iii) can be established by
similar arguments mutatis mutandi. This is left to the interested reader.

Fix n > 0. With An > 0, the very definition of R, (n; An) implies the in-
equalities

d d
7 /R e fo(y)dF(y) < /R o fi(y)dF(y)

and

/ f(w)dF(y) < (n+ An) / fo(y)dF (y).
R+(m;An)

R4 (n;An)

It then follows that

(n+ Ap) - PF(dn+AnA) — Pr(dy) < PD(dnmnA) — Pp(dy,)
n n

and

PD<d77+A77) - PD(dn) <n- PF(dn+An) — PF(dn)
An - An '

If the right-derivative of 7 — Py (d,,) exists, then

also exists. Therefore, the right-derivative of 7 — Pp(d,)) also exists and is given
by
dt dt

d_nPD(dn) =n- cTnPF(dﬁ)'
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6.8 Proofs of Lemmas 6.2.3 and 6.2.4

A proof of Lemma 6.2.3 Applying (6.1) (with A = 0) yields
lim P [/,(Y) > nfo(Y)[H = (627)
= PLAY) >0, /o(Y) > 0[H =W+ P[f,(Y) =0H =h], h=0,1.

Under Condition (A.1), the validity of (6.7) implies (6.13) as we use (6.27) with
h = 0. Under the additional Condition (A.2), (6.11) and (6.27), this time with
h =1, lead to

lim P [/i(Y) > nfo(¥)|H = 1] = P[A(Y) > 0] = 1]

and (6.14) readily follows. [ |

A proof of Lemma 6.2.4 Fix h = 0, 1. For each n > 0, we note that

Pld,(Y) =1|H = h]
= PAi(Y) >nfo(Y)|H = h]
= Pfi(Y) 2nfo(Y), fo(Y) > 0[H = h] + P[fi(Y) 20, fo(Y) = 0|H = h]
= PAY) Znfo(Y), [o(Y) > O0[H =h] +P[fo(Y) =0[H = h].

The usual monotonicity argument yields

lim P[d,(Y) = 1|H = 4]

nN—00

— L PA(Y) = fo(Y), fo(Y) > O[H = h] + P [fo(¥) = O[H = ]

= P[A(Y) =00, /oY) > O[H = h] + P [fo(Y) = 0|H = h]
= P[fo(Y)=0|H=h]. (6.28)

First use (6.28) with ~ = 0: Under Condition (A.1) the consequence (6.7)
implies lim, , P [d,(Y) =1|H =0] = 0. With h = 1, under the additional
Condition (A.2) we also get lim,_,. P[d,(Y) = 1|H = 1] = 0. This completes
the proof of Lemma 6.2.4. [ ]



90 CHAPTER 6. THE RECEIVER OPERATING CHARACTERISTICS

6.9 Exercises

6.10 References



Chapter 7

The M -ary hypothesis testing
problem

As we shall see in this chapter and in the next one, the simple binary hypothe-
sis testing problem of Chapter 7 admits several important generalizations. The
version discussed here assumes that there are more than two hypotheses; it is of
particular relevance to the design of optimal receivers in digital modulation. In
this formulation, nature assumes M/ distinct states, labeled 0,1, ..., M — 1, and is
now encoded in a rv H which take values in the discrete set {0, 1,..., M —1}. A
decision has to be made as to which of these M hypotheses is the correct one on
the basis of an observation Y which is statistically related to H.

7.1 Motivating examples

Digital communications

Manufacturing

7.2 The probabilistic model

To formulate the M-ary hypothesis testing problem we proceed very much as in
Chapter 2: With positive integer M > 2, we are given M distinct probability
distribution functions Fy, ..., Fy;_; on R¥, and a pmf p = (po,...,pr—1) on

91
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{0,1,..., M — 1} with

0<pm<l, m=01...,M-1 and > p,=1

The situation is summarized by
H,:Y~F, m=01.. M-1. (7.1)

We construct a sample space €2 equipped with a o-field of events F, and rvs H
and Y defined on it and taking values in {0, 1,..., M — 1} and R¥, respectively.
Now the probability distribution functions Fy, ..., F;_; have the interpretation
that

y € R,
m=0,1,...,M — 1.

The probability distribution of the rv H is specified by the pmfp = (po, ..., pa—1)
with

Fu(y) =PY <y|H =m],

pm=P[H=m], m=0,1,...,M —1.

Again, the conditional probability distributions of the observations given the
hypothesis and the probability distribution of H completely specify the joint dis-
tribution of the rvs H and Y: Indeed, foreachm =0,1,..., M — 1,

PlY <y,H=m] = P[Y <y|H=m|P[H =m]
= pmFn(y), vyeR: (7.2)

The unconditional probability distribution function of the rv Y is easily deter-
mined to be

M-1
PlY <y|=) PY<yH=m], yecR
m=0
by the law of total probabilities, whence
Gly) = PIY <y]

= > pmFn(y), yeR" (7.3)

During the discussion, several assumptions will be enforced on the probability
distributions Fy, ..., Fi;—1. The most common assumption is denoted by (A.3)
for sake of convenience; it parallels Condition (A.1) made in the binary case:
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Condition (A.3): The probability distributions Fy, . .., Fi;_; on R* are absolutely
continuous with respect to some distribution F on R”.

This is equivalent to saying that foreachm = 0,1, ..., M — 1, there exists a Borel
mapping f,, : R¥ — R, such that

Yy Rk
Faly) = [ falmare._BEEL 0 as

We refer to these Borel mappings as probability density functions with respect to
F.
This condition is hardly constraining since we can always take F' to be the

average of the M distributions Fy, ..., Fi;_1. 1.e.,
| (M1
Fly)= — F, R* 7.5
(y) M(; (y)>, y € (7.5)

However, in most applications £ is either Lebesgue measure on R* or a counting
measure on some countable subset of RF.

Under Condition (A.3), the unconditional probability distribution function G :
R* — [0,1] of the rv Y is automatically absolutely continuous with respect to the
distribution F on R”: Indeed, we see from (7.4) and (7.3) that

M—-1 Yy
Gw) = v [ falmirin

Y M—-1
-/ (mefmm)) aF(n)
= /y g(m)dF(n). yeR" (7.6)

— 00

with Borel mapping ¢ : R* — R, given by

M-1
9y) =D pmfmy), yeR: (7.7)
m=0

In other words, the unconditional probability distribution function G : R* — [0, 1]
admits ¢ : R¥ — R as probability density function with respect to F.
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7.3 Admissible tests

We begin with a formal definition of an admissible test in the context M-ary hy-
pothesis testing.

An admissible decision rule or test is any Borel mapping d : R¥ — {0,1,..., M —
1}. The collection of all such admissible rules is still denoted by D.

Again the measurability requirement is imposed to guarantee that the mapping
dy) : Q2 —-{0,1,...,M — 1} : w — d(Y(w)) is indeed a rv, ie., {w € Q :
d(Y(w)) =m} isaneventin F forallm =0,1,..., M — 1.

A collection {Cy, . .., Cy_1 }of M subsets of R forms an M-ary Borel par-
tition of R¥ if

(i) Foreachm = 0,1,..., M — 1, the set C,, is a Borel subset of R”;

(i1) We have

B m # k
Cm N Ci =1, m,k=0,1,...,M—1
and
(i11) The condition
uMzlc, = R*

holds.
The collection of all M-ary Borel partitions of R* is denoted Py, (R*). Lemma
1.5.1 has the following analog in the context M -ary hypothesis testing.

Lemma 7.3.1 The set D of admissible decision rules is in one-to-one correspon-
dence with Py (R).

Proof. For every test d in D, the Borel sets defined by
Co(d)={ycR¥: dly)=m}, m=0,1,...,.M—1

are determined by d, and obviously form an M-ary Borel partition of R*.

Conversely, consider an M -ary Borel measurable partition {Cy, ..., Cy/_1} in
P (R¥). With this partition we can associate the mapping dc, : RF —
{0,..., M — 1} given by

~~~~~ Cr—1

'yECmy
dCo ,,,,, CM—l(y):m’ m=20,...,M —1.
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By construction this mapping is an admissible test in D as we note that
----- CAI—I):Cm7 mZO,,M—l

by the fact that the collection {Cy, ..., Cp;_1 } is a partition of R”. [

7.4 The Bayesian formulation

The probabilistic model The Bayesian formulation assumes knowledge of the
prior distribution p = (po, ..., pa—1) of the rv H, and of the conditional distribu-
tions Fy, ..., Fiyy_q of thervY given H.

The optimization problem A cost is incurred for making decisions. This is
captured through the mapping C' : {0,1,..., M — 1} x {0,1,...,M — 1} - R
with the interpretation that

Cost incurred for deciding ¢

C(m, 0) = when H = m

. m=0,1,...,M—1.

Using the admissible rule d in D incurs a cost C'(H,d(Y")), but as for the binary
hypothesis testing problem, the value of the cost C(H, d(Y")) is not available, and
attention focuses on the expected cost J : D — R given by

J(d)=E[C(H,d(Y))], deD.
Here as well, the Bayesian Problem Py is the minimization problem
P :  Minimize J(d) over d in D.
Its solution is any test d* in D such that

J(d*) < J(d), deD. (7.8)

Any test d* in D which satisfies (7.8) is called a Bayesian test, and the value
J(d*) = ;gif) J(d) = min J(d) (7.9)

is known as the Bayesian cost.
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The Bayesian test Foreach ¢ =0,1,..., M — 1, we define the Borel mapping
hy : R¥ — R given by
M-1
h(y)= Y pu(Clm,0) = C(m,m)) fm(y), yeR.  (7.10)
m=0, m#L
The next result identifies the Bayesian test; its proof parallels that given in Section
2.2 for the binary case but with some important differences. Details are given in
Section 7.5.

Theorem 7.4.1 Assume the absolute continuity condition (A.1) to hold. The test
d*:RF — {0,1,..., M — 1} given by

d*(y) =argmin (£ =0,...,M —1: hy(y)), yecRF (7.11)

(with a lexicographic tiebreaker in the event of ties) is admissible and solves the
Bayesian Problem Pg.

7.5 A proof of Theorem 7.4.1

A reduction step Fix a test d in D. The decomposition
1[dY)=H|+1[d(Y)# H] =1
holds so that
C(H,d(Y))
1dY)=H|C(H,H)+1[d(Y) # H|C(H,d(Y))
= CH,H)+ (C(H,dY))—C(H,H)1[d(Y)# H]. (7.12)
Defining the auxiliary expected cost function J:D — Rtobe
J(d)=E[(C(H,dY))—CH H)1[dY)£H]], deD  (1.13)

we again readily conclude that

~

J(d) = E[C(H,H)] + J(d), deD. (7.14)

Therefore, solving Pg is equivalent to solving the auxiliary problem 73]3 where

~

Py Minimize J(d) over d in D.
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Preparatory computations Fix d in D. From (7.14) we note that

J(d) = E[(C(H,d(Y)) ~ C(H,H)1[dY) # H]]

= Z E[(C(m,0) — C(m,m))1[H =m,d(Y) = é]])
m=0 \l=0, {#m

=S [ (Clmat) = Clmum))PLH = m, d(Y) = z])
m=0 \l=0, {#m

- (C(m,0) = C(m,m))P[d(Y) = {|H = m] pm>
m=0 \/l=0, {#m
m=0 \e=0, l£m Ce(d)

Interchanging the order of summation we get

Z( 2 P (C(m, £) = C(m,m)) fm(y)dF(y)>

m=0, m#L Ce(d)

=
&
I

_ / ho(y)dF (y) (7.15)

where foreach / = 0,1,..., M — 1, the mapping h, : R¥ — R is given by (7.10).

Solving 7/513 Define the mapping h : R¥ — R given by

h(y) =, min  h(y), y € RF, (7.16)

where for each ¢ = 0,1,..., M — 1, the mapping h, : R¥ — R is given by (7.10).
The following facts

h(y) = ha-y)(y), y R’ (7.17)
and
(=0,1,....M —1,

h<y) < hf(y)v y e RE

(7.18)
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are simple consequences of the definition (7.11) of d*.
Pick an arbitrary test in D. Using the expression (7.15) we get

J(d) — J(d*)

= J(d) — J(d")

> / REOLTEDS / R

> 3w =X [ ir)

— _ / h(y)dF (y) — _/n h(y)dF (y)
—o J Cu(d) (=0 7 Ce(d¥)

— 0. (7.19)

The inequality above and the equality that follows are consequences of (7.17) and

(7.18), respectively. The last two steps used the fact that the collection {Cy(d), ..., Cy—1(d)}
(resp. {Co(d*),...,Crr—1(d*)}) forms an M-ary Borel partition of R*. In partic-

ular, this observation implies

M-1

/ h(y)dF (y) = / h(y)dF(y)
Cy(d) Rk

=0

and
M—1

> [ wwdre) = [ hwdrw)
o J ) RK
From (7.19) it follows that
J(d) — J(d) >0, deD,

and the optimality of d* is now established. [ ]
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7.6 The probability of error criterion

When (' takes the form
Cm,k)=1#m], mlL=0,1,.... M —1,
the expected cost reduces to the probability of error criterion given by
Pp(d)=P[d(Y)# H|], deD.

The Bayesian test d* : R¥ — {0,1,..., M — 1} given by (7.11) now takes the
following form: For each ¢ = 0,..., M — 1, the mapping h, : R* — R is now
given by

M—-1

h(y)= Y pufu(y), yeR:

m=0, m#L

But the probability distribution function G' : R¥ — [0, 1] of the observation rv
Y is given by (7.3), and under condition (A.1) it has probability density function
g : RF — R, given by (7.7). Therefore, for each ¢ = 0,..., M — 1, we have

he(y) = g(y) —pefely), yeRF

and the test d* : R* — {0,1,..., M — 1} can be rewritten more compactly as
d*(y) =argmax({ =0,...,M —1: pfo(y)), yeR" (7.20)

with a lexicographic tiebreaker in the event of ties.

The ML test When all the hypotheses are equally likely, namely

1
Po=...=DPMm-1 :M’
then (7.20) becomes
d*(y) =argmax({ =0,...,M —1: fi(y)), yecRF (7.21)

with a lexicographic tiebreaker in the event of ties, so that
d*(y) =m iff  fin(y) = max(fe(y), £=0,1,....,.M —1) (7.22)

with a lexicographic tiebreaker in the event of ties.
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The MAP computer Bayes’s Theorem gives

pefi(y) (=0,1,...,M —1,
_ 9 k
Zn]\;[:ol pmfm(y> yc R

This allows rewriting the test * : R* — {0,1,..., M — 1} in the more compact
form

P[H=(Y =y =

d*(y) =argmax({ =0,..., M —1: P[H=/(Y =y]), yecR" (7.23)

with a lexicographic tiebreaker in the event of ties. As with the binary case, we
refer to this rule as the Maximum A Posteriori computer.

7.7 The Gaussian case
Consider the case where the rv Y is Gaussian under each hypothesis, namely
H,:Y ~N(a,,R,). m=0,1,..., M —1. (7.24)

where a, . . ., a);_q are elements in R, and the k x k symmetric matrices Ry, ..., Ry_1
are positive definite (thus invertible). Condition (A.3) holds with respect to Lebesgue
measure.

Throughout the M pairs (ag, Ry), ..., (ay—1, Ry—1) are assumed to be dis-
tinct so that the probability density function fy,..., far—1 : R¥ — R are dis-
tinct. Indeed, for each m = 0,..., M — 1, the probability density function
fm : RF — R, is given by

Fuly) = 1 _%Qm(y)’ y € RF

e
V(2m)kdet R,

with
Qm(y) = (y - a’m),R;ll(y - am)7 Yy € Rk
Thus, foreach ¢ = 0,..., M — 1, we have

he(y)

= Y pu(Cm, ) - C(m,m))

m=0, m#(

1
(2m)* det R,

6_%Qm(y)’ y c Rk
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For the probability of error criterion, for each ¢ = 0,..., M — 1, this last
expression becomes

M-—1
Pm _1
mQZm# V (2m)k det R,
_ P —3QcY) k
— - e 29y e RE (7.25)
19~ R, Y

The equal covariance case When

ROZ...:RM_lER,
additional simplifications occur: For each ¢ = 0,..., M — 1, we find
he(y)
M-1
_ 1 Z pm (C(m, £) — C(m>m))6_§Q(y—am) y € R*.
VenFdet R 5=, (2m)kdet R ’
with
Qy)=y'R'y, yeR"
For the probability of error criterion, for each ¢ =0,..., M — 1, we find
M-1 »
A - . Pm  —3QY-a)
&l m:;n L, /@n)FdetR
_ Dt -3Q(Y-ay) k
= — ——————=€"2 , e R". (7.26)
W) e R Y
Writing
Cap) — 1 pe(0,1)
dlpiy) =logp —5Q), " gk

the Bayesian test d* : R* — {0,..., M — 1} now reduces to

" . . d(pmay_a’m)
d*(y) = m iff =max (d(p;y —ae), £=0,1,....M —1)

with a lexicographic tiebreaker in the event of ties.

7.8 Exercises
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Chapter 8

Composite hypothesis testing
problems

8.1 A motivating example

Consider the following problem of deciding between two hypotheses. Under the
null hypothesis Hy, the observation Y is an R*-valued rv which is normally dis-
tributed with mean vector m and covariance matrix R which are both known.
Under the alternative hypothesis H, the R*-valued rv Y is normally distributed
with mean vector € and covariance matrix R where 8 # m is only known to lie
in a subset ©; of R*, and is otherwise unspecified. We assume that m is not an
element of O;.

This problem of testing for the binary hypothesis Hy vs. H; can also be inter-
preted as one of deciding between the hypotheses

H, : {HO’ 0c @1}
Hy: Y ~N(m,R).

(8.1)
where for each @ € R¥, we write

Hy: Y ~N(6,R).

In such situations, when ©; is not reduced to a singleton, the alternative hypothesis
can be viewed as a composite hypothesis { Hg, 6 € ©,}. We emphasize that we
seek to decide between H, and H;, or equivalently, between H, and {H, 0 0 c
©, }; the precise value of € is not thought

103
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8.2 The probabilistic model

More generally consider two non-empty Borel subsets © and ©; of R” for some
positive integer p. Assume that

@Oﬂ@lz(ﬂ.

We shall set
0 =0,U06,.

so that the pair ©y and ©; forms a Borel partition of ©.

Given is a family of probability distributions {fg, 8 € ©} on R*. For mathe-
matical reasons, it is required that the mapping © xR — [0, 1] : (0, y) — Fy(y)
be Borel measurable. This condition is satisfied in all applications of interest.

We are given a measurable space (€2, F). The state of nature is modeled by
means of arv dJ : Q — O defined on (2, F). The observation is given by an
R*-valued rv Y : 0 — RF defined on the same measurable space (2, F). with
the interpretation that

y € RY,
< = =
PY syld=61=Fp(y). “p_o (8.2)
The state of nature and the corresponding observation are summarized as
Ho:'Y ~ Fp (8.3)

with 6 ranging in ©.

The composite binary hypothesis testing problem is then the problem of de-
ciding between the two composite hypotheses Hy = {Hg, 6 € ©¢} and H, =
{Hg, 6 € O} on the basis of the observation Y.

If either O or O, is reduced to a single element, the corresponding hypothesis
is termed simple. Obviously the problems of simple binary hypothesis testing dis-
cussed in Chapters 1-5 obtains when each of the sets ©y and ©; contains exactly
one element.

The composite binary hypothesis testing problem is concisely denoted by

H, YNFQ, e,

Hy: Y~F,, 0c0 84

Sometimes, once the family of probability distributions {Fg, 6 € ©} has been
specified, the notation is simplified to read

Hll 06@1

Hy: 6¢€0, (8.5)
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As in earlier chapters, the discussion will require that certain assumptions are
enforced. Condition (A.4) given next parallels Condition (A.1) given in the binary
case and Condition (A.3) given in the M -ary case.

Condition (A.4): For each 6 in ©, the probability distribution Fg on R* is abso-
lutely continuous with respect to some distribution £’ on R*.

This is equivalent to requiring that for each 6 in O, there exists a Borel mapping
fo : R¥ = R, such that

Yy
Fo(y) = / fo(m)dF(m), yeR". (8.6)

For mathematical reasons we require that the mapping
O xR =R : (0,y) — fo(y)

be Borel measurable. This condition is satisfied in all applications of interest.

In a manner reminiscent of the parameter estimation problem of Chapter 1
there are two possible cases, depending on whether or not € is modeled as a rv;
these are the Bayesian and non-Bayesian cases, respectively.

8.3 The Bayesian case

In some settings it is appropriate to imagine that the value of the parameter 0 is
indeed through some randomization mechanism. Thus, assume that there exists a
©-valued rv o) defined on the measurable space (2, F), and let K : R? — [0, 1]
denote its probability distribution. Thus,

Pl <t =K(t), tecRP

The requirement that P [ € ©] = 1 is equivalent to

/ dK(t) = 0.

As we now show, this composite binary hypothesis testing problem can be
reformulated as a simple binary hypothesis testing problem. To do so we define
the {0, 1}-valued rv H given by

HEl[ﬁe@l]



106 CHAPTER 8. COMPOSITE HYPOTHESIS TESTING PROBLEMS

Note that

p = P[H=1]
= P[ﬁG@l]

::/dMﬂ 8.7)
©1

In a similar manner, since 1 — H = 1[¢ € O], we conclude that

l-p = P[H=0
P [19 S @0]

:'/dmw (8.8)
]

For each h = 0,1, the conditional probability distribution of Y given that
H = h can be calculated as

Fi(y)

PlY <y|H = h]
PlY <y,H = h]
PH — i
P[Y <y, 9 € @h]
P [19 € @h]
E[E[L[Y < y][9]1[0 € O]
P[ﬁ < @h]
EPY <yld]1[) € 6]
Pw € @h]
E[Fy(y)1 [0 € O4]]
P[ﬂ € @h]

- fe’fﬁyfﬁf“), y € R, (8.9)
On

Fix h = 0,1 and y in R*. Under Assumption (A.4) we note that

/@h Fp(y)dK(t) = /@h (/_i ft(n)dF(n)> dK (t)
_’L/y <(%f¥@ﬂdKTﬂ>6UWn) (8.10)

—00
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by Tonelli’s Theorem, whence
Y ([ fmdK (D)
By = [ oo( K )dF('n)- 8.11)

Thus, Condition (A.1) holds for Fy and F; with respect to F' with probability
density functions fy, f; : R¥ — R, given by

Jo, tWAK(®)  p=0,1,
Jnly) = Jo dK(f) = yER-

At this point the reader might expect the corresponding tests {d,, n > 0} to
play a prominent role where for each 7 > 0, the test d,, : R* — {0,1} is given by

dy(y) =0 iff fi(y) <nfoly)
Jo, t(AK () [o fe(y)dK(t)
Jo, dK(2) T AR (@)

In Section 8.9 we will see that this is not the case.

iff

(8.12)

8.4 The Bayesian cost problem

In the Bayesian setup described in Section 8.3, we proceed as in Chapter 2 by in-
troducing a cost incurred for making decisions. This is quantified by the mapping
C: O x {0,1} — R with the interpretation that

Cost incurred for deciding d 60co

C(0,d) = when 9 = 0 " d=0,1.

We require that for each d = 0, 1, the mapping © — R : 8 — C(0,d) is Borel
measurable. This guarantees that for every test d : R* — {0,1}, C(9,d(Y)) is a
rv defined on (2, F). To avoid unnecessary technical difficulties (and for ease of
exposition) we further assume that

d=0,1

0<CO.d)<B, ‘g

for some scalar B. Together these requirements ensure that the expectation E [C'(,d(Y"))]
is well defined and finite.
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With any admissible test d : R¥ — {0, 1}, we define the expected cost
J(d)=E[C(8,d(Y))]. (8.13)
As before, the Bayesian Problem Py is the minimization problem
P : Minimize J(d) over d in D.
This amounts to finding an admissible test d* in D such that

J(d*) < J(d), deD. (8.14)

Any admissible test d* which satisfies (8.14) is called a Bayesian test, and the
value
J(d*) = inf J(d) = min J(d) (8.15)

deD deD

is known as the Bayesian cost.

In Section 8.3 we have shown that the Bayesian formulation of the composite
binary hypothesis problem can be recast as a simple binary hypothesis problem.
However, as discussed in Section 8.9, in general it is not possible to write

J(d) = E [Cxew(H,d(Y))], deD

for some mapping Ceyw : {0,1} x {0,1} — R (possibly derived from the original
cost function C' : © x {0,1} — R). This already suggests that the Bayesian test
may not belong to the class of tests {d,, n > 0} introduced at (8.12).

Solving the Bayesian Problem P5 In view of these comments a different ap-
proach is needed. Fix d in D. A standard preconditioning argument gives

J(d) = E[C(9,d(Y))]
= E[E[C(,dY))Y]]
= EE[Q[Y)=0]C0,dY))+1[dY)=0C(J,dY))Y]]
= EE[Q[dY)=0]C(40)+1[dY)=1]C(¢41)|Y]]
= E[1[d(Y)=0E[C(¥,0)|]Y]+1[dY)=1E[C(I,1)|]Y]]
= E|1[d(Y)=0]C(0,Y)+1[d(Y)=1C(1,Y) (8.16)
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where we have introduced the Borel mapping C: {0,1} x R* — R given by

d=0,1

Cldy) =E[CO.AIY =y, g

Theorem 8.4.1 Under the foregoing assumptions, the test d* : R¥ — {0,1} de-
fined by
0 ifC(0,y) < C(1,y)
d*(y) = (8.17)
1 ifC(1,y) < C(0,y)

is admissible and solves the Bayesian Problem Pkg.

Note that the result does not even depend on Assumption (A.4). Moreover, when

C(0,y) = C(1,y), we may select d*(y) = 0 or d*(y) = 1 somewhat arbitrarily
as long as the resulting mapping R* — {0, 1} is Borel measurable.

Proof. The admissibility of d* follows from the Borel measurability of the map-
ping C : {0,1} x R* — R. To show its optimality note that for each test d in D it
holds that

Jd) = E :1 [d(Y)=0]C0,Y) +1[dY) = 1] @(1,Y)}
= E[CLY)| +E 1Y) = 0] (C(0.¥) - C(1,Y))]
_ E :6(1,Y)] +E [1 [V € C(d)] (G(O,Y) —~ @(1,Y))}

where as usual the Borel set C'(d) is given by (1.12). The conclusion readily
follows by arguments similar to the ones used for the proof of Theorem 2.2.1:
Indeed, we have

J(d) — J(d*)
= E[A[Y e CW)] - 1Y € c@) (C0,Y) - C(1,Y))]

E
= E[1[Y € Ca)\C(@)]- (C(0,¥) - C(1,Y))]
~E[1[Y € c@N\C(@)] - (C0,¥) - E(1Y))]
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As we note that
(@)= {y e R : C0,y) < C(1,y)}
it is plain that
E [1 Y € Cd)\C(d")] - (6(0, Y) - (1, Y))} >0

e E [1 Y € C(d)\C(d)] - (6(0, Y) - C(1, Y)ﬂ <0.

It follows that .J(d*) < J(d) and the optimality of d* is now established. [

8.5 Thenon-Bayesian case — A generalized Neyman-
Pearson formulation
In this formulation # is an unknown parameter lying in ©, and an approach a

la Neyman-Pearson seems warranted. Since composite hypotheses are now in-
volved, earlier definitions given in Chapter 4 need to be modified.

Consider a test d : R* — {0, 1} in D that tests the null hypothesis H, against the
alternative H,. We define its size to be the quantity

e, (d) = sup Pg [d(Y) =1]. (8.18)
06@0

With 6 in ©, the probability Pg [d(Y") = 0] can be interpreted as the probability
of false alarm under the test d given that the hypothesis Hyg is indeed correct.

Fix a in [0, 1]. Let Dg, ,, denote the collection of all tests in D whose size is
no greater than «, namely,

Doy ={d€D: ag,(d) < a}. (8.19)
When Oy is reduced to a singleton 8, we write DBO ,, Instead of D (05).0° SO that

Dg,.={d€D: Py [d(Y)=1] < a}.
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The inclusion
Doy.a D90 o 0, € O (8.20)

always holds — It is also easy to see that

D®07a = meoe@opeo,a'

When dealing with composite hypotheses, the generalized Neyman-Pearson
formulation takes the following form:

For ain [0, 1], find a test dyyp () : R¥ — {0, 1} in Dg, , which is optimal in the
sense that

96@1,

de Do (8.21)

Pg [d(Y) = 1] < Pg [dump(a)(Y) = 1],

Such a test dynp (), when it exists, is called a Uniformly Most Powerful (UMP)
test of size « for testing for testing Hy : Hg, 6 € ©¢ against H, : Hg, 6 € Oy,

A natural question is whether UMP tests exist and when they do, how does one go
about identifying them. The discussion in Section 8.6 below provides some useful
pointers concerning these issues.

8.6 Searching for UMP tests

If a UMP test dymp () of size « did exist for testing Hy : Hg, 6 € O, against
Hy : Hy, 6 € Oy, then by definition dymp(a) is a test in Dg, 4, hence in DO
for each 6, in ©y. However, in general the optimality property (8.21) does not
necessarily imply

0 c 0O,

P [d(Y) = 1] < Pg[dune(a)(Y) =1], Dy

(8.22)
since a priori the inclusion (8.20) may be strict.

Were it the case that Dg, , = DHW for some 6, in ©, then (8.22) would
hold (as it now coincides with (8.21)), and the test dyyp(«) would therefore act
as a Neyman-Pearson test dyp(«; 0y, 0) of size « for testing Hy = H, g, against
H, = Hyg for each 0in ©,.

There is of course one situation when the equality Dg, o = DQW obviously
holds, namely when H|, is a simple hypothesis so that © is reduced to a singleton,
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say ©g = {0} for some 8 not in O;. The discussion above then implies that any
UMP test dyyp (), if one exists, for testing Hy = HOO against H, : Hg, 0 € O,
must satisfy

Pg [dunp (a)(Y) = 1]
= ]Pe [de(Oé; 90, 9))(Y) = 1] , 0 c 0O, (8.23)

This is clearly a non-trivial restriction on the problem, and already suggests that
UMP tests may not always exist even H is a simple hypothesis — This is discussed
on an example in Section 8.8.

Nevertheless, when H is a simple hypothesis, these observations do point to
an obvious strategy for finding UMPs: For each 8 in ©,, determine the Neyman-
Pearson test dyp(a; g, 6) of size a for testing Hy = HBU against [, = Hg. If its
implementation does not require explicit knowledge of 6, then the set C'(dnp(c; 0, 9))
will be independent of @ in the sense that there exists a Borel subset C' of R* such
that C(dxp(a; 09, 0)) = C for every 0 in ©;. The test d* : R¥ — {0, 1} defined
by

0 ifyed
d*(y) =
1 ify¢C

is an admissible test in DOO ,, since by construction

P ["(Y)=1] = Pg [Y ¢ C]
= PBO [Y ¢ C(de(Oé; 00, 0))]
= Peo [de(a; 00, 0)(Y) = 1] = Q. (8.24)

By the same arguments we also conclude that
Py [d*(Y) = 1] = Pg [dxp(; 00,0)(Y) = 1], 6 €6, (8.25)

and we conclude that d* is a UMP test for of size « for testing for testing Hy =
HHU against H, : Hg, 0 € Oy,

When H, is a composite hypothesis, finding a UMP test can be quite tricky. A
first natural step would consist in finding the Neyman-Pearson test dyp(cv; 0, 0)
of size v to test Hy = H 0, against H, = Hg with 6, and 0, arbitrary in © and
O, respectively. In some cases exploring the structure of these tests may lead to
the UMP test of size a.

These ideas are illustrated through an example in Section 8.7 and Section 8.8.
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8.7 An example

The discussion of Section 8.5 will be illustrated in the case when © C R and the
probability distributions { Fp, 6 € R} are unit-variance Gaussian distributions on
R: Thus, with 6 arbitrary in R,

Hy: Y ~N(6,1)
so that Fj admits the density fy : R — R, given by

| U
fo(y) = —\/%6 2007y e R
With distinct 6y and 6; in R, consider the Neyman-Pearson formulation for the
binary hypothesis problem

Hl : YNN(91,1)

As shown in Section 5.5 this problem has a complete solution: Fix A > 0. The
test dy : R — {0, 1} takes the form

1 1 2 1 1 2
dy(y) =0  iff ez W0 « N2l
/\(y) V2T \ 2T
iff  (y—00)* <2log\+ (y — 6,)?
iff  2y(0 — 6p) < 2log A + 67 — 6;. (8.27)
For notational convenience we shall write
IOg )\ 61 —+ 00
T\ (6y: 601) = )
)\( 0, 1) 01 . 90 2
Two cases arise: If 8, < 6, then
da(y) =0 iff  y < T\(0o;0:) (8.28)

and by standard arguments we get

IP>90 [dA(Y> = 1] = IP>90 [Y > T/\<603 91)]
log)\ 01 — 0()
6 —0, " 2 }

B log A\ 0, — 6y
=1 ®(91—90+ 5 ) (8.29)

- P90 {Y_HOZ
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If 91 < (90, then
da(y) =0 iff  y > Tx(0o;01), (8.30)
and this time we find
Pg, [dA(Y) = 1] = Py, [Y < Tx(60;61)]
10g>\ 01 - 60:|

_I_
1 — (90 2
10g>\ 61 - 90
= & ) 8.31

(91 — 6 T2 (8.31)

Fix « in (0,1). The Neyman-Pearson test of size « for testing Hy, against
Hy, is the test dyg, g,:a) Where (61, 0; o) is that value of A > 0 determined by
Pgo [dA(Y) = 1] = Q.

If 6, < 6y, then

log A(01, 6o; ) n 0, — b,
01 — 6o 2
and the test dy, 9y;a) 18 given by

dror.00.0)(y) =0 iff y<b+0 ' (1—a).
If 0, < 90, then

= P90|:Y_00§9

= (1)_1(]' - O'/)a

IOg >\(61, 90, Oé) 4 91 — 90
0, — b, 2
and the test dy (g, g,;) 1S given by

d)\(gl,go;a)(y) =0 iff Yy > 90 -+ Cp_l (Oé) .

=3 (a),

8.8 UMP tests for the example

We now consider four different situations, each associated with different sets O,
and ©.

CaseI: ©g = {0y} and ©, = (0, 00) The test d), g9,;a) given by
d@y000)(y) =0 iff Yy <+ (1 —a)

can be implemented without explicit knowledge of #,. By the discussion of Sec-
tion 8.5, it is plain that a UMP test dynp(«) of size «v exists with

Cldump(a) ={yeR: y<b+@ ' (1—a)} = (—00,0p+ 0" (1 — ).
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CaseII: ©) = {0y} and ©; = (—00,0y) Here, the test dy, g,;0) given by
A6y ,60:0)(y) =0 iff y >0 + ' (a).

can also be implemented without explicit knowledge of ;. Again, the discussion
of Section 8.5 shows that a UMP test dyyp () of size « exists with

Cldump(a)) ={yeR: y >0+ " (o)} = (b + D" () ,00) .

Case III: ©y = {0y} and ©; = R — {6y} It is plain from the discussion in
Cases I and II that a UMP test dymp (<) does not exist.

Case IV: O = (—00, 6] and ©; = (#y,00) We begin by picking o arbitrary
in O, so o < 6. Consider now the composite hypothesis testing problem

H : Y ~N(@1), €6,

Hy: Y ~N(o,1) (8.32)

The discussion in Case I also shows that a UMP test of size « exists; it was
identified as the test d*(a; o) : R — {0, 1} given by

d*(;0o)(y) =0 iff y<o+®'(1—a).
This means that for every 6 in ©1, it holds that

Py[d*(0;0)(Y) =1] = Py[Y >0+ 0 '(1—a)]
> Pyld(Y) = 1] (8.33)

for every test d in D, ,, i.e., for every test in D such that P, [d(Y') = 1] < a.
Now recall that Dg,, ,, is contained in D, , since

Doyo = {d €ED: sup P [d(Y)=1] < a} .
a’<bo
Therefore, for every 6 in ©, we have

PyldY)=1<Py[Y >0+P '(1-0a)], d€Degya

by virtue of (8.33) applied to the smaller class Dg, ,, of tests. Thus, with o < 0,
the test d*(«v; o) would be the UMP test dynp () we seek if only it belonged to
Doy -
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Next we show that o can be selected in © such that the test d*(«a; o) is indeed
an element of Dg, ,, in which case it is the desired UMP test dyyp(«). We shall
prove that this happened if and only if ¢ = 6,: For arbitrary ¢ and ¢’ in R we
always have

Flo,0') = Py[Y 20+ 0 '(1-a)]
= Py Y20 +(0—0)+0'(1-0a)]
= Py [Y—-0'>(0c-0)+0'(1-0a)]

= 1—(1)((0—0’)—1—(1)71(1—04)).

With o in R given, we see that the mapping R — [0, 1] : ¢/ — F(o,0’) is strictly
increasing with
F(o,0) =«
since  (®~}(1 — a)) = 1 — a, whence F(0,0) < aif o’ < o0 and a < F(0,0)
if 0 < o’. It now follows that
sup Py [d*(c;0)(Y) =1] > a ifo <6y
o’/<bo

while
sup Py [d*(c; 00)(Y) = 1] = .

o/<6p
This shows that the test d*(«; 6) is indeed an element of Dg,, ,, and therefore can
be used to implement the desired UMP test dyyp (). [

8.9 Reformulating the Bayesian cost

Fix d in D. By iterated conditioning we conclude that

J(d) = E[C(9,d(Y))]

— E[E[E[C(S,d(Y)|5] |H] (8.34)
with
E[C(9,d(Y))|9]
— C(8,0)-Pld(Y) = 0]9] + C(8,1) - P[d(Y) = 1]
= C(8,0)-P[Y € C(d)[9] + C(8.1) - P[Y ¢ C(d)[9]
~ 0(.0) / fo(w)dF(y) + C(®,1) / foly)dF(y). (835)
c(d) C(d)e
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On the other hand, for each h = 0, 1, we note as before that

P9 <t H=h
P[H = h]

P9 <t I e O
P9 € ©4]

f(—oo,t]meh dK ()
Jo, dK(T)

It 1T €©,)dK(r)

— , teRP 8.36
f@h dK(T) ( )

Therefore, the conditional distribution of ¥ given H = h is absolutely continuous
with respect to the probability distribution K : R? — [0, 1], the corresponding
probability density function kj;, : R? — R, being given by

1
N f@h dK(T)

PO <t/H=h =

kh(t) 1 [t € @h] , te RP.

Next, we get

E[E[C(9,d(Y))|9]|H = h]
:Hﬂﬂﬁ@[#ﬁﬂ@ﬂ%)+aﬁn/ foly Mﬂ‘H 4

::”4P<0“”D a@fdy) /ﬁ fi(y)dF (y > n(t)dK (t)
:‘Lw(écmmh@mﬁMKw)M%D
4_/dy(/’ a1yyymaawaw>dF@)

_ [ v Jo O 1) felw)dK 1)
- L i )

Next we observe that
J(d) = E[C(d,d(Y))]
= E[E[C(Y,d(Y))9][H = 0]P[H = 0]
+EE[CW,dY))9][H =1]P[H =1],
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with elementary algebra showing that

J(d) = E[C(9, d(Y))]

) o, C (8,0 fy () K () )
- (w f G )>
n f@ (1) ft ) ‘P[H
n / f@ ) P[H
f@ (1) ft
" o Jo, K (t ) i
. /)( C(8,0) fyly)dK (¢ >)dF
. (f Ct,lft<y>df<<t>) IF(y) (837)

as we group like terms after noting that P [H = h] = f®h dK(t).
Finally we conclude that

s = [ ([ cennmare)irw
+ § ([ €0 - c) fwar ) arw) @3

and the Bayesian test d* : R¥ — {0, 1} is therefore given by

& (y) =0 iff /@ (C(t,0) = C(t,1)) fs (y)dK () < 0. (8.39)

The Bayesian test d* is not an element of the class of tests {d,, > 0} introduced
at (8.12). u

8.10 Exercises



Part 11
ESTIMATION THEORY

119






Part 111
APENDICES

121






Chapter 9

Useful facts from Real Analysis

9.1 Limitsin R

We refer to any mapping a : Ny — R as a (R-valued) sequence; sometimes we
shall also use the notation {a,, n =1,2,...}.

A sequence a : Ny — R converges to a* in R if for every € > 0, there exists an
integer n*(¢) in Ny such that

la, —a*| <e, n>n*(e). .1)

We write lim,,_,, a,, = a*, and refer to the scalar a* as the /imit of the sequence.

Sometimes it is desirable to make sense of situations where the values of the
sequence become either unboundedly large or unboundely negative, in which case
we shall write lim,, ., a,, = oo and lim,, ,, a,, = —00, respectively. A precise
definition of such occurences is as follows: We write lim,, ., a, = co to signify
that for every M > 0, there exists a integer n*( M) in Ny such that

a, > M, n>n*(M). (9.2)

It is now natural to define lim,, ., a,, = —oo whenever lim,,_,, (—a,) = c©.

If there exists a* in RU{+oc} such that lim,, ., a,, = a*, we shall simply say
that the sequence a : Ny — R converges or is convergent (without any reference
to its limit). Sometimes we shall also say that the sequence a : Ny — R converges
(or is convergent) in R to indicate that the limit a* is an element of R (thus finite).
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Convergence is guaranteed under conditions of monotonicity: A sequence a :
No — R is monotone non-decreasing (resp. non-increasing) if a,, < a,1 (resp.
Ani1 < ap) foralln =1,2,.. ..

Fact 9.1.1 A monotone sequence a : Ny — R is always convergent, although its
limit may be t+o0.

9.2 Accumulation points

Since not all sequences converge, it is important to understand how can non-
convergence occur. To that end, consider a sequence a : Ny — R. A subsequence
of the sequence a : Ny — R is any sequence of the form Ny — R : k — a,,
where

nE < Ng+1, ]{?:1,2,

This forces limy,_, . 1y, = 0.

An accumulation point for the sequence a : Ny — R is defined as any element a*
in RU {£o00} such that

. *
lim a,, =a
k—o0

for some subsequence Ny — R : & — a,, .

A convergent sequence a : Ny — R has exactly one accumulation point,
namely its limit. if the sequence does not converge, it must necessarily have dis-
tinct accumulation points, in which case there is a smallest and a largest accumu-
lation point. The next definition formalizes this observation: Given a sequence
a : Ng — R, the quantities

limsupa, = 71L121f1 (Sup am)

n— 00 m>n

and
lim inf a,, = sup (inf am>

n—o00 n>1 m>n
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are known as the limsup and liminf of the sequence a : Ny — R, respectively.
It is plain that
inf a,, <supa,,, n=12 ...
m>n m>n
and that the sequences {inf,,>, an, n = 1,2,...} and {sup,,~, @m, n =1,2,...}
are non-decreasing and non-increasing, respectively, with

n—oo \ m>n n—o00

lim ( inf am> = lim inf a,,

and

lim (sup am> = limsup a,,,

n—=00 \m>n n—00

hence the terminology. A useful characterization of convergence can now be pro-
vided in terms of the limsup and liminf.

Fact 9.2.1 Consider a sequence a : Ny — R: If it converges to an element a*(in
R U {£o00}), then
liminf a,, = limsup a,, = a*.
n—oo n—00
Conversely, if lim inf,,_,, a,, = limsup,,_, . a,, = a* for some a* in R U {£+o00},

then the sequence a : Ny — R converges to a*.

9.3 Continuous functions

Let I denote a subset of R. A function g : I — R is said to be left-continuous at
x in [ if for any sequence a : Ny — [ such that lim,, ,, a, = = with a,, < x for
alln =1,2,... we have

lim g(an) = g(z). (9.3)

Similarly, a function g : I — R is said to be right-continuous at x in [ if for any
sequence a : Ny — [ such that lim,, ,,, a, = x withz < a, foralln = 1,2,...
we have (9.3).

Finally, a function g : I — R is said to be continuous at z in I if it is both
left-continuous and right-continuous at x. This is equivalent to (9.3) holding for
any sequence a : Ny — [ such that lim,, ,, a, = x.
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A function g : I — R is left-continuous (resp. right-continuous, continu-
ous) on [ if the function g : I — R is left-continuous (resp. right-continuous,
continuous) at every point z in /.

9.4 Convex functions

Let I denote an interval in R. A function g : I — R is said to be convex if for
every zo and x in [, it holds that

g(1 = Nxo + Az1) < (1= N)g(wo) + Ag(z1), M€ [0,1]. (9.4)

A function g : I — R is said to be concave if the function —g is convex. Here
are some well-known facts concerning convex functions; the analog properties for
concave functions are easily obtained mutatis mutandis.

Fact9.4.1 Letg : I — R be a convex function. With x < y < z in I, we have
the basic inequalities

9) —9(z) _ 9(2) — 9(z) ©.5)
y—x Z—x
and
9(z) —9() _ 9(2) — 9) 9.6)
Z—x Z—y
Proof. With x <y < zin I, write
y=(1—=ANx+ Az where )= Ay
Z2—=x
It is plain that A is an element of (0, 1), and the convexity of g implies
9(y) < (1=Ng(@) + Ag(2)
z—y y—z
= — . 9.7
z—xg(x)+ z—a:g(z) ©7

Substracting g(x) from both sides of this inequality we get

9y - g(e) < gy + L2

= (22) ) - ot

zZ—XT

9(z) —g(x)
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and this establishes (9.5).
On the other hand, subtracting g(z) from (9.7) we find that

=y y—x
_ < _
9y) —9(2) = — g(@) + "—g(2) — g(2)
_ (z=y _
= (522) ot - 9te)
and the inequality (9.5) readily follows. [ |

Fact 9.4.2 If the mapping g : I — R is convex on an interval I, then it is also
continuous on the interior of I.

Continuity may fail at the boundary points as the next example shows: With [ =
[0, 1], take the mapping g : I — R given by

0 ifz=0
g(z) =
r if0<ax<1.

This function is clearly convex on [0, 1] but it fails to be continuous at x = 0.

Proof. Pick z in the interior of [ so that [z — 7,2 4+ 7] C I for some 7 > 0.
With 0 < ¢ < 1 we note that x + t7 = t(x + 7) + (1 — t)z, whence g(z + t7) <
tg(x 4+ 7) + (1 — t)g(x) by the convexity of g and we conclude

gla +t1) — g(x)
t

<glr+7)—g(@)

Similarly, since x — t7 = t(x — 7) + (1 — t)x, we have g(x — t7) < tg(x — 7) +
(1 —t)g(x) by the convexity of g, so that

@) — gla —7) < LA,

But 1 (z —t7) + % (z + t7) = x, and using convexity again leads to

g(x) —g(x —tr) < g(z +t1) — g(x),
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whence

gz —t1) —g(x) _ glz +171) — g(x)
—t - t

g(x) —g(z —71) < <glx+7)—g(x).

Therefore, with

M = max (|g(r) — g(x — 7)[,|9(x +7) — g(z)]) ,

we get

gl +1r) — g()

< <M, 0<t<l.

Changing notation we see that

‘g(“h)_m <M, <7 9.8)

and the continuity of ¢ at x is now immediate since lim,,_,, g(a,) = g(z) for any
sequence [-valued sequence a : Ny — [ such that lim,, ,, a, = x. ]

In the course of the proof of Fact 9.4.2 we saw that the property (9.8), known
as local Lipschitz continuity, holds.

Fact 9.4.3 If the mapping g : I — R is convex on an interval I, then it is also
locally Lipschitz at every point in the interior of 1.

This paves the way for the following differentiability result.

Fact 9.4.4 If the mapping g : I — R is convex on some interval I, then its left
and right-derivatives always exist at every point of continuity in I (and whenever
appropriate at the boundary points of I).

Proof. Pick ¢ in the interior of [ so that (§ — 7, + 7) C [ for some 7 > 0. By

)—9(§)

virtue of ( 9.5) we see that the mapping ¢ — £ (E+t ’ is monotone increasing on
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the interval (0, 7) —Justusex = &,y = {+tyand z = -+t with 0 < ) <t < 7.
It follows that the limit defining the right-derivative at £, namely

AT oy iy 9E D —9(9)
dz 40 t ’

always exists.

Similarly, by virtue of ( 9.6) we see that the mapping ¢t — %{9(‘5) 1S mono-
tone increasing on the interval (0,7) —Justuse z = &,y =& —t;and z = € — 1o
with 0 < t; < ty < 7. It follows that the limit defining the left-derivative at &,

|
o T ) i 260900
dz?'> = o —t ’

always exists. [ ]

9.5 Measurable spaces

Let S denote an arbitrary non-empty set. A non-empty collection S of subsets of
S is a o-field (also known as an o-algebra) on S if

(i) S contains the empty set ();

(i) S is closed under complementarity: If £ € S, then E¢ € S (where E€ is
the complement of F in 5); and

(iii) S is closed under countable union: With I a countable index set, if F; € S
foreachi € I, then U;c F; € S.

The pair (S, S) is sometimes referred to as a measurable space. For every non-
empty set .S, there at least two distinct o-fields on S, namely the trivial o-field
Smiv = {0, S} and the complete o-field P(.S) (where P(S) denotes the power set
of 5).

If S§; and S, are two o-fields on .S, we say that S; contains Sy, written S; C
S,, if any element of S; is an element of S,. Thus, for any o-field S, we have
Sniv €S CP(S).

If G is a collection of subsets of .S, then ¢ (G) is defined as the smallest o-field
on S which contains G, i.e., every element of G is also an element of ¢ (G). We
shall refer to o (G) as the o-field on S generated by G.
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9.6 Borel measurability

With A denoting a subset of R? for some positive integer p, we define the o-field
B(A) to be
B(A) = 0 (0(A4))

where O(A) denotes the collection of all open sets contained in A. In particular,
B(R?) = o (O(R"))

where O(IR?) denotes the collection of all open sets contained in R”.
Consider an arbitrary set S equipped with a o-field S. A mapping g : S — R?
is said to be a Borel mapping if the conditions

g N (B)eS, BeB[RP (9.9)
are all satisfied where

g i (B)={seS: g(s) € B}.

Fact 9.6.1 Let G denote a collection of subsets of R which generates the Borel
o-field B(RP), i.e.,
B(R?) =0 (G). (9.10)

It holds that the mapping g : S — RP is a Borel mapping if and only if the weaker
set of conditions
g(E)eS, Ee€g ©.11)

holds.

There are many generators known for the Borel o-field B(R?). For instance,
we have (9.10) with

o G = Ropen(R?) where Rpen(IRP) is the collection of all finite open rectan-
gles, i.e.,

= {15y 5T )

k=1,....p

where
Z(R) = {(a,b) : a,b e R}
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e G = Rsw(RP) where Rew(RP) is the collection of all closed Southwest
rectangles, 1.e.,

I;; = (—00, ax]
st(Rp)E I x...x1 a, € R
k=1,...,p

It follows from the discussion above that a mapping g : S — RP? is a Borel
mapping if the seemingly weaker conditions

i=1

{SES: g(s) € H(—oo,ak]} €S, (a,...,a,) €R?

all hold. Equivalently, a mapping g : S — RP is a Borel mapping if
{seS: g(s) <ap, k=1,...,p} €S8, (a1,...,a,) €RP?

where it is understood that

g(s) = (91(5), .-, gp(s)), s€S.

It is now plain that for each k = 1, ..., p, the component mapping g : S — R
is also a Borel mapping — Just take a, = oo for all / = 1, ... k different from k.
Conversely, since

[s€S: gls) Sap h=1,.ph = {s€S: als) < a}

for arbitrary (ay,...,a,) in RP, we see that the mapping g : S — R” is a Borel
mapping if and only if each of the component mappings ¢; : S — R,... g, :
S — R is a Borel mapping.

Most (if not all) mappings R? — R? encountered in applications are Borel
mappings. Furthermore, any continuous mapping R? — R? can be shown to be a
Borel mapping!
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Chapter 10

Useful facts from Probability Theory

10.1 Probability models

Probabilistic reasoning assumes the availability of a probability triple (€2, F,P)
where: (i) The sample space € is the collection of all outcomes (samples) gen-
erated by the random experiment £ of interest; (ii) Events are collections of out-
comes, and the collection of events whose likelihood of occurrence can be defined
is a o-field F on €2; and (iii) The “likelihood” of occurrence to events in F is as-
signed through a probability measure P defined on F.

With ) an arbitrary set, a non-empty collection F of subsets of € is a o-field (also
known as an o-algebra) on ) if F (i) contains the empty set 0; (ii) is closed under
complementarity: If £ € F, then £ € F (iii) is closed under countable union:
With [ a countable index set, if E; € F foreachi € I, then U,/ F; € F.

The “likelihood” of occurrence to events in JF is assigned through a probability
measure [P defined on F.

A probability (measure) P on the o-field F (or on (€2, F)) is a mapping P : F —
[0, 1] such that (i) P[0] = 0 and P[Q2] = 1; (ii) o-additivity: With I a countable
index set, if £, € F for each i € I, then

P Uit B3] = ZP (1]

el

133
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whenever the subsets { E;, i € I} are pairwise disjoint, namely

i FJ
E:NE; =0, i,jel

10.2 Random variables

All random variables (rvs) can always be thought as being defined on some given
probability triple (2, F,P) where €2 is the sample space, F is a o-field of events
on €2 and P is a probability measure on F.

Given a probability triple (2, 7, P), a mapping X : 2 — RP is an (RP-valued)
random variable (rv) if

X' B)={weQ: X(w)eB}eF, BecB(R.

In other words, the mapping X : (2 — R? isarv if it is a Borel mapping X : () —
RP — Here S = Q and § = F. We shall often write [X € B] in lieu of X! (B)
and P [X € B|for P[[X € B]|.

The probability distribution (function) Fx : RP — [0, 1] of the rv X is defined by

Fx(z) = P[X € (=00, 21| X ... X (=00, z]]
= PXi<uzy,...,X, <z, z=(v1,...,2,) € R”. (10.1)

with the notation X = (Xi,...,X,).
It turns out that there is as much probabilistic information in the probability
distribution F'y : R? — [0, 1] of the rv X as in
{P[X € B], Be€ B[R}

In fact, knowledge of F'x : R? — R allows a unique reconstruction of

{P[X € B|, B e B(R")}.
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10.3 Probability distributions

Properties of [’y (Case p = 1): It is easy to see that the following properties
hold:

e Monotonicity:
Fx(z) < Fx(y), =zy€eR

e Right-continuous:

hmFX(y) :FX($), r€R

ylz

o [ eft limit exists:

lim Fx(y) = Fx(z—) with P[X =2|=Fx(y) — Fx(z—), xz€R

yltz
e Behavior at infinity: Monotonically

lim Fx(z) =0 and lim Fx(z)=1

T—r—00 T—00

A probability distribution (function) on R is any mapping F' : R — [0, 1] such
that

e Monotonicity:

e Right-continuous:

liinF(y) =F(x), ze€R
ylx

o [eft limit exists:
lim F(y) = F(z—) x€R

ytx

e Behavior at infinity: Monotonically

lim F(z)=0 and lim F(z)=1

T——00 T—00
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Any rv X : 0 — R generates a probability distribution function Fxy : R —
[0, 1]. Conversely, for any probability distribution function F' : R — [0, 1], there
exists a probability triple (2, F,P) and arv X : 2 — R defined on it such that

P[}?gm]:p(x), z €R

This is the basis of Monte-Carlo simulation. There exists a multi-dimensional
analog to this fact.

Proof. Take Q = [0,1], F = B([0,1]) and P = . Define the rv X : Q — R by
setting .
X(w)=F (@), wel0,1]

where F'~ : [0, 1] — [—o00, 00| is the generalized inverse of F' given by
F (u)=inf(zeR: u<F(x)), 0<u<l.

with the understanding that F'~ (u) = oo if the defining set is empty, i.e., F'(z) < u
for all z in R.

Discrete distributions
Arv X : Q) — RPis a discrete rv if there exists a countable subset S C RP such
that

PX eS| =1
Note that

P[X € B] = ZmeSmBIP’ (X =z], B e B(RP).

It is often more convenient to characterize the distributional properties of the rv
X through its probability mass function (pmf) of the rv X given by

bx = (pX(m)7 (IJGS)

with

Absolutely continuous distributions
Arv X : Q — RPis an (absolutely) continuous rv if there exists a Borel mapping
fx : RP — R, such that

P[Xigxi,izl,...,p]:/x fx(€)dE, x=(xq,...,2,) € R
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Properties of F'x when p > 1

Independence of rvs
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Monotonicity needs to be modified and now reads

T < Yk
Plrr < Xk <y >0, T, Y € R
k=1,....p

with the understanding that the quantity P [z), < X < y;| is expressed solely
in terms of Fx : R? — [0, 1].

Right-continuous:

lim Fx(y) = Fx(2), @ €R’
ylx

with the understanding that vy, | =, foreach k =1,...,p.

Left limit exists:

lim Fy(y) = Fx(x—) with P[X =z| = Fx(y) — Fx(z—), z€R?

ylz

with the understanding that v, T x; foreach k= 1,... p.
Behavior at infinity:

lim Fx(z)=0

min(zg, k=1,...,p)—>—00

and
lim Fx(z)=1

min(zy, k=1,...,p)—00

Consider a collection of rvs { X, 7 € I} which are all defined on some probability
triple (€2, 7, P). Assume that for each i in , the rv X is a RPi-valued rv for some
positive integer p;.

With I finite, we shall say that the rvs {X;, i € I} are mutually independent
if for each selection of B; in B(RP?) for each i in I, the events

{[X;ie Bj],iel}
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are mutually independent. It is easy to see that this is equivalent to requiring

B; € B(sz)

P[ﬂieI[XieBi]]:HP[XieBi]’ 1€ 1.

i€l
More generally, with I arbitrary (and possibly uncountable), the rvs {X;, i €
I} are said to be mutually independent if for every finite subset J C I, the rvs
{Xj, j € J} are mutually independent!

Product spaces
Some facts: Consider two arbitrary sets €2, and §2;, (possibly identical). Let .4 and
B denote non-empty collections of subsets of 2, and €2, respectively. While the
collection A x B is usually not a o-field on 2, x €2, even when A and B are
themselves o-fields, it can be shown that

c(AxB)=0(c(A) xo(B)).

10.4 Gaussian rvs

With scalar m and o2 > 0, the rv X is said to be a Gaussian rv with mean m

and variance o2, written X ~ N(m, 0?), if its cumulative probability distribution
function is given by

P[X < 1] / L35, zer
<zl = e o , T )
oo V2702
The zero mean unit variance Gaussian rv is often referred to as a standard Gaus-
sian rv; its probability density function ¢ : R — R, is given by
1 22

xr) = e 2, xelR, 10.2
() VT (10.2)

and its cumulative probability distribution function is then
B(z) = / o(t)dt, = ER. (10.3)

Obviously, if X ~ N(m,0?) and Z ~ N(0, 1), then X and m + o Z have the same
distribution.

In the context of digital communications, it is customary to use the ()-function
Q : R, — [0,1] given by

Q) =1—-d(z) = /OO e(t)dt, z>0.
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The classical limit theorems

The setting of the next four sections is as follows: The rvs {X,,, n =1,2,...} are
rvs defined on some probability triple (€2, F, ). With this sequence we associate
the sums

Sn:iXka 7’L=1,2,...
k=1

Two types of results will be discussed: The first class of results are known as Laws
of Large Numbers; they deal with the convergence of the sample averages

_ 1 <&
Sp==> Xp n=12..
n
k=1

The second class of results are called Central Limit Theorems and provide a rate
of convergence in the Laws Large Numbers.

11.1 Weak Laws of Large Numbers (I)

Laws of Large Numbers come in two types which are distinguished by the mode
of convergence used. When convergence in probability is used, we refer to such
results as weak Laws of Large Numbers. The most basic such results is given first.

Theorem 11.1.1 Assume the rvs {X,X,,, n = 1,2,...} to be i.i.d. rvs with
E[|X|*] < co. Then,
&me [X]. (11.1)
n
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As we now show, the finiteness of the second moment of X can be dropped.

Theorem 11.1.2 Assume the rvs {X, X,,, n = 1,2,...} to be i.i.d. rvs with
E[|X|] < co. Then, we have

Sn

- 5 E[X]. (11.2)
11.2 The Strong Law of Large Numbers

Strong Laws of Large Numbers are given are convergence statements in the a.s.
sense. The classical Strong Law of Large Numbers is given next.

Theorem 11.2.1 Assume the rvs {X, X,,, n = 1,2,...} to be i.i.d. rvs with
E[|X]|] < co. Then,

lim —=E[X]| as. (11.3)

11.3 The Central Limit Theorem

The Central Limit Theorem completes the Law of Large Numbers, in that it pro-
vides some indication as to the rate at which convergence takes place.

Theorem 11.3.1 Assume the rvs {X,X,,, n = 1,2,...} to be i.i.d. rvs with
E[|X]?*] < co. Then, we have

NG (% —E [X]) =, v/ Var[X]- U (11.4)

where U is standard zero-mean unit-variance Gausssian rv.



