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Delay-Minimal Transmission for Average Power
Constrained Multi-Access Communications

Jing Yang, Student Member, IEEE,

Abstract—We investigate the problem of minimizing the overall
transmission delay of packets in a multi-access wireless commu-
nication system, where the transmitters have average power con-
straints. We use a multi-dimensional Markov chain to model the
medium access control layer behavior. The state of the Markov
chain represents current queue lengths. Our goal is to minimize
the average packet delay through controlling the probability of
departure at each state, while satisfying the average power con-
straint for each queue. We consider a general asymmetric system,
where the arrival rates to the queues, channel gains and average
power constraints of the two users are arbitrary. We formulate
the problem as a constrained optimization problem, and then
transform it to a linear programming problem. We analyze the
linear programming problem, and develop a procedure by which
we determine the optimal solution analytically. We show that
the optimal policy has a threshold structure: when the sum of
the queue lengths is larger than a threshold, both users should
transmit a packet during the current slot; when the sum of
the queue lengths is smaller than a threshold, only one of the
users, the one with the longer queue, should transmit a packet
during the current slot. We provide numerical examples for both
symmetric and asymmetric settings.

Index Terms—Delay minimization, multi-access communica-
tion, medium-access control, queue control, power allocation,
cross-layer design.

I. INTRODUCTION

N many applications, the average delay packets experience

is an important quality of service criterion. Therefore, it
is important to allocate the given resources, e.g., average
power, energy, etc., in a way to minimize the average delay
packets experience. Since power and energy are physical
layer resources, and the delay is a medium access control
(MAC) layer issue, such resource allocation problems require
close collaboration of physical and MAC layers, and yield
cross-layer solutions. Our goal in this paper is to combine
information theory and queueing theory to devise a transmis-
sion protocol which minimizes the average delay experienced
by packets, subject to an average power constraint at each
transmitter.
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Similar goals have been undertaken by various authors in
recent years. Reference [2] considers a time-slotted system
with N queues and one server. The length of the slot is equal
to the transmission time of a packet in the queue. In each
slot, the controller allocates the server to one of the connected
queues, such that the average delay in the system is minimized.
The authors develop an algorithm named longest connected
queue (LCQ), where the server is allocated to the longest of
all connected queues at any given slot. The authors prove
that in a symmetric system, LCQ algorithm minimizes the
average delay. Reference [2] does not consider the issue of
power consumption during transmissions.

Reference [3] combines information theory and queueing
theory in a multi-access communication over an additive
Gaussian noise channel. Authors consider a continuous time
system, where the arrival of packets is a Poisson process,
and the service time required for each packet is random.
Once a packet arrives, it is transmitted immediately with a
fixed power, i.e, there are no queues at the transmitters. Each
transmitter-receiver pair treats the other active pairs as noise.
Because of the interference from the other transmitters, the
service rate for each packet is a function of the number of
active users in the system. Reference [3] derives a relationship
between the average delay and a fixed probability of error
requirement.

References [4]-[12] consider the data transmission problem
from both information theory and queueing theory perspec-
tives. Reference [4] (see also [5], [6]) aims to minimize the av-
erage delay through rate allocation in a multi-access scenario
in additive Gaussian noise. Unlike [3], in the setting of [4],
packets arrive randomly into the buffers of the transmitters.
When the queue at a transmitter is not empty, it transmits a
packet with a fixed power. Simultaneously achievable rates
are characterized by the capacity region of a multiple-access
channel, which, for the non-fading Gaussian case, is a pen-
tagon. The purpose of [4] is to find an operating point on the
capacity region of the corresponding multiple-access channel
such that the average delay is minimized. The author develops
the longer-queue-higher-rate (LQHR) allocation strategy in the
symmetric multi-access case, which is shown to minimize the
average delay of the packets. The LQHR allocation scheme
selects an extreme point (i.e., a corner point) in the multi-
access capacity region.

Reference [7] (see also [8]) considers the problem of
rate/power control in a single-user communication over a
fading channel. It considers a discrete-time model, and in-
vestigates adapting rate/power in each slot according to the
queue length, source state and channel state. The objective
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is to minimize the average power with delay constraints. It
discusses two transmission models. In the first model, the
transmission time of a codeword is fixed, while the rate varies
from block to block. In the second model, the transmission
time for each codeword varies. It formulates the problem into
a dynamic programming problem and develops a delay-power
tradeoff curve.

References [9]—-[12] have similar formulations. Reference
[9] uses dynamic programming to numerically calculate the
optimal power/rate control policies that minimize the average
delay in a single-user system under an average power con-
straint. Reference [10] derives bounds on the average delay in
a system with a single queue concatenated with a multi-layer
encoder. Reference [11] formulates the power constrained
average delay minimization problem into a Markov decision
problem and analyzes the structure of the optimal solution
for a single-user fading channel. Reference [12] proposes
a dynamic programming formulation to find optimal power,
channel coding and source coding policies with a delay
constraint. As in [7], in these papers as well, because of the
large number of possible rate/power choices at each stage, it
is almost impossible to get analytical optimal solutions.

Reference [13] considers a cognitive multiple access sys-
tem. In the model of [13], the primary user (PU) always
transmits a packet during a slot whenever its queue is not
empty. The secondary user (SU) always transmits when the
PU is idle, and it transmits with some probability (which is a
function of its own queue length) when the PU is active. The
receiver operates at the corner point of the multiple access
channel capacity region where the SU is decoded first and
the PU is decoded next, so that even though the SU expe-
riences interference from the PU, the PU is always decoded
interference-free. Reference [13] aims to minimize the average
delay through controlling the transmission probability of the
SU. It formulates the problem as a one-dimensional Markov
chain and derives an analytical result to minimize the average
delay of the SU under an average power constraint.

In this paper, we generalize [13] to a two-user multi-access
system, where both users have equal priority. Our goal is
to minimize the average delay of the packets in the system
under an average power constraint for each user. As in [7],
[9], [11], [13], we consider a discrete-time model. We divide
the transmission time into time slots. Packets arriving at the
transmitters are stored in the queues at each transmitter. In
each slot, each user decides on a transmission rate based
on the current lengths of both queues. Unlike [7], [9], [11],
where the rate per slot is a continuous variable, we restrict the
transmission rate for each user in a slot to be either zero or
one packet per slot. We define the probabilities of choosing
each transmission rate pair, which can be (0,0), (0,1), (1,0)
or (1,1), for each given pair of queue lengths.

Our objective is to find a set of transmission probabilities
that minimizes the average delay while satisfying the average
power constraints for both users. As in [13], there are two main
reasons that we introduce transmission probabilities: First, a
randomized policy is more general than a deterministic policy;
probability selections of 0 and 1 correspond to a deterministic
policy, which is a special case of the randomized policy.
Secondly, since we cannot choose arbitrary departure rates in
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each slot, the use of transmission probabilities enables us to
control the average rate per slot at a finer scale. Compared to
[7], [9], [11], our model has a more restricted policy space at
each stage, however, this model enables us to construct a two-
dimensional discrete-time Markov chain and eventually gives
us a closed-form optimal solution.

In the rest of this paper, we first express the average delay
and the average power consumed for each user as functions of
the transmission probabilities and steady state distribution of
the queue lengths. We then transform our problem into a linear
programming problem, and derive the optimal transmission
scheme analytically. We show that the optimal transmission
policy has a threshold structure, i.e., if the sum of the queue
lengths exceeds a threshold, both users transmit a packet
from their queues, and if the sum of the queue lengths is
smaller than a threshold, only one user, which has the larger
queue length, transmits a packet from its queue, while the
other user remains silent (equal queue length case is resolved
by flip of a potentially biased coin). We provide a rigorous
mathematical proof for the optimality of the solution. We
also provide numerical examples for both symmetric and
asymmetric settings.

II. SYSTEM MODEL
A. Physical Layer Model

We consider a discrete-time additive Gaussian noise
multiple-access system with two transmitters and one receiver.
The received signal is

Y = VhiXy+ VheXo + Z 1)

where X is the signal of user ¢, \/h; is the channel gain of
user 7, and Z is a Gaussian noise with zero-mean and variance
o?. Here, hy and ho are real constants, with hy # hs in

general.
In this two-user system, since the multiple-access capacity
region is given as [14]
1 hy P,
Ry < =log(1+ =1 )
2 o2
1 ha P:
Ry < =log 1+ =22 3)
2 o2
1 hi Py + ho P
Rl+R2§§1og(1+L2“> 4)
the region of feasible received powers is given by [15]
h1P1 Z 0'2(22R1 - 1) (5)
h2P2 Z 0'2(22R2 - 1) (6)
hi Py + ho Py > o?(22(FatER2) _ 1) 7

In each slot, the transmitters adjust their transmitted powers to
achieve the desired transmission rates. We assume that for each
user, the average transmitted power over all of the slots must
satisfy a constraint. We denote the average power constraints
for the first and second user as P4,y and P4, respectively.

B. Medium Access Control (MAC) Layer Model

In the MAC layer, we assume that packets arrive at the
transmitters at a uniform size of B bits per packet. We partition
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Fig. 1. System model.

the time into small slots such that we have at most one packet
arrive and/or depart during each slot. Let aq[n] and as[n]
denote the number of packets arriving at the first and second
transmitters, respectively, during time slot n; see Figure 1. We
assume that the packet arrivals are i.i.d. from slot to slot, and
the probabilities of arrivals are

Pr{a;[n] =1} = 6; (8)
Pr{a;[n]=0}=1-0, )

where 6; is the arrival rate for user i, ¢ = 1, 2.

There is a buffer with capacity N at each transmitter to
store the packets, where IV is a finite positive integer. Once
the buffer is not empty, the transmitters decide to transmit one
packet in the slot with some probability based on the current
lengths of both queues. Let dq[n] and da[n] denote the number
of packets transmitted in time slot n. The queue length in each
buffer evolves according to

qiln+1] = (q1[n] — di[n])" + as[n]
@2[n + 1] = (g2[n] — d2[n]) " + az[n]

(10)
(11)

where ()1 denotes max(0, x).

The departure rate for each queue in each slot is either zero
or one packet per slot, and the decision whether it should
be zero or one packet per slot depends on the current queue
lengths. When both queues are empty, the departure rates
for both queues should be zero packet per slot. In all other
situations where there is at least one packet in at least one of
the queues, the departure rates for both queues should not be
zero packet per slot simultaneously. This is because, keeping
both transmitters idle does not save any power, but causes
unnecessary delay. Therefore, in these situations, there are
three possible departure rate pairs: (dy,dz) = (1,0),(0,1)
or (1,1), i.e., one packet is transmitted from queue 1 and no
packet is transmitted from queue 2; no packet is transmitted
from queue 1 and one packet is transmitted from queue 2;
or, one packet is transmitted from each queue. We enumerate
them as d',d?,d>. When the first queue length is i and
the second queue length is j, we define the probabilities of
choosing each pair of these departure rates as gilj, gfj, gf’j,
respectively. Note that g; + g7; + g; = 1. We also note that
gij» 95j» 95> for i =0,1,...,N and j = 0,1,..., N are the
main parameters we aim to choose optimally in this paper.

The state space of the Markov chain consists of all possible
pairs of queue lengths. We denote the state as q = (q1,qz2).
When both of the queues are empty, i.e., g[n] = (0,0),
transmitters have no packet to send, and from (10)-(11),
q[n + 1] = a[n]. The corresponding transition probabilities
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in this case are:

Pr{q[n +1] = (0,0)lq[n] = (0,0)} = (1 = 01)(1 — 02)
Prigln+1] = (1,0)|q[n] = (0,0)} = 61(1 — 62)
Prigln+1] = (0,1)|q[n] = (0,0)} = 62(1 — 1)

Priqn +1] = (1,1)q[n] = (0,0)} = 616, (12)

When one of the queues is empty, there is only one possible
departure rate pair, which is either (0, 1) or (1,0), depending
on which queue is empty. Therefore, from our argument above,
the departure probabilities should not be free parameters, but
must be chosen as g}, = g(Q)j = 1. The corresponding transition
probabilities are:

Pri{gln+1] = (i = 1,0)lq[n] = (;,0)} = (1 = 01)(1 — 62)

Pr{qln+1] = (i —1,Dlaln] = (i,0)} = 02(1 - 61)
Pr{a[n+ 1] = (i,0)aln] = (i,0)} = 61 (1 — 62)
Pri{q[n +1] = (i,1)lq[n] = (i,0)} = 616, (13)

A similar argument is valid when the first queue is empty,
i.e., q[n] = (0, ). Transition probabilities in this case can be
written similar to (13).

When neither of the queues is empty, i.e., for q[n] = (7, j),
where 1 < 4,5 < N, the transition probabilities are:

Pr{(i—1,j —1)|(i,5)} = g5;(1 — 61)(1 — 62)

Pr{(i— 1,5+ 1)|(i,4)} = gi;02(1 — 61)
Pr{(i+1,j—1)|(i,4)} = g561(1 — 62)
Pr{(i,j+1)|(i,5)} = gi;0102 (14)
Pri{(i+1,5)|(i,5)} = 50102
Pr{(i—1,5)|(i,5)} = gi;02(1 — 01)+gi;(1 — 61)(1 — 62)
Pr{(i,j — 1)|(i,5)} = g;61(1 — 02)+g5;(1 — 61)(1 — 62)
Pr{(i, 5)|(4,5)} = gi;01(1 — 02)+g;;02(1—01)+g5;0102

For example, the first equation in (14) is obtained by noting
that, for the next queue state to be (i — 1,7 — 1), we need to
transmit one packet from each queue and we should have no
arrivals to either of the queues. The probability of this event is
gfj, probability of transmitting one packet from each queue,
multiplied by (1 — 6;), probability of having no arrivals to
queue 1, and (1 — 65), probability of having no arrivals to
queue 2.

In this paper, we assume that the average power constraints
are large enough to prevent any packet losses. In order to
prevent overflows, we always choose to transmit one packet
from a queue whenever its length reaches N. Therefore, we
have g/ = g%, = g% n = 1. The two-dimensional Markov
chain is shown in Figure 2.

In [16], it is proven that, for all irreducible, positive re-
current discrete-time Markov chains with state space S, there
exists a stationary distribution {7, s € S}, which is given by
the unique solution to

Z T =1

§ TsPsr = Tr,
seS

seS

(15)

It is also stated that for a reducible Markov chain with a single
closed positive recurrent aperiodic class and a nonempty set
T, where for any 7 € T, the probability of getting absorbed
in the closed class starting from state ¢ is 1, and the steady
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state distribution exists. In our problem, we first assume that
the stationary distribution exists for the optimal solution. Once
we determine the solution, we verify that the corresponding
Markov chain has a unique stationary distribution.

Let us define the steady state distribution of this Markov
chain as ™ = [7‘1’00, 01y " s TON 10, **° ,WNN]. Then, the
steady state distribution must satisfy

7P =, wl=1

(16)

where PP is the transition matrix defined by the transition
probabilities (12)-(14). We can express the average number of
packets in the system as ), ; m;; (i + j). According to Little’s
law [16], for a fixed sample path in a queueing system, if the
limits of average waiting time W and average arrival rate A
exist as time goes to infinity, then the limit of average queue
length L exists and they are related as L = AW. For our
problem, in a system without overflow, these limits exist and
the average delay D is equal to

1
D= i+ j
91_’_92;%](24_])

7)

where 0, + 6> is the average arrival rate for the system.

III. PROBLEM FORMULATION

The transmission rate for both transmitters during a slot
is either one packet per slot or zero packet per slot. Equiv-
alently, the transmission rate is either B/7 bits/channel use
or 0 bits/channel use, where 7 is the number of channel
uses in each slot. We assume that in each slot we can use
codewords with finite block length to get arbitrarily close to
the boundary of feasible powers and achieve a satisfactory
level of reliability.

Next, let us consider the power consumptions during each
slot. When only one user transmits, since there is no interfer-
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ence from the other transmitter, the transmitted power for the
active user needs to satisfy

hiP; > c%(2* - 1) 2 a (18)

where R = B/7. In order to minimize the power, the trans-
mitted power for the active user should be «/h;, depending
on which user is transmitting. When both users transmit
simultaneously, the received powers should additionally satisfy

hiPy + hoPy > 0?2 —1) 2 3 (19)

The feasible transmitted power region is shown in Figure
3. Let us denote the received power pair as (51, 32). In
order to minimize the transmit power, this pair should be
on the dominant face of the feasible power region, i.e.,
b1 + B2 = B. Then, the corresponding transmit power pair
is (B1/h1, B2/h2). Note that different operating points need
different sum of transmit powers.

Thus, for any state (4, ) # (0,0), the average power con-
sumed for the first queue is ;- (gf;a+g3;51), while the average
power consumed for the second queue is h1—2 ( gfjoﬂ— gfj B2). Our
goal is to find the transmission policy, i.e., the probabilities
g5 k=1,2,3,i=0,1,...,N, j = 0,1,..., N along with
the operating point (81, 32), such that the average delay is
minimized, subject to an average power constraint for each
user. Therefore, our problem can be expressed as:

1
mi - D mii+ ] 20
g7/5117nﬁz 01 + 05 izjﬂ'](l ']) (20)
1 1 3
s.t. h_l izjﬂ-ij (gija + gijﬂl) < Plavg (21)
1
h_g Zﬂ-ij (gizja + g?jﬂQ) S P2avg (22)
i,
aP=m, wl=1 (23)
gitah el =1 ij=01..N (@4
g5 >0, i,j=01,....N, k=123 (25

We note that the state transition matrix P is filled with
variables in (12)-(14) which depend on gfjs. Also, through
(23), m;js depend on gfjs, as well. Unlike [13], we have a
two-dimensional Markov chain, and it does not admit closed-
form expressions for the steady state distribution 7;;s in terms
of gfjs. Therefore, solving the above optimization problem
becomes rather difficult. Our methodology will be to transform
our optimization problem into a linear programming problem,
and exploit its special structure to obtain the globally optimal
solution analytically.

IV. ANALYSIS OF THE PROBLEM

Note that g, 497 +g3; = 1 forany (i, j) # (0,0), therefore
Tij = mj(gilj + gfj —l—gfj). Define Too = T00, :L‘Z = Wijgfjs
k=1,2,3,:=0,1,...,N,57=0,1,..., N. Since gfj is the
conditional probability of choosing policy k£ when the system
is in state (4,7), :vfj can be interpreted as the unconditional
probability of staying in state (i,7) and choosing policy k.
Our aim is to find optimal gfjs. However, as we will see, our
analysis will be more tractable with variables :z:fjs. Once we
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find optimal f;s, we can obtain optimal gJ;s through

E
% (26)
Zk:1 L5

Let us construct a vector of all of our unknowns x =
[IOO’x(l)lvxglvxglv T 7I?VN]T'

First, we consider the average power consumption when
average power constraints for both users are large enough
such that each user is able to transmit a packet during a
slot whenever its queue is not empty. In this scenario, the
corresponding Markov chain has four non-transient states,
(0,0), (0,1), (1,0), (1,1), and the stationary distribution is

mo1r = 62(1 —01), moo = (1 —61)(1 — 62),

ko _
9i5 =

mo = 01(1—02), w1 =016 27
The average power consumption for each queue is
1
Plcsmp = h_(ﬂ-lOO[ + 7Tllﬂl)
1
1
T (01(1 — O2)cx + 61621) (28)
1
P2csmp = h_(ﬂ'OlO[ + 7'('11B2)
2
1
T (02(1 — bh)a + 616252) (29)

We note that
Plcsmphl + P2csmph2 = (91 + 92 - 29192)04 + 91925 (30)

From Figure 3, we note that 81,82 > «, therefore, each
individual term in (30) must additionally satisfy

1

Plcsmp Z _010[ (31)
hy
1

P2csmp Z _0204 (32)
ha

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 9, NO. 9, SEPTEMBER 2010

Therefore, if the average power constraints P q.,q and Pagyg
satisfy the following inequalities

Plavghl + P2avgh2 Z (91 + 92 - 29192)04 + 91926 (33)
Plavq > i9104 (34)
P2avq > i9204 (35)

£ h2

then we can always find an operating point (31, 82) such that
Picsmp < Piavg and Pocomp < Pagyg, and we achieve the
minimal possible delay in the system, which is one slot. The
available power in this case is so large that the solution is
trivial. If

Piovght + Pagugha < (61 4 02 — 20102)a + 01028 (36)

and P44 and P»,,, are large enough to prevent any over-
flows, both power constraints should be tight. Therefore, from
(21)-(22), we have two equality power constraints,

1

™ Z(x}ja +2%,81) = Plaug (37)
1,
1
™ Z(ﬁja +2%,82) = Paaug (38)
1,

Because the average arrival rate must be equal to the average
departure rate when there is no overflow, we also have

> (aly +ad) =61 (39)

i
Z(I% +a3;) =6, (40)

Solving (37)-(40), we: i)btain

O i Pt ST
B i P ST
S 4t g, - Pt Pzngf;z SR N
g: wf =0y — Pravghs + PZ:IE};Q@_ Orvba)a gy
” o~ Puavgh + Pzngi«;z (0, + 2)a )

(2]
By jointly considering the normalization equation in (23), we
also have
(91 + 92)(B - Oé) - (Plavghl + P2avgh2)
8 — 2«

Thus, we transform our optimization problem in (20)-(24) into

oo = 1-— (46)

3
mxin Z (Z xfj(’t + ])> 47
i,j \k=1
s.t. Too = 1_ (91 + 02)(6_a)_6(_P;aavghl + P2avgh2) (48)
ngj =01 — Pravghs + Pi;v;q};l_ (61 + 0)a (49)
i,]
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Provghi + Paavgha — (01 4 0
Zx?j:%_ tavgh1 + Paavgha — (01 + 62)a (50)
i, ﬁ—?a
Zx?j _ Pravghi + Poavghs — (61 4 02)c 1)
1,7 ﬁ—20[
Qx =0, 2z, >0, ij=0,1,...,N, k=1,2,3 (52)

which is in terms of xfjs Here, Q is a (N + 1) x (4(N +
1)? — 3) matrix defined by matrix P. We get the equations in
(52) from (23) by substituting ;;g5; for zf;.

The optimization problem in (47)-(52) is a linear program-
ming problem. In addition, we observe that, in the objective
function, all of the xfjs with the same sum of indices share
the same weight ¢ 4+ j. If we look into the two-dimensional
Markov chain, this corresponds to the states on the diagonals
running from the upper right corner to the lower left corner.
This motivates us to group the :z:fjs along the diagonals of the
two-dimensional Markov chain in Figure 2 and define their
sum, for the nth diagonal, as

n

Un =D (T} s+ 270 ,) (53)
1=0

th=> 2, (54)
1=0

Then, y, > 0, t,, > 0, and the objective function in (47) is

equivalent to
2N

Z(yn + tn)”

n=1

(55)

We also get 2N flow-in-flow-out equations between the diag-
onal groups. For n = 0, 1, we have
zoo (01 + 02 — 0102) = (y1 + t2)(1 — 61)(1 — 62) (56)
(1'00 + y1)9102 = (yz +t3)(1—91)(1—92) + 12 (1—9192)
(57)
and forn =2,3,...,2N — 2, we have
Ynb102 = (Ynt1+tnt2)(1—01)(1—602) + tpp1 (1—6162)
(58)

Yan—10102 = tan (1 — 0162) (59)

Figure 4 shows the transitions between diagonal groups for a
system with NV = 3; we use different colors to distinguish the
transitions caused by different departure rate pairs.

We multiply both sides of the nth equation in (56)-(59) with
2" and sum with respect to n to obtain

1‘00(91 + 92 — 9192 + 91922)

2N
+ (9192 — (1 — 91)(1 — 92)271) Z ynZn
" 2N
— (= 0102)27 + (1= 01)(1 = 02)272) > £p2" =0
n=1

(60)
Taking the derivative of (60) with respect to z and letting
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z = 1, we have
2N 1 2N
than =————| (01 +02—1 n
2N
+(1—01)(1—62) (Z y) (61)
n=1

2N
+ (1—9192+2(1—91)(1—92)) (Z tn> +x009192>

From the definition of y,, and ¢, in (53) and (54), we note

n

2N 2N
Sy =Y Yl i+t )= (@) (62
n=1

n=1i=0 ij
2N 2N n
_ 3 _ 3
g ty = g E Ty i = g xy; (63)
n=1 n=17=0 ©,J

From (62) and (63), and using (49)-(51), we conclude that
ZZJL yn, and Zi]L t,, are constants that depend on system
parameters «, 3, 01, 02 and Pigyg, Paavg. Using (62) and
(49)-(50), for future reference, let us define

2N
_ 1 2

Eyn—Exij+§$ij

n=1 g i

2(Plavghl + P2avgh2 - (91 + 92)0[)
68— 2«

(64)

=01 + 02 —
=

Using the definition of y,, ¢, and (61), the objective
function in (47) becomes

2N 1 2N
Z(yn +tn)n = 2-6,-0, (Z ynn> +C  (65)

n=1 n=1

where C' is a constant, and ﬁ is positive. Therefore,
minimizing the original objective function in (47) is equivalent
to minimizing ) ", y,n. Since from (64) the sum of ,s
is fixed, and y,s are positive, intuitively, the optimization
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problem requires us to assign larger values to y,,s with smaller
indices n, without conflicting with the transition equation
constraints.

V. THE MODIFIED OPTIMIZATION PROBLEM AND A
TwoO-STEP SOLUTION

In this section, we will prove the following main result
of our paper: If the average power constraints Piq.q, P2qug
are large enough to prevent any packet losses, the delay-
optimal policy has a threshold structure. When the sum of the
queue lengths is larger than the threshold, both users should
transmit; when the sum of the queue lengths is smaller than the
threshold, only the user with the longer queue should transmit;
the equal queue length case can be resolved through flip of a
potentially biased coin.

We propose to solve our original optimization problem in
two steps. In the first step, we will consider the optimization
problem in terms of y,,s and ¢,,s, where the objective function
is Ziﬁl Ynn, and the constraints are (64), (48), (56)-(59), and
positivity constraints on y,s and ¢,s. The objective function
of this optimization problem is exactly the same as that of
our original optimization problem in (47)-(52), however, our
constraints are more lenient than those of (47)-(52). First, (64)
is weaker than (49)-(51), as it imposes a constraint on the
sum while (49)-(51) impose constraints on individual terms.
Secondly, the transition equations in (52) are between all of
the states in the two-dimensional Markov chain, while the
transition equations in (56)-(59) are only between the diagonal
groups in the Markov chain. Finally, we do not explicitly
impose the sum constraint on ¢, on the new problem. These
imply that, the result we obtain in the first step, in principle,
may not be feasible for the original problem.

Therefore, in the second step we allocate y,s and t,s
we obtain from the first step to :vfjs in such a way that
the remaining independent transition equations in (52) are
satisfied. We note that (39) and (40) can be derived from (52),
therefore, once (52) is satisfied, (39) and (40) will be satisfied.
Together with (64), we can make sure that (49)-(51) are all
satisfied. Therefore, if we can find a valid allocation in the
second step, we will conclude that the solution found in the
first step is a feasible solution to our original problem. Since
the problem we solve in the first step has the cost function
of our problem, but is subject to more lenient constraints, its
solution, in principle, may be better than the solution of our
original problem. However, when we prove that the solution
we obtain in our first step is within the feasible set of our
original problem, we will have solved our original problem.
In addition, once we prove the optimality of the solution in the
first step, it will be globally optimal for the original problem.

First, we will minimize 3>~ y,n subject to (64), (48),
(56)-(59), and y,,, t,, > 0. This means that we will allocate W
to y,s in a way to minimize Zi]L Ynn. This will require us
to allocate larger values to y,s with smaller n, while making
sure that (64), (48), and (56)-(59) are satisfied. We state the
result of our first step in the following theorem.
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Theorem 1 The optimal solution of the problem

2N
min Z Ynh
n=1
(64), (48), (56) — (59),and y, > 0,t, > 0,Vn
(66)

S. L

has a threshold structure. In particular, there exists a threshold
n such that for n < n, t, =0 and for n > n, y, = 0.

The proof of this theorem is given in Appendix A.

In the following, we consider the transition equations within
groups for each state. Since adding more constraints cannot
improve the optimization result, if we can find a way to
allocate y,,s and t,s to xfjs, such that all of the remaining
transition equations are satisfied, then we will conclude that
the assignments we obtained in the first step are actually
feasible for the original problem. Therefore, next, in our
second step, we focus on the assignment of the y,,s and ¢,s
found in the first step to xf;s.

First, we use a simple example to illustrate the procedure
of allocation within each group, then, we generalize the pro-
cedure to arbitrary cases. In this simple example, we assume
that N = 4.

Assume that after the group allocation, we obtained
Y1,--.,y5 and t5,tg # 0, and the rest of the y,s and ¢,s
are equal to zero. In order to keep the allocation simple,
when we assign ys, ¥s, t5 in each group, we assign them
only to two states: (1,2),(2,1) and (2, 3), (3, 2), respectively;
while we assign y4 to three states: (1,3),(2,2),(3,1), and
we assign tg to a single state (3,3). Figure 5 illustrates the
allocation pattern within groups. We do not assign any values
to the states with dotted circles. The dotted states will be
transient states after the allocation. We need to guarantee that
the nonzero-valued states only transit to other nonzero-valued
states. This requires us to set z1, = 23, = 233 = 23, = 0,
and 2}, = 23, = 23, = 23, = 0. The valid transitions
are represented as arrows in Figure 5. We can see that the
transitions are within the positive recurrent class.

Then, let us examine each group and find transi-
tion equations to be satisfied for each state. For states
(0,1),(0,2),(1,2),(1,3),(2,3), the transition equations to be
satisfied are

w3 (1= 02(1 = 61)) =(wo0 + 219)02(1 — 61)
+ (2 + 211) (1 = 61) (1 — 6o)
3 (1 = 02(1 — 61)) =21, 02(1 — 61)
21y (1 = 03(1 — 01)) =(255 + 11)010 + 23, 02(1 — 1)
+ (s + w3y + 233) (1 = 61)(1 — 02)
w¥3(1 = 02(1 — 61)) =(w1; + 235)02(1 — 61)
33(1 = O2(1 — 61)) +35(1 — 01602) = (a3 + 235)0162
+ (w3 + 233)02(1 — 01) (67)
We have five more similar transition equations for states
(0,1),(0,2),(1,2),(1,3),(2,3). All the unknown variables
are interacting with each other through these equations. How

to find an allocation satisfying all of these equations simulta-
neously becomes rather difficult. After simple manipulations,
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equations in (67) become equivalent to

x5y =(woo+210+25,)02(1 — 01)+ (xdy + x11) (1 — 61)(1 — 62)

gy =(w1y + x55)02(1 — 61)
@ty =(x3y + x11)0102 + (235 + 231 )02 (1 — 01)
+ (37%3 + $%2 + 3533)(1 —61)(1 —0s)
@ty =(w39 + x5 + 753)02(1 — 61)
w5 =(x13 + 235)0102 + (235 + 233 + 33)02(1 — 61)

— 235(1 — 0163) (68)

Observing the right hand sides of (68), we note that, zqo,
iy + 23y, 23y + 2dy, 2iy + 235, 235 are known, therefore,
the allocation for states (0,1),(0,2),(1,2),(1,3),(2,3) de-
pends only on the values of 23, + x1,, z3, + 275, and z3s.
Similarly, the allocation for states (1,0),(2,0),(2,1),(3,1),
(3,2) also depends on the values of x3, + 2%, x2, +3,, and
x3, only. Since

Yo = (x5 + 211) + (23 + 27,) (69)
ya = (T30 + 213) + (255 + 23;) (70)
ts = ahy + T3y (71)

the allocation actually depends on how we split y2, ¥4 and
t5 between (22, + z1,) and (zd, + 2%,), (zdy + 2%;) and
(23, +3,), x35 and x3,, respectively. Once we fix the values
of 3, + 1, 23, + 235, and z35, we obtain the values of all
of the states, completing the allocation. We note that there is
more than one feasible allocation within groups, and for each
feasible allocation, all of the transition equations are satisfied,
and the power constraints are satisfied as well. In order to
keep the solution simple, we let

Ty + T]) = Y2 /2 (72)
Thy + T35 = Ya/2 (73)
Ty =t5/2 (74)

Plugging these into (68), we get
1
x3y =(zo0 + y1)02(1 — 01) + 53/2(1 —01)(1 —65)
1
o =5Y202(1 — 01)
1 1
1 =5 Y0102 + y302(1 = 01) + S (ya +15)(1 = 01)(1 — 62)
1
s :§(y4 +15)02(1 — 01)
1 1
735 =5a6102 + (ys + t6)02(1 — 01) — 3t5(1 — 6262) (75)
Going back to (72)-(73), we obtain
1
a1 =5Y2(1 = 02(1 = 61))

1 1
T3y ==ya — =(ya + t5)02(1 — 61) (76)

2 2

Since yn, > t,+1p/9, we can easily verify that 235 > 0, z3, >
0. The allocation for the remaining half of the states has a
similar structure. Thus, each state has a positive value, and
the allocation is feasible.

Once we obtain the values of xfj s, we can compute the
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Fig. 5. Example: allocation within groups when N = 4.
transmission probabilities using gfj = soE ]w" . Here, we
k=1 Lij
have
1—62(1—06y)
1 2 1
= 77
I 2—02(1—061) — 01(1 — 62) 7
1—61(1—09)
2 1 2
= (78)
n 2—05(1—=01) —0:(1—62)
1 Yq — (y4 + t5)92(1 — 91)
922 = (79)
2y4 — (ya +t5)(02(1 — 01) + 61 (1 — 02))
&, = Ya — (ya +15)01(1 — 62) (80)
27 29y — (ya + t5)(02(1 — 61) + 6:(1 — 6))

We observe that a threshold structure exists. In this example,
the threshold is 5. When the sum of the two queue lengths
is greater than 5, both users transmit during a slot. When the
sum of the two queue lengths is less than 5, only one user with
longer queue transmits during a slot; in this case, if both queue
lengths are the same, users transmit according to probabilities
in (77)-(80).

Following steps similar to those in the example above, we
can assign y,s and t,s to :z:fjs and obtain a feasible allocation
for general settings. The following theorem states this fact
formally.

Theorem 2 For the y,s and t,s obtained in the first step,
there always exists a feasible xfj assignment, such that xfjs
are positive and satisfy all of the transition equations.

The proof of this theorem is given in Appendix B. Since this is
a constructive proof, it also gives the exact method by which
yns and t,s are assigned to xfjs

Therefore, in order to prove the optimality of the xf]
assignment, it suffices to prove the optimality of the solution
of the first step. The following theorem proves the optimality
of the first step.
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Theorem 3 The allocation scheme in Theorem 1 minimizes
the average delay in the system.

The proof of this theorem is given in Appendix C.

In summary, the two-step allocation scheme is feasible and
optimal for our original problem. The transition probabilities
can be computed once we determine the allocation for each
sate. From our allocation, we note that there exists a threshold
7, where 7 is the largest group index n such that ynk;ﬁ 0. We

have ¢, > 0 only when n > n. Since gij ST we

Y- e
have g7, =1 when n > n. When n < n, we have gU =1if

1> 7 and gfj = 11if % < j. Then, for n < i, and n is even,
we have

e Gertama-a
AR 2y — (Y tng 1) (02(1—01) +01 (1—02)) +1
(81)
2= Yn = (Yn + tns1)01(1 — 65)
n/2,n/2 2yn_(yn+tn+1)(92(1_91)+91(1_92))+t
(82)
3 — I
In/2n/2 =y (gn ) (@2(1—01) +01(1—02)) + 1
(83)

If ¢,,,tn+1 = 0, which happens when n < n — 1, (81)-(83)
reduce to

1—6:(1—6)

1 — 2 L
Inj2,n/2 = 2 —05(1—01) —01(1 —06) (84)

1—01(1—6s)

2 — ! :
In/2m/2 = 5 O2(1 —61) —01(1 —65) ®

Therefore, if the sum of the two queue lengths is greater
than n, both users should transmit one packet during the slot.
If the sum of the two queue lengths is less than 7, only
the user with the longer queue transmits one packet in the
slot and the other user remains silent; if in this case both
queues have the same length, then the probability that the first
user transmits one packet while the second user keeps silent
is 55 (11 9921()1 9911()1 5y and the probability that the second
user transmits one packet while the first user keeps silent
is 2792(1179(;1()179912()1792). When the system is symmetric, i.e.,
01 = 605, these probabilities become 1/2 and 1/2.

VI. NUMERICAL EXAMPLES

Here we give simple examples to show how our allocation
scheme works. We choose N = 10, i.e., each queue has a
buffer of size 10 packets. Therefore, the joint queue sates is
represented by an 11 x 11 Markov chain.

First, we consider the symmetric scenario, where #; = 5 =
0, hi = ho = h and Pigvg = Pagvg = Pavg. We assume the
arrival rate § = 1/2, and the power levels « = 1, § = 3.
Therefore, we have n = 3, § = 1, p = 3. From the analysis,
we know that if Py, > 5 /8, the average delay is one slot,
which is the minimal possible delay in the system.

If P, = 9/16, We have zgo = 1/8, >, .
> T = 3/8 >, ;&% = 1/8. Therefore, ¥ = 3/4 Fol—
lowing our allocation scheme we have y; = 3/8, ya = 3/8,
ts = 1/8. Then, we need to allocate these within groups.

We start with y;. Because of the symmetry of the setting,
we simply let 2}, = 23, = y1/2 = 3/16, 23, = a3, =
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t3/2 = 1/16. Then, we consider yo. We also let 23, = 22,,
x1, = x2,. This symmetric allocation guarantees that the flow
equations for states (0,1) and (1,0) are satisfied. The values
of x, and z}; also depend on the allocation of ¢3. The state
(2,0) must satisfy the transition equation

z3o (01— 0) + 0>+ (1 — 0)?) = (27, + 25,)0(1 — 0)
Together with the symmetric allocation, we have
T30 + 23 = y2/2 = 3/16

Solving these equations, we get the allocation for the second
group as

xéo = 5’3(2)2 = 1/16, f%l = 5’3%1 =1/8

We see that the two values are positive, thus feasible. Then,
the transmission probabilities are g1, = g3, = 1/2, g3, =
g3, = 1. The threshold of the sum of the queue lengths is 2
in this case. If the sum of the queue lengths is greater than 2,
both users transmit, if the sum of the queue lengths is less than
or equal to 2, only the user with the longer queue transmits
and the other user remains silent; if both queues have one
packet in their queues, each queue transmits with probability
1/2 while the other queue remains silent.

If P, = 17/32, We have xo9 = 1/16, >, . =
> T = 7/16, 37, jx}; = 1/16. Therefore, U= 7/8
Following our allocation scheme, we have y; = 3/16, yo =
ys = 1/4,y4 = 3/16,t5 = 1/16. Then, we assign these within
groups. For y;, we simply let 2}, = 23, = y1/2 = 1/32.
Then, considering to allocate yo, we have z3, = 22, = 1/32,
x%, = x{; = 3/32. After completing the allocation, we have
xy = o1y = 1/8, a5 = ziy = 1/32, 23, = 3, = 1/16,
r3; = w3, = 1/32. The transmission probabilities are
g1 = 9 = 932 = G50 = 1/2, glo = 931 = 90 = 952 =
931 = 939 = 915 = g3, = G35 = g33 = 1. The threshold of the
sum of the queue lengths is 4 in this case. If the sum of the
queue lengths is greater than 4, both users transmit, if the sum
of the queue lengths is less than or equal to 4, only the user
with the longer queue transmits and the other user remains
silent; if both queues have equal length, which is either 1 or 2
in this case, each queue transmits with probability 1/2 while
the other queue remains silent.

We compute the average delay as a function of average
power for # = 0.5, # = 0.48 and 6 = 0.46, and plot them
in Figure 6. We observe that it is a piecewise linear function,
and each linear segment corresponds to the same threshold
value. This is because based on our optimal allocation scheme,
for a fixed threshold value, the objective function is a linear
function in xqg, thus it is linear in Py,4. If P,,, increases,
D,y decreases, and the threshold decreases as well. The
minimum value of P,,, on each curve corresponds to the
maximum threshold, which is 19 in this example. This is also
the minimum amount of average power required to prevent
any overflows. We also observe that the delay-power tradeoff
curve is convex, which is consistent with the result in [7]. We
note that although these three values of 6 are close to each
other, the average delay varies significantly. This is because
the average delay is not a linear function of 6.

For the asymmetric scenario, we assume 6, = 1/2, 6, =
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Fig. 6. The average delay versus average power in the symmetric scenario.

1/3,then n = 2, § = 1/2, p = 5/2. We assume h; = 1,
hy = 2. From (33), we know that if Pisughi + Pagugho >
1, Piavg > 1/2, Poguy > 2/3, then each user can always
transmit a packet whenever its queue is not empty, and the
average delay is one slot.

If Plavg = 19/36, Pgavg = 13/18, then Plavghl +
Pogugho = 8/9. Plugging these into (41)-(48), we have
Bi = 1/2, By = 1/2, 3, xk, = 4/9, 37 k= 5/18,

Lok = 1/18, 2o = 2/9. Then, ¥ = 13/18. Following
the group allocation scheme, we have y; = 4/9, y2 = 5/18,
ts = 1/18. Then, we need to assign them within groups. From
(118)-(124), we get 3, = 1/6, 21, = 5/18, 23, = 1/36,
xly =4/36, 23, = 3/36, 3, = 2/36,and 23, = 23, = 1/18.
The transmission probabilities are gi, = 4/7, g3, = 3/7,
glo = 901 = 920 = 9oz = 9> = 951 = 1. The threshold
is 2. If the sum of the queue lengths is greater than 2, both
users transmit, if the sum of the queue lengths is less than or
equal to 2, only the user with the longer queue transmits and
the other user remains silent; if both queues have one packet
in their queues, the first queue transmits with probability 4/7,
and the second queue transmits with probability 3/7.

VII. CONCLUSIONS

We investigated the average delay minimization problem
for a two-user multiple-access system with average power
constraints for the general asymmetric scenario, where users
have arbitrary powers, channel gains, and arrival rates. We
considered a discrete-time model. In each slot, the arrivals at
each queue follow a Bernoulli distribution, and we transmit at
most one packet from each queue with some probability. Our
objective is to find the optimal set of departure probabilities.
We modeled the problem as a two-dimensional Markov chain,
and minimized the average delay through controlling the
departure probabilities in each time slot. We transformed
the problem into a linear programming problem and found
the optimal solution analytically. The optimal policy has a
threshold structure. Whenever the sum of the queue lengths
exceeds a threshold, both queues transmit one packet during
the slot, otherwise, only one of the queues, which is longer,
transmits one packet during the slot and the other queue
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remains silent; if both queues have the same length, only one
of the queues transmits with a probability which depends on
the arrival rates to both queues while the other queue remains
silent.

APPENDIX
A. The Proof of Theorem 1
Let us define

01 + 62 — 0165
= 86
T =00 -0 (86)
0105
= 00)(1—02) ®0
1— 010,
S o L 88
=T 0y) ®9
Then, (56)-(59) are equivalent to
Toon = Y1 +t2 (89)
(zoo +¥1)0 = (y2 +t3) +tap (90)
and forn=2,3,...,2N — 2,
Ynd = (Ynt1 + tny2) +tuy1p 1)
Yan—10 = tanp (92)

The optimization requires us to assign larger values to y,s
with smaller indices n as much as possible. Examining (89)-
(92), we note that for fixed zg9, maximizing yi, y2, ...
requires us to set to, t3, ... to zero. Therefore, we choose

Y1 = ZooN (93)
Y2 = (zoo + y1)0 (94)
Yn :yn—lé, t’n 207 n = 172,...771* (95)

where n* is the largest integer satisfying 22:1 Yn < U

Let A =W — 22:1 Yn. We need to check that all of the
group transition equations are satisfied.

Assume that n* > 2. If A = y,-0p/(d + p), then let

n=n"+2,...,N—1 (96)
n#n"+2 97)

and y, =0,
and t, =0,

Yn*+1 = A7
tnet2 = Ynr+10/p,

We can verify that after this allocation, group transition equa-
tions (56)-(59) are satisfied. We also note that W is allocated
to {yn}"_t!, among which, {y,}"_, attain their maximum
possible values. Therefore, the objective function achieves its
minimal possible value for the first step.

If A # y,«0p/(6 + p), if we assign it to y,-,1 directly,
the group transition equations are not satisfied automatically.
In order to satisfy the group transition equations, we need to
do some adjustments.

If A > yndp/(6 + p), we assign A t0 Y1 and yp-42
proportionally. Specifically, we let

A(p + 6) + yn*5p2

= 98
Ynr+1 21 opt01p (98)
Alp+6)p = yn-dp?

g 99
Ynr 42 2 opT oty 99)
Yn0(0p+ 0 +p) — A(p+9)
bpryo = 100

2 p2+op+d+p (160)
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A(p+6)d = yn-8°p
pPP+op+d+p

Since yn+d > A > yn+0p/(d + p), we can verify that
each value above is positive, and the sum constraint and the
group transition equations are satisfied. Among the non-zero
{yn}"F2, although {y,}"_, attain their maximum, y,-,
does not. Therefore, different from the first scenario, in this
case, we cannot immediately claim that the result is optimal.
We will give the mathematical proof for the optimality of this
assignment later.

If A < yn~dp/(d+p), we need to remove some value from
Yn+ and assign it to y,-4+;1 to satisfy the equations. Define
A’ = A+ y,~ and assign A’ to y, and y,«41 as follows

_Allp+d)+ Yn=—10p°

lns43 = (101)

o P2 +optotp (102)
! 2
s = 2 Dot
A S
2
b2 = A/(f);—&—é?;;%nj&-plé - (105)

Since yp+—10 < A" < yp-_16(6p/(6 + p) + 1), we can also
verify that each value above is positive, and the sum constraint
and the group transition equations are satisfied. Similar to the
second case, we cannot immediately claim that this result is
optimal because after the adjustment, y,, - does not achieve its
maximum value. We will give the proof of optimality later.

When n* = 1, the allocation will be in a different form. If
A > (zoo + y1)dp/(d + p), then we need to use (xoo + Y1)
instead of y,,» in (96)-(101). If A < (oo + y1)dp/ (0 + p),
then

W(p+6)+zoo(n—9)p

ne P2 4+dp+0+p (106)
Yo r1 = (p ;?P(S;iog(:p— d)p (107)
2
besy = xoo(nép—kv;gigz ++65£)p— U(p+9) (108)
e =

When n* = 2, if A > y,,-dp/(6 + p), the allocation of ¥
has the same form as in (96)-(101). If A < y,«dp/ (0 + p),
then we need to use (zgp+y1) instead of y,,~—1 in (102)-(105).

B. The Proof of Theorem 2

While we generalize the simple example to an arbitrary

setting, we follow the same basic allocation pattern. If n is
odd, we assign Yn anftl t, only to two states ("T'H, "T_l)
and (251, 2H); if n is even, we assign y, to three states:

2
(2+1,2 1,% + 1), and we assign t, to

-1).(5.5). (5 -

a single state (’2—L, %) We illustrate the allocation pattern in
Figure 7. We need to make sure that the transitions only
happen within the positive recurrent class. Therefore, when

n is odd, we let 2%, _, mp1 = x%lﬂ no = = 0; when n is even,
2 T2 2

we let xn IR xn_s_l n_q1= 0 Then let us examine the
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Fig. 7. Allocation pattern within groups.

transition equations for the states. For n = 1, we have

25, (1 = 02(1 — 61)) = (oo + 19 + 27, )02(1 — 61)

+ (25 4+ 211 + 235) (1 — 61) (1 — 65)
(110)

For n = 2,3,..., if n is even, the transitions between states
are illustrated in Figure 8. The transition equation for state
(3-1,%2+1)is

$2_1,%+1(1_92(1_91)) :(mlg

If n is odd, the transitions between states are illustrated in
Figure 9. The transition equation for state (251, 241) is

2 02
Izn%l,n%l(l—92(1—91))4'13%%1,%(1—9192)
= (#hzs ner + Thas noa )0162
2 0 2 2 0 2
F (Thir wer F Tt ns + 0 nsa)(1—01)(1 — 62)
3 2 3 02 52

+ (@hp uon + 20w )fa(1 — 61) (112)
2 0 2 2 02
After a transformation, (110) is equivalent to
zgy =(wo0 + T1o + 751 + 7,)02(1 — 01)
+ (25 + 211 + 235) (1 — 01)(1 — 62) (113)

where g is known, z1, + 23, = y1, 23, = ta.
For n = 2,3,..., when n is even, (111) is equivalent to
2 a1 2 3 _
Tyong =@y o1 ga Ty 50)0(1 - 60)
(114)
and when n is odd, (112) is equivalent to
Taot nit = (@ ni1 + Tn1 no1)0102 — 2ot e (1 —6:165)
2 2 72 2 2 2 72
i1 net +Taot nas + Tatr nes)(1—61)(1 = 62)
2 02 2 2

2 02

w1 no1 + Ta1 min + Tass nen)02(1— 01) (115)
’ 2 2 0 2 2 0 2



YANG and ULUKUS: DELAY-MINIMAL TRANSMISSION FOR AVERAGE POWER CONSTRAINED MULTI-ACCESS COMMUNICATIONS

Fig. 8. The transitions between states when n is even.

1 2 _ 3 —
where o1 w1 %% 1 ni1 = Yno Togs np1 = tpy1.
2 T2 2 2 2 0 2
The transition equations for the remaining half of the
recurrent states can be expressed in a similar form. Therefore,
the values of xfjs are determined only by the allocation of ¥,
1 2 2 1
between Tayyn g + T n and Th g ngy + Tn n when n

is even, and the allocation of ¢, to %,, , , and 2% _, .,
when n is odd. If we let o e
1 2 _ .
Tan+Ta gy = Yn/2, when n is even  (116)
3, . =1t,/2, whennisodd  (117)

=2

and solve equations (113)-(115), then, for n = 1, we obtain
agy =(wo0 + y1 +t2)02(1 — 61)

+ 50+ 10)(1 = 00)(1 = 62)

z1o =(woo + Y1 + t2)01(1 — 62)

F3le+E)1-0)1-0) (19
For n =2,3,..., if n is even, we get
P11 =g it b1~ 01) (119)
Thigm oy :%(yn + tn1)01 (1 — 62) (120)
xlgg :%yn - %(yn +tng1)02(1 —601) (121)
1’2%% :%yn - %(yn +tng1)01(1 —02) (122)
and if n is odd, we have
xzn%lnTJrl = %%—19192 + (Yn + tnt1)02(1 — 01)
+ %(yn-i-l Ftn2)(1—01)(1 —02) — %tn(l —0162)
(123)
x#%l = %%—19192 + (Yn + tnt1)01(1 — 62)
+ %(yn-i-l Ftn2)(1—01)(1 —02) — %tn(l —0162)
(124)
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Fig. 9. The transitions between states when 7 is odd.

This completes the allocation. Note that ¢,, # 0 only when 7 is
equal to n* 41, n* 42, and/or n*+3, depending on the value of
A. When t,,+1 = 0, it automatically disappears from the right
hand sides of (118)-(124). From the group transition equations,
we have y,, > t,411p'/d, and it is easy to verify that all states
have nonnegative assignments and the transition equations are
also satisfied in this case. Therefore, there always exists a
feasible allocation to satisfy all of the transition equations with
yns defined through this allocation scheme.

C. The Proof of Theorem 3

In a convex optimization problem, where the inequality
constraints are convex and the equality constraints are affine,
if x* is such that there exists a set of Lagrange multipliers
which together with x* satisfy the KKT conditions, then
x* is a global minimizer for the problem [17] [18]. In the
first step, we have a linear objective function and linear
constraints. Therefore, if we prove that the point achieved by
the assignment satisfies the KKT conditions, then we can say
that it is the global minimizer for our problem.

In the allocation scheme, if A = y,«0p/(§ + p), then
it is easy to prove that the resulting allocation is opti-
mal, since every y,,n < n* achieves its maximum pos-
sible value. However, this is not the case when A #
Yn=0p/ (0 + p), because the second to last nonzero y,, does
not achieve its maximum. In the following, we prove that
our allocation is optimal for this case as well. Define y =
[Y1,Y2,- -+, Yan—1,t2, ..., tN—1,tan]. Then, the linear equal-
ity constraints, including the 2N group transition equations
and the sum constraint can be written as a (2N+1)x2(2N—1)
matrix form as follows

1 0 0 0 1 0 O 0 TooN
-5 1 0 -~ 0 p 10 0 z000

o -6 1 --- 0 0 p 1 0 0

T
: : y =

0 o 0 --- 1 0 0 O 1 0

0 o 0 -~ —6 0 0 O p 0

1 1 1 - 1 0 0 O 0 \\

which we write equivalently as,
Ay =b (125)
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b" = (woon zood(1+1n) ze06*(1+1) 2o0*N (1 41n) @ )T (126)
100 -~ 0 1 0 0 0
010 - 0 p+6 1 0 0
001 -+ 0 (p+0)o p+o 1 0
A= : .. (127)
000 1 (p+08)0N=2 (p+0)0N=4 (p+)52N 5 ... 1
000 0 (p+0)8*N=2 (p+86)0*N 2 (p+9)5*N 1 p+0
11 1 1 0 0 0 .0

by defining b, A in (126) and (127) at the top of the page.
The Lagrangian is expressed as

Ly, A pu)=c’y — A" (Ay —b) — p"y (128)

where ¢ = [1,2,---,2N —1,0,0,---,0], A € R2N*! and
e R4N72_

We need to prove that there exists a set of A*, p* associated
with our allocation y*, such that they satisfy

p >0, ply* =0 (129)
y*>0, Ay""=b (130)
c=ATXN +p* (131)

Consider the y we obtained with the algorithm. Let us
consider the case when A < y,,«dp/(6+p) first. The allocation
indicates that y, > 0 only when n = 1,2,...,n* + 1, and
t, > 0 only when n = n* + 1,n* 4 2. Because of the
complementary slackness in (129), we obtain

n=12....n"+1,n"+2N —-1,n" +2N
(132)

Plugging this into (131), and solving the equations, we have

/an:()y

1
AMm=——+n-n"—-1, n=12,....n" +1

p+1

oni1 = —b— 4 n*
p+1

n*—1

pnyoN—2 = — [ A1+ (p+0) Z Aid" ™"+ pd™ T A |

n=223,...,n" (133)

Thus, we have A\, < 0 when n < n*, which guarantees the

positiveness of {z,,}"_52N "2 We also have

2N 1
Z /\ié'i—n*—2 -

- - (134)
R (0 +0)(p+1)
and
1
p+1
2N _
MHn = — >\n71 + (p+6)z>\746747n ’

n=n*+2N+1,....,4N —2 (135)

We can always find a set of negative {\;}2 .., to sat-
isfy (134). Since they are all negative, this guarantees that

{pn 2N 05 and {pn 2N 2 Lon41 are positive. Therefore, at

the point y*, we can always find a set of multipliers satisfying
all of the KKT constraints. This proves that the allocation our
algorithm gives is a global minimizer.
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