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We consider efficient infection identification algorithms based on group testing
under the structured disease spread network and dynamically evolving disease spread
network assumptions. Group testing is an efficient infection identification approach
based on the idea of pooling the test samples. Group testing has been widely
studied in various areas, such as screening and biology, communications, networks,
data science, and information theory. In this dissertation, we study group testing
applications over structured and dynamic networks, such as random graph-governed
correlated connections of nodes and dynamically evolving network topologies under
discrete time.

First, we propose a novel infection spread model based on a random graph rep-
resenting connections between n individuals. The infection spreads via connections
between individuals, resulting in a probabilistic cluster formation structure as well
as non-i.i.d. (correlated) infection statuses for individuals. We propose a class of

two-step sampled group testing algorithms where we exploit the known probabilistic



infection spread model. We investigate the metrics associated with two-step sam-
pled group testing algorithms. To demonstrate our results for analytically tractable
exponentially split cluster formation trees, we calculate the required number of tests
and the expected number of false classifications in terms of the system parameters
and identify the trade-off between them. For exponentially split cluster formation
trees, for zero-error construction, we prove that the required number of tests is
O(logymn). Thus, for such cluster formation trees, our algorithm outperforms any
zero-error non-adaptive group test, binary splitting algorithm, and Hwang’s gener-
alized binary splitting algorithm. Our results imply that, by exploiting probabilistic
information on the connections of individuals, group testing can be used to reduce
the number of required tests significantly even when the infection rate is high, con-
trasting the prevalent belief that group testing is useful only when the infection rate
is low.

Next, we study a dynamic infection spread model inspired by the discrete
time SIR (susceptible-infected-recovered) model, where infections are spread via
non-isolated infected individuals; while infection keeps spreading over time, limited
capacity testing is performed at each time instant as well. In contrast to the clas-
sical, static group testing problem, the objective in our setup is not to find the
minimum number of required tests to identify the infection status of every individ-
ual in the population but to control the infection spread by detecting and isolating
the infections over time by using the given, limited number of tests. To analyze
the performance of the proposed algorithms, we focus on the average-case analysis

of the number of individuals that remain non-infected throughout the process of



controlling the infection. We propose two dynamic algorithms that both use a given
limited number of tests to identify and isolate the infections over time while the
infection spreads. The first algorithm is a dynamic randomized individual testing
algorithm; in the second algorithm, we employ the group testing approach similar
to the original work of Dorfman. By considering weak versions of our algorithms,
we obtain lower bounds for the performance of our algorithms. Finally, we imple-
ment our algorithms and run simulations to gather numerical results and compare
our algorithms and theoretical approximation results under different sets of system
parameters.

Finally, we consider the dynamic infection spread model based on the discrete
SIR model, which assumes the disease to be spread over time via infected and non-
isolated individuals. In our system, the main objective is not to minimize the number
of required tests to identify every infection but instead to utilize the available, given
testing capacity 1" at each time instant to efficiently control the infection spread. We
introduce and study a novel performance metric, which we coin as e-disease control
time. This metric can be used to measure how fast a given algorithm can control
the spread of a disease. We characterize the performance of the dynamic individual
testing algorithm and introduce a novel dynamic SAFFRON-based group testing
algorithm. We present theoretical results and implement the proposed algorithms

to compare their performances.
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CHAPTER 1

Introduction

Efficient testing and infection identification are crucial in slowing down and even-
tually preventing disease spread, especially in the cases of novel pandemics where
fully effective vaccines and cures have not been developed. In cases where the dis-
ease of interest is highly contagious, such as covid-19, pandemics can affect the lives
of billions of people, even under strict measures to slow down the spread of the dis-
ease. While controlling the spread of disease, identification of the infection status
of the individuals plays a crucial role, which would be helpful to further implement
additional measures such as quarantining, which will eventually help to slow down
and control the pandemic. Even for diseases that do not result in global pandemics,
fast and efficient infection identification can be crucial and life-saving. Motivated
by the need for fast and efficient detection of the prevalence of syphilis among the
WW?2 draftees, Robert Dorfman proposed the novel group testing approach in his
seminal paper [1].

The novel idea behind the group testing approach is mixing the test samples

of groups of individuals and testing the mixed samples rather than testing each



Figure 1.1: Infection status identification for a group of 6 people via a 2-stage group
testing algorithm.

of the samples individually. When the practical constraints of the testing method
and the infection of interest allow, group testing results in a problem where the
infection statuses of the individuals are combined by binary-OR operation, and the
main objective becomes designing groups of individuals (group tests) and decoding
the group test results to identify the infection statuses. For instance, in the seminal
work of Dorfman in [1], the proposed algorithm assigns disjoint groups of individuals
uniformly randomly and mixes the samples within groups. After testing the mixed
samples, if a mixed sample is negative, then every sample mixed in that mixed
sample is negative. On the other hand, if a mixed sample is positive, it implies that
there is at least one positive sample among the samples mixed in that mixed sample.
In the second round, every individual in the positive groups is tested individually
to identify positive groups. Especially when the prevalence rate of the infection
is low among the population, this group testing procedure results in a significant

reduction in the number of performed tests to identify the infection statuses of the
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Figure 1.2: Infection status identification for a group of 4 people with a single stage
group testing algorithm.

individuals [1].

The groups for the testing can be disjoint, or a sample from an individual
can be mixed into multiple mixed samples. Furthermore, testing can be performed
in a single stage (non-adaptive group testing), or multiple stages of testing can
be performed (adaptive group testing) where tests can be designed by using the
results of prior stages. In Fig. [1.1] we present a toy example where the infection
statuses of 6 individuals are identified via the group testing algorithm proposed in
the seminal paper of Dorfman. Individual 3 (marked with red) is the only positive
among these six individuals. Notice that it is a two-stage group testing algorithm,
where three tests are performed in the first stage, and two tests are performed in the
second stage. At the end of the first stage, the infection statuses of four individuals
(individuals 1,2, 5, and 6) are identified. At the end of the second stage, the infection
statuses of the remaining two individuals are identified. In Fig. [1.2] we present the
identification of the infection statuses of four individuals by performing three group
tests in a single stage. Notice that the samples of individuals 2 and 4 are mixed in
two different mixed samples. Negative tests directly identify the negative infection

status of the samples that are mixed in them, while the positive test implies that



individual 3 is positive since individual 4 is identified as negative already. In both of
these examples, the total numbers of tests required to identify the infection statuses
of the individuals are strictly less than individual testing: five and three rather than
six and four, respectively. The overall benefit of the group testing can be observed
better with an increasing total number of individuals, as long as the prevalence rate
is low |2].

In the following, we briefly review the developing literature on group testing;
a detailed survey can be found in [2]. Following the seminal work of Dorfman,
adaptive algorithms [3-9] and non-adaptive algorithms [10-22] have been proposed
and performance guarantees have been characterized. The capacity of the group
testing problem has been studied in [14}23-30] under various system models. The
resemblance of the group testing problem with the multiaccess communication first
stated by [31] and with the compressed sensing problem first studied in [32]. The
standard system models have been challenged, and a variety of models have been
studied: References [16},[3239] study noisy group testing problem where the test
results are noisy, references [40-44] focus on limited adaptive testing stages for group
testing algorithm designs, references [20121},33,45-53| investigate practical decoding
times as well as explicit and graph constrained algorithm designs. Group testing
has found various applications in distinct fields, such as communications literature
[54H63], network literature with fault detection in networks with specific focuses
on sensor networks [64-69], data science literature with applications for learning
and searching [70-75], data storage and compression [76,77], cyber-security [78}|79),
databases [80], theoretical computer science [81-85], electronics [86}87], and so on.
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Common to the majority of the standard group testing works is the observation
that the group testing is beneficial only when the prevalence rate of the infection
is low among the population [1}2,7-9,/11],12,/14},23}24,30,132]. However, this limi-
tation is characterized under standard system models, i.e., standard combinatorial
and probabilistic settings. In the combinatorial setting, a fixed number of infections
(e.g., d infections) are assumed to be prevalent in the system, and the infected set
of individuals are uniformly randomly realized out of all possible d-sized subsets of
individuals. On the other hand, in the standard probabilistic setting, each individ-
ual is assumed to be independently infected with a given infection probability p. In
practice, even though these standard models are proven to be useful for some appli-
cations, for many applications, especially in contagious diseases, infection statuses
of the individuals are rarely independent and identical as in the probabilistic setting,
or the true number of infections in the system is rarely known, and the true infected
set is rarely uniformly distributed. In a more recent line of works, these standard
models have been challenged: in references [88-92] non-i.i.d. probabilistic models
are investigated, in [93H97], community structure based disease spread models are
studied, in references [98-100] benefits of structured side information in group test-
ing is the main focus, in references [101H105] dynamically evolving network-based
group testing and disease spread controlling are investigated.

In this dissertation, our goal is to analyze group testing under novel structured
and dynamic networks. Motivated by the fact that further practically available
side information can be utilized while designing group testing algorithms to reduce

the required number of tests further to identify the infection statuses of groups of



individuals, we propose and analyze structured side information aided systems that
correspond to community networks of the tested individuals. Another goal of this
dissertation is to investigate dynamic system models based on dynamically evolving
networks of individuals with non-static infection statuses, motivated by the goal of
helping group testing to be efficiently employed to help control the next pandemic.

In Chapter 2], we introduce a novel, random graph-based community-structured
infection spread model, where nodes represent individuals and possible infection
transmissions between individuals are represented by random edges between the
nodes. The probability distribution of edge realizations is assumed to be known,
and a realization of the random graph results in clusters in the population. A
random patient zero introduces the infection to the population by infecting every-
one in their cluster. Utilizing the probability distribution of the connections and
cluster formations in the random graph, we propose a novel family of algorithms:
two-step sampled group testing algorithms, which consists of sampling a subset of
individuals and performing non-adaptive tests to identify the selected individuals
with zero-error. For this second step of two-step sampled group testing algorithms,
we introduce F-separable zero-error non-adaptive test matrix designs. We charac-
terize the optimal design of two-step sampled group testing algorithms and derive
explicit results for the exponentially split cluster formation tree structures that we
introduce. We characterize the trade-off between the expected number of false clas-
sifications and the required number of tests for different choices of possible sampling
cluster formations for the two-step sampled group testing algorithms. We analyze

the computational complexity of two-step sampled group testing algorithms. For



zero-error construction, we prove that the required number of tests for the identi-
fication is less than 4(logyn + 1)/3) and is O(log,n) in a system that consists of
at most n equal-sized clusters. Even when we ignore the cluster size gain, we show
that our algorithm outperforms the optimal adaptive algorithms that assume the
known number of infections, such as Hwang’s generalized binary splitting algorithm,
including the regimes where the infection rate is high. With this, we show that, with
additional side information such as random graph-governed community structures,
group testing can be used efficiently even when the infection rate is high and sig-
nificant improvements over individual testing can be observed by utilizing available
side information.

In Chapter |3 we study a discrete time SIR model-based dynamic infection
spread model. We consider a population of n individuals divided into three disjoint
subsets: susceptible individuals, non-isolated infections, and isolated /recovered in-
dividuals. In the beginning, t = 0, the infection is introduced to the system, where
each individual gets infected with probability p independently. At ¢ = 0, the infec-
tion model is identical to the standard i.i.d. probabilistic model. At each discrete
time instant after that, ¢ > 1, we consider a cycle of infection spread, testing, and
isolation of the detected infections. At each time instant, the infection is spread from
non-isolated infections to the susceptible individuals, independently with probability
q for each susceptible-infection pair. Then, group testing follows, where only a given,
limited number of T tests are performed. Depending on the test results, detected
infections are isolated and cannot spread the infection to susceptible individuals at

the times that follow their isolation. Eventually, they recover, and we assume they
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do not get infected throughout the rest of the process. Here, similar to the real-life
scenarios, we consider a dynamically changing system and limited testing capacity
at each time instant rather than minimizing the total number of required tests to
identify everyone as in the static group testing problem. The performance metrics of
dynamic testing algorithms in such a system are the time when the infection spread
is brought under control, i.e., when all the infections are detected and isolated, and
the number of susceptible individuals when the infection is brought under control.
In this work, we analyze the average-case performance of the system. We derive
probabilistic results for the random processes of the number of susceptible individ-
uals, non-isolated infections, and isolated /recovered individuals for symmetric and
converging algorithms. We propose two dynamic algorithms: dynamic individual
testing and dynamic Dorfman-type group testing algorithm. We consider the weak
versions of these algorithms and use our general results to derive performance lower
bounds. We obtain simulation results to compare our theoretical approximation re-
sults with the numerical results for our proposed algorithms in different parameter
regimes.

In Chapter {4, we further expand the dynamic disease spread model introduced
in Chapter [3] We introduce two novel performance metrics: disease control time, ,
and e-disease control time f.. These performance metrics add a novel dimension to
the discrete-time SIR-based dynamic system model that we introduce in Chapter [3}
to assess the performance of proposed dynamic algorithms in terms of how fast the
disease spread is controlled, one can use these novel performance metrics. Moreover,

we propose a novel dynamic group testing algorithm: dynamic SAFFRON-based



group testing algorithm. We analyze the performance of the dynamic individual
testing algorithm and dynamic SAFFRON-based group testing algorithm in terms
of the novel performance metrics we introduce. We obtain simulation results to
analyze proposed dynamic group testing algorithms numerically.

In Chapter |5, we present the conclusions of this dissertation.



CHAPTER 2

Group Testing with a Graph Infection Spread Model

2.1 Introduction

In this chapter, we propose a novel infection spread model, where individuals are con-
nected via a random connection graph, whose connection probabilities are knownE].
A realization of the random connection graph results in different connected compo-
nents, i.e., clusters, and partitions the set of all individuals. The infection starts with
a patient zero who is uniformly randomly chosen among n individuals. Then, any
individual who is connected to at least one infected individual is also infected. For
this system model, we propose a novel family of algorithms which we coin two-step
sampled group testing algorithms. The algorithm consists of a sampling step, where
a set of individuals are chosen to be tested, and a zero-error non-adaptive test step,
where selected individuals are tested according to a zero-error non-adaptive group
test matrix. In order to select individuals to test in the first step, one of the possible
cluster formations that can be formed in the random connection graph is selected.

Then, according to the selected cluster formation, we select exactly one individual

'For instance, location data obtained from cell phones can be used to estimate connection
probabilities.
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from every cluster. After identifying the infection status of the selected individuals
with zero error, we assign the same infection status to the other individuals in the
same cluster as identified individuals. Note that, the actual cluster formation is
not known prior to the test design, and because of that, the selected cluster forma-
tion can be different from the actual cluster formation. Thus, this process is not
necessarily a zero-error group testing procedure.

Our main contributions consist of proposing a novel infection spread model
with a random connection graph, proposing a two-step sampled group testing al-
gorithm which is based on novel F-separable zero-error non-adaptive test matrices,
characterizing the optimal design of two-step sampled group testing algorithms, and
presenting explicit results on analytically tractable exponentially split cluster forma-
tion trees. For the considered two-step sampled group testing algorithms, we identify
the optimal sampling function selection, calculate the required number of tests and
the expected number of false classifications in terms of the system parameters, and
identify the trade-off between them. Our F-separable zero-error non-adaptive test
matrix construction is based on taking advantage of the known probability distribu-
tion of cluster formations. In order to present an analytically tractable case study
for our proposed two-step sampled group testing algorithm, we consider exponen-
tially split cluster formation trees as a special case, in which we explicitly calculate
the required number of tests and the expected number of false classifications. For
zero-error construction, we prove that the required number of tests is less than
4(logyn + 1)/3 and is of O(log,n), when there are at most n equal-sized clusters
in the system, each having ¢ individuals. For the sake of fairness, in our compar-

11



isons, we take ¢ to be 1, ignoring further reductions of the number of tests due to
0. We show that, even when we ignore the gain by cluster size d, our non-adaptive
algorithm, in the zero-error setting, outperforms any zero-error non-adaptive group
test and Hwang’s generalized binary splitting algorithm [7], which is known to be

the optimal zero-error adaptive group test [2]. Since the number of infections scale

n
logy

as 0 in exponentially split cluster formation trees with nd individuals, our re-
sults show that, we can use group testing to reduce the required number of tests

significantly in our system model even when the infection rate is high by using our

two-step sampled group testing algorithm.

2.2 System Model

We consider a group of n individuals. The random infection vector U = (Uy, Us, ..., U,)
represents the infection status of the individuals. Here U; is a Bernoulli random vari-
able with parameter p;. If individual ¢ is infected then U; = 1, otherwise U; = 0.
Random variables U; need not be independent. A patient zero random variable Z
is uniformly distributed over the set of individuals, i.e., Z = i with probability
pz(i) = % for i = 1,...,n. Patient zero is the first person to be infected. So far,
the infection model is identical to the traditional combinatorial model with k& = 1
infected among n individuals.

Next, we define a random connection graph €, a random graph where vertices
represent the individuals and edges represent the connections between the individ-

uals. Let py denote the probability distribution of the random graph % over the

12



Table 2.1: Nomenclature.

System
n number of individuals in the system
U infection status vector of size n
Z patient zero random variable
pz(i) | probability of individual i is the patient zero
(4 random connection graph
Ey edge set of €
Vi vertex set of €, also equal to [n]
C random connection matrix
F cluster formation random variable
F set of all possible cluster formations, i.e., {F;}
pr(F;) | probability of true cluster formation is F;
f number of possible cluster formations, i.e., | F|
o; number of clusters in the cluster formation F;
S jth cluster in Fj
Aj number of unique clusters in F at and above the level F}
Agi number of unique ancestor nodes of S7 in F
5 size of the bottom level clusters in an exponentially split F
Algorithm
F, sampling cluster formation chosen from F
M sampling function that selects individuals to be tested
UM) | infection status vector of the selected individuals by M
S*(M;) | the cluster in F,, that contains ith selected individual by M
Ky set of infections among the selected individuals by M
P(K ) | set of all possible infected sets that K, can be
T number of tests to be performed
X T X o, test matrix
X® 1th column of X
Y test result vector of size T'
U estimated infection status of n individuals after test results
Eyq expected number of false classifications given F' = F,
or expected number of false classifications

13




support set of all possible edge realizations. For the special class of random con-
nection graphs where the edges are realized independently, we fully characterize
the statistics of the random connection graph by the random connection matrix C,
which is a symmetric n X n matrix where the (¢, j)th entry C;; is the probability
that there is an edge between vertices ¢ and j for ¢ # j, and C;; = 0 for ¢ = j by
definition.

A random connection graph % is an undirected random graph with vertex set
Vi = [n], with each vertex representing a unique individual and a random edge
set By = {e;;} which represents connections between individuals, that satisfies the
following: 1) If e;; € E¢, then there is an edge between vertices ¢ and j; 2) For an
arbitrary edge set EZ, probability of Ey = E% is equal to pg(Ey, V). In the case
when all 1y, cp,) are independent, where 1,4 denotes the indicator function of the
event A, the random connection matrix C fully characterizes the statistics of edge
realizations. There is a path between vertices ¢ and j if there exists a set of vertices
{i1,92,.. .9t} in [n] such that {e;,, €i,iy, €iris,- - - €irj} C Ey, i.€., two vertices are
connected if there exists a path between them.

In our system model, if there is a path in ¥ between two individuals, then
their infection statuses are equal. In other words, the infection spreads from patient
zero Z to everyone connected to patient zero. Thus, U, = U, if there exists a path
between k and [ in ¥. Here, we note that a realization of the random graph %
consists of clusters of individuals, where a cluster is a subset of vertices in € such
that all elements in a cluster are connected with each other, and none of them
is connected to any vertex that is not in the cluster. More rigorously, a subset
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(b) In this realization of ¢, there are 4
clusters.

(c) In this realization of €, there are 6 (d) In this realization of ¢, there are 4
clusters. clusters.

Figure 2.1: Random connection graph ¢ and three possible realizations and
cluster formations. We show each cluster with a different color.

S = {i1,14s,.. .0} of Vi is a cluster if, 4, and i,, are connected for all ; # i,, € 5,
but i, and ¢, are not connected for any i, € S and all ¢, € Vi£\S.

Note that the set of all clusters in a realization of the random graph % is a
partition of [n]. In a random connection graph structure, the formation of clusters in
% along with patient zero Z determines the status of the infection vector. Therefore,
instead of focusing on the specific structure of the graph %', we focus on the cluster
formations in €. For a given py, we can calculate the probabilities of possible cluster
formations in % .

To solidify ideas, we give an example in Figure 2.1l For a random connection

graph where the edges are realized independently, we give probabilities of the exis-
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tence of edges (zero probabilities are not shown) in Figure[2.1[a) and three different
realizations of a random connection graph %, where all three realizations result in
different cluster formations in Figure [2.1(b)-(d). In Figure we consider a ran-
dom connection graph % that has n = 21 vertices, which represent the individuals
in our group testing model. Since in this example we assume that the edges are
realized independently, every edge between vertices ¢ and j exists with probability
C;; independently. As we defined, if there is a path between two vertices (i.e., they
are in the same cluster), then we say that their infection statuses are the same. One
way of interpreting this is, there is a patient zero Z, which is uniformly randomly
chosen among n individuals, and patient zero spreads the infection to everyone in
its cluster. Therefore, working on the cluster formation structures, rather than
the random connection graph itself, is equally informative for the sake of designing
group tests. For instance, in the realization that we give in Figure (b), if the
edge between vertices 5 and 10 did not exist, that would be a different realization
for the random connection graph %. However, the cluster formations would still
be the same. As all infections are determined by the cluster formations and the
realization of patient zero, cluster formations are sufficient statistics. Before we rig-
orously argue this point, we first focus on constructing a basis for random cluster
formations.

The random cluster formation variable F' is distributed over F as P(F =
F;) = pp(F;), for all F; € F, where F is a subset of the set of all partitions of the
set {1,2,...,n}. In our model, we know the set F (i.e., the set of cluster formations

that can occur) and the probability distribution pg, since we know py. Let us denote
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|F| by f. For a cluster formation Fj, individuals that are in the same cluster have
the same infection status. Let |F;| = oy, i.e., there are o; subsets in the partition F;
of {1,2,...,n}. Without loss of generality, for i < j, we have o; < 0y, i.e., cluster
formations in F are ordered in increasing sizes. Let S; be the jth subset of the
partition F; where i € [f] and j € [0;]. Then, for fixed i and j, Uy, = U for all
k,le S forallie[f] and j € [oy)].

To clarify the definitions, we give a simple running example which we will refer
to throughout this section. Consider a population with n = 3 individuals who are
connected according to the random connection matrix C' and assume that the edges

are realized independently,

0 03 05
C=103 0 0 (2.1)
05 0 0

By definition, the main diagonal of the random connection matrix is zero, since
we define edges between distinct vertices only. In this example, F consists of 4
possible cluster formations, and thus, we have f = |F| = 4. The random cluster

formation variable F' can take those 4 possible cluster formations with the following
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Figure 2.2: Edge probabilities of ¢ and elements of F in example C given in (2.1))
with clusters shown in different colors.

probabilities,

;

o= 1{{1,2,3}}, 0.15

S
=

B={{1,2},{3}}, w. p. 0.15
Fy={{1,3}.{2}}, w. p. 035

0.35

| Fa= {11525 {3}

g
=

This example network and the corresponding cluster formations are shown in Fig-
ure [2.2] Here, cluster formation F; occurs when the edge between vertices 1 and 2
and the edge between vertices 1 and 3 are realized; F, occurs when only the edge
between vertices 1 and 2 is realized; and Fj occurs when only the edge between
vertices 1 and 3 is realized. Finally, F; occurs when none of the edges in € is re-
alized. In this example, we have o1 = |F|| = 1, 09 = |F,| = 2, 03 = |F3| = 2, and
o4 = |Fy| = 3. Note that 01 < 09 < 03 < 04 is assumed without loss of generality
above. Each subset that forms the partition F; are denoted by S;'», for instance, Fj
consists of S7 = {1,3} and S3 = {2}.

Next, we argue formally that cluster formations are sufficient statistics, i.e.,
they represent an equal amount of information as the realization of the random

graph as far as the infection statuses of the individuals are concerned. When Z
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and F are realized, the infection statuses of n individuals are also realized, i.e.,

H((U|Z,F) = 0. Then,

I(U;F) = HU) — H(U|F) (2.3)
— H(U) - (H(U, Z|F) — H(Z|U, F)) (2.4)
— H(U) — (H(Z|F) + H(U|Z,F) — H(Z|U, F)) (2.5)
= H(U) - (H(Z) - H(Z|U, F)) (2.6)
> H(U) - (H(Z|€) + H(U|Z,%) — H(Z|U,%)) (2.7)
= H(U) - HU|%) (2.8)
= I(U; %) (2.9)

where in (2.7]) we used the fact that F' is a function of ¢ (not necessarily invertible).
In addition, from U — € — F, we also have I(U; F) < I(U;%¥), which together
with imply I(U; F') = I(U;¥). Thus, F is a sufficient statistic for € relative to
U. Therefore, from this point on, we focus on the random cluster formation variable
F'in our analysis.

The graph model and the resulting cluster formations we described so far are
general. For tractability, in this chapter, we investigate a specific class of F which
satisfies the following condition: For all 7, F; can only be obtained by partitioning
some elements of F;_;. This assumption results in a tree-like structure for cluster
formations. Thus, we call F sets that satisfy this condition cluster formation trees.

Formally, F is a cluster formation tree if F; 1\ F; can be obtained by partitioning
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the elements of F;\F;.; for all i € [f — 1]. Note that F in (2.2) is not a cluster
formation tree. However, if the probability of the edge between vertices 1 and 3
were 0, then F would not contain F; and F3, and F would be a cluster formation
tree in this case. Note that cluster formation trees may arise in real-life clustering
scenarios, for instance, if individuals belong to a hierarchical structure. An example
is: an individual may belong to a professor’s lab, then to a department, then to a
building, then to a campus.

Next, we define the family of algorithms that we consider, which we coin two-
step sampled group testing algorithmsﬂ Two-step sampled group testing algorithms
consist of two steps in both the testing and decoding phases. The following defini-
tions are necessary to characterize the family of algorithms that we consider.

To design a two-step sampled group testing algorithm, we first pick one of the
cluster formations in F to be the sampling cluster formation. The selection of F}, is
a design choice. For example, recalling the running example in —, one can
choose I3 to be the sampling cluster formation.

Next, we define the sampling function, M, to be a function of F,,. The sam-
pling function selects which individuals to be tested by selecting exactly one indi-
vidual from every subset that forms the partition F,,. Let Kj; denote the infected
set among the sampled individuals. The output of the sampling function M is the
individuals that are sampled and going to be tested. In the second step, a zero-error

non-adaptive group test is performed on the sampled individuals. This results in

2In the two-step sampled group testing algorithms, two steps do not involve consecutive testing
phases: the proposed algorithm family in this chapter consist of non-adaptive constructions, and
should not be confused with semi-adaptive algorithms with two testing phases such as two-stage
algorithm in [93].
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identifying the infection status of the selected o, = |F,,,| individuals with zero-error
probability. For example, recalling the running example in (2.1)-(2.2)), when the

sampling cluster formation is chosen as F5, we may design M as,

M ={1,3} (2.10)

Note that, for each selection of F},,, M selects exactly one individual from each S7".
As long as it satisfies this property, M can be chosen freely while designing the
group testing algorithm.

The test matriz X is a non-adaptive test matrix of size T' X o,,, where T is
the required number of tests. Let U™) denote the infection status vector of the

sampled individuals. Then, we have the following test result vector vy,

JElom]

In the classical group testing applications, while constructing zero-error non-
adaptive test matrices, the aim is to obtain unique result vectors, y, for every unique
possible infected set and, for instance, in combinatorial setting, with d infections,
d-separable matrix construction is proposed [17]. In the classical d-separable matrix

construction, we have

\ xX@ %\ x® (2.12)

€51 1€52

for all subsets S; and Sy of cardinality d. As a more general approach, we do
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not restrict the possible infected sets to the subsets of [n] of the same size, but
we consider the problem of designing test matrices that satisfy for every
unique S7 and Ss in a given set of possible infected sets. This approach leads to a
more general basis for designing zero-error non-adaptive group testing algorithms for
various scenarios when the available side information can restrict the set of possible
infected sets.

Using the test result vector v, in the first decoding step, the infection statuses
of the sampled individuals are identified with zero-error probability. In the second
stage of decoding, depending on Fj, and the infection status of the sampled indi-
viduals, other non-tested individuals are estimated by assigning the same infection
status to all individuals that share the same cluster in the cluster formation F,,.
In the running example, with M given in , one must design a zero-error non-
adaptive test matrix X, which identifies the infection status of individuals 1 and
3.

Let U = (Ul, Us, .. ,Un) be the estimated infection status vector. By defi-
nition, the infection estimates are the same within each cluster, i.e., for sampling
cluster formation F,,, Uy = U, for all k,[ € Sy, for all j € [o,,]. Since M samples
exactly one individual from every subset that forms the partition F,, there is ex-
actly one identified individual at the beginning of the second step of the decoding
phase. By the aforementioned rule, all n individuals have an estimated infection
status at the end of the process. For instance, in the running example, for the sam-
pling cluster formation Fy, we have M = {1,3} as given in and X identifies

U, and Us with zero-error. Then, UQ = Uy, since individuals 1 and 2 are in the same
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cluster in F5.

Finally, we have two metrics to measure the performance of a group testing
algorithm. The first is the required number of tests 7', which is the number of rows
of X in the two-step sampled group testing algorithm family we defined. Having the
minimum number of required tests is one of the aims of the group testing procedure.
The second metric is the expected number of false classifications. Due to the second
step of decoding, the overall two-step sampled group testing algorithm is not a zero-
error algorithm (except for the choice of m = f), and the expected number of false
classifications is a metric to measure the error performance of the algorithm. We
use By =E[dy(U & U)] to denote the expected number of false classifications, where
dp(+) is the Hamming weight of a binary vector.

Designing a two-step sampled group testing algorithm consists of selecting F,,,
then designing the function M, and then designing the non-adaptive test matrix X
for the second step of the testing and the first step of the decoding phase for zero-
error identification of the infection status of the sampled o, individuals. We consider
cluster formation trees and uniform patient zero assumptions for our infection spread
model, and we consider two-step sampled group testing algorithms for the group test
design.

The following section presents a motivating example to demonstrate our key

ideas.
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2.3 Motivating Example

Consider the following example. There are n = 10 individuals and a cluster forma-

tion tree with f = 3 levels. Full characterization of F'is as follows,

(

Fr={{1,2,3},{4,5},{6,7,8,9,10} }, w.p. 0.4

F=93F={{1,2},{3},{4,5},{6,7,8,9,10}},  w.p. 0.2 (2.13)

Fy = {{1,2}, {3}, {4,5},{6,7},{8,9,10}}, w.p. 0.4

First, we find the optimal sampling functions, M, for all possible selections
of F,,. First, note that M selects exactly one individual from each subset that
forms F},, by definition. Therefore, the number of sampled individuals is constant
for a fixed choice of F},. Thus, in the optimal sampling function design, the only
parameter we consider is the minimum number of expected false classifications ;.
Note that a false classification occurs only when one of the sampled individuals has
a different infection status than one of the individuals in its cluster in F},. For
instance, assume that m = 1 is chosen. Then, assume that the sampling function
M selects individual 1 from the set S} = {1,2,3}. Recall that after the second
step of the two-step group testing algorithm, by using X, the infection status of
individual 1 is identified with zero error, and its status is used to estimate the status
of individuals 2 and 3 since they are in the same cluster in F;,, = F;. However, with
positive probability, individuals 1 and 3 can have distinct infection statuses, in which

case, a false classification occurs. Note that this scenario occurs only when F,, is at
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1,2,3} {45} {6,7,8,9,10} F
{1,2} (3} (4,5} 6,7,8,9,10} F

{1,2} {3} 14,5} {6,7} {8,9,10} Fj
Figure 2.3: Cluster formation tree F.
a higher level than the realized F in the cluster formation tree F, where we refer to
F as the top level of the cluster formation tree and Fy as the bottom level.

While finding the optimal sampling function M, one must consider the possible
false classifications and minimize £y, the expected number of false classifications.
As shown in Figure [2.3] the cluster {4,5} does not get partitioned, and for all three
choices of F,,, M can sample either one of the individuals 4 and 5. This selection
does not change the expected number of false classifications since Uy = Us in all
possible realizations of F'. For all sampling cluster formation selections, we have the

following analysis:

o If F,, = F;: If M samples individual 1 or 2 from the cluster S} = {1,2,3}, a
false classification occurs if F' = F; and the cluster {1,2} is infected. In that
case, individual 3 is falsely classified as infected. Similar false classification oc-
curs when ' = F3 and the cluster {1, 2} is infected. Similarly, in these cases, if
individual 3 is infected, individual 3 is falsely classified as non-infected. Thus,
for cluster {1,2,3}, when either individual 1 or 2 is sampled, the expected

number of false classifications is:

(pr(F2) + pr(F3))(pz(1) +pz(2) + p2(3)) = 0.6 x 0.3 =018 (2.14)
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Similarly, when individual 3 is sampled from the cluster {1,2,3}, individuals
1 and 2 are falsely classified when F' = F; or F' = F3 and either the cluster
{1,2} or individual 3 is infected. Thus, in that case, the expected number of

false classifications is:

2(pr(F2) + pr(F3))(p2(1) + pz(2) + p2(3)) =2 x 0.6 x 0.3=10.36  (2.15)

Thus, and imply that, for cluster S = {1,2,3}, the optimal M
should select either individual 1 or 2 for testing. As discussed above, for cluster
Si ={4,5}, the selection of sampled individuals is indifferent and results in 0
expected false classification. Finally, for cluster S3 = {6,7,8,9,10}, a similar
analysis implies that, the optimal M should select one of the individuals in

{8,9,10} for testing.

If F,, = F,: Similar combinatorial arguments follow and we conclude that
the selection of sampled individuals from the clusters S = {1,2}, S = {3}
and S3 = {4,5} are indifferent in terms of the expected number of false
classifications. Only possible false classification can happen in cluster S? =
{6,7,8,9,10} when F = F3 and the infected cluster is either S; = {6,7} or
S3 = {8,9,10}. Similar to the case m = 1, if the sampled individual is either
6 or 7, then the expected number of false classifications is 0.6 in contrast to
0.4 when the sampled individual is one of 8, 9, and 10. Thus, the optimal M
should select one of the individuals 8, 9, and 10 as the sampled individual to
minimize the expected number of false classifications.
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o [f F,, = F3: It is not possible to make a false classification since for all clusters
in F3, all individuals that are in the same cluster have the same infection status

with probability 1.

Therefore, for this example, the optimal sampling function selects either indi-
vidual 1 or 2 from the set S7; selects either 4 or 5 from the set S3; and selects either
8, 9 or 10 from the set S; if F,,, = F} and the same sampling is optimal with the
addition of individual 3, if F,, = F5. Let us assume that M selects the individual
with the smallest index when the selection is indifferent among a set of individuals.
Thus, the optimal sampling function M for this example is: {1,4,8}, {1,3,4,8} or
{1,3,4,6,8}, depending on the selection of F,, being F}, Fy, or F3, respectively.

Now, for these possible sets of sampled individuals, we need to design zero-

error non-adaptive test matrices.

o If F,, = F (i.e., M = {1,4,8}): The set of all possible infected sets is
P(Kn) ={{1},{4},{8}}. By a counting argument, we need at least two tests
since each of the three possible infected sets must result in a unique result
vector y and each one of these sets has one element. We can achieve this lower

bound by using the following test matrix:

Test 10| 1|1

Test 2|10 |1

o If F,,, =F, (i.e., M = {1,3,4,8}): In this case, the set of all possible infected
sets is now P(Ky) = {{1},{3},{1,3},{4},{8}}. In the classical zero-error
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construction for the combinatorial group testing model, one can construct
d-separable matrices, and the rationale behind the construction is to enable
the decoding of the infected set when the infected set can be any d-sized
subset of [n]. However, in our model, the set of all possible infected sets, i.e.,
P(Ku), is not a set of all fixed-sized subsets of [n], but instead, consists of
varying-sized subsets of [n] that are structured, depending on the given F. As
illustrated in Figure 2.3] a given cluster formation tree F can be represented
by a tree structure with nodesﬂ representing possible infected sets, i.e., clusters
at each level. Then, the aim of constructing a zero-error test matrix is to have
unique test result vectors for each unique possible infected set, i.e., unique
nodes in the cluster formation tree. In Figure [2.4] we present the subtree
of F, which ends at the level F,, with assigned result vectors to each node.
One must assign unique binary vectors to each node, except for the nodes
that do not get partitioned while moving from level to level: those nodes
represent the same cluster, and thus, the same vector is assigned, as seen
in Figure 2.4, Moreover, while merging in upper-level nodes, binary OR of
vectors assigned to the descendant nodes must be assigned to their ancestor
node. By combinatorial arguments, one can find the minimum vector length

such that such vectors can be assigned to the nodes.

In this case, the required number of tests must be at least three, and by

assigning result vectors as in Figure [2.4) we can construct the following test

3Throughout the chapter, we use the word “node” only for the possible clusters in the cluster
formation tree representations, not for the vertices in the connection graphs that represent the
individuals.
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Figure 2.4: Subtree of F with assigned result vectors for each node.

matrix X:

Test 1|1 |10|0 |1

Test 2| 1]1]11]0

Test 30101

Note that for all elements of P(K ), the corresponding result vector is unique

and satisfies the tree structure criteria, as shown in Figure 2.4}

o If F,, = F3 (i.e., M = {1,3,4,6,8}): In this case, the set of all possible
infected sets is P(Ky) = {{1},{3},{1,3}, {4}, {6}, {8},{6,8}}. We give a
tree structure representation with assigned result vectors of length three that
achieves the tree structure criteria discussed above, shown in Figure [2.5| where
each unique node is assigned a unique vector except for the nodes that do not
get partitioned while moving from level to level. Note that every unique node
in the tree representation corresponds to a unique element of P(Kjs). The

corresponding test matrix X is the following 3 x 5 matrix:
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Figure 2.5: F with assigned result vectors for each node.

Test 1| 1]0]0]1]0

Test 2| 1]1]1]0]0

Test 3{0[1]0]0 |1

A more structured and detailed analysis of the selection of the optimal sam-
pling function and the minimum number of required tests is given in the next section.
We finalize our analysis of this example by calculating the expected number of
false classifications where Fy, denotes the conditional expected false classifications,

given ' = F:

® If Fm:Fll

Ef=> pr(F.)Efa

=pr(F2)Efa + pr(Fs)Efs

=0.2(0.3x 1) +0.4(0.3 x 1+ 0.5 x 2) = 0.58 (2.16)
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o If F,, = Fy:

E; = pp(Fs)Ers = 0.4(0.5 x 2) = 0.4 (2.17)

o [f F,, = I3, we have £y = 0.

Note that the choice of F, is a design choice. One can use time sharingf]
between different choices of m, depending on the specifications of the desired group
testing algorithm. For instance, if a minimum number of tests is desired, then one
can pick m = 1, which results in 2 tests, which is the minimum possible, but with
expected 0.58 false classifications, which is the maximum possible in this example.
On the other hand, if the minimum expected false classification is desired, one can
pick m = 3, resulting in 0 expected false classifications, which is the minimum possi-
ble, but with three tests, which is the maximum possible in this example. Generally,
there is a trade-off between the number of tests and the number of false classifica-
tions, and we can formulate optimization problems for specific system requirements,
such as finding a time-sharing distribution for F), that minimizes the number of
tests for a desired level of false classifications, or vice versa.

In the following section, we describe the details of our proposed group testing

algorithm.

4Time sharing can be implemented by assigning a probability distribution to F}, over F, instead
of picking one cluster formation from F to be F,, deterministically.
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2.4 Proposed Algorithm and Analysis

In our F-separable matriz construction, we aim to construct binary matrices with
n columns. For each possible infected subset of the selected individuals, there must

be a corresponding distinct result vector. A binary matrix X is F-separable if

\V x®@ £\ x® (2.18)

€51 1€52

is satisfied for all distinct subsets S; and Ss in the set of all possible infected subsets,
where X denotes the ith column of X. In d-separable matrix construction [17],
this condition must hold for all subsets S; and S5 of cardinality d; here, it must
hold for all possible feasible infected subsets as defined by F. From this point of
view, our JF-separable test matrix construction exploits the known structure of F
and thus, it results in an efficient zero-error non-adaptive test design for the second
step of our proposed algorithm.

We adopt a combinatorial approach to the design of the non-adaptive test
matrix X. Note that, for a given M, we have o, individuals to be identified with
zero-error probability. The key point of our algorithm is that the infected set of
individuals among those selected individuals can only be some specific subsets of
those o, individuals. Without any information about the cluster formation, any one
of the 29 subsets of the selected individuals can be the infected set. However, since
we are given F, we know that the infected set among the selected individuals, K,

can be one of the 27 subsets only if there exists at least one set S/ that contains
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Ky and there is no element in the difference set M\ K such that it is an element of
all sets Sf containing K;. This fact, especially in a cluster formation tree structure,
significantly reduces the total number of possible infected subsets that need to be
considered. Therefore, we can focus on such subsets and design the test matrix
X by requiring that the logical OR operation of the columns corresponding to the
possible K sets be distinct to decode the test results with zero error. Let P (K )
denote the set of possible infected subsets of the selected individuals, i.e., the set of
possible sets that K, can be. Then, matrix X must satisfy for all distinct S;
and Sy that are elements of P(K ). Note that the decoding process is a mapping
from the result vectors to the infected sets; thus, we require the distinct result vector
property to guarantee zero-error decoding.

Designing the X matrix that satisfies the aforementioned property is the key
idea of our algorithm. Before going into the design of X', we first derive the expected
number of false classifications in a given two-step sampled group testing algorithm.
Recall that false classifications occur during the second step of the decoding phase.
In particular, in the second step of the decoding phase, depending on the selection of
the sampling cluster formation F},, the infection statuses of the selected individuals
M are assigned to the other individuals such that the infection status estimate is the
same within each cluster. For fixed sampling cluster formation F;,, and the sampling
function M, the number of expected false classifications can be calculated as in the

following theorem.

Theorem 2.1 In a two-step sampled group testing algorithm with the given sam-
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pling cluster formation F,, and the sampling function M over a cluster formation
tree structure defined by F and pr, with uniform patient zero distribution py over

[n], the expected number of false classifications given F = F, is

Epa=Y_ (—’S%n 2l SIS M)+ > |SZ|> (2.19)

i€lom] SECSM\S>(M;)

and the expected number of false classifications is

E; =Y pr(Fa)Efa (2.20)

a>m

where S*(M;) is the subset in the partition F,, which contains the ith selected indi-

vidual.

Next, we obtain Theorem[2.2]to characterize the optimal choice of the sampling

function M. First, we define §;(k) functions. For i € [f] and k € [n],

)£ _pr(F (|5] WIS NS R+ |S{|2> (2.21)

j>i S CSi(k)\SI (k)
where S*(k) is the subset in partition F; that contains k.
Theorem 2.2 For sampling cluster formation F,,, the optimal choice of M that

minimizes the expected number of false classifications is

M; = argmin 3,,(k) (2.22)
keSm
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where M; is the ith selected individual. Moreover, the number of required tests is

constant and is independent of the choice of M.

We present the proofs of Theorem and Theorem in the Appendix in Sec-
tion 2.8

The optimal M analysis focuses on choosing the sampling function that results
in the minimum expected number of false classifications among the set of functions
that select exactly one individual from each cluster of a given F},. For some sce-
narios, it is possible to choose a sampling function that selects multiple individuals
from some clusters of a given F;,, that achieves expected false classifications-required
number of tests points that cannot be achieved by the optimal M in (2.49)). How-
ever, in most cases, the sampling functions of interest, i.e., the sampling functions
that choose exactly one individual from each F,,, are globally optimal. First, the
sampling functions that select multiple individuals from a cluster that never gets
partitioned further in the levels below F},, are sub-optimal. These sampling functions
select multiple individuals to identify who are guaranteed to have the same infection
status. For instance, in zero expected false classifications case, i.e., the bottom level
Fy is chosen as the sampling cluster formation, sampling more than one individual
from each cluster is sub-optimal. Second, picking the sampling cluster formation F,
and choosing an M such that multiple individuals are chosen from some clusters that
further get partitioned in the levels below [}, is equivalent to choosing a sampling
cluster formation below F},, and using an M that selects exactly one individual from

each cluster of the new sampling cluster formation, except for the scenarios where
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there exist partitioning of multiple clusters in two consecutive cluster formations in
a given F, and one can consider a sampling function that selects multiple individuals
from some clusters of a given F;, that cannot be represented as a sampling function
that selects exactly one individual from each cluster of another cluster formation
F,,.,. For compactness, we focus on the family of sampling functions M that selects
exactly one individual from each cluster of the chosen F,,.

So far, we have presented a method to select individuals to be tested to min-
imize the expected number of false classifications. Now, we move on to the design
of X, the zero-error non-adaptive test matrix, which identifies the infection status
of the selected individuals M with a minimum number of tests. Recall that since
|F| = f, there are f possible choices of F,,, and each choice results in a different
test matrix X.

Based on the combinatorial viewpoint stated in (2.18]), we propose a family
of non-adaptive group testing algorithms which satisfy the separability condition
for all of the subsets in P (K ), which is determined by F. We call such matrices
F-separable matrices and non-adaptive group tests that use F-separable matrices as
their test matrix as F-separable non-adaptive group tests. In the rest of the section,
we present our results on the required number of tests for F-separable non-adaptive
group tests.

The key idea of designing an F-separable matrix is determining the set P (K )
for a given set of selected individuals M and the tree structure of F so that we can
find binary column vectors for each selected individual where all of the corresponding

possible result vectors are distinct. Note that, for a given choice of F,,, if we consider
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the corresponding subtree of F which starts from the first level F; and ends at
the level F,,, the problem of finding an F-separable non-adaptive test matrix is
equivalent to finding a set of length 7" binary column vectors for each node at level

F,, that satisfy the following criteria:

e For every node at the levels that are above the level F},, each node must
be assigned a binary column vector that is equal to the OR of all vectors
that are assigned to its descendant nodes. This is because each node in the
tree corresponds to a possible set of infected individuals among the selected
individuals, where each merging of the nodes corresponds to the union of the
possible infected sets, which results in taking the OR of the assigned vectors

of the merged nodes.

e Each assigned binary vector must be unique for each unique node, i.e., for
every node that represents a unique set Sf . The assigned vector remains the
same for the nodes that do not split between two levels. This is because
each unique node (note that when a node does not split between levels, it
still represents the same set of individuals) corresponds to a unique possible

infected subset of the selected individuals, and they must satisfy ([2.18]).

In other words, for a cluster formation tree with assigned result vectors to each node,

a sufficient condition for the achievability of F-separable matrices is as follows:

Let u be a node with Hamming weight dy(u). Then, the number of all descen-
dant nodes of u with constant Hamming weights ¢ must be less than (dHZ.(“)) for
all 7. This must hold for all nodes u. Furthermore, the number of nodes with
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constant Hamming weight ¢ must be less than (f) for all 7. In addition, Ham-
ming weights of the nodes must strictly decrease while moving from ancestor

nodes to descendant nodes.

This condition is indeed sufficient because it guarantees the existence of a unique
set of vectors that can be assigned to each node of the subtree of F that satisfies
the merging/OR structure determined by the subtree.

The problem of designing an F-separable non-adaptive group test can be re-
duced to finding the minimum number 7', for which we can find o,, binary vectors
with length T, such that all vectors that are assigned to the nodes satisfy the above
condition. Here the assigned vectors are the result vectors y when the corresponding
node is the infected node.

We have the following definitions that we need in Theorem [2.3] For a given
F, we define )\Sg as the number of unique ancestor nodes of the set SZJ We also
define )\; as the number of unique sets S% in F at and above the level F;. Note that
D a< ; 0a 1s the total number of sets S in F at and above the level F}, and thus we

have,

PP (2.23)

a<j

Theorem 2.3 For given F and F,, for m < f, the number of required tests for an

F-separable non-adaptive group test, i.e., the number of rows of the test matriz X,
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must satisfy

T > max { max (Agm + 1), [log,(Am + 1)]} (2.24)

JElom]

with addition of 1’s removed in for the special case of m = f.

We present the proof of Theorem [2.3]in the Appendix in Section[2.8] Note that
Theorem is a converse argument without a statement about the achievability of
the given lower bound. In fact, the given lower bound is not always achievable.

Complexity: The time complexity of the two-step sampled group testing
algorithms consists of the complexity of finding the optimal M given F,, and F,
the complexity of the construction of the F-separable test matrix given M and F,
and the complexity of the decoding of the test results given the test matrix X and
the result vector y. In the following lemmas, we analyze the complexity of these

processes.

Lemma 2.1 For a given cluster formation tree F and a sampling cluster formation

F., the complexity of finding the optimal M as in Theorem [2.3 is

O(n(f —m)Gm) (2.25)

where G = max {5/ = 5] € S™(k)\S! (k)}.
€n

Proof: To find the optimal M, f,,(k) needs to be calculated as in (2.21)) for each

k € [n]. The complexity of each of these calculations is bounded above by the
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number of cluster formations below Fj, multiplied by the number of clusters at
level f that do not include the individual & and form the cluster S™(k), i.e., the
clusters S/ that satisfy S C S™(k)\S7(k). Note that this upper bound varies for
each k € [n] and the total complexity is the summation of these sizes multiplied
by f — m, i.e., the number of cluster formations below F,,, for each k € [n]. As
an upper bound, we consider the maximum of these sizes, i.e., (,,, concluding the
proof. W

In the next lemma, we analyze the complexity of the construction of the F-

separable test matrix given M and F.

Lemma 2.2 For a given cluster formation tree F and a sampling function M, the
complezity of assigning the binary result vectors to the nodes in F, and thus, the

construction of the F-separable test matriz is Q(moy,).

Proof: When the cluster formation tree F and the sampling function M are given,
to assign unique binary result vectors to each node in F that represents a unique
possible infected cluster, we need to consider the subtree of F that starts with the
level F; and ends at the level F,, as in the example in Figure 2.4, Then, we need
to traverse from each bottom node in the subtree to the top node to detect every
cluster merging. This results in finding the numbers )‘5.?1 for j € [o,] and A,
and unique binary test result vectors can be assigned to each unique node in F.
The traversing on the subtree of F starting from the bottom level F), to the top
level for each bottom level node has the complexity ©(mo,,). This traversing does

not immediately result in the explicit construction of unique binary result vectors
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to be assigned, but it gives an asymptotic lower bound for the complexity of the
construction of the F-separable test matrices. W

Note that the Lemma is an asymptotic lower bound for the complexity
of the binary result vector assignment to the unique nodes in F, and thus, for the
construction of the F-separable test result matrix X . This analysis is a baseline for
the proposed model, and proposing explicit F-separable test matrix constructions

with the exact number of required tests and complexity is an open problem.

Lemma 2.3 For a given F-separable test matriz X, with corresponding cluster
formation tree F with assigned binary result vectors to each node and the result

vector y, the decoding complexity is O(1).

Proof: While constructing the F-separable test matrix, we consider the assignment
of the unique binary result vectors to the nodes in the given cluster formation tree
F. For a given test matrix X and the result vector y, the decoding problem is a
hash table lookup with the complexity O(1). W

Since during the proposed process of assignment of unique binary result vectors
to each unique node in F, we specifically assign the test result vectors to every unique
possible infected set, the decoding process is basically a hash table lookup, resulting
in fast decoding with low complexity.

Key Steps of the Proposed Algorithm: The summary of the key steps of

the two-step sampled group testing algorithm is given below:

e We start with the assumption that exact connections between the individuals
are not known, but the probability distribution of the possible edge realizations
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is known.

The given edge set probability distribution results in a random cluster forma-
tion variable, F'. Each possible cluster formation is a partition of the set of all

individuals.

Out of all possible cluster formations (which we call this set as F), one cluster

formation is selected as the sampling cluster formation, which we call F,,.

Exactly one individual is selected from each cluster in F},,. These individuals

are then tested and identified.

The selection is made according to the sampling function M. For the given
choice of F,,, M selects the individuals from the clusters that minimize the
expected number of false classifications, given in Theorem [2.2] and this results

in the expected number of false classifications given in Theorem

By using the given set of possible cluster formations, F, an JF-separable test
matrix is constructed to identify the individuals selected by M. This test
matrix is guaranteed to identify the selected individuals since the construction
is based on assigning a unique test result vector to every possible infected set

among the selected individuals.

In Theorem we present a converse argument by giving a lower bound for

the required number of tests in terms of the system parameters.

After obtaining the test results and identifying the selected individuals with
zero error, for each selected individual, their infection status is assigned to

42



F,
Figure 2.6: A 4-level exponentially split cluster formation tree.
the others in their cluster, in F},. Note that there is exactly one individual
selected and identified from every cluster in F;,,. This step introduces possible

false classifications.

e Selecting F},, from lower levels from the possible cluster formations tree results
in lower expected false classifications while increasing the number of required
tests for identification. This results in a trade-off between the number of tests
and expected false classifications. By using a randomized selection of F},,
intermediate points can also be achieved for the expected false classifications

and required number of tests.

In the next section, we introduce and focus on a family of cluster formation
trees, which we call exponentially split cluster formation trees. For this analytically
tractable family of cluster formation trees, we achieve the lower bound in Theo-

rem order-wise, and we compare our result with the results in the literature.

2.5 Exponentially Split Cluster Formation Trees

In this section, we consider a family of cluster formation trees and explicitly charac-
terize the selection of optimal sampling function, the resulting expected number of
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false classifications, and the number of required tests. We also compare our results
with Hwang’s generalized binary splitting algorithm [7] and zero-error non-adaptive
group testing algorithms to show the gain of utilizing the cluster formation structure.

A cluster formation tree F is an exponentially split cluster formation tree if it

satisfies the following criteria:

e An exponentially split cluster formation tree that consists of f levels has 2¢~!

nodes at level Fj, for each i € [f], i.e., o; = 2714 € [f].

e At level Fj, every node has 2/7% individuals where § is a constant positive

integer, i.e., |Si| = 2/7%5,i € [f], ] € [o].

e Every node has exactly two descendant nodes in one level below in the cluster
formation tree, i.e., every node is partitioned into equal-sized two nodes when

moving one level down in the cluster formation tree.

e Random cluster formation variable F' is uniformly distributed over F, i.e.,

pe(F) =1/f,i € [f].

We analyze the expected number of false classifications and the required num-
ber of tests for exponentially split cluster formation trees by using the general results
derived in Section 2.4 In Figure 2.6 we give a 4-level exponentially split cluster
formation tree example. In that example, there is 2° = 1 node at level F}, and the
number of nodes gets doubled at each level since each node is split into two nodes
when moving one level down in the tree. Also, the sizes of the nodes at the same

level are the same, with the bottom-level nodes having the size §.
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Being a subset of cluster formation trees, exponentially split cluster forma-
tion trees correspond to random connection graphs where edges between individuals
are not independently realized in non-trivial cases. For instance, in Figure 2.7, we
present 4 different possible realizations of edges of a 4-level exponentially split cluster
formation tree system, given in Figure [2.6] where there are = 4 individuals in the
bottom level clusters. Here, if the edges between individuals are realized indepen-
dently, there would be possible cluster formations that do not result in exponentially
split cluster formation tree structure. The edge realizations are correlated in the
sense that if there is at least one edge realized between two bottom-level neighbor
clusters, then there must be at least one edge realized between other bottom-level
neighbor cluster pairs as well. Similarly, if there is at least one bottom level cluster
pair that are not immediate neighbors but get merged in some upper level Fj in
F, then other bottom level cluster pairs that get merged in Fj, must be connected
as well. In Figure in F} realization, the only edges present are the edges that
form bottom-level clusters. In Fj realization, there is at least one edge realized
between each bottom-level neighbor cluster pair, resulting in clusters of 8 individ-
uals. Similarly, there are more distant connections that are realized in Fy and Fj.
From a practical point of view, the 4-level exponential split cluster formation tree
example in Figure [2.6| and Figure can be used to model real-life scenarios, such
as the infection spread in an apartment complex with multiple buildings. In the
bottom level, there are households that are guaranteed to be connected, and in the
Fj5 level the households that are in close contact are connected; in Fy level, there

is a connection building-wise, and in F}, the whole community is connected. Note
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Figure 2.7: 4 realizations of a random connection graph C that falls under four

different cluster formations in a 4-level exponentially split cluster formation tree
with § = 4.

that the connections given in Figure are realization examples that fall under four
possible cluster formations and all edge realization scenarios are possible as long as
the resulting cluster formation is one of the four given cluster formations. While
designing the group testing algorithm, the given information is the probability dis-
tribution over the cluster formations, and in practice, one can expect a probability
distribution where bottom-level cluster formations, i.e., cluster formations towards
Fy, have higher probabilities in a community where there are strict social isolation
measures, and high immunity rates for a contagious infection whereas higher prob-
abilities of upper-level cluster formations, i.e., cluster formations toward F}, can be
expected for communities with high contact rate and lower immunity.

Optimal sampling function and expected number of false classifica-
tions: Due to the symmetry of the system, for any choice F,,, each element of S}

has the same f3,,(i) value for all i € o,,. Therefore, the sampling function selects
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individuals from each set arbitrarily, i.e., the selection of a particular individual
does not change the expected number of false classifications. Thus, we can pick
any sampling function that selects one element from each S;”. By Theorem [2.1} the

expected number of false classifications, for given F,,, is

Efzzl Z}(%qsﬁsa(z\m + Z ’Sf:‘> (2.26)

a>m ” i€lom, SECSTN\S™ (M;)
1 O_m f_m f_a a—m f—()é
=) (s =2l (20 —1)62/ ) (2.27)
a>m f Ta
f+1
_ Z 2 g (2—a . 2m—2a) (228)
a>m f
f+1
20t (Z yo _gmy 22a> (2.29)
f a>m a>m
f+1 m
_20 ((zm — 27— 2—(2*2’” — 22f)> (2.30)
f 3
:% (2f-m+2 4 gm=I+1 _ ) (2.31)

This expected number of false classifications takes its maximum value when F, =

F17

5
E; = 37 (271 + 27/ —6) (2.32)

and it takes its minimum value when F},, = Fy as E; = 0. Since the choice of F,, is
a design parameter, one can use time sharing between the possible selections of F},
to achieve any desired value for the expected number of false classifications between

E; =0 and Fy in (2.32)).
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Required number of tests: We first recall that, if we choose the sampling
cluster formation level F},, the required number of tests for selected individuals at
that level for whom we design an JF-separable test matrix depends on the subtree
that is composed of the first m levels of the cluster formation tree F. Note that the
first m levels of an exponentially split cluster formation tree are also an exponentially
split cluster formation tree with m levels. In Theorem below, we focus on the
sampling cluster formation choice at the bottom level, F,, = F, and characterize
the exact required number of tests to be between f and % f. This implies that the
required number of tests at level Fy is O(f); thus, the required number of tests at

level F,,, is O(m).

Theorem 2.4 For an f level exponentially split cluster formation tree, at level f,
there exists an JF-separable test matriz, X, with not more than %f rows, i.e., an
upper (achievable) bound for the number of required tests is %(loan + 1) forn
individuals.  Conversely, this is also the capacity order-wise since the number of

required tests must be greater than f.

We present the proof of Theorem [2.4] in the Appendix in Section [2.8]
Expected number of infections: In an exponentially split cluster formation

tree structure with f levels, the expected total number of infections is,

f
2
i=1

2/~ = §(2f —1) (2.33)

| =

since pr(F;) = 1/f and if F' = F; then there are 2/7§ infections. Thus, the expected
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number of infections is O <log”2n>.

Comparison: To compare our results for the exponentially split cluster for-
mation trees with other results in the literature, for fairness, we focus on the zero-
error case in our system model, which happens when F),, = F} is chosen. Resulting
sampling function selects in total 2/~! individuals and the resulting number of re-
quired tests is between f and % f, i.e., O(logyn), as proved in Theorem . Note
that, by performing at most % f tests to 2/~! individuals, we identify the infection
status of 271§ individuals with zero false classifications, which implies that the
number of tests scales with the number of nodes at the bottom level, instead of the
number of individuals in the system. This results in a gain scaled with . How-
ever, to fairly compare our results with the results in the literature, we ignore this
gain and compare the performance of the second step of our algorithm only, i.e.,
the identification of the infection statuses of the selected individuals only. To avoid
confusion, let 6 = 1, i.e., each cluster at the bottom level is an individual; thus,
n =21

From , the expected number of infections in this system is A

!
O(@). When the infections scale faster than /n, as proved in [18] (see also [2]),
non-adaptive tests with zero-error criterion cannot perform better than individual
testing. Since our algorithm results in O(f) = O(logyn) tests, it outperforms all
non-adaptive algorithms in the literature. Furthermore, we compare our results with

Hwang’s generalized binary splitting algorithm [7], even though it is an adaptive al-

gorithm and assumes prior knowledge of the exact number of infections. Hwang’s
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algorithm results in a zero-error identification of k infections among the population
of n individuals with klog,(n/k) + O(k) tests and attains the capacity of adap-
tive group testing [2,/7,127]. Since the number of infections takes f values in the
set {1,2,22,...,2/71} uniformly randomly, the resulting mean value of the required

number of tests when Hwang’s generalized binary splitting algorithm is used is

1 : n
_ ~ (ot f—1-1
E[THwang] — f (2 10g2 2 ) + O (10g2 n) (234)
f-1 f-1
f—1 | " < n )
= — 2" —— 12'+ 0O 2.35
! i=0 f ; logy 7 ( )
2/ — f—1 n
= +0 (log2 n) (2.36)

—0 (10;71) (2.37)

Thus, the expected number of tests when Hwang’s generalized binary split-

n

ting algorithm is used scales as O <@

), which is much faster than our result of
O(logyn). We note that Hwang’s generalized binary splitting algorithm assumes
the prior knowledge of the exact number of infections and is an adaptive algorithm.
Further, we have ignored the gain of our algorithm in the first step (i.e., 6 = 1).

Despite these advantages, our algorithm outperforms Hwang’s generalized binary

splitting algorithm for exponentially split cluster formation trees.

2.6 Numerical Results

In this section, we present numerical results for the proposed two-step sampled group

testing algorithm and compare our results with the existing results in the literature.

20



In the first simulation environment, we focus on exponentially split cluster formation
trees as presented in Section 2.5 In the second simulation environment, we consider
an arbitrary random connection graph, as discussed in Section [2.2] which does not
satisfy the cluster formation tree assumption. We verify our analytical results in
the first simulation environment by focusing on exponentially split cluster formation
trees. We show that our ideas can be applied to arbitrary random connection graph-

based networks in the second simulation environment.

2.6.1 Exponentially Split Cluster Formation Tree Based System

In the first simulation environment, we have an exponentially split cluster formation
tree with f = 10 levels and § = 1 at the bottom level. For this system of n =
2/71§ = 512 individuals, for each sampling cluster formation choice F,, (which is
a design parameter), from m = 1, i.e., the top level of the cluster formation tree,
to m = 10, i.e., the bottom level of the cluster formation tree, we calculate the
expected number of false classifications and the minimum required number of tests.
Note that the required number of tests is fixed for a fixed sampling cluster formation
F,,, while the number of false classifications depends on the realization of the true
cluster formation F, and patient zero Z. This is because of the fact that when
a sampling cluster formation is selected, the test matrix of choice is guaranteed
to identify the sampled individuals with zero error, independent of the realized
infections. In Figure (a), we plot the expected number of false classifications

which meets the analytical expressions we found in Section [2.5] To plot Figure [2.8]
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we run our simulation and realize the infections 1000 times to numerically obtain
the average number of false classifications in the system. While calculating the
minimum number of required tests, for each choice of F;,, our program finds the
minimum 7' that satisfies the sufficient criteria that we presented in Section [2.4
and in the proof of Theorem by searching over possible assignments of binary
result vectors to the nodes in the given exponentially split cluster formation tree,
starting from the vector length one and increasing the vector length by one if no such
assignment is found. When a binary vector assignment to the nodes is found, the
resulting test matrix is constructed and used for running the simulation 1000 times
to obtain the numerical average of the expected number of false classifications. We
plot the minimum required number of tests in Figure 2.8(b). Note that, unlike the
number of false classifications, for a fixed F;,,, the number of required tests is fixed,
and thus, we do not repeat the simulations while calculating the required number of
tests. The resulting non-adaptive test matrix X is fixed for a fixed F},, and identifies
the infection status of the individuals selected by M, with zero error.

Next for this network setting, we compare our zero-error construction results
with the results of a variation of Hwang’s generalized binary splitting algorithm
[7,127], presented in [28], which further reduces the number of required tests by
reducing the O(k) term in the capacity expression of Hwang’s algorithm. As we
state in the comparison part of Section [2.5] the required number of tests in our
algorithm scales with O(log, n). In our numerical results, we see the required number

of tests is 13 at level m = f = 10, as seen in Figure 2.§(b). On the other hand,
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Figure 2.8: (a) Expected number of false classifications vs the choice of sampling
cluster formation F,,. (b) Required number of tests vs the choice of sampling
cluster formation F,,.

the average number of required tests for Hwang’s algorithm scales as O <log”2n>,
and is approximately 172 in this case. Further, when we remove the assumption
of the known number of infections, we have to use the binary splitting algorithm
presented originally in [5], which results in a number of tests that is not lower than
individual testing, i.e., n = 512 tests in this case. For Hwang’s generalized and
the original binary splitting algorithm results, we run these algorithms 1000 times

by realizing the infection status of the population at each iteration to obtain the

numerical average of the number of required tests for both of these algorithms.

2.6.2 Arbitrary Random Connection Graph Based System

In our second simulation environment, we present an arbitrary random connection
graph ¢ with 20 individuals, shown in Figure 2.9(c), where the edges realize inde-
pendently with probabilities shown on them (zero probability edges are not shown).

In this system, since each independent realization of 9 edges that can be either
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Figure 2.9: (a) Expected number of false classifications vs the choice of sampling
cluster formation F,,. (b) Required number of tests vs the choice of sampling
cluster formation F,,. (¢) Random connection graph.

present or not results in a distinct cluster formation, in total, there are 2° = 512
cluster formations that can be realized with positive probability. Note that this sys-
tem with the random connection graph % does not yield a cluster formation tree,
yet we still apply our ideas designed for cluster formation trees here. For each one of
the 512 possible selections of m, we plot the corresponding expected number of false
classifications in Figure[2.9(a) and the required number of tests in Figure [2.9(b) for
our two-step sampled group testing algorithm.

In this simulation, for each possible choice of the sampling cluster formation

F,., we calculate the set of all possible infected sets P(Ks) for all possible choices
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of M and calculate the resulting expected number of false classifications by also
calculating pg, the probability distribution of random cluster formations and select
the optimal sampling function M. For the required number of tests, we find the
minimum number of tests that satisfies the sufficient criteria that we presented
in Section in order to construct F-separable matrices for this system. In our
simulation environment, this procedure is done by brute force, since this system is
not a cluster formation tree as in our system model and we cannot use the systematic
results that we derived. This simulation demonstrates that the ideas presented can
be generalized and applied to arbitrary random connection graph structures.

Since the system here is arbitrary unlike the exponentially split cluster forma-
tion tree structure in the first simulation environment in Section the resulting
expected number of false classifications is not monotonically decreasing when we
sort the resulting required number of tests in the increasing order for the choices
of F,. In Figure 2.9(a), we mark the choices of sampling cluster formations that
result in the minimum number of expected false classifications within each required
number of test ranges. By using time-sharing between these choices of the sampling
cluster formations, dotted red lines between them can be achieved. The 6 corner

points in Figure 2.9(a)-(b) correspond to the following cluster formations,

Fy ={{1-18}, {19-20}} (2.38)
Fys ={{1-6},{7-13}, {14-18}, {19-20} } (2.39)
Fiss ={{1-6},{7-9}, {10-13}, {14-18}, {19}, {20} } (2.40)
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Fis ={{1}, {2}, {3-6},{7-9},{10-13}, {14-17}, {18}, {19}, {20}} (2.41)
Fs10 ={{1, 2}, {3-6}, {7-9},{10-13}, {14, 15}, {16}, {17}, {18}, {19}, {20} } (2.42)
F512 :{{1}7 {2}7 {3_6}7 {7'9}7 {10'13}7 {147 15}7 {16}7 {17}7 {18}7 {19}7 {20}}

(2.43)

For instance, Fy3 in is composed of 4 clusters with S{? = {1,2,3,4,5,6},
S93 = {7,8,9,10,11,12,13}, S3* = {14,15,16,17,18} and S = {19,20}. When
F,,, = Fy3is chosen as the sampling cluster formation, the resulting expected number
of false classifications is £y = 1.505, and the required number of tests is 3, as seen in
Figure[2.9(a) and (b). For the sampling cluster formation choices which are not one
of the six cluster formations listed above, these six cluster formations can be chosen
to minimize the expected number of false classifications while keeping the required
number of tests constant. For instance, all choices of m between m = 2 and m = 42
result in the required number of three tests as m = 43 but yield a larger E; than
what m = 43 yields.

For this system as well, we calculate the average number of required tests for
Hwang’s generalized binary splitting algorithm by using the results of [7],27,128] as
in the first simulation (by implementing and running these algorithms 1000 times
where we realize the infection status of the population for each iteration) and find
that the average number of required tests is 16.4 in this case. Similar to the first
simulation environment, the binary splitting algorithm presented originally in [5]
which does not require the exact number of infections, cannot perform better than

individual testing.
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2.7 Conclusions

In this chapter, we introduced a novel infection spread model that consists of a
random patient zero and a random connection graph, which corresponds to a non-
identically distributed and correlated (non i.i.d.) infection status for individuals.
We proposed a family of group testing algorithms, which we call two-step sampled
group testing algorithms, and characterized their optimal parameters. We deter-
mined the optimal sampling function selection, derived expected false classifications,
and proposed F-separable non-adaptive group tests, which is a family of zero-error
non-adaptive group testing algorithms that exploit a given random cluster formation
structure. For a specific family of random cluster formations, which we call expo-
nentially split cluster formation trees, we calculated the expected number of false
classifications and the required number of tests explicitly, by using our general re-
sults, and showed that our two-step sampled group testing algorithm outperforms all
non-adaptive tests that do not exploit the cluster formation structure and Hwang’s
adaptive generalized binary splitting algorithm, even though our algorithm is non-
adaptive and we ignore our gain from the first step of our two-step sampled group
testing algorithm. Moreover, we characterized the computational complexities of
constructing the proposed algorithms. Finally, our work has an important implica-
tion: in contrast to the prevalent belief about group testing that it is useful only
when the infections are rare, our group testing algorithm shows that a considerable
reduction in the number of required tests can be achieved by using the prior proba-

bilistic knowledge about the connections between the individuals, even in scenarios
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with a significantly high number of infections.

2.8 Appendix

Theorem 2.1 In a two-step sampled group testing algorithm with the given sam-
pling cluster formation F,, and the sampling function M over a cluster formation
tree structure defined by F and pr, with uniform patient zero distribution py over

[n], the expected number of false classifications given F = F, is

Efa= Y (qur\sa(m)u 3 ISLI) (2.44)

n
i€[om) SECSmM\So(M;)

and the expected number of false classifications is

By =3 pe(Fa)Era (2.45)

a>m

where S*(M;) is the subset in the partition F,, which contains the ith selected indi-

vidual.

Proof: For the sake of simplicity, we denote the subset in partition F,, that contains
the ith selected individual by S*(M;). We start our calculation with the conditional
expectation where F' = F, is given. Observe that an error occurs, in the second step
of the decoding process, only if I}, is at a higher level of the cluster formation tree
than the realization of ' = F|, and the true infected cluster K = S7 is merged at the
level F,,, i.e., « > m and S§ ¢ F,,. Since there is exactly one true infected cluster,
which is at level F,,, false classifications only happen in the set Sy that contains SY.
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Now, we know that for the given sampling function M, the 6th selected individual is
selected from the set Sp* and in the second step of the decoding phase, its infection
status is assigned to all of the members of the set S;*. Therefore, the members
of the difference set Sy*\S®(Mp) are falsely classified if the set S*(Mp) is the true
infected set. In that case, all members of Sy* would be classified as infected while
only the subset of them, which is S%(My) were infected. On the other hand, when
the cluster of the selected individual at level F,, is not infected, i.e., the infected
cluster is a subset of S§"\S%(My), then only the infected cluster is falsely identified
since all of the members of Sj" are classified as non-infected. Thus, we have the
following conditional expected number of false classifications when F' = F, is given,

where pg; denotes the probability of the set Sg being infected

(psa smse ) + Y ps;rs;\) (2.46)
)

S CST\S™(M;

Z
Z('Sa s+ Y BH) e
Elom

n
SaCSm\Se(M;)

where (2.47) follows from the uniform patient zero assumption. Finally, since false
classifications occur only when o > m, we have the following expression for the

expected number of false classifications

E; =Y pr(Fo)Efa (2.48)

a>m

concluding the proof. W
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Theorem 2.2 For sampling cluster formation F,,, the optimal choice of M that

minimizes the expected number of false classifications is

M; = argmin 3,,(k) (2.49)
kesy

where M; is the ith selected individual. Moreover, the number of required tests is

constant and is independent of the choice of M.

Proof: We first prove the second part of the theorem, i.e., that the choice of M
does not change the required number of tests. In a cluster formation tree structure,
when we sample exactly one individual from each subset S!™, P(Ks) contains sin-
gle element subsets of selected individuals, since when F' = F,,, we have exactly one
infected individual that can be any one of these individuals with positive probabil-
ity. Now consider the cluster formation F,, ;. Since it is a cluster formation tree
structure, there must be at least one S/" ! such that, S/~ = STuU S, ST #£ S,
which means that, P (K ),) must contain the set of selected individuals from S}* and
S as well, because of the fact that in the case of ' = F,_;, these individuals can
be infected simultaneously. Similarly, when moving towards the top node of the
cluster formation tree (i.e., F1), whenever we observe a merging, we must add the
corresponding union of the subsets of individuals to P(K},), which is the set of all
possible infected sets for the selected individuals M. Thus, the structure of distinct
sets of possible infected individuals does not depend on the indices of the sampled

individuals within each S}", but depends on the given F and F,, completing the
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proof of the second part of the theorem.

We next prove the first part of the theorem, i.e., we prove that selecting the
individual that has the minimum g,,(k) value for each S™ results in the minimum
expected number of false classifications and thus, it is the optimal choice. First,
recall that, by definition, M depends on F;,,, and thus, we design sampling function
M for a given F),. Now, recall the expected number of false classifications stated in

2.44))-([2.45). Designing a sampling function that minimizes F for a given F), can
gning g f g

be done as follows. From ([2.44))-(2.45)),

minEy :mj\}n{ Y pe(Fa) Y (w X ISINS I+ |SZ|2)}

am<a 1€[om] SECSP\S*(M;)
(2.50)
1 . «a m o |2
= S wpd O mE)(s0nixisnstoni+ S Isi) )
i€lom] am<a S;"QSF\S“(MU
(2.51)
1 * m (1% a
-3 ( > pem) (I < sns i+ S IsyP))
i€lom am<a SeCSr\S« (k)
(2.52)

where £ = argmin 5,,(k), and (2.52)) is the minimum value of the expected number
kesm
of false classifications for given F,,. The sampling function M defined in ([2.49)

achieves the minimum and thus, it is optimal, completing the proof of the first part

of the theorem. W

Theorem 2.3 For given F and F,, for m < f, the number of required tests for an
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F-separable non-adaptive group test, i.e., the number of rows of the test matrix X,

must satisfy

T > max { max (Agz + 1), [logy(Am + 1)]} (2.53)

j€lom]
with addition of 1’s removed in for the special case of m = f.

Proof: First, we have that each unique node (nodes that represent a unique subset
Sf ) represents a unique possibly infected set Kj; where each result vector must
be unique as well. Therefore, in total, we must have at least \,, unique vectors.
Furthermore, when m < f, it is possible that the infected set among the sampled
individuals is the empty set. Thus, we have to reserve the zero vector for this case
as well. Therefore, the total number of tests must be at least [logy(\,, +1)] in
general, with an exception of m = f case, where we can assign the zero vector to
one of the nodes and may achieve [logy(A,)].

Second, assume that for any node j at an arbitrary level F;, i < m, the set
of indices of the positions of 1’s must contain the set of indices of the positions
of 1’s of the descendants of node j. Moreover, since all nodes that split must be
assigned a unique vector, Hamming weights of the vectors must strictly decrease as
we move from an ancestor node to a descendant at each level. Considering the fact
that the ancestor node at the top level can have Hamming weight at most 7" and
the nodes at the level F,, must be assigned a vector which has Hamming weight

at least 1, including the node that has the most unique ancestor nodes, 7" must be

62



at least m[ax]()\sjm + 1). Similar to the first case, when m = f, we can have zero
J€lom
vector assigned to one of the bottom level nodes, and thus, we can have T" at least

max )\Sf_n .
jE[U'm]

Theorem 2.4 For an f level exponentially split cluster formation tree, at level f,
there exists an F-separable test matriz, X, with not more than %f rows, i.e., an
upper (achievable) bound for the number of required tests is %(10g2n + 1) forn
individuals.  Conversely, this is also the capacity order-wise since the number of

required tests must be greater than f.

Proof: By using the converse in Theorem we already know that the required
number of tests is at least f from since there are A\ = 2/ — 1 unique nodes
and also )\Sif + 1 = f for every subset Sif . This proves the converse part of the
theorem.

In order to satisfy the sufficient conditions for the existence of an F-separable
matrix, each node in the tree must be represented by a 7' length vector of sufficient
Hamming weight, so that i) every descendant can be represented by a unique vector
with positions of 1’s being the subsets of the positions of 1’s of their ancestor nodes,
and ii) OR of vectors that are all descendants of a node must be equal to the vector
of the ancestor node. In our proof, we show that, for exponentially split cluster
formation trees, it is sufficient to check that we have a sufficient number of rows in
X to uniquely assign vectors to the bottom level nodes, i.e., the subsets Sl-f at level
Fy.

First, as we stated above, from the converse in Theorem [2.3] an F-separable
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test matrix of an exponentially split cluster formation tree with f levels must have at
least f rows. However, for exponentially split cluster formation trees, this converse
is not achievable: There are 2/~! nodes at level f but ({) binary vectors with
Hamming weight 1. Since for f > 3, ({) is less than 2/~ we cannot assign distinct
Hamming weight 1 vectors to the bottom level nodes. Thus, we need vectors with
lengths longer than f. Now, assume that an achievable F-separable test matrix has
f + k rows, where k is a non-negative integer. Our objective in the remainder of the
proof is to characterize this & in terms of f.

We argue that if the number of nodes at the bottom level, which is equal
to 2771, is less than Zf’:ll (f J{k) then we can find an achievable F-separable test

matrix, i.e.,

% (f JZF k) > 2/~1 (2.54)

=1

is a sufficient condition for the existence of an achievable F-separable test matrix
for a given (f, k) pair. Minimum k that satisfies (2.54]) will result in the minimum
number of required tests f + k. In our construction, we assign each node at level F;
a unique vector with Hamming weight f 4+ k41 — ¢, except for the bottom level FY.
Since each node is assigned a unique vector, when moving from a level to one level
down, descendant nodes must be assigned vectors that have Hamming weight of at
least 1 less than their ancestor node. At the bottom level, we use the remaining
vectors with Hamming weight less than or equal to £+ 1. We choose minimum such

k for this construction, resulting in the minimum number of tests.
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Before proving the achievability of this above construction, we first analyze the
minimum £ that satisfies in terms of f. We state and prove in Theorem
in the Appendix in Section that k = f/3 satisfies , giving an upper bound
for the minimum k£, thus finalizing the first part of the achievability proof. This, in
turn, shows that we can use all vectors of Hamming weight 1 through k£ + 1 in the
bottom level to represent all 2/~! nodes at that level.

Next, we show that for the upper levels, our construction is achievable, i.e.,
we can find sufficiently many vectors of corresponding Hamming weights. By using
Theorem in the Appendix in Section and the fact that for £ < f/3, when

f > 13, we have

(“]’; i ];) > 2/2 (2.55)

which implies that, we can find unique vectors of Hamming weight k+ 2, to assign to
the nodes at level Fy_; (one level up from the bottom level). For the remaining levels
below [(f+k)/2], we have (/T%) > ({If) and the number of nodes decreases by half
as we move upwards on the tree. Thus, we can find unique vectors to represent the
nodes by increasing the Hamming weights by 1 at each level, which is the minimum
increase of Hamming weights while moving upwards on the tree. For the remaining
nodes, which are above the level [(f + k)/2], we can use the lower bound for the
binomial coefficient,

(95 (LY 52 -

] ]
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to show that there are unique vectors of required weights at those levels as well.
Thus, there are sufficiently many unique vectors of appropriate Hamming
weights at every level. Finally, we have to check whether or not there is a suffi-
cient number of unique vectors for every subtree of descendants of each node. In
exponentially split cluster formation trees, due to the symmetry of the tree, any
descendant subtrees of each node are again an exponentially split cluster formation
tree. If we assume that k, where the number of rows of X is equal to f + k, satisfies
(2.54) with k being the minimum such number, then every descendant subtree below
the top level has parameters (f —i, k) and we show in Theorem in the Appendix
in Section that they also satisfy the condition (2.54)). For f values that are below
the corresponding threshold in our proof steps (e.g., f > 13 threshold before
above), manual calculations yield the desired results. This proves the achievability

part of the theorem. M

Lemma 2.4 Minimum k that satisfies

% (f JZF k) > 9/~ (2.57)

i=1
is upper bounded by f/3.

Proof: We prove the statement of the lemma by showing that the pair (f, k) =

(f, f/3) satisfies (2.57). We first consider the left hand side of (2.57) when f is
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incremented by 1 for fixed k, and write it as

k+1 k+1
f+Ek+1 f+Ek f+Ek
=2 1— 2.5
which follows by using the identity ({) = (Zj) + (a;l).
Second, we prove the following statement for k£ > 1,

k+1
4

> ( k) > 23k—1 (2.59)

: i

Note that, when k& = f/3, is equivalent to for f values that are divisible
by 3. For f values that are not divisible by 3, since the pairs (f —1, k) and (f —2, k)
satisfy when the pair (f, k) satisfies (2.57), by (2.58), it suffices to prove the
statement in (2.59)).

We prove by induction on k. For k = 1, the inequality holds. Assume
that the inequality holds for a k > 1, then we show that it also holds for k£ + 1. In

the lines below, we use the identity (Z) = (“_1) + (a_l) recursively,

b—1 b
’“i Ak + 4\ =2 4k 43
— i , i

Z (4k;r 2)

=1

ol
N

kf (42,]“_+13) (2.60)

i=1

k+2 k+1 k+1
Ak + 2 Ak + 2 Ak + 2
()2 (7)1 ()

i=1 =1 i=1

(2.61)
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k+1
4k 4k 4k n i
_ - 4 A
9;(1) 5(k+1)+(k+2)+ (k—1)+5(k—2)+

(2.62)
k+1
4K\ 2k +11( 4k 4k 4k
-9 - 4 5 A
;(z) k+2 (k+1)+ (k—1)+ (k—2)+
(2.63)
LAk k49 4k 4k 4k 4k
=8 -2 5 6 Al
;(z) k+2(k+1)+(k)+ (k—1)+ (k—2)+
(2.64)
k+1
4k Ak
-8 3 A" 2.65
> (7)) 265
>93k+2 (2.66)

where A, A", A” are positive terms that are o ((k{g)), and we use the identity (‘Z) =

a_—lfﬂ(bfl) after equation (2.62) to eliminate the negative (lifl) term. Inequality

(2.66) follows from the induction assumption. This proves the statement for &k + 1

and completes the proof. W

Lemma 2.5 When k < 2"5_8, the following inequality holds

Z; (7;) < (k Z 1) (2.67)

(2

DN | —

Proof: We prove the lemma by induction over k. First, note that the inequality

holds when k =1,

%(T) < (Z) (2.68)



Then, assume that the statement is true for k. Now we check the statement for

ka1,

15() <20

n—k—1 n
< v 2.70
- k+2 <k+1> ( )

- <k Z 2> (2.71)

where (2.69) follows from the induction assumption and (2.70) is because k < 225

This proves the statement for £ + 1 and completes the proof. W
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CHAPTER 3

Dynamic Infection Spread Model Based Group Testing

3.1 Introduction

In this chapter, we consider dynamic testing algorithms over discrete time for a
dynamic infection spread model with fixed, limited testing capacity at each time
instant, where a full identification is not possible. In our system, test results are
available immediately, and thus, the disease spread is not due to the delay between
applying tests and receiving test results, but rather due to the limited testing ca-
pacity at each time instant. We follow a dynamic infection spread model, which is
inspired by the well-known SIR model where the individuals are divided into three
groups: susceptible individuals (S), non-isolated infections (I), and isolated infec-
tions (R), i.e., recovered individuals in the classical SIR model. We do not assume
a community structure in our system. We initialize our system by introducing the
initial infections, and after that, at each time instant, infection is spread by infected
non-isolated individuals to the susceptible individuals. Meanwhile, at each time
instant, after the infection spread phase, the testing phase is performed, where a

limited number of T tests are performed to detect a number of infections in the
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system. In our system, the objective is not to minimize the number of required
tests to identify everyone at each time instant, but to control the infection spread
either as soon as possible or with a minimum number of people that got infected
throughout the process, by using the given, limited, testing capacity 17" at each time
instant.

We analyze the average case performance of our system, i.e., the expected val-
ues of the number of susceptible individuals, and non-isolated and isolated infections
over time, which are random processes. For symmetric and converging algorithms,
we state a general analytical result for the expected number of susceptible individ-
uals in the system when the infection is brought under control, which is the time
when there is no non-isolated infection left in the system. We present two dynamic
algorithms: dynamic individual testing and dynamic Dorfman-type group testing
algorithm. We provide weak versions of these two algorithms and use our general
result to obtain a lower bound on the expected number of susceptible individuals
when the infection is under control. Finally, we run simulations to get numerical

results of our proposed algorithms for different sets of parameters.

3.2 System Model

We consider a population of n individuals whose infection statuses change over time.
The time dimension ¢ is discrete in our system, i.e., t € {0,1,2,...}. Similar to the
classical discrete SIR model, the population consists of three distinct subgroups:

susceptible individuals who are not infected but can get infected by infected in-
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dividuals (S), infected individuals who can infect the susceptible individuals (I),
and isolated individuals who were infected, have been detected via performed tests
and isolated indefinitely (R)[[] Let U;(t) denote the infection status of individual ¢ at
time t, where 1 represents being infected, 0 represents not being infected and 2 rep-
resents being isolated. At the beginning (¢ = 0), we introduce the initial infections
in the system, independently with probability p, where U;(0) is a Bernoulli random
variable with parameter p. Random variables U;(0) are mutually independent for
i € [n]. Let a(t) denote the number of susceptible individuals at time ¢, A(t) denote
the number of non-isolated infected individuals at time ¢, and ~(¢) denote the num-
ber of isolated individuals at time ¢. Starting from ¢ = 1, each time instant consists
of two phases: the infection spread phase and testing phase, in the respective order.

Infection Spread Phase: Infected individuals spread the infection to the
susceptible members of the population. At each time instant, starting from ¢ = 1,
the infection spreads independently across the individuals: Each infected individual
can infect each susceptible individual with probability ¢, independent across both
infected individuals and susceptible individuals. Isolated individuals cannot infect
others and their infection status cannot change after they are isolated. Thus, the
probability of the event that individual ¢ gets infected by another individual j at

time ¢ > 1 is equal to

qP (U;(t—1)=1U(t—1)=0) for 1,j€ [n]. (3.1)

!These are called recovered (R) individuals in the SIR model; we call them isolated individuals.
As they are isolated indefinitely, they are recovered eventually.
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Testing Phase: At each time instant starting from ¢ = 1, T tests can be
performed to the individuals. Note that the testing capacity T is a given parameter
and thus, in contrast to the classical group testing systems, we do not seek to
minimize the number of performed tests for full identification of the infection status
of the population but aim to efficiently perform T tests at each time instant to
identify and isolate as many infections as possible to control the infection spread.
Here, performed tests can be group tests, and we define the T x n binary test
matrices, X (t), which specify the pooling scheme for the tests at each time t. For

each time instant ¢ > 1, we have the test result vectors y(t), which are equal to

yz(t) = \/ Xij(t>]l{Uj(t):1}7 S [T] (3'2>

J€[n]

where y;(t) denotes the ith test result at time ¢, X;;(¢) denotes the ith row, jth
column of the test matrix X ().

Note that, since the previous test matrices and test results are available while
designing these test matrices, X (¢) can depend on the previous test results y(t') for
t' < t. We assume that when tests are performed at some time instant ¢/, the test
results y(¢') will be available before the infection spread phase at time ¢’ + 1. Thus,
after the test results are available, detected infections are isolated immediately, i.e.,
if the ith individual is detected to be infected during the testing phase at time t’,
then U;(t') = 2. Recall that, after an infected individual is isolated at some time ¢,
they cannot infect others at times greater than ¢’ and their infection status cannot

change, i.e., U;(t) =2 for t > t'.
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Testing Policy: A testing policy 7 is an algorithm that specifies how to
allocate the given testing capacity T for each time instant until the infection is
under control. We define ¢ to be the time when U;(t) # 1 for all individuals i € [n]
for the first time and we say that the infection is under control at ¢. Note that,
after ¢, the infection statuses of the individuals cannot change and the steady state
is achieved: They are either isolated (U;(t) = 2) or non-infected (U;(t) = 0). Since
we do not consider re-entries of recoveries to the population, the infection spread is
under control when all infections in the system are isolated. Otherwise, the infection
may keep spreading to susceptible individuals by non-detected infections.

Performance Metrics: The main objective is to bring the infection spread
under control by detecting and isolating each infected individual by performing at
most T' tests at each time instant. Note that, meanwhile, infection keeps spreading,
and thus, detecting the infection status of an individual to be negative does not
imply that they are identified for the rest of the process; they can get infected in
later time instants. As defined, ¢ is the time that the infection is under control,
and when the system has reached that state, further testing of the individuals is
unnecessary. Therefore, there are two metrics to measure the performance of a
testing policy m: The time ¢ when the infection is brought under control and the total
number of isolated individuals when the infection is under control while comparing
the performances of the testing policies, earlier infection control time ¢ and less
number of total infections at the time of infection control (¢) are favored. Proposed
algorithms may not simultaneously improve both metrics: One policy may bring the

infection spread under control fast (i.e., low ) but may result in a high number of
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total infections (i.e., high (¢)) while another policy may bring the infection spread

under control slowly but with a lower number of total infections.

3.3 Proposed Algorithms and Analysis

In this section, we propose two algorithms and analyze their performances. The
first algorithm does not utilize the group testing approach and it is based on the
idea of dynamically and individually testing the population. The second algorithm
consists of a group testing approach at each time instant, similar to the original
idea of Dorfman [1] in a dynamic setting. Before stating these two algorithms and
further analyzing their performances individually, we first state general results.
Symmetric and Converging Dynamic Testing Algorithms: In our anal-
ysis, we focus on symmetric and converging dynamic testing algorithms, which satisty

the symmetry criterion,

P(U(t) = k)= PU;(t) =k), i,j€n], ke{0,1,2} t>0 (3.3)

and convergence criterion,

lim P(U;(t) =1) =o(1/n), i€ [n] (3.4)

t—o0

Furthermore, we assume that the probability of an individual not being iden-
tified in the tests at time ¢, denoted by p'(t), only depends on the testing capacity

T, a(t), A\(t) and (t). Note that, a(t) + \(t) + (t) = n for all time instants t.
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Infection Spread Probability: We consider ¢ = o(1/n) for the infection
spread probability ¢q. This is a practical assumption since ¢ is the probability of the
event of infection spread that is realized independently for every element of the set
product of the infected individuals and susceptible individuals, at each time instant.

We analyze the long-term behavior of the system in the average case, i.e., we

focus on the terms Ela(t)], E[A(t)] and E[y(t)] when ¢ is large enough.

Lemma 3.1 When a symmetric and converging dynamic testing algorithm is im-

plemented,
lim E[A(t)] = o(1) (3.5)

t—o00

and thus, the system approaches to steady state, in the average case.

Proof: Note that all three system functions «(t), A\(t) and y(t) can be written as

the summation of n indicator functions

ENt) = E

> 11{&(1%):1}] (3.6)

=1

= E[Lwo-y] (3.7)
=1

= > P =) (3.8)

which results in lim;_,o, E[A(t)] = no(1/n), due to converging algorithm assumption

(3.4), which is equal to o(1). W

Note that, when the system reaches a state where A(t) = 0, then there will not
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be a further change in the infection statuses of the individuals, i.e., the infection will
be under control. The following lemma is useful for the justification of the average

case analysis of our system.

Lemma 3.2 When a symmetric and converging dynamic testing algorithm is imple-

mented, we have lim;_,, P(A(t) > €) = o(1) for arbitrarily small, constant, € € R.

Proof: Since A(t) > 0 for all ¢ > 0, we can apply Markov’s inequality,

tli)rgo P(A(t) >€) < tlgilo M (3.10)
= o(1) (3.11)

where follows from the fact that P(A(t) > €) < E[’\ U for all t > 0, and (3-17)
follows from the result of Lemma 3.1l W

The focus of our analysis is to give a lower bound for the number of susceptible
individuals (who have never got infected throughout the process) when the infection
is brought under control, in the average-case. To analyze the long-term behavior
of Ela(t)], we have to analyze the long-term behavior of P(U;(t) = 0). A direct
calculation of this probability is not analytically tractable, however, by conditioning
on A(t — 1), we give a recursive asymptotic calculation. Before stating the recursive

relation, we first prove a lemma that will be useful.

Lemma 3.3 For ¢ = o(1/n) and for all t > 0, we have

cov (P(Ui(t) = 0|A(1)), (1 — ¢)*P) ~ 0 (3.12)
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Proof: For the proof, we use the covariance inequality, i.e., |cov(X,Y)| < y/var(X)var(Y)
which is a direct application of the Cauchy-Schwarz inequality, applied to the ran-

dom variables X — E[X] and Y — E[Y]. Using the covariance inequality, we have

[cov (P(Ui(t) = 0A(1), (1 = ¢)*") | < \/vm“(P(U( t) = 0A(#))Jvar((1 = ¢)*®)

(3.13)

< \/W((l —gO) (3.14)

_ \/E Q)P0 — (E[(1 — ¢)*®])? (3.15)
~ \/ B2XD] — (1 — q)ED®)2  (3.16)
g (3.17)

where (3.14) follows from the fact that the random variable P(U;(t) = 0|A(¢)) is
bounded above by 1 and below by 0, and (3.16)) follows from the linear approximation
of the function (1 — ¢)* for small ¢ = o(1/n) and A(¢) that is bounded above by n.

Lemma 3.4 When a symmetric and converging dynamic testing algorithm is im-

plemented, we have

PUi(t) =0)~ (1 -p)(1—q) = (3.18)

Proof: Conditioned on A(t—1), we have the following recursive relation for P(U;(t) =
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P(U(t) = 0) = E[P(Ui(t) = O|A(t — 1))] (3.19)
= E[P(U;(t — 1) = 0|A(t — 1))(1 — )] (3.20)
~ B[P(Ui(t —1) = 0[A(t — 1)]E[(1 — ¢)** "] (3.21)
= P(Ui(t = 1) = 0)E[(1 — ¢)"*" "] (3.22)
~ P(Ui(t — 1) = 0)(1 — ¢)FR¢L)] (3.23)

é P(U,(t-1)=1)

= P(U;(t — 1) = 0)(1 — ¢)= (3.24)

= P(Ui(t — 1) = 0)(1 — ¢)"Pht=D=D) (3.25)

where follows from Lemma , follows from the linear approximation
of the function (1 — ¢)* ~ 1 — gz, and follows from the symmetry criterion
of the implemented algorithm. Recursively using the result in and the initial
value P(U;(0) = 0) = (1 — p) yields the desired result. W

To complete our analysis and give a lower bound for the expected number of
susceptible individuals when the infection is under control, we further need to focus
on P(U;(t) = 1). Similar to the case of P(U;(t) = 0), a direct calculation is not
analytically tractable. However, we have a recursive relation when conditioned on

A(t — 1), and we obtain the following lemma.

Lemma 3.5 When a symmetric and converging dynamic testing algorithm is imple-

mented, and cov (P(Uz-(t) = O A(1)), Dy (t + 1)) and cov (P(Ui(t) = 1)), Pyt + 1))
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are arbitrarily smallﬂfor allt > 0, we have

p'(7) (3.26)

P(U(t) = 1) = p(1 +ng(1 — p))* |

t
‘]:
where the conditional probability of an individual not being identified in the tests at

time t given A(t — 1) is denoted by p, (1)

See the Appendix in Section for the proof of Lemma [3.5] Combining the

results of Lemmas [3.4] and [3.5] we have the following result.

Theorem 3.1 When a symmetric and converging dynamic testing algorithm is im-
plemented and vanishing covariance constraints in Lemma are satisfied for all

t >0, we have

npt_21<(l+nq(1p))i 1 p’(j))

Ela(t)] = n(1-p)(1—-q) =° = (3.27)

Proof: Expressing «(t) in terms of the corresponding indicator random variables

and using the symmetry criterion and results of Lemmas [3.4] and [3.5] yields

Ela(t)|=F

> ]l{UIv(t):o}] (3.28)
=1

2Tn both of the covariances in the lemma statement, we have probabilities that are conditioned
on the number of infected and non-isolated individuals at time ¢t. Note that P(U;(t) = 0|A(¢))
and P(U;(t) = 1|A(t)) are the probabilities that the individual ¢ is susceptible, and infected and
non-isolated, respectively. Since we only consider symmetric and converging dynamic testing
algorithms, these probabilities are symmetric across all individuals for every time instant ¢. Note
that since the standard deviations of each of these random variables can also be arbitrarily small,
the arbitrarily small covariance constraints in the lemma statement do not directly imply a weak
correlation between these random variables.
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= Z Elww=0)] (3.29)
=D P(U(t) = 0) (3.30)

= nP(Uy(t) = 0) (3.31)

npf1<(1+nq(1p>)i 1 p’(j))
~n(l-—p)(l—q) =°

j=1

(3.32)

which is the desired result. W

Our main result Theorem is a general result and holds for the symmetric
and converging dynamic testing algorithms as long as they satisfy the vanishing
covariance conditions that we state in Lemma 3.5l In the remainder of this sec-
tion, we propose and describe two dynamic testing algorithms and analyze their

performance.

3.3.1 Dynamic Individual Testing Algorithm

In the dynamic individual testing algorithm, we do not utilize the group testing
approach, and uniformly randomly select T" individuals to individually test at each
time instant ¢ > 1, from the non-isolated individuals.

To analyze the performance of our dynamic individual testing algorithm, we
use the general result of Theorem [3.1] First, we show that the dynamic individual
testing algorithm satisfies the symmetry and convergence criteria in and .

Since the process of selection of individuals to be tested is repeated at each

time instant with uniformly random selections, as well as the infection spread pro-
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cess, the dynamic individual testing algorithm is symmetric. We show that the
dynamic individual testing algorithm also satisfies the convergence criterion in
the following lemma. For the range of the testing capacity T', we focus on the case of
T < n, since when T' > n, at one time instant, everyone can be tested individually

and the infection will be under control trivially.

Lemma 3.6 For constant T and n, the dynamic individual testing algorithm satis-

fies the convergence criterion

lim P(U;(t) =1) =0, i€ [n] (3.33)

t—o00

Proof: First, the probability that an infected individual is detected at a time instant

t, denoted by 1 — p/(t) is

1=p'(t) = B[l = P 1y()] (3.34)
T

~£ ] 9

> % (3.36)

where p’v(tfl)(t) denotes the probability of the conditional event that an infected
individual is not detected at the time instant ¢ given (¢t — 1). Now, since the
conditional events of detection given that the individual is infected are independent

across time due to the uniform random selection of tested individuals at each time
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instant, and the fact that

Z(l —p'(i) > Z % (3.37)

since the right hand side of (3.37)) grows to infinity, from the second Borel-Cantelli
lemma, the conditional detection event occurs infinitely often, i.e., let D; denote the

event that the individual 7 is identified at time ¢, then

P(limsup D;) =1 (3.38)

t—o00

which yields the desired result of lim; o, P(U;(t) =1)=0. B

Next, we consider a weak version of our algorithm, where at each time instant,
during the testing phase, instead of selecting T' individuals to test from n — ()
non-isolated individuals, we select 7" individuals from n individuals, including the
isolated ones, whose test results will be negative. For the weak version of the

dynamic individual testing algorithm, we have
T
1-pt)=—, t>0 (3.39)
n

which is the identification probability of an individual at time ¢. Moreover, since it
is an upper bound for the identification probability of an individual for the original

dynamic individual testing algorithm, we have

lim Elagrig(t)] > Im Elouear(t)] (3.40)

t—o00 t—o00
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Since the weak dynamic individual testing algorithm is a symmetric and converging
algorithm (note that the result of Lemma still holds) and due to the fact that
p/(t) is constant in the weak dynamic individual testing algorithm, we can directly
use the result of Lemma [3.5 due to the fact that the vanishing covariance criteria
are already satisfied. Now, using Theorem [3.1 we have the following result for the

weak dynamic individual testing algorithm.

Theorem 3.2 When weak dynamic individual testing algorithm is used and (1 —

%)(1 +ng(l —p)) <1, we have

np

lim Eovpeqr(t)] = n(1 — p)(1 — ¢)-0-m)0+rat=—p) (3.41)

t—o00

which is a lower bound for limy_,o E|0orig(t)], i.e., the limit of the expected number

of susceptible individuals for the dynamic individual testing algorithm.

Proof: The weak dynamic individual testing algorithm satisfies the constraints for
using Theorem Thus, we can use Theorem directly to derive the long-
term behavior of the expected number of susceptible individuals by considering the
limit of for constant p'(t) = 1 —7'/n. On the other hand, in the case of

(1-— %)(1 +nqg(1 —p)) > 1, we have limy_, o0 Fypear(t)] =~ 0. W

3.3.2  Dynamic Dorfman-Type Group Testing Algorithm

In the dynamic Dorfman-type group testing algorithm, we utilize the group testing

idea while designing the test matrices at each time instant ¢ > 1.
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At each time instant, the dynamic Dorfman-type group testing algorithm uni-
formly randomly partitions the set of all non-isolated individuals to equal-sized T'/2
disjoint sets (with possibly one unequal-sized set if the total number of non-isolated
individuals is not divisible by T'/2). Then, test samples of the individuals are mixed
with others in the same group: 7'/2 group tests are performed, and positive and
negative groups are determined. Then, among the positive groups, one group (or
multiple groups if the sizes of the groups are less than 7'/2, depending on the system
parameters) is uniformly randomly selected to be individually tested. 7'/2 individu-
als from the selected group are uniformly randomly selected and individually tested;
here, depending on the parameters, some individuals from the selected group may
not be tested, as well as individuals from multiple positive groups may be selected.
Detected infections are isolated, and at the next time instant, the whole process is
repeated with uniform random selections.

Since the partition selection and individuals within group selection are uni-
formly random at each time instant, the dynamic Dorfman-type group testing al-
gorithm is symmetric. Similar to Section [3.3.1, we proceed by showing that the

dynamic Dorfman-type group testing algorithm satisfies the convergence criterion

in (3.4) as well.

Lemma 3.7 For constant T' and n, the dynamic Dorfman-type group testing algo-

rithm satisfies the convergence criterion

lim P(U;(t) =1) =0, i€ [n] (3.42)

t—o00
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Proof: The probability that an individual is identified at a time instant ¢, which is

1 —p/(t), satisfies the following

(3.43)

since T'/2 individuals are individually tested at each time instant and due to the
symmetry of the infection status in the system and the fact that the individuals are
selected from a positive group (or from multiple positive groups), the probability
of detection for the dynamic Dorfman-type group testing algorithm, at each time
instant, must be higher than uniformly randomized testing of 7'/2 individuals. Now,
since the events of identification of individuals are independent across time due to
the uniform random selection of tested individuals at each time instant, and the fact

that

o0

d(1-pt) > Z % (3.44)

i=1

grows to infinity, we conclude that lim,_,., P(U;(t) = 1) = 0, from the second Borel-
Cantelli lemma as in Lemma 3.6 W
Similar to the dynamic individual testing case, we focus on a weak version of
the dynamic Dorfman-type group testing algorithm to provide a lower bound for
the expected number of susceptible individuals in the system at the steady state.
In the weak version of the dynamic Dorfman-type group testing algorithm, the
results from the T'/2 group tests are discarded, and it is basically equivalent to the

uniformly random individual testing of 7'/2 individuals. Furthermore, the isolated

individuals are also included in the testing procedure: n individuals are divided into

86



groups and then tested at each time instant, rather than only non-isolated individ-
uals, as in the original dynamic Dorfman type group testing algorithm. The proba-
bility of identification at time ¢ for the weak dynamic Dorfman-type group testing
algorithm, given by 1 — p/(t), is always less than the original dynamic Dorfman-
type group testing algorithm, due to the discarded T'/2 group tests and included
isolated individuals to the tests. Note that the weak dynamic Dorfman-type group
testing algorithm is also symmetric and satisfies the convergent criterion since
Lemma still holds; the lower bound in is the detection probability of
the weak algorithm. Moreover, since the weak algorithm has a constant value for
p&(tq)(t)’ it satisfies the vanishing covariance constraints given in the statement of
Lemma [3.5] Using the general result of Theorem [3.1 we have the following result
for the dynamic Dorfman-type group testing algorithm by following similar steps to

those in Theorem [3.21

Theorem 3.3 When the weak dynamic Dorfman-type group testing algorithm is

used and (1 — L) (1 +ng(1 —p)) < 1, we have

np

lim Efaear(t)] = n(l — p)(1 — ) =0 zm)Otnati=p) (3.45)

t—o00

which is a lower bound for limy_,o Eaorig(t)], i-€., the expected number of susceptible

indiwiduals for the dynamic Dorfman-type group testing algorithm.

Note that this result of the weak dynamic Dorfman-type group testing algo-

rithm is a loose lower bound for the performance of the algorithm, which is only
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significant because it shows that the weak dynamic Dorfman-type group testing
algorithm performs in a similar manner with the weak dynamic individual testing
algorithm, order-wise (7" replaced with 7'/2), which is a performance lower bound

for the dynamic Dorfman-type group testing algorithm.

3.3.3 Comparison of Dynamic Individual and Dorfman-Type Algo-
rithms

To compare the average number of detected infections at a given time instant for the
dynamic individual testing and dynamic Dorfman-type group testing algorithms, we

obtain the following results stated in the following lemmas.

Lemma 3.8 When there are a(t) susceptible and \(t) non-isolated infected individ-
uals in a system after the infection spread phase, and just before the testing phase

at time instant t, and the dynamic indiwidual testing algorithm is being used, on

TA(t)
a(t)+A(t)

average, infections are detected and isolated at time t.

Proof: When 7' individuals from &(t) + A(t) individuals are uniformly randomly

selected, we have

E Y Agwm| = TPU() =1) (3.46)
= NTi (3.47)
a(t) + A(t)

where U;(t) represents the infection status of the ith selected individual for testing
at the time of the testing phase. W
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On the other hand, when the dynamic Dorfman-type group testing algorithm

is used, T'/2 individuals to be individually tested are chosen from a set of individuals

2(a()+A(®))

of size =

that is guaranteed to have at least one infected individual, in the
case of a(t) + A(t) > T?/4. When a(t) + \(t) < T?/4, T/2 individuals to be tested
individually are chosen from multiple groups, each having at least one infected
individual. The following lemma gives an average number of detected and isolated
infections at each time instant for the case of @(t) 4+ A(t) > T2/4, which, in general,
holds for practical applications with low testing capacity. Moreover, the following

result is also a lower bound for the case of &(t)+ A(t) < T?/4, where T'/2 individuals

to be individually tested are selected from multiple positive groups.

Lemma 3.9 When there are a(t) susceptible and \(t) non-isolated infected individ-
uals in a system after the infection spread phase and just before the testing phase
at time instant t, with &(t) + Nt) > T2/4, and the dynamic Dorfman-type group

testing algorithm is being used, if a(t) > 2(a(t) + S\(t))/T, on average,

3 ( a(t) ) o
Ty 1 — 2@@+A0)/T/ (3.48)
— T a(t)+A(t) '
2(a(t) + A(t)) (2(a(t)+i(t))/T)

infections are detected and isolated at time t. If a(t) < 2(a(t) + \(t))/T, then,

A ) infections are detected and isolated at time t. In the case of

on average, m

a(t) + A(t) < T2/4, [B.48) is a lower bound for the average number of detected and

1solated individuals at time t.

Proof: When T'/2 individuals are uniformly randomly selected from a set of indi-
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viduals that are guaranteed to have at least one infection, with size 2(a(t)+(t))/T,

we have

where U;(t) represents the infection status of the ith selected individual for testing
at the time of the testing phase and C = 2(a(t) + \(t))/T.

In the case of &(t) + \(t) < T%/4, T/2 individuals to be tested individually are
chosen from multiple groups where each of them is guaranteed to have at least one
infected individual. Therefore, the term in the denominator of the right-hand side
of , ie, P (2031 L, 0=1 = 1), is replaced by the probability of the event that
multiple subsets of size C' having at least one non-isolated infected member, which is
a subset of the event that only one subset of individuals of size C' having at least one
non-isolated infected member and thus, having lower probability. Therefore,
is also a lower bound for the average number of detected and isolated infections at
time instant ¢, for the case of a(t) + \(t) < T%/4. B

For a given state of the system at the time of the testing phase, i.e., &(t) and

A(t), as we show in Lemmas and 3.9, using the dynamic Dorfman-type group

testing algorithm becomes advantageous with respect to the dynamic individual
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1/2 < M (3.51)

=5 (3.52)

where C' = 2(a(t) + A(t))/T.
In the next section, we present the numerical results of our two proposed
dynamic algorithms, as well as their weak versions, under various sets of system

parameters.

3.4 Numerical Results

In our numerical results, we implement the algorithms that we proposed: the dy-
namic Dorfman-type group testing algorithm, the dynamic individual testing algo-
rithm, and the weak versions of these algorithms. In all of our simulations, we start
with n individuals, with all of them susceptible. Then, at time ¢t = 0, we realize
the initial infections in the system uniformly randomly with probability p. At each
time instant that follows, for the infection spread phase, we simulate the random
infection spread from the non-isolated infections to the susceptible individuals. For
the testing phase, we simulate the random selection of individuals to be tested and
perform the tests. Depending on the test results, we simulate the isolation of the

detected infections. We repeat these phases at each time instant until time ¢ = 500
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and obtain the sample paths of the random processes «(t), A(t), and v(t). We iterate
this whole process 1000 times to obtain 1000 sample paths of the random processes,
and then we calculate the average of the sample paths to obtain the expected values
of a(t), A(t) and y(t), numerically. In Figures[3.1H3.3| we plot these expected values
of a(t), A(t) and () for the algorithms that we propose. In our simulations, we also
consider the value of the theoretical approximation result that we obtained in The-
orem [3.1] For each sample path, at each time instant, we numerically calculate the
values of p/(t) for both dynamic individual testing and dynamic Dorfman-type group
testing algorithms and then use the expression that we obtained in Theorem to
calculate the «a(t) approximation curve. We calculate and plot the average of the
a(t) approximation curve. For the weak versions of the proposed algorithms, we use
the results of Theorems [3.2] and to directly calculate and plot the steady state
approximations of «(t). Pseudo-code of the simulations that we perform is given

below in Algorithm [I}
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Algorithm 1 Simulations to Obtain Numerical Results

141 > Simulations are repeated to obtain average sample paths.
while ¢ < 4,,,, do
t<0
U < 0pan
for individual j in [n] do
if random roll in [0, 1] < p then
Uj 1
t+1 > Initial infections are realized
while t < t,,,, do
for individual j in infections do
for individual k£ in susceptibles do
if random roll in [0, 1] < ¢ then

Uk +—1
> End of the infection spread phase

for test 7 in [T] do

Yr & \/je[n] Xoilqu,=1
> Testing is done

for individual j in [n] do
if j has infection and detected then

Uj — 2
> Recovery is done

t+t+1 > a(t), A(t),y(t) are saved
> Averages of a(t), A(t),~v(t) are calculated over iterations i
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Figure 3.1: Average values of the random processes a(t), A\(¢) and y(t), with obtained

theoretical approximations given in Theorems [3.1H3.3| when n =

1000, T = 80,

g = 0.00003, p = 0.2, for (a) dynamic Dorfman-type group testing algorithm, (b)
dynamic individual testing algorithm, (c) weak dynamic Dorfman-type group testing
algorithm, (d) weak dynamic individual testing algorithm.
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Figure 3.2: Average values of the random processes a(t), A(t) and ~(t), with ob-
tained theoretical approximations given in Theorem when n = 1000, 7" = 80,
g = 0.0001, p = 0.01, for (a) dynamic Dorfman-type group testing algorithm, (b)
dynamic individual testing algorithm, (c) weak dynamic Dorfman-type group test-
ing algorithm, (d) weak dynamic individual testing algorithm.
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Figure 3.3: Average values of the random processes a(t), A\(t) and y(t), with obtained
theoretical approximations given in Theorem when n = 1000, T' = 40, q =
0.0002, p = 0.2, for (a) dynamic Dorfman-type group testing algorithm, (b) dynamic
individual testing algorithm.

In Figure 3.1} we present numerical results for the system with the parameters
n = 1000, T' = 80, ¢ = 0.00003, and p = 0.2. Due to the relatively high number
of initial infections in the system, we observe that the dynamic individual testing
algorithm performs better than the dynamic Dorfman-type group testing algorithm
in terms of the average steady-state «(t). In the weak versions of the algorithms,
we observe that their performance is strictly worse than their respective original
algorithms, at each time instant, in terms of the average «(t), as expected. The
difference between the average «(t) curves of the original and weak versions of
the dynamic Dorfman-type group testing algorithm is higher than the difference
between the average a(t) curves of the original and weak versions of the dynamic
individual testing algorithm. This is due to the fact that in the weak dynamic
individual testing algorithm, we still utilize T" tests at each time instant but can

sample the isolated individuals to test, while in the weak dynamic Dorfman-type
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group testing algorithm, we ignore the group tests and only consider 7'/2 individual
tests. However, since the advantage of the group test is not effective for this set of
parameters, as we present in Figure|3.1], even the weak dynamic Dorfman-type group
testing algorithm provides a reasonable lower bound for its original version. Finally,
we observe that our approximation results in Theorem match with the average
a(t) curves in both dynamic Dorfman-type group testing and dynamic individual
testing algorithms. Similarly, the average «(t) curves that we obtain from the weak
versions of the proposed algorithms are also closely approximated by the results that
we obtain in Theorems [3.2] and [3.3]

In Figure[3.2) we run the same simulations as in Figure 3.1} for the parameters
n = 1000, T' = 80, ¢ = 0.0001 and p = 0.01. Now, relative to the first set of param-
eters, the number of initial infections is lower but the infection spread probability is
higher. Because of the targeted individual testing to the positive groups in the dy-
namic Dorfman-type group testing algorithm, it outperforms the dynamic individual
testing algorithm for this set of parameters, as we present in Figure [3.2] Since the
advantage of the group testing is more prevalent for this set of parameters, the weak
version of the dynamic Dorfman-type group testing algorithm results in an average
a(t) curve that is a loose lower bound for the average «(t) curve of the original ver-
sion, while the weak dynamic individual testing algorithm results in a proper lower
bound for the original version. Furthermore, for this set of parameters, despite the
fact that the Theorem approximation matches the average a(t) curves for both
of the original versions of the proposed algorithms, the resulting Theorem and
Theorem approximations cannot be used due to the non-convergent exponents
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in the expressions.

In our third and final set of parameters, we consider a lower number of test
capacity, T, than the first two sets of parameters, a high number of initial infections,
p, and a high infection spread probability, g. As expected, for this set of parameters,
for both of the algorithms, the system reaches a steady state when almost everyone
in the population gets infected. Due to the high number of infections at each time
instant in the system, the dynamic individual testing algorithm performs slightly
better than the dynamic Dorfman-type group testing algorithm, even though it still

fails to control the infection spread in an effective manner.

3.5 Conclusions

In this chapter, we considered a dynamic infection spread model over discrete time,
inspired by the SIR model, widely used in the modeling of contagious infections in
populations. Instead of recovered individuals in the system, we considered isolated
infections, where infected individuals can be identified and isolated via testing. In
our system model, the infection statuses of the individuals are random processes
rather than random variables, such as the infection status of the individuals in the
classical group testing problems. In parallel with the dynamic configuration of our
system, we considered dynamic group testing algorithms: At each time instant,
after the infection is spread by infected individuals to the susceptible individu-
als randomly, a given limited number of (possibly group) tests are performed to

identify and isolate infected individuals. This dynamic infection spread and identi-
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fication system is more challenging than the classical group testing problem setup
since negative identifications are not finalized and can change over time, while only
the positive identifications are isolated for the rest of the process. We analyzed the
performance of dynamic testing algorithms by providing approximation results for
the expected number of susceptible individuals (that have never gotten infected)
when the infection is brought under control, where all infections are identified and
isolated for symmetric and converging algorithms. Then, we proposed two dynamic
algorithms: dynamic individual testing algorithm and dynamic Dorfman-type group
testing algorithm. We considered the weak versions of these algorithms and used
our general result to provide lower bounds on the expected number of suscepti-
ble individuals for these two algorithms. We compared the average identification
performance of these two algorithms by deriving conditions when one algorithm out-
performs the other. In our simulations, we implemented both the original and weak
versions of the proposed algorithms and also simulated and compared the theoreti-
cal approximation results that we derived for three different sets of parameters, and
we demonstrated various possible scenarios. Our work is unique in that the disease
spread in our dynamic system is due to limited testing capacity as opposed to the

delay in obtaining (unlimited) test results in the existing literature.

3.6 Appendix

Lemma 3.5 When a symmetric and converging dynamaic testing algorithm is imple-

mented, and cov <P(U,-(t) = OJA(8)), P (¢ + 1)) and cov (P(Ui(t) — A1), Pyt + 1))
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are arbitrarily small for all t > 0, we have

P(Us(t) = 1) & p((1 + ng(1 = p)) | [ () (3.53)

where the conditional probability of an individual not being identified in the tests at

time t given A(t — 1) is denoted by p’)\(t_l).

Proof: Conditioned on A(t — 1), we have the following recursive relation

=E[P(U;(t) = 1|A(t — 1))] (3.54)
=B[P(Ui(t — 1) = 0]A(t = 1))(1 — (1 = ¢ V)pl o) (2)

+ P(Ui(t — 1) = 1|A(t — 1))pl/\(t_1)(t)] (3.55)
~B[L— (1= ¢ VE[P(Ui(t — 1) = 0]A(t — 1))ph 1) (1)]

+ E[P(Us(t — 1) = 1At — 1))ph_1)(t)] (3.56)

~E[P,\o_1y(O]E[L — (1 — ¢ V]E[P(Ui(t — 1) = 0]A(t — 1))]

T By (OEPWUI(E — 1) = 1A — 1)) (3.57)
=p/(t)(P(U;(t — 1) = 0)(1 — E[(1 — 9*""V]) + P(U;(t — 1) = 1)) (3.58)
O —p)1—q) BT (1= PNy P — 1) = 1))

(3.59)

PO —p)(L—q) = (1= (1 PO L (Ut — 1) = 1))

(3.60)
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O - —g) = T g BT L -1 = 1)

(3.61)

01 p)an Y PUG) =)~ an Y PUIG) = 1) + P —1) = 1)

(3.62)
=p'(t) (ng(1 = p)P(Ui(t = 1) = 1) + P(Ui(t = 1) = 1)) (3.63)
=p'(t) (1 +ng(1 —p)) P(Ui(t — 1) = 1) (3.64)

where follows from the arbitrarily small variance of (1 — ¢)*® similar to the
proof of Lemma follows from the given vanishing covariance assumptions
in the statement of the lemma, follows from Lemma , and follows
from the linear approximation (1 — ¢)* ~ 1 — qz. Recursively applying yields

the desired result. W
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CHAPTER 4

Dynamic SAFFRON: Disease Control Over Time Via Group

Testing

4.1 Introduction

In this chapter, we consider the discrete time, SIR-based dynamic infection spread
model introduced in Chapter [3] In our model, at each time instant, the testing
capacity is limited and fixed, and full identification of the infections in the system
is not possible. Each discrete time instant consists of two phases: the infection
spread phase and the testing phase. Identified infections are isolated, and further
infection spread by them is prevented. Since the testing capacity is limited at each
time instant, not all of the infections are detected, and infected individuals that
are not detected and isolated keep spreading the infection. The dynamic infection
spread model is based on the SIR model, where the population is divided into three
disjoint groups: susceptible individuals (S), non-isolated infections (I), and isolated
infections (R). At the initial time instant, we assume i.i.d. initial infections in the
system. At each time instant that follows, non-isolated infections spread the disease

to the susceptible individuals in the system. Consecutively, during the testing phase,
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a limited number of tests are performed and detected infections are isolated. We
assume that, for the rest of the testing process, isolated infections remain in the
same state. This is a reasonable assumption since they eventually recover, and even
when their isolation ends, they can be immune to the infection for a disease-specific
time period. We assume that the testing process will be finalized before the end
of that time period. The objective is not to identify all of the infections while
minimizing the number of tests but to identify as many infections as possible at
each time instant by using the limited number of T tests and to eventually control
the spread of the disease.

We propose two novel performance metrics: disease control time, ¢, and e-
disease control time t.. We characterize the performance of dynamic individual
testing algorithms in terms of these novel performance metrics. Moreover, we intro-
duce a novel dynamic algorithm: dynamic SAFFRON based group testing algorithm,
which is inspired by the static SAFFRON scheme that is studied in [106] and intro-
duced in [48]. We present the average case theoretical analysis of both the dynamic
individual testing algorithm and dynamic SAFFRON-based group testing algorithm,
in and , respectively. Finally, we implement the discrete-time SIR-based
dynamic infection spread model and the dynamic algorithms to simulate them and

compare the numerical results with the theoretical results we obtain.
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4.2 System Model

There are n individuals in the system, and their infection status, which we denote
by U;(t) for individual i at time ¢, changes over discrete time instants. At any
given time, there are three disjoint groups in the population: susceptible individuals
who can get infected (S), non-isolated infections who have not been detected (I),
and isolated infections who have been detected by performed tests and isolated
indefinitely (R). U;(t) can take values 0 (susceptible), 1 (non-isolated infection),
and 2 (isolated infection), representing the infection state of the individual ¢ at time
t. At t =0, we introduce the initial i.i.d. infections to the system: each individual
is infected with probability p independently. We introduce three random processes:
a(t) denotes the number of susceptible individuals, A(t) denotes the number of non-
isolated infections, and (¢) denotes the isolated infections, at time ¢.

Each discrete time instant, ¢ > 1 consists of two consecutive phases: the
infection spread phase and the testing phase. During the infection spread phase,
each non-isolated and infected individual can infect each susceptible individual with
probability ¢ independently. Here, since each susceptible individual can be infected
by each non-isolated and infected individual, this can be modeled as the realization
of a(t)A(t) independent Bernoulli random variables with parameter ¢, for each time
t > 1. Following the infection spread phase, the testing phase starts in which the
testing capacity is limited to a given, fixed number, T". Thus, the aim of designing
the group testing algorithm is to construct 7' x n binary test matrices that specify

the testing pools. Let X (¢) denote the binary test matrix for the tests at time t,
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and X;;(t) denote the ith row and jth column of X (¢), where X;(¢) is 1 if the test
sample of jth individual is mixed in the th mixed test sample, and 0 otherwise. Let
y(t) denote the test result vector of the tests performed at time ¢ and y;(t) denote

the ith test result at time t. Then, we have

yZ(t) = \/ Xij(t>]l{Uj(t):1}7 S [T] (4'1>

J€[n]

We assume that results of the tests that are performed at time ¢ are avail-
able before the infection spread phase at time t + 1, i.e., y(t) vector is known while
designing the binary test matrix X (¢ + 1). Moreover, when infected individuals
are detected during the testing phase at time ¢, they are immediately isolated and,
thus, prevented from spreading the infection for the rest of the testing process, i.e.,
Ui(t) = 2 for all times ¢ > t', if the individual 7 is detected to be infected by the
tests performed at time ¢'. Note that the only possible infection state changes in
our system are either from susceptible individuals to non-isolated infections, which
happens via infection spread from non-isolated and infected individuals to suscepti-
ble individuals during the infection spread phase at each time, or from non-isolated
infections to isolated infections which happens via infection detection during the
testing phase at each time instant. A group testing policy 7 is a scheme that speci-
fies the algorithm to construct binary test matrices X (¢) for each time instant ¢ > 1
until the infection is under control.

Since the source of the infection state evolution in our dynamic model is the

non-isolated infections, we define the disease control time ¢ to be the first time when
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no non-isolated infections remain in the population, i.e., ¢ = min{t | A(¢t) = 0}.
After time ¢, every individual in the population is either susceptible or isolated, i.e.,
Ui(t) = 0 or U;(t) = 2 for i € [n] and for all ¢ > ¢. Furthermore, we introduce e-
disease control time for probabilistic analysis, denoted by ¢, where E[A(f.)] = € holds.
While characterizing and analyzing the performance of a group testing algorithm 7,
there are two performance metrics associated with it: the disease control time ¢ (or
tc) and the number of individuals that have never gotten infected throughout the
process, i.e., a(t). Lower ¢ is favored to control the disease faster, and higher «(t)

is favored to control the disease with a lower number of total infections.

4.3 Proposed Algorithms and Analysis

In this section, we introduce a novel dynamic group testing algorithm: dynamic
SAFFRON-based group testing algorithm. This algorithm is inspired by the static
group testing algorithm introduced in [48], coined as the SAFFRON scheme, which
is further studied in [106] for the partial detection problem. We analyze the dynamic
SAFFRON-based group testing algorithm in terms of two performance metrics: dis-
ease control time and the number of susceptible individuals when the disease is
brought under control. Furthermore, we analyze the dynamic individual testing
algorithm we introduced in Chapter (3| in terms of its e-disease control time perfor-

mance.
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4.3.1 Related Prior Results

For completeness, here we present a revised version of the results from Chapter [3]
which we use for the analysis in this chapter. To keep it compact, we only include
the main results that we use in the analysis in this chapter.

We consider symmetric and converging dynamic testing algorithms which must

satisfy the symmetry criterion:

P(U(t) = k) = P(U;(t) = k), k€ {0,1,2} (4.2)

for each time instant t > 0 and for all 7,5 € [n] pair. Moreover, they must satisfy

the convergence criterion:

lim P(U;(t) =1) =0o(1/n), i€ [n] (4.3)

t—o00

Let p/(t) denote the probability of an individual not being identified during the
testing phase at time t. Note that since we consider symmetric and converging
dynamic testing algorithms, this probability is the same for all individuals. We
consider dynamic testing algorithms where p/(¢) only depends on the testing capacity
T, a(t), M(t) and y(t). We assume the infection spread probability ¢ scales as o(1/n).
Since the infection spread is realized for every susceptible and non-isolated infected
individual pair and there can be O(n?) such pairs at each time instant, assuming ¢

to be o(1/n) is a mild assumption.
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In the remainder of this subsection, we present our prior result from Chapter
that we use in our analysis in this chapter regarding symmetric and converging
dynamic testing algorithms.

We start with the following lemma, where we prove that symmetric and con-

verging dynamic testing algorithms guarantee the disease to be controlled eventually.

Lemma 4.1 When a symmetric and converging dynamic testing algorithm is im-
plemented, lim,_,., E[A(t)] = o(1) and thus, the system approaches the steady state,

in the average-case.

The statements of Lemma 4.2| and Theorem {4.1| give improved characteriza-
tions of the approximation terms compared to the original statements in Chapter [3]
The approximations are characterized by o(1) terms in this chapter, which follow
from the linear approximations in Taylor series expansions for exponential terms and
hold since ¢ = o(1/n). Moreover, arbitrarily small variance conditions in Chapter
are also characterized to scale as o(1) here. In the following lemma, we characterize
an approximation of the probability of an individual being infected and non-isolated

at time ¢, i.e., the probability of the event of U;(t) = 1.

Lemma 4.2 When a symmetric and converging dynamic testing algorithm is im-

plemented, we have

P(U;(t) =1) = p((1 + ng(1 — p)))' T[ ') + 0(1) (4.4)

where the conditional probability of an individual not being identified in the tests at
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time t given A(t—1) is denoted by p)\,_,, and when cov (P(Ui(t) = 0[A()), Py (£ + 1))
and cov (P(Ui(t) = 1)), Pyt + 1)) both scale as o(1) with respect to n for all

t>0.

The following theorem presents a general result that characterizes the approxi-
mation of the expectation of «(t). This result holds for all symmetric and converging
dynamic testing algorithms that satisfy the small covariance conditions that we state

in Lemma [4.2]

Theorem 4.1 When a symmetric and converging dynamic testing algorithm is im-
plemented and vanishing covariance constraints in Lemma [{.9 are satisfied for all

t >0, we have

- <(1+nQ(1—P))i I p'(j)>
Ela(t)] =n(l —=p)(1 —q) =° =/ +o(1) (4.5)
We use Theorem to characterize the expected number of susceptible in-
dividuals when the disease is brought under control, which is one of the two per-
formance metrics we consider. On the other hand, for the characterization of the

disease control time ¢, our analysis is based on Lemma [4.2]

4.3.2 Dynamic Individual Testing Algorithm

In the dynamic individual testing algorithm, we consider randomized, individual
testing of T" individuals at each time instant ¢ > 1, where T" individuals to be tested

are uniformly randomly selected from the whole population, independent across both
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individuals and time. In Chapter [3| we proved that the dynamic individual testing
algorithm (weak dynamic individual testing algorithm in Chapter [3]) is a symmetric
and converging dynamic testing algorithm. Furthermore, we derived E[a(t)] results
for the disease control time. Here, we derive e-disease control time performance
results of the dynamic individual testing algorithm.

In the following theorem, we present our result for the e-disease control time
performance metric when the dynamic individual testing algorithm is used in our

proposed dynamic system.

Theorem 4.2 When the dynamic individual testing algorithm is used, we have

P In(e/np + o(1)) (4.6)

In (1= Z)(1 +ng(1 —p)))

Proof: We start with the mean of non-isolated infections

EA®)] = nP(Ui(t) = 1) (4.7)

=np((1+nq(1 - p)))' T[2'() + o(n) (4.8)

J=1

where (4.7)) follows from the definition of A(¢) as the total number of non-isolated

infected individuals and (4.8)) follows from Lemma . Then, we have

e = np((1 +ng(1 = ) T[#G) + o) (19)

= (1= D)1+ nglt =) )+ ol (4.10)
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where (4.9)) follows from the definition of e-disease control time and (4.10]) follows
from the fact that p/(t) = (1 — T/n) for all t > 1 when dynamic individual testing

algorithm is used. Finally, we get

- In(e/np + o(1)) (411)

In (1 = L)(1 +ng(1 —p)))

by arranging the terms. W

In Theorem [4.2] we characterize the e-disease control time metric for the dy-
namic individual testing algorithm. Since it is defined as the time instant when there
are € non-isolated infected individuals in the average case, the e-disease control time
metric presents a characterization of how fast a given algorithm can control the

disease spread.

4.3.3 Dynamic SAFFRON Based Group Testing Algorithm

We propose and analyze a novel algorithm, which we coin as the dynamic SAFFRON-
based group testing algorithm. It is inspired by the static group testing algorithm,
SAFFRON, introduced in [4§] and studied in [106] for partial detection.

The static SAFFRON scheme-inspired algorithm presented in [106] is based
on constructing binary test matrices for the groups of individuals that contain ap-
proximately one infected individual. Constructed SAFFRON scheme test matrices
can be used to recover exactly one infected individual within the tested group while
also indicating whether there is zero or more than one infected individual within the

tested group if there is not exactly one infected individual.
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Here, we propose the novel dynamic SAFFRON-based group testing algorithm,
where at each time instant ¢ 4+ 1, groups of size |(n — y(t))/E[A(t)]] are selected
uniformly and randomly from the set of non-isolated individuals. For the A\(¢) values
that are close to their mean,ﬂ each of these groups has approximately one infected
and non-isolated individual.

By designing SAFFRON scheme-inspired binary test sub-matrices that are
guaranteed to identify one infection from each group that has exactly one infection,
we detect and isolate infections over time.

For a selected group of individuals, the binary test sub-matrix is constructed

as follows:
e Let 1 denote the size of the selected individuals, i.e., n = |[(n—~(¢))/E[\(t)]].

e First [log(n)] rows of the test sub-matrix are constructed where the column
vector corresponding to column ¢ is set to the binary representation of the

number 7 — 1.

e Then, the remaining [log(n)] rows of the test sub-matrix are constructed by
concatenating the created sub-matrix in the previous step with the binary

matrix where the value of each element is flipped, i.e., XORed with 1.

By using this construction, it is guaranteed that if there is exactly one infection
within the tested individuals, there will be exactly [log(n)] positive tests, and the

positive test indices will be the binary representation of ¢ — 1 where the infected

LOur numerical results suggest a concentration around the mean for A(¢). An in-depth concen-
tration analysis can be the subject of future works.
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individual index is ¢. If there is no infection, then all tests will be negative. In the
case of more than one infection, strictly more than [log(n)] tests will be positive.
Thus, this construction guarantees the detection of a single infection within the
selected group.

In the following lemma, we characterize the expected number of detected in-

fections at each time instant.

Lemma 4.3 When the dynamic SAFFRON-based group testing algorithm is used,
at each time instant t > 1, in average

T L (n—nt—1) BN —1)] \ Foe=ni !
3 8 (Ew—m) (1_71—7(15—1)) (t.12)

infections are detected and isolated.

n—y(t-1)

Proof: We choose the group size as BIN—T)]

since there will be approximately one
infected individual within each group when the groups are chosen uniformly ran-
domly from the set of all non-isolated individuals. Since the testing capacity is T
at each time instant, there will be

T 6 _(n—v(t-1)
5 log (m) (4.13)

such groups. Recall that the probability that a non-isolated individual is infected

E[A(t—1)]

S (Y

since the dynamic SAFFRON-based group testing algorithm uniformly
randomly selects the groups at each time instant and since the infection statistics are
symmetric over individuals. Furthermore, the group size is the inverse of this term.
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Therefore, each group contains exactly one infected individual with probability

B[\t —1)] \ Foe= !
i G2 (4.14)
n—y(-1)
where the lemma statement follows. H
Similar to our analysis for the dynamic individual testing algorithm, we can
use the results of Lemma[4.2)and Theorem [4.1] for dynamic SAFFRON-based group

testing algorithm where we have

p(t) = (4.15)

where ¢ = L 1og™ (E;’é:l)%) (1 - f[kv(ftll)gm_l. To justify using Lemma
and Theorem [.1|results, we need to prove that the dynamic SAFFRON-based group
testing algorithm satisfies symmetry and convergence criteria in and .
Since the selection of tested groups is independent across individuals for each
time instant, the dynamic SAFFRON-based group testing algorithm is symmet-
ric. To guarantee convergence, we consider using the dynamic individual testing
algorithm whenever T' < 2log|(n — v(t))/E[\(t)]], i.e., the regime where the ex-
pected number of non-isolated infections is small with respect to the total number
of non-isolated individuals. In that regime, SAFFRON-based construction cannot
be used efficiently to detect infections. In the regime where the expected number of
non-isolated infections is high, the SAFFRON-based scheme can consistently detect

infections as characterized in Lemma [£.3]
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Figure 4.1: Numerical averages of the random processes a(t), A\(t) and ~(t) for the
system parameters n = 1000, T'= 30, ¢ = 0.00001, p = 0.2, for dynamic individual
testing algorithm.

4.4 Numerical Results

In our simulations, we implement the dynamic discrete SIR-based infection spread
system. We initialize our system with random independent initial infections with
probability p. In the following time instants, we simulate the random disease spread
from non-isolated infections to susceptible individuals, independently with proba-
bility ¢. For both dynamic algorithms, we run our system for 500 time instants
and iterate, realizing this dynamic system 1000 times. We save the sample path
trajectories of the random processes «a(t), A(t), and 7(t), take their averages, and
plot.

To control disease spread, in our first simulation, we implement the dynamic

individual testing algorithm, where randomly selected T" individuals are individually
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tested at each time instant. Here, by using our theoretical result in Theorem [4.2], we
have ¢, = 235.57 when € = 1. This is consistent with the numerical results plotted in
Figure .1} In our second simulation, we implement a hybrid version of the dynamic
SAFFRON-based group testing algorithm. At each time instant, we randomly select
groups of people where each group has one infection on average, where we use
expected A(t) that we calculate by using Lemma , to obtain the group size. Then,
we construct SAFFRON scheme-based test sub-matrices for each group and perform
maximum 7" tests. In practice, SAFFRON scheme-based construction can have a
non-utilized testing capacity at each discrete time instant since the testing capacity
T may not be divisible by the calculated group size. We utilize this available testing
capacity and perform random individual testing when available non-utilized tests
remain. Moreover, later in the testing process, since the expected A(t) becomes
smaller, the calculated group size grows larger, and the required number of tests
for SAFFRON-based construction exceeds the testing capacity 1. For these later
times in the testing process, we switch to the dynamic individual testing algorithm
to detect and isolate remaining infections. We also plot the theoretical calculation
of expected A(t) in Figure where we use Lemma[4.3] for calculation, which aligns
with the numerical results that we obtain, as we plot in Figure [4.2] We observe that
the steady state average of the number of susceptible individuals is slightly higher in
the dynamic individual testing algorithm while the convergence time is slightly lower
in the dynamic SAFFRON-based group testing algorithm. This observation for this
set of parameters suggests that both algorithms can be used to optimize different

performance metrics, depending on the system requirements and parameters, as well
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Figure 4.2: Numerical averages of the random processes «a(t), A(t) and ~(t), with
theoretical calculation of A(¢), for the system parameters n = 1000, 7' = 30, ¢ =
0.00001, p = 0.2, for dynamic SAFFRON based group testing algorithm.

as hybrid usage of the dynamic algorithms is also possible as in our hybrid dynamic

SAFFRON-based group testing algorithm implementation.

4.5 Conclusions

In this chapter, we considered a dynamic infection spread model based on the dis-
crete SIR model. We aimed to efficiently utilize the available testing capacity T at
each time instant to control disease spread within a community rather than min-
imize the number of required tests to determine every infection as in the static
group testing problem. We presented two novel performance metrics: disease con-
trol time and e-disease control time. Unlike our previous metric in Chapter 3] which

is the expected number of susceptible individuals in the steady state, e-disease con-
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trol time measures the timeliness of the disease control. We refined our results in
Chapter |3| and used them to characterize the performance of dynamic individual
testing algorithm in terms of the e-disease control time metric, in . We intro-
duced dynamic SAFFRON-based group testing algorithm and presented average case
performance results in (4.12)), which can be further used in combination with our
previous results regarding symmetric and converging dynamic testing algorithms.
We simulated our dynamic system, implemented the dynamic individual testing
algorithm and dynamic SAFFRON-based group testing algorithm, and presented
the numerical results we obtained. The novel performance metrics that we intro-
duced in this chapter add a novel dimension to our proposed dynamic model, where
one can consider implementing and assessing the performance of a wider variety of

algorithms depending on the system requirements.
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CHAPTER 5

Conclusions

In this dissertation, we studied the applications of group testing in novel structured
and dynamic networks.

In Chapter [2| we studied a random connection graph-based community struc-
ture. This results in a non-identical and correlated infection status distribution of
the individuals. We proposed novel two-step sampled group testing algorithms, and
we characterized their optimal parameters and their constructions. For exponen-
tially split cluster formation trees, we explicitly calculated the expected number
of false classifications and the required number of tests. We showed that by uti-
lizing the community structure-based side information, even when the prevalence
rate is high, group testing can be utilized to reduce the required number of tests
significantly.

In Chapter |3 we proposed and analyzed a discrete-time SIR-based dynami-
cally evolving network structured disease spread system model. We proposed two
novel dynamic testing algorithms: the dynamic individual testing algorithm and the

dynamic Dorfman-type group testing algorithm. We analyzed the performances of
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these algorithms based on our average-case performance metric: the expected num-
ber of susceptible individuals when the disease spread is brought under control. We
obtained general theoretical results for symmetric and converging dynamic group
testing algorithms family. We characterized the conditions for when each algorithm
outperforms the other one. We implemented the proposed discrete-time SIR-based
disease spread network and proposed algorithms, and we ran simulations in varying
parameter regimes.

In Chapter [ we further expanded the dynamic disease spread network-based
system model that we introduced in Chapter [3| We proposed two novel performance
metrics (disease control time and e-disease control time) motivated by the fact that
one might have varying objectives while designing dynamic group testing algorithms
to control disease spread within a population. We revised and expanded our results
from Chapter [3| and also proposed the dynamic SAFFRON-based group testing
algorithm. By using our general results, we characterized the performance of the
proposed dynamic algorithms in terms of the e-disease control time metric. We im-
plemented the proposed algorithms and ran simulations to obtain numerical results
for both the dynamic SAFFRON-based group testing algorithm and the dynamic
individual testing algorithm.

The contents of Chapter 2 are published in [96,(107], Chapter 3 in [104,(108],
Chapter 4 in [105]. Other publications of the author’s Ph.D. research that are not

included in this dissertation are [109-113].
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