220

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 60, NO. 1, JANUARY 2012

Optimal Packet Scheduling in an
Energy Harvesting Communication System

Jing Yang, Member, IEEE, and Sennur Ulukus, Member, IEEE

Abstract—We consider the optimal packet scheduling problem
in a single-user energy harvesting wireless communication sys-
tem. In this system, both the data packets and the harvested
energy are modeled to arrive at the source node randomly. Our
goal is to adaptively change the transmission rate according to the
traffic load and available energy, such that the time by which all
packets are delivered is minimized. Under a deterministic system
setting, we assume that the energy harvesting times and harvested
energy amounts are known before the transmission starts. For
the data traffic arrivals, we consider two different scenarios.
In the first scenario, we assume that all bits have arrived and
are ready at the transmitter before the transmission starts. In
the second scenario, we consider the case where packets arrive
during the transmissions, with known arrival times and sizes.
We develop optimal off-line scheduling policies which minimize
the time by which all packets are delivered to the destination,
under causality constraints on both data and energy arrivals.

Index Terms—Energy harvesting, rechargeable wireless net-
works, transmission completion time minimization.

I. INTRODUCTION

E consider wireless communication networks where
Wnodes are able to harvest energy from nature. The
nodes may harvest energy through solar cells, vibration ab-
sorption devices, water mills, thermoelectric generators, mi-
crobial fuel cells, etc. In this work, we do not focus on
how energy is harvested, instead, we focus on developing
transmission methods that take into account the arrivals of
the data packets as well as the arrivals of the harvested
energy during the course of transmission. As shown in Fig. 1,
the transmitter node has two queues. The data queue stores
the data arrivals, while the energy queue stores the energy
harvested from the environment. In general, the data arrivals
and the harvested energy can be represented as two indepen-
dent random processes. Then, the optimal scheduling policy
becomes that of adaptively changing the transmission rate and
power according to the instantaneous data and energy queue
lengths.
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Fig. 1. An energy harvesting communication system model.

In this work, we consider the off-line problem where we
assume the availability of the off-line knowledge of energy
and data arrivals at the transmitter. Our goal is to determine
the structural properties of an optimal off-line schedular.
In this paper, we determine the properties of the optimal
off-line solution, and develop an optimal off-line algorithm.
We incorporate channel fading and random energy arrivals
into our formulation, and develop the corresponding dynamic
programming based and simpler heuristic on-line algorithms
in [2]-[4].

In this paper, we consider a single node shown in Fig. 2.
We assume that packets arrive at times marked with x and
energy arrives (is harvested) at points in time marked with o.
In Fig. 2, B; denotes the number of bits in the ¢th arriving
data packet, and E; denotes the amount of energy in the ith
energy arrival (energy harvesting). Our goal then is to develop
methods of transmission to minimize the time, 7", by which all
of the data packets are delivered to the destination. The most
challenging aspect of our optimization problem is the causality
constraints introduced by the packet and energy arrival times,
i.e., a packet may not be delivered before it has arrived and
energy may not be used before it is harvested.

The trade-off relationship between delay and energy has
been well investigated in traditional battery powered (un-
rechargeable) systems. References [5]-[10] investigate energy
minimization problems with various deadline constraints. Ref-
erence [5] considers the problem of minimizing the energy
in delivering all packets to the destination by a deadline. It
develops a lazy scheduling algorithm, where the transmission
times of all packets are equalized as much as possible, subject
to the deadline and causality constraints, i.e., all packets must
be delivered by the deadline and no packet may be transmit-
ted before it has arrived. This algorithm also elongates the
transmission time of each packet as much as possible, hence
the name, lazy scheduling. Under a similar system setting,
[6] proposes an interesting novel calculus approach to solve
the energy minimization problem with individual deadlines
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Fig. 2. System model with random packet and energy arrivals. Data packets
arrive at points denoted by X and energies arrive (are harvested) at points
denoted by o.

for each packet. Reference [7] develops dynamic program-
ming formulations and determines optimality conditions for a
situation where channel gain varies stochastically over time.
Reference [8] considers energy-efficient packet transmission
with individual packet delay constraints over a fading channel,
and develops a recursive algorithm to find an optimal off-
line schedule. This optimal off-line scheduler equalizes the
energy-rate derivative function as much as possible subject
to the deadline and causality constraints. References [9] and
[10] extend the single-user problem to multi-user scenarios.
Under a setting similar to [5], we investigate the average
delay minimization problem with a given amount of energy,
and develop iterative algorithms and analytical solutions under
various data arrival assumptions in [11]. References [12]-
[18] investigate delay optimal resource allocation problems
under various different settings. References [12]-[14] consider
average power constrained delay minimization problem for
a single-user system, while [15]-[18] minimize the average
delay through rate allocation in a multiple access channel.

In this paper, we consider a single-user communication
channel with an energy harvesting transmitter. We assume that
an initial amount of energy is available at ¢ = 0. As time
progresses, certain amounts of energies will be harvested. In
this paper, we assume that the energy harvesting procedure can
be precisely predicted, i.e., that, at the beginning, we know
exactly when and how much energy will be harvested. For
the data arrivals, we consider two different scenarios. In the
first scenario, we assume that packets have already arrived
and are ready to be transmitted at the transmitter before the
transmission starts. In the second scenario, we assume that
packets arrive during the transmissions. As in the case of
energy arrivals, we assume that we know exactly when and in
what amounts data will arrive. Subject to the energy and data
arrival constraints, our goal is to minimize the time by which
all packets are delivered to the destination through controlling
the transmission rate and power.

This is similar to the energy minimization problem in [5],
where the objective is to minimize the energy consumption
with a given deadline constraint. In this paper, minimizing
the transmission completion time is akin to minimizing the
deadline in [5]. However, the problems are different, because,
we do not know the exact amount of energy to be used
in the transmissions, even though we know the times and
amounts of harvested energy. This is because, intuitively,
using more energy reduces the transmission time, however,
using more energy entails waiting for energy arrivals, which
increases the total transmission time. Therefore, minimizing
the transmission completion time in the system requires a
sophisticated utilization of the harvested energy. To that end,
we develop an algorithm, which first obtains a good lower
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Fig. 3. System model with all bits available at the beginning. Energies arrive
at points denoted by o.

bound for the final total transmission duration at the beginning,
and performs rate and power allocation based on this lower
bound. The procedure works progressively until all of the
transmission rates and powers are determined. We prove that
the transmission policy obtained through this algorithm is
globally optimum.

II. SCENARIO I: PACKETS READY BEFORE TRANSMISSION
STARTS

We assume that there are a total of By bits available at the
transmitter at time ¢ = 0. We also assume that there is Ej
amount of energy available at time ¢ = 0, and at times s1, sa,
..., Si, we have energies harvested with amounts Fy, Eo, ...,
Ex, respectively. This system model is shown in Fig. 3. Our
objective is to minimize the transmission completion time, 7.

We assume that the transmitter can adaptively change its
transmission power and rate according to the available en-
ergy and the remaining number of bits. We assume that the
transmission rate and transmit power are related through a
continuous function, g(p), i.e., » = g(p). We assume that g(p)
satisfies the following properties: i) g(0) = 0 and g(p) — oo
as p — 00, ii) g(p) increases monotonically in p, iii) g(p) is
strictly concave in p, iv) g(p) is continuously differentiable,
and v) ¢g(p)/p decreases monotonically in p. Properties i)-iii)
guarantee that g~ !(r) exists and is strictly convex. Property
v) can be derived from properties ii) and iii). It implies that
for a fixed amount of energy, the number of bits that can be
transmitted increases as the transmission duration increases.
It can be verified that these properties are satisfied in many
systems with realistic encoding/decoding schemes, such as
optimal random coding in single-user additive white Gaussian
noise channel, where g(p) = 3 log(1 + p).

Assuming the transmitter changes its transmission power
N times before it finishes the transmission, let us denote the
sequence of transmission powers as pi, p2, ..., pN, and the
corresponding transmission durations of each rate as [y, ls,
..., Iy, respectively; see Fig. 4. Then, the energy consumed
up to time ¢, denoted as F(t), and the total number of bits
departed up to time ¢, denoted as B(t), can be related through
the function g as follows:

E(t) =Y pili+pis1 (t— b 1)
=1 =1

B(t) :Zg(pi)li+g(m+1) t—zli 2
i=1 i=1
where i = max{i : 22:1 lj <t}

Then, the transmission completion time minimization prob-
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Throughout the paper, we assume that a finite solution to
this optimization problem exists, i.e., that the given harvested
energy sequence is sufficient to deliver the given number of
bits within a finite time. First, we determine the properties
of the optimum solution in the following three lemmas. The
proofs of these lemmas are given in Appendices A, B and C.

Lemma 1 Under the optimal policy, the transmit powers
increase monotonically, i.e., py < p2 < --- < pn.

Lemma 2 Under the optimal policy, the transmission
power/rate remains constant between energy harvests, i.e., the
power/rate only potentially changes when new energy arrives.

Lemma 3 Under the optimal policy, whenever the transmis-
sion rate changes, the energy consumed up to that instant
equals the energy harvested up to that instant.

Based on Lemmas 1, 2 and 3, we can characterize the
optimal policy in the following way. For given energy arrivals,
we plot the total amount of harvested energy as a function of ¢,
which is a staircase curve as shown in Fig. 5. The total energy
consumed up to time ¢ can also be represented as a continuous
curve, as shown in Fig. 5. In order to satisfy the feasibility
constraints on the energy, energy consumption curve must
lie below the energy harvesting curve at all times. Based on
Lemma 2, we know that the optimal energy consumption curve
must be linear between any two consecutive energy harvesting
instants, and the slope of the segment corresponds to the
transmit power level during that segment. Lemma 3 implies
that whenever the slope changes, the energy consumption
curve must touch the energy harvesting curve at that energy
harvesting instant. Therefore, the first linear segment of the
energy consumption curve must be one of the lines connecting
the origin and any corner point on the energy harvesting curve
before ¢ = T (including the point at ¢ = T'). Because of
the monotonicity property of the power given in Lemma 1,
among those lines, we should always pick the one with the
minimal slope, as shown in Fig. 5. Otherwise, either the
feasibility constraints on the energy will not be satisfied, or
the monotonicity property given in Lemma 1 will be violated.
For example, if we choose the line ending at the corner
point at s3, this will violate the feasibility constraint, as

the energy consumption curve will surpass the energy arrival
curve. On the other hand, if we choose the line ending at
the corner point at s;, then the monotonicity property in
Lemma 1 will be violated, because in that case, the slope
of the following segment would be smaller. These properties
must hold similarly for pa, ps, ..., pny. We also observe that,
for given 7', the optimal transmission policy is the tightest
string below the energy harvesting curve connecting the origin
and the total harvested energy by time 7. This is similar to
the structure in [6].

We state the structure of the optimal policy formally in the
following theorem. In order to simplify the expressions, we
let i9p = 0, and let s,,4+1 = T if the transmission completion
time 7' lies between s,, and Sy,+1.

Theorem 1 For a given By, consider a transmission policy
with power vector p = [p1,D2,...,pn| and corresponding
duration vector 1 = [ly,1a, ..., ly]. This policy is optimal if
and only if it has the following structure:

N
> 9(pa)ln = By )
n=1
and forn=1,2,..., N,
i—1
—E
in = arg min M 5)
115 <T Si — Sip_q
85> 84, —1
zi.n:;17 E]
pn= " — (6)
Sin - Sinfl
ln = 8i, — Si,_, @)

where T' = Zivzl ln, and iy, is the index of the energy arrival
epoch when the power p,, switches to ppy1, ie., att =s; ,
Pn SWitches to ppy1.

The proof of this theorem is given in Appendix D.
Therefore, we conclude that if the overall transmission
duration 7' is known, then the optimal transmission policy
is known via Theorem 1. In particular, optimal transmission
policy is the one that yields the tightest piecewise linear energy
consumption curve that lies under the energy harvesting curve
at all times and touches the energy harvesting curve at ¢t = T'.
On the other hand, the overall transmission time 7' is what we
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Fig. 6. An illustration of the algorithm.

want to minimize, and we do not know its optimal value up
front. Consequently, we do not know up front which energy
harvests will be utilized. For example, if the number of bits
is small, and Ej is large, then, we can empty the data queue
before the arrival of Ej, thus, the rest of the energy arrivals
are not necessary. Therefore, as a first step, we first obtain a
good lower bound on the optimal transmission duration.

We first illustrate our algorithm through an example in
Fig. 6. We first compute the minimal energy required to finish
the transmission before s;. We denote it as A;, and it equals

g — | S1
S1

Then, we compare it with FEy. If A3 < Ep, it implies
that we can complete the transmission before the arrival of
the first energy harvest, thus FE; is not necessary for the
transmission. We allocate FEj evenly to By bits, and the
duration A; is the minimum transmission duration. On the
other hand, if A; > FEy, which is the case in the example,
the final transmission completion time should be longer than
$1. Thus, we move on and compute Ay, Az, Ay, and find
that Ay > 3 Ei A3 > Y7 E; and Ay < 3, E;.
This means that the total transmission completion time will be
larger than s3 and energies Fy, ..., F3 will surely be utilized.
Then, we allocate Z?:o E; evenly to By bits and obtain a
constant transmission power p1, which is the dotted line in the
figure. The corresponding transmission duration is 77%. Based
on our allocation, we know that the final optimal transmission
duration 7" must be greater than 73. This is because, this
allocation assumes that all Ey, ..., F3 are available at the
beginning, i.e., at time ¢ = 0, which, in fact, are not. Therefore,
the actual transmission time will only be larger. Thus, 77 is a
lower bound for 7'.

Next, we need to check the feasibility of p,. Observing the
figure, we find that p; is not feasible since it is above the stair-
case energy harvesting curve for some duration. Therefore,
we connect all the corner points on the staircase curve before
t = T with the origin, and find the line with the minimum
slope among those lines. This corresponds to the red solid line
in the figure. Then, we update p; with the slope p;, and the
duration for py is 1 = s;,. We repeat this procedure at ¢t = s;,
and obtain po, and continue the procedure until all of the bits
are finished.

We state our algorithm for the general scenario in Algo-

A= ()

Algorithm 1 The algorithm to minimize the transmission
completion time

1: Initialization: ig = 0, B = Bg,n =10

2: while B > 0 do

33 n=n+1;

4 fori=i, 1+1,i,1+2,...,K do

5: AZ = g_l (ﬁ) (Sl — sin—l);
. i—1

6 if {12 < Z;:in71 Ej then

7: by = 1

8 break;

9 elsg

10: in=1+1;

11: end if

122 end for

ip —1
in-l g,
13 Solve g | 7—— J) (T = si,_,) = B
n tn—1
DY
e T

it Ei
: P— i . et e S )
15: iy = arg mlnin71<i<in { Si—si, . N
in—1
Zjlin,l Ej .
b

16: Pn = P——

17:  if p, < p, then

18: Dn = Dn» Si,, = In;

19: break;

20:  else

21 B =B — g(pn)(8i, — Sin_1)s
22:  end if

23: end while

rithm 1. We search for the optimal p,, in a sequential way.
Specifically, in round n, we first compute the amounts of
energy required to finish the transmission of B bits before
Sin 1415 Sin_o+2s - - - SK, Ie€spectively, at a constant rate. We
denote these as A;. Then, we compare A; with Z;;in,l E;,
and find the smallest 7 such that 4; < Z;‘;in,l E;. We denote
this i as 7,. If no such i,, exists, we letjn =K+ 1.

Now, we assume that we can use Z;;Ll E; to transmit
all B bits at a constant rate. We allocate the energy evenly to
these bits, and obtain the overall transmission time 7' and the
correspondling constant transmit power p,,. Next, we compare
z:_i:;l b for every i, <1 < in. If pp, is smaller
than every termiilllen, maintaining p,, is feasible, therefore, we
have p,, = p,, the transmission duration equals 7;,, and the
iteration terminates. Otherwise, maintaining p,, is infeasible
under the given energy arrival realization. Thus, we update
i, and p,, accordingly, i.e., over the duration [s;, ,,s;, ), we
choose to transmit with power p,, to make sure that the energy
consumption is feasible. Then, at time ¢ = s;, , the total num-
ber of bits departed is g(py)(si, — si,_, ), and the remaining
number of bits is B — g(p,)(si, — Si,,_, )- Subsequently, with
initial number of bits B — g(p,)(si, — i, , ), we start from
si, » and repeat the procedure above. Through this procedure,
we obtain pa, ps, . . ., pN, and the corresponding 9, i3, . .., %N,
until we finish transmitting all of the bits.

Based on our allocation algorithm, we know that p; is
optimum up to time 77, since it corresponds to the minimal

P with
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slope line passing through the origin and any corner point
before ¢t = 7. However, the algorithm also implies that the
final transmission duration 7" will be larger than 7). The
question then is, whether p; is still the minimum slope line
up to time 7'. If we can prove that p; is lower than the slopes
of the lines passing through the origin and any corner point
in [Ty, T, then, using Theorem 1, we will claim that p; is the
optimal transmission policy, not only between [0, T7], but also
between [0, T].

The fact that this will be the case can be illustrated through
the example in Fig. 6. We note that, clearly, 7} is a lower
bound on the eventual T'. If we keep transmitting at power p,
if no additional energy arrives, the energy harvested up until
57,5 1€ Zilz?)l E;, will be depleted by time T;. We will next
prove that T} is an upper bound on T. Because of property
v) of the function g(p), we can prove that under this policy,
the number of bits departed up to time 7} is greater than By.
Therefore, since potentially additional energy will arrive, T}
provides an upper bound. Thus, we know that the optimal 7T’
lies between T and 7. We next note that if we connect the
origin with any corner point of the staircase curve between
Ty and T7, the slope of the resulting line will be larger than
p1, thus, p; will be the smallest slope not only up to time
T}, which is a lower bound, but also up to time 77, which is
an upper bound. This proves that while we do not know the
optimal 7', if we run the algorithm with respect to the lower
bound on T, i.e., Ty, it will still yield an optimal policy, in
that the resulting policy will satisfy Theorem 1.

We prove the optimality of the algorithm formally in the
following theorem.

Theorem 2 The allocation procedure in Algorithm I gives the
optimal transmission policy.

The proof of this theorem is given in Appendix E.

III. SCENARIO II: PACKETS ARRIVE DURING
TRANSMISSIONS

In this section, we consider the situation where packets
arrive during transmissions. We assume that there is an Ej
amount of energy available at time ¢ = 0, and at times s,
S2, ..., Sk, energy is harvested in amounts Ey, Es, ..., Fk,
respectively, as in the previous section. We also assume that
at t = 0, we have By bits available, and at times %4, to, ...,
tar, bits arrive in amounts B, Ba, ..., By, respectively.
This system model is shown in Fig. 2. Our objective is again
to minimize the transmission completion time, 7', which again
is the time by which the last bit is delivered to the destination.

Let us denote the sequence of transmission powers by pi,

P2, ..., PN, and the corresponding transmission durations by
l1, la, ..., In. Then, the optimization problem becomes:
min T
p,l
st.  E()< Y B, 0<t<T
1:5; <t
B(t)< Y Bi, 0<t<T
1t <t
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M
B(T)=Y B 9)
i=0
where FE(t), B(t) are defined in (1) and (2). We again
determine the properties of the optimal transmission policy
in the following three lemmas. The proofs of these lemmas
are given in Appendices F, G and H.

Lemma 4 Under the optimal policy, the transmission rates
increase in time, i.e., 11 < 1rg < --- <rpn.
Lemma S Under the optimal policy, the transmission
power/rate remains constant between two event epoches, i.e.,
the rate only potentially changes when new energy is harvested
or a new packet arrives.

Lemma 6 Under the optimal policy, if the transmission rate
changes at an energy harvesting epoch, then the energy
consumed up to that epoch equals the energy harvested up
to that epoch; if the transmission rate changes at a packet
arrival epoch, then, the number of packets departed up to
that epoch equals the number of packets arrived up to that
epoch; if the transmission rate changes at an event epoch that
has both energy and data arrivals at the same time, then, one
of the causality constraints must be met with equality.

Based on Lemmas 4, 5 and 6, we can identify the structure
of the unique optimal transmission policy as stated in the
following theorem. In order to simplify the notation, we define
u; to be the time epoch when the ith arrival (energy or data)
happens, i.e.,

Uy = min{sl,tl}
i=2,3,...

U; = min{si,tj 1S, > Uifl,t]‘ > Uifl},

We also let u,,+1 = T if the transmission completion time 7'
lies between u,, and 1. In order to simplify the notation,
we define Er(t), Br(t) as the total received energy and traffic
up to time ¢t~ . Specifically, we have

Er(u;) = Z E; (10)
Jiuo<s;<ui—1
Br(u)= Y. B;, i=123,... (11)

Jruo<tj<ui—1

Theorem 3 For a given energy harvesting and packet arrival
profile, the transmission policy with a transmission rate vector

r = [r1,79,...,7N| and the corresponding duration vector
1=1[ly,la,...,IN] is optimal, if and only if it has the following
structure:
N M
Zrili = ZBl (12)
i=1 i=0

g,

, . { (Er(ui) —
ip =arg  min g —
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. { (Er(ui) - E(uinn)
Ty = min g ,
g, <u; <T Ui —

Uin71
Br(ui) — B(ui,_,) (14)
Uq — Usj,, 4
ln = Uin — Uin71 (15)

where ig =0, T = Ziil l;, Er(t) and Br(t) are defined in
(10), and E(t), B(t) are defined in (1),(2).

The proof of this theorem is given in Appendix I.

For a given optimal transmission duration, 7', the optimal
policy which has the structure in Theorem 3 is unique. How-
ever, since we do not know the exact transmission duration up
front, we obtain a lower bound on 7T first, as in the previous
section. In this case also, we develop a similar procedure to
find the optimal transmission policy. The basic idea is to keep
the transmit power/rate as constant as possible throughout
the entire transmission duration. Because of the additional
causality constraints due to data arrivals, we need to consider
both the average data arrival rate as well as the average power
the system can support for feasibility.

If s,k < tu, i.e., bits have arrived after the last energy
harvest, then, all of the harvested energy will be used. The
procedure to obtain the optimal scheduling policy is stated
in Algorithm 2. First, we calculate the transmission duration
which will result if we can use these energies to maintain a
constant rate. This will be the solution of

Yo B =
e
Then, we check whether this constant power/rate is feasible.
We check the availability of the energy, as well as the available
number of bits. We compare g~ (r1) with p;. If the former is
greater than the latter, then the constant transmit power p; is
feasible. Thus, we achieve the minimum possible transmission
completion time 7". Otherwise, constant-power transmission is
not feasible. We choose the transmit power to be g~ *(r1), and
the duration to be the one associated with this transmit power.
We repeat this procedure until all of the bits are transmitted.

If sk > tur, then, as in the first scenario where packets
have arrived and are ready before the transmission starts, some
of the harvested energy may not be utilized to transmit the
bits. In this case also, we need to get a lower bound for the
final transmission completion time. The procedure is stated in
Algorithm 3. Let u; be the energy harvesting epoch right after
tar. Then, startmg from wuy;, we compute the energy required
to transmit Z _o Dj bits at a constant rate by u;, uy; < u; <
UK+, and compare them with the total energy harvested up
to that epoch, i.e., Er(u;). We identify the smallest 7 such that
the required energy is smaller than the total harvested energy,

and denote it by 51. If no such %1 exists, we let 51 = M+K-+1.
Now, we assume that we can use Er(u; ) to transmit

(16)

ZjM:O B; bits at a constant rate. We allocate the energy evenly
to these bits, and the overall transmission time 73 is the

solution of
Er u~
g

ZB

a7

Algorithm 2 The algorithm to minimize the transmission
completion time when s < ts

1: Initialization: i9 = 0, B = Zj _oBj,n=0;

2: while B > 0 do

32 n=n+1;

Zf 0 E(uln 1)
Tn Wiy,

K

5: Dn = o2 Tf—ui(u;n 2,

6:  Update i, and 7, accordlng to (13) and (14), where T'
is replaced by t,s;

7. if p, < g (1) then

4. Solve g

) (T, —ui,_,) = B;

8: Dn = Dns bn = g(pn), Ui, =Ty
9: else

10: Pn = gil(rn);

11:  end if

122 B=DB—g(pn)(u;,
13: end while

- uin—l);

Algorithm 3 The algorithm to minimize the transmission
completion time when sx > t)r
1: Initialization: ip = 0, B = sz:o Bj,n = 0. Let uy; be
the energy harvesting epoch right after ;.

2: while B > 0 do

3 n=n-+1,;

4 fori=M,M+1,...., K+ M do

5 Ai=g7! (%) (ui = wi,_, );

6 if Ay < Er(u;) — E(u;, ) then

7 %n =1

8 break;

9 else

10: in=1+1;

11: end if

12: end for Er(us )—E(us. )

13:  Solve g ,}:_Mnii"*l ) (Tn — wi,_,) = B;
Er(u- )—E(ui, ).

14: pn = —Tn o,

15:  Update ,, and 7y, accordlng to (13) and (14), where T'
is replaced by u; ;
16 if pp, < g (r ) then

17: Dn = Pn, Tn = g(pn)s Ui, = T,;
18:  else

19: pn =9 (rn);

20:  end if

21: B=B- g(pn)(uin
22: end while

- uin—l);

and the corresponding constant transmit power is p;. Next, we
compare p; with %“) and g~ %ZJ) for every i < 1;.
If p1 is smaller than all of these terms, then, maintaining p;
is feasible from both energy and data arrival points of view.
The optimal policy is to keep a constant transmission rate at
g(p1) with duration T3, which yields the smallest possible
transmission completion time. Otherwise, maintaining p; is
not feasible under the given energy and data arrival realiza-
tions. This infeasibility is due to the causality constraints on
either the energy or the data arrival, or both. Next, we identify
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the tightest constraint, and update the transmit power to be the
power associated with that constraint. We repeat this procedure
until all of the bits are delivered.

Theorem 4 The transmission policy obtained through Algo-
rithms 2 and 3 is optimal.

The proof of this theorem is given in Appendix J.

IV. SIMULATION RESULTS

We consider a band-limited additive white Gaussian noise
channel, with bandwidth W = 1MHz and the noise power
spectral density Ny = 107'"W/Hz. We assume that the
distance between the transmitter and the receiver is lkm,
and the path loss h is about 110dB. Then, we have g(p) =
W log, (1 + ]\f)—hw) = log, (1 + &&= )Mbps. It is easy to
verify that this function has the properties assumed at the
beginning of Section II. For the energy harvesting process, we
assume that at times t = [0,2,5,6,8,9, 11]s, we have energy
harvested with amounts E = [10,5,10,5, 10, 10, 10]mJ, as
shown in Fig. 7. We assume that at ¢ = 0, we have 5.44Mbits
to transmit. We choose the numbers in such a way that the
solution is expressable in simple numbers, and can be potted
conveniently. Then, using our algorithm, we obtain the optimal
transmission policy, which is shown in Fig. 7. We note that
the powers change only potentially at instances when energy
arrives (Lemma 2); when the power changes, energy consumed
up to that point equals energy harvested (Lemma 3); and power
sequence is monotonically increasing (Lemma 1). We also
note that, for this case, the active transmission is completed
by time 7" = 9.5s, and the last energy harvest at time ¢t = 11s
is not used.

Next, we consider the scenario where data packets ar-
rive during the transmissions. We consider a smaller time
scale, where each unit consists of 10ms. We assume that
at times t = [0,5,6,8,9], energies arrive with amounts
E = [5,5,5,5,5] x 10~2mJ, while at times t = [0,4,10],
packets arrive with equal size 10kbits, as shown in Fig. 8. We
observe that the transmitter changes its transmission power
during the transmissions. The first change happens at ¢ = 5
when energy arrives, and the energy constraint at that instant
is satisfied with equality, while the second change happens at
t = 10 when new bits arrive, and the traffic constraint at that
time is satisfied with equality.

V. CONCLUSIONS

In this paper, we investigated the transmission completion
time minimization problem in an energy harvesting communi-
cation system. We considered two different scenarios, where in
the first scenario, we assume that packets have already arrived
and are ready to be transmitted at the transmitter before the
transmission starts, and in the second scenario, we assume that
packets may arrive during the transmissions. We first analyzed
the structural properties of the optimal transmission policy,
and then developed an algorithm to obtain a globally optimal
off-line scheduling policy, in each scenario.
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Fig. 7. Optimal transmit powers p = [3,5,10,20]JmW, with durations
1= [5,3,1,0.5]s.
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Fig. 8. Optimal transmit powers p = [1,2, 10)mW, with durations 1 =
[5,5,1] x 10~ 2s.

APPENDIX
A. Proof of Lemma 1

Assume that the powers do not increase monotonically, i.e.,
that we can find two powers such that p; > p;+1. The total
energy consumed over this duration is p;l; + p;y1l;+1. Let

;_ Dili ¥ pipalipa

A 18
Pi pz-i—l lz + li+1 ( )

;o Dili + Pit1lit1

= R Ml el 19
r; Tit1 g < lz ¥ li—i—l > ( )

Then, we have p; < p;, pi,; > piy1. Since pil; < p;l;, the
energy constraint is still satisfied, and thus, the new energy

allocation is feasible. We use 77,7, , to replace r;, 7,1 in the

79
transmission policy, and keep the rest of the rates the same.
Then, the total number of bits transmitted over the duration

l; + l;+1 becomes

rili + i lig
pili + piv1liya
— g (PP gy,
g( li + Lt )( +1)
li1
L+l

li
T(li + liv1) + 9 (pit1)

L +1;
li + liga (Lt i)

(20)

> g(pi)
=rili + riv1lin

where the inequality follows from the fact that g(p) is concave
in p. Therefore, the new policy departs more bits by time
Z;J:l l;. Keeping the remaining transmission rates the same,
the new policy will finish the entire transmission over a shorter
duration. Thus, the original policy could not be optimal. There-
fore, the optimal policy must have monotonically increasing
powers (and rates).

B. Proof of Lemma 2

Assume that the transmitter changes its transmission rate
between two energy harvesting instances s;, s;+1. Denote the
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Ei+1

Fig. 9. The rate must remain constant between energy harvests.

rates as r,,, 741, and the instant when the rate changes as s/,
as shown in Fig. 9. Now, consider the duration [s;, s;+1). The

total energy consumed during the duration is p, (s}, — s;) +
pn+1(si+1 — S;) Let
Si+1 — Si
M =g (Pn(8§ — i) + Pt (Sit1 — 82)) 22)
Si+1 — Si

Now let us use 7’ as the new transmission rate over [s;, S;+1),
and keep the rest of the rates the same. It is easy to check that
the energy constraints are satisfied under this new policy, thus
this new policy is feasible. On the other hand, the total number
of bits departed over this duration under this new policy is

T/(Si+1 — Si)

n (St — 8i) + Prt1(Siv1 — S
:g(p( ) p+1( +1 ))(Si—i-l_si)

Si+1 — Si

sk — s Sit1 — S
> (g<pn>’—’ +g<pn+1>u> (141~ 50
Sit1 — Si Sit1 — S
(23)

=1 (8; = 8i) + Tny1(siv1 — 57)

where the inequality follows from the fact that g(p) is concave
in p. Therefore, the total number of bits departed under the
new policy is larger than that under the original policy. If
we keep all of the remaining rates the same, the transmission
will be completed at an earlier time. This conflicts with the
optimality of the original policy.

C. Proof of Lemma 3

From Lemma 2, we know that the transmission rate can
change only at certain energy harvesting instances. Assume
that the transmission rate changes at s;, however, the energy
consumed by s;, which is denoted by FE(s;), is less than
S2'_L E;. We denote the energy gap as A 2 Z;;é E; —
E(s;). Let us denote the rates before and after s; by 7, 7p41.
Now, we can always have two small amounts of perturbations
Ons Opt1 > 0 on the corresponding transmit powers, such that

(24)
(25)
(26)

p/n =Dn + 0n
Pri1 = Pnt1 — Ong1
6nln = 6n+1ln+1

We also make sure that 4, and J,4; are small enough
such that 0,1, < A, and p;, < pj,. If we keep the
transmission rates over the rest of the duration the same, under
the new transmission policy, the energy allocation will still be
feasible. The total number of bits departed over the duration

p;Hl DPn+1 b

Fig. 10. g(p) is concave in p.

(Z?;ll Lis Z?;l li) is

9@ )l + 9@ )l > 9(n)ln + 9(Png1)lngr  (27)

where the inequality follows from the concavity of g(p) in
b, and the fact that pnln + pn+lln+1 = p/nln + p/nJrlln-Hs
Pn < Dy < Phy1 < Pnt1, as shown in Fig. 10. This conflicts
with the optimality of the original allocation.

D. Proof of Theorem 1

We will prove the necessariness and the sufficiency of the
stated structure separately. First, we prove that the optimal
policy must have the structure given above. We prove this
through contradiction. Assume that the optimal policy, which
satisfies Lemmas 1, 2 and 3, does not have the structure
given above. Specifically, assume that the optimal policy over
the duration [0,s;, ,) is the same as the policy described
in Theorem 1, however, the transmit power right after s; _,,
which is p,,, is not the smallest average power possible starting
from s;, ,,i.e., we can find another s;; < s;,, such that

S B

Dn > D (28)

Sit = Sip_

Based on Lemma 3, the energy consumed up to s;,, , is equal
to Z;":’()ﬁl Ej, i.e., there is no energy remaining at ¢t = s; .

We consider two possible cases here. The first case is that
sy < s;,, as shown in Fig. 11(a). Under the optimal policy,
the energy required to maintain a transmit power p,, over the
duration [s;, _,,si) is pn(si — si,_,). Based on (28), this
is greater than the total amount of energy harvested during
[$i,_1,8i), which is Z;;iﬁl E;. Therefore, this energy
allocation under this policy is infeasible.

On the other hand, if s;; > s; , as shown in Fig. 11(b),
then the total amount of energy harvested over [s;,, si) is
Z;;Zi E;. From (28), we know

in—1 ) i'—1 )
zj:in—l EJ > Z.j:in—l EJ

Si/ - Sin— 1

Pn = (29)

Sin - Sinfl

Since

., .
7 —1 T —1
Zj:in—l E] _ Zj:in—l EJ Sin - Sin—l

Si/ - Sin—l Sin - Sinfl Si/ - Sinfl
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Fig. 11. Two different cases in the proof of Theorem 1.

i'—1
SV E s, — s,
+ j=in, I Si Sip (30)
Syt — Sin Sin - Sin—l
Combining (29) and (30), we have
i'—1 i'—1
- E; . F;
Do > Z]_'Ln,l J > ijzn J (31)

Sit — Sin_q Sit — Siq,,

Thus, under any feasible policy, there must exist a duration
1 C [s4,,si), such that the transmit power over this duration
is less than p,. This contradicts with Lemma 1. Therefore,
this policy cannot be optimal.

Next, we prove that if a policy with power vector p and
duration vector 1 has the structure given above, then, it must be
optimal. We prove this through contradiction. We assume that
there exists another policy with power vector p’ and duration
vector I, and the transmission completion time 7" under this
policy is smaller.

We assume both of the policies are the same over the dura-
tion [0, s;, _, ), however, the transmit policies right after s;, _,,
which are p,, and p/,, with durations [,, and I/, respectively,
are different. Based on the assumption, we must have p,, < pl,.

If I,, <1, from Lemma 3, we know that the total energy
available over [s; _,,s;. ) is equal to p,l,. Since p, < pl,
pl, is infeasible over [s;,_,,s;,). Thus, policy p’ cannot be
optimal. Then, we consider the case when I, > [/. Since
the power-rate function g is concave, with the sum of energy
available over [s; ,,s; ) fixed, the total number of bits
departed over [s;, _,,s;,) under p is greater than any other
policy. Therefore, T > s;,, . Then, the total energy spent over
[$i, 158, ) under p’ is greater than p,l,, since p), > p,,, and
D1 > Py, based on Lemma 1. Thus, policy p’ is infeasible
and cannot be optimal.

In summary, a policy is optimal if and only if it has the
structure given above, completing the proof.

E. Proof of Theorem 2

Let T be the final transmission duration given by the
allocation procedure. Then, we have B(7T') = By. In order to
prove that the allocation is optimal, we need to show that the
final transmission policy has the structure given in Theorem 1.
We first prove that p; satisfies (6). Then, we can similarly
prove that p2, ps3, ... satisfy (6).
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We know that if 7' = T, then it is the minimum possible
transmission completion time. We know that this transmit
policy will satisfy the structural properties in Theorem 1.
Otherwise, the final optimal transmission time 7' is greater
than 7%, and more harvested energy may need to be utilized
to transmit the remaining bits. From the allocation procedure,
we know that

Zz 1 E

hhs——)
Si

Vi < iy (32)

In order to prove that p; satisfies (6), we need to show that

zz lE ’
D1 ” Vz:s;lgsigT

(33)

If we keep transmitting with power pi, then at 7] =
T B

- , the total number of bits departed will be

i1—1
im0 Ej

T, = B
T 1 0

g(p1)T1 > g (34)

where the inequality follows from the assumption that g(p)/p
decreases in p. Then, (32) guarantees that this is a feasible pol-
icy. Thus, under the optimal policy, the transmission duration
T will be upper bounded by T7, i.e.,

i1—1
B,
T < pr‘i ’ (35)
which implies
i1—1
Sy E;
p < = (36)

If T < s;,, as shown in Fig. 12(a), no future harvested energy
is utilized for the transmissions. Then, (36) guarantees that
(33) is satisfied.

If T > s;, as shown in Fig. 12(b), additional energy
harvested after s; should be utilized to transmit the data. We
next prove that (33) still holds through contradiction. Assume
that there exists ¢/ with sy, < s < T, such that (33) is not
satisfied, i.e.,

i —1
g
> LJ;‘{ - ey (37)
Then,
i —1
g
0 B < sy (38)
P1

Combining this with (35), we have T' < s;/, which contradicts
with the assumption that s;; < T'. Thus, (33) holds, p; satisfies
the requirement of the optimal structure in (32).

We can then prove using similar arguments that ps, ps, ...
also satisfy the properties of the optimal solution. Based on
Lemma 1, this procedure gives us the unique optimal policy.

F. Proof of Lemma 4

First, note that since the relationship between power and
rate, 7 = g(p), is monotone, stating that the rates increase
monotonically is equivalent to stating that the powers increase
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Fig. 12.  Two different cases in the proof of Theorem 2.

monotonically. We follow steps similar to those in the proof
of Lemma 1 to prove this lemma. Assume that the rates do
not increase monotonically, i.e., that we can find two rates
such that r; > r; 1, with duration [;, [;41, respectively. If
i+ 1# N, then, let

' ' rili + riviliza
A A S N 39
T"L 7‘74+1 lz +l;+1 ( )
—q (rili +rivalin
pi=prig=9" (ﬁ) (40)

Since r; > 1 = Ti 1 > Tiy1, Di > Dy = Dipq > Dit1. it is
easy to verify that the new policy is feasible up to the end
of l; 11, from both the data and energy arrival points of view.
On the other hand, based on the convexity of g~!, the energy
spent over the duration [;+{; is smaller than p;l; +p;+1l41.
If we allocate the saved energy over to the last transmission
duration, without conflicting any energy or data constraints,
the transmission will be completed in a shorter duration. If
i+ 1= N, then, we let

;o pilitpitilipa

/. p— . f— 41
pz p2+1 lz + li+1 ( )

/ / pili + pivilipa

. = . p— —_— 42
T T1+1 g ( lz I li+1 ) ( )

Then, from (20), under the new policy, the last bit will depart
before the end of /;;1. The energy and data arrival constraints
are satisfied over the whole transmission duration. Conse-
quently, the original policy could not be optimal. Therefore,
the optimal policy must have monotonically increasing rates
(and powers).

G. Proof of Lemma 5

This lemma can be proved through a procedure similar to
that in Lemma 2. The properties i)-iii) of g(p) implies that
g~ 1(r) exists, and it is convex in 7. If power/rate is not
constant between two event epoches, then, by equalizing the
rate over the duration while keeping the total departures fixed,
the total amount of energy spent is reduced because of the
convexity of g~!(r). Allocating the saved energy to the last
transmission duration, we can shorten the whole transmission
duration. Thus, if power/rate is not constant between two event
epoches, the policy cannot be optimal.

H. Proof of Lemma 6

This lemma can be proved through contradiction using tech-
niques similar to those used in the proof of Lemma 3. When
the transmission rate changes at a packet arrival epoch, if the
total number of departures is not equal to the total number
of bits arrive before that epoch, then, without conflicting the
data and energy causality constraints, we can always increase
the rate before that epoch a little and decrease the rate after
that epoch a little while keeping the total departures fixed.
This policy would save some energy which can be used to
shorten the transmission durations afterwards. Thus, the data
constraint at that epoch must be satisfied as an equality. The
remaining situations can be proved similarly.

1. Proof of Theorem 3

First, we prove that for the optimal transmission policy, 71
must satisfy (14). We prove this through contradiction. If 7
does not satisfy (14), then, we can always find another wu;/,

such that
Er(u; Br(u;
r1>min{g( r(u )>, r(u )}
(1 W4t

Er(u,;)
wy

(43)

Br(
u

< Brlws) Then, if uy <
u;, , clearly r is not feasible over the duration [0, u; ), because
of the energy constraint. If u; > w,,, then, the transmitter
cannot maintain a transmission rate that is always greater than
r1 over [u;, uy ), from the energy point of view. This contra-
dicts with Lemma 4. Similarly, if g (ET(?ji’) > Prlea) the
“bottleneck” is the data constraint. We can prove that ;"1 is not
feasible. Thus, r; must be the smallest feasible rate starting
from ¢t = 0, as in (14). We can also prove that 79, 3, ... must
have the same structure, in the same way. Next, we can prove
that any policy has the structure described above is optimal.
We can prove this through contradiction. Assume that there
exists another policy with a shorter transmission completion
time. Based on Lemmas 4 and 6, we can prove that this policy
could not be feasible.

First, we assume that g (

J. Proof of Theorem 4

We focus on the scenario when sx > tp;. When s < tay,
the optimality of Algorithm 2 can be proved as a special case
of Algorithm 3 where i; = K + M + 1.

First we prove that ; obtained through Algorithm 3 satisfies
(14). If T'= T4, i.e., the constant rate is achievable throughout
the transmission, then it is the shortest transmission duration
we can get, thus, it is optimal. If 7" # 77, from the procedure,

we haVe
<i<iy Uq ' Us

r1 < min

(44)

We need to prove that

Er(u; Br(u;
rlgmin{g( r(u)>’ r(u)} foru;lguigT.

Us Uy
(45)

We note that uz, > uyy >t thus, for u; > wu: , we have

Br(u;) = >0, B;.

717
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Considering the policy with a constant power p; = g~ (1),

then, at T} = %, the total number of bits departed will
be

1) > g (205 1y — i B, (46)
g\p1)ty =2 g Tl 1 : j

7=0
where the inequality follows from the assumption that g(p)/p

decreases in p.

On the other hand, since 7 <

M )
j=0 Bj

%}QM), keeping rate r;
after Ty until 77 — is also feasible from data
arrival perspective. Therefore, maintaining a transmission rate
r1 until the last bit departs the system is feasible from both the
energy and data arrival points of view. Thus, under the optimal
policy, the transmission duration 7" will be upper bounded by
min{7y, 7]} =Ty
Since

YitoB; _ Br(t)

= < ;
T/ t

r1 is always optimal from data arrival’s perspective. To com-

plete the proof, we only need to check the optimality of 7

from energy point of view. The proof directly follows a similar

procedure in the proof of Theorem 2.

Thus, (45) holds, r; satisfies the requirement of the optimal
structure in (14). We can then prove using a similar argument
that 79, 73, . .. also satisfy the structure of the optimal solution.
Based on Theorem 3, this procedure gives us the unique
optimal transmission policy.

for Tpy <t <TY 47)
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