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Abstract— We consider the federated submodel learning (FSL)
problem and propose an approach where clients are able to
update the central model information theoretically privately. Our
approach is based on private set union (PSU), which is further
based on multi-message symmetric private information retrieval
(MM-SPIR). The server has two non-colluding databases which
keep the model in a replicated manner. With our scheme, the
server does not get to learn anything further than the subset
of submodels updated by the clients: the server does not get
to know which client updated which submodel(s), or anything
about the local client data. In comparison to the state-of-the-
art private FSL schemes of Jia-Jafar and Vithana-Ulukus, our
scheme does not require noisy storage of the model at the
databases; and in comparison to the secure aggregation scheme
of Zhao-Sun, our scheme does not require pre-distribution of
client-side common randomness, instead, our scheme creates the
required client-side common randomness via random symmetric
private information retrieval (RSPIR) and one-time pads. Our
system is initialized with a replicated storage of submodels
and a sufficient amount of common randomness at the two
databases on the server-side. The protocol starts with a common
randomness generation (CRG) phase where the two databases
establish common randomness at the client-side using RSPIR and
one-time pads (this phase is called FSL-CRG). Next, the clients
utilize the established client-side common randomness to have the
server determine privately the union of indices of submodels to
be updated collectively by the clients (this phase is called FSL-
PSU). Then, the two databases broadcast the current versions
of the submodels in the set union to clients. The clients update
the submodels based on their local training data. Finally, the
clients use a variation of FSL-PSU to write the updates back to
the databases privately (this phase is called FSL-write). As the
databases at the server do not communicate, as a novel approach,
we utilize carefully chosen alive clients to route the required
information between the two databases. Our proposed private
FSL scheme is robust against client drop-outs, client late-arrivals,
and database drop-outs.

Index Terms— Federated submodel learning, private set union,
symmetric private information retrieval.

I. INTRODUCTION

A STANDARD machine learning approach requires the
whole training data to be centralized on a machine or
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a server to learn the target model. A practical challenge in
today’s machine learning applications is that the training data
is distributed over multiple isolated clients, e.g., training a rec-
ommendation system in e-commerce requires interaction with
a large number of mobile devices held by different customers
in order to employ their data. Due to the distributed nature
of training data, a new approach called federated learning
(FL) has been proposed [1], [2]. In FL, each client performs
a round of local training by using its own data, after being
selected and having obtained the current model from the global
server. In an FL setting, collaboratively performing a learning
task while protecting the privacy of the local data stored in
each client against the global server is a significant issue.
An intuitive way for FL to achieve privacy is to use a secure
aggregation protocol such that no individual client’s update can
be inspected by the global server [3]. As a stand-alone topic,
secure aggregation has been a continuously active topic in the
computer science literature, see [3], [4], [5], and [6]. Recently,
information theoretically secure aggregation schemes towards
achieving optimal communication cost have been proposed for
various common randomness distribution settings among the
clients, see [7], [8], and [9]. However, in these papers, the com-
munication costs of the input and the common randomness are
considered separately, without explicitly stating the common
randomness generation and allocation process in a concrete
realization of a scheme. Another information theoretic secure
aggregation scheme is investigated in [10] where the common
randomness sharing relies on the private communication links
between each two clients.

As an extension of the now well-established FL framework,
recently, a new framework called federated submodel learning
(FSL) has been put forward to further reduce the commu-
nication and computation overhead at both server and client
sides [11]. In the submodel framework, the full learning model
stored in the server is divided into multiple submodels based
on their data characteristics. Instead of accessing and updating
the full model as in conventional FL, each selected client
downloads only the needed submodel(s) from the server and
then uploads the corresponding submodel updates according
to the type of their local data. As pointed out by [11], there
are two fundamental problems that can be abstracted out of
the FSL framework: One is how can each client download its
desired submodels from the curious server without revealing
the indices of these submodels to the server. The other is how
can each client update these desired submodels still without
revealing the indices or the content of the updated submodels
to the curious server. The first one is a private read problem,
and the second one is a private write problem.
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Reference [11] proposes a weak-privacy approach as fol-
lows: First, the server attains the union of desired submodel
indices from all the selected clients in a secure manner.
As introduced in [12] and [13], this is basically a multi-party
private set union (MP-PSU) problem and it is resolved through
a Bloom filter in [11]. Then, the server delivers this inac-
curate union result which may have false positives to each
selected client. Once each client receives this information,
it randomizes its real desired submodel index set within the
scope of this union through a randomized response. After
receiving the submodels corresponding to this randomized
desired submodel index set from the server, each client trains
only the submodels whose indices are within the intersection
of its real and randomized desired submodel index sets,
and then uploads the updates through secure aggregation.
Thus, [11] partially solves the above two fundamental privacy
problems, while sacrificing the update efficiency of clients.
In addition, the secure aggregation problem in FSL is related
to the private multi-group aggregation problem in [14], with
different submodels viewed as distinct groups.

A strong-privacy FSL approach is introduced in [15] based
on cross subspace alignment [16]. In this approach, only one
client who is interested in a specific submodel participates in
one round of FSL process. If each database stores the plain
full model for learning, then databases can learn the updates
made by this client by comparing the stored information
before and after training. Thus, databases store the full model
across multiple distributed databases in the server in a noisy
manner based on a threshold secret sharing scheme. This
storage redundancy helps hide the index and the content of the
written (updated) submodel from databases; that is, databases
cannot tell which submodel has been updated and what the
updated value is. This storage redundancy also helps secure
the submodels against the databases; that is, even though the
databases hold the submodels, they cannot know the actual
values of the submodels. Concurrently, an improved scheme
in terms of communication cost efficiency is given in [17],
and extended to the case of sparsified updates which further
reduces the communication cost [18].

In this paper, we propose a new FSL scheme that retains
the main advantages of the above-mentioned two approaches
with a privacy protection level that is in between. In particular,
we propose a two-phase scheme. In the first phase, the server
securely calculates the union of the clients’ desired submodel
indices, and in the second phase, the server securely aggregates
clients’ generated updates in the calculated set union. The first
phase is well-known as the private set union (PSU) problem
and referred to as FSL-PSU phase in this paper. In this phase,
the server learns only the union of the submodel indices to
be updated by the clients, but does not learn the submodel
indices to be updated by individual clients. The second phase
is well-known as the secure aggregation problem and referred
to as FSL-write phase in this paper. In this phase, the server
securely aggregates the submodel updates without being able
to inspect individual updates. That is, in both phases, the
server can only learn the ultimate result, without being able
to know which client has made which contribution to the
ultimate result. We solve these two problems together using

Fig. 1. Techniques used, their relationships, and the roadmap of the
development of the private FSL in this paper. Example references next to
boxes show examples presented later in the paper to describe the functionality
of each box.

two different forms of a common core idea. To that end,
we first propose a novel PSU method that is information
theoretically secure for the FSL-PSU phase, and modify it to
obtain an information theoretically secure aggregation method
for the FSL-write phase.

In the field of cryptography, private information retrieval
(PIR) refers to a fundamental problem where a user wishes
to retrieve a specific message out of a set of messages that is
stored across multiple non-colluding and replicated databases
while completely concealing the index of the desired message
from each individual database [19]. Symmetric PIR (SPIR)
additionally requires that the user is not able to obtain any
knowledge about the remaining messages in the databases after
downloading its desired message [20]. Following the seminal
paper that focuses on the information theoretic capacity of
multi-database PIR [21], PIR and SPIR have attracted a
tremendous amount of attention in the field of information
theory recently, e.g., [16], [22], [23], [24], [25], [26], [27],
[28], [29], [30], [31], [32], [33], [34], [35], [36], [37], [38],
[39], [40], and [41]. As a non-trivial variation of SPIR,
in multi-message SPIR (MM-SPIR), the user wishes to retrieve
multiple messages at a time [41]. The paper [41] also estab-
lishes the equivalence between the MM-SPIR problem and
the private set intersection (PSI) problem. In the PSI problem,
two parties wish to determine the common elements in their
possessed data sets without leaking any further information
about the remaining elements. Note that the constraints in
the PSI and PSU problems are analogous. In this paper,
we establish the equivalence between the PSU and MM-SPIR
problems.

In this work, similar to typical PIR/SPIR formulations,
we consider the setting where the FSL server has multiple
databases, and focus on the simplest such setting where the
server has two databases. In Fig. 1, we show the techniques
used, their relationships, and the roadmap of the develop-
ment in this paper. The references next to boxes in Fig. 1
show examples presented later in the paper to describe the
functionality of each box. The classical information theoretic
SPIR serves as a starting point to formulate our new FSL

Authorized licensed use limited to: University of Maryland College Park. Downloaded on March 24,2024 at 21:08:41 UTC from IEEE Xplore.  Restrictions apply. 



WANG AND ULUKUS: PRIVATE FEDERATED SUBMODEL LEARNING VIA PRIVATE SET UNION 2905

achievable scheme. We first show the equivalence between
the MM-SPIR and PSU problems, and then extend it to
the case of muti-party PSU (MP-PSU) as in [41] and [42];
thus, we use an MM-SPIR scheme to construct an informa-
tion theoretic achievable scheme for MP-PSU. We use this
MP-PSU framework as a building block to develop FSL-PSU
and FSL-write phases jointly noting that FSL-PSU and FSL-
write are fundamentally similar security problems. For the
FSL-PSU and FSL-write phases, an amount of necessary
common randomness unknown to each individual database
needs to be shared among the clients. Still starting from the
SPIR problem, we take advantage of random SPIR (RSPIR)
that is newly formulated in [43] to accomplish the common
randomness allocation across the clients.

A classical multiple-database secure aggregation scheme
is proposed in [44] whose core idea is outlined next: In a
setting with a server consisting of N independent databases,
and C individual clients, each client i splits its input z⟨i⟩

into N shares1 z
⟨i⟩
[N ] = {z⟨i⟩1 , . . . , z

⟨i⟩
N } such that the sum

of these shares exactly equals the input, i.e.,
∑

j∈[N ] z
⟨i⟩
j =

z⟨i⟩. Subsequently, each client i sends the share z
⟨i⟩
j to

database j for all j ∈ [N ]. After collecting shares from all
the clients, each database publishes the sum of its received
shares

∑
i∈[C] z

⟨i⟩
j . Then, the server computes the sum of

all the inputs possessed by the clients
∑

j∈[N ]

∑
i∈[C] z

⟨i⟩
j =∑

i∈[C]

∑
j∈[N ] z

⟨i⟩
j =

∑
i∈[C] z

⟨i⟩. Although this simple
scheme achieves the required privacy in that the databases can
only obtain a sum and nothing beyond that in terms of each
client’s private input, it has some unavoidable disadvantages.
First, the upload cost is high as each client needs to upload an
answer to each database. Second, once one of these databases
cannot function normally, the server can only receive some
random values that is far from the ultimate sum. Third, the
communication among the databases in the server is required.

In this paper, we propose a new achievable scheme for pri-
vate distributed FSL primarily through unifying the FSL-PSU
and FSL-write problems in the same framework. In a practical
FL implementation, communication among the clients is gen-
erally unstable (if any) as the index set of the selected clients
keeps on changing in each round, and it is extremely expensive
to establish direct communication channels among the clients.
Because of the non-collusion property of the databases, inter-
database communication is not permitted or required in this
work, our scheme is thus designed to rely only on truthful
communication between the clients and the databases through
a number of direct secure and authenticated client-database
communication channels. As a consequence, our scheme has
considerable potential to be applied and implemented in the
future due to the simple data flow and its closeness to Clos
network topology [45], [46]. Further, due to the long duration
of the FSL-write phase, it is possible for some clients to
drop-out as this phase moves on. Thus, we design our scheme
in such a way that even if some clients lose their connection

1For a positive integer Z, we adopt the notation [Z] = {1, 2, . . . , Z} in
this work for simplicity. Therefore, the [N ] here and [C], [K], [N1], [L] later
are all used to denote a set of integers.

to the server, our scheme continues to work normally. Our
scheme is also robust against client drop-outs during the
FSL-PSU phase. In addition, it is possible that some clients’
generated answers arrive at their associated databases late and
the corresponding databases make the wrong judgement that
the clients have dropped out. Our scheme is designed such
that these late answers do not leak any additional information
about these late clients to the databases; this is referred
to as robustness against client late-arrivals. Moreover, our
scheme continues to work normally even when some of the
databases become inactive, especially when the total number
of databases is large enough. We note that the robustness
mentioned above can be easily realized following the same
idea utilized in the FSL-PSU and FSL-write phases. Another
critical aspect of our scheme is that it accounts for the total
communication cost incurred, including the cost of common
randomness generation at the clients. Finally, our FSL scheme
can be run in an iterative fashion in multiple rounds of FSL
process, until a predefined termination criterion is met.

In summary, our main contribution in this work is to propose
a new FSL scheme involving two essential phases (i.e., FSL-
PSU phase and FSL-write phase) which are both simply
constructed on the basis of MM-SPIR. The key advantages
of our scheme are as follows: 1) Compared with the previous
traditional FL schemes, our scheme outperforms them in terms
of the communication cost. 2) Compared with the seminal FSL
work in [11], our scheme provides stronger privacy guarantee
and higher update efficiency. 3) Compared with FSL schemes
of Jia-Jafar in [15] and Vithana-Ulukus in [18], our scheme
allows the storage to be in a plain form and concurrent updates
to be launched by multiple clients. 4) Compared with the
recent information theoretic single-database secure aggrega-
tion scheme of Zhao-Sun in [7], our scheme is able to generate
the necessary client-side common randomness on its own.
5) Compared with the multiple-database secure aggregation
scheme in [44], our scheme utilizes some carefully selected
clients to route the required information among databases. 6)
Our scheme is also proved to be robust against client drop-
outs, client late-arrivals, and database drop-outs.

II. PROBLEM FORMULATION

A. MM-SPIR

As in [41], we consider N ≥ 1 non-colluding databases
with each individual database storing the replicated set of
K ≥ 2 i.i.d. messages W[K] = {W1, . . . ,WK}. The L
i.i.d. symbols within each message are uniformly selected from
a sufficiently large finite field Fq , hence,

H(Wk) = L, ∀k, (1)
H(W[K]) = H(W1) + · · ·+ H(WK) = KL. (2)

The goal of the MM-SPIR problem is to retrieve a set of
messages WΩ out of the message set W[K] without leak-
ing any information regarding the retrieved index set Ω =
{i1, i2, · · · , iP } ⊆ [K] with cardinality |Ω| = P to any
individual database (user privacy constraint), and while not
obtaining any further information beyond the desired message
set WΩ (database privacy constraint). The cardinality of the
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retrieved message set P is public knowledge and known by
all the databases. Due to the database privacy constraint,
databases need to share some amount of server-side common
randomness RS that is unknown to the user. The server-side
common randomness RS is independent of the message set
W[K] in the server.

The desired message index set Ω is a random variable
corresponding to a uniform selection of elements without
replacement from the set [K] and the sample space of Ω
is the power set of [K]. We use P to denote the realization
of the random variable Ω. Based on the desired message set Ω,
the user generates a set of queries Q

[Ω]
[N ] without knowing the

message set W[K] stored in the databases, hence,

I(W[K]; Q
[Ω]
[N ], Ω) = 0. (3)

For any desired message index set P , after receiving a query
from the user, each database responds with a truthful answer
based on the stored message set and the server-side common
randomness,

[MM-SPIR deterministic answer]

H(A[P]
n |Q[P]

n , W[K],RS) = 0, ∀n, ∀P. (4)

Subsequently, the user should be able to decode the desired
set of messages reliably after collecting N answers from all
the databases,

[MM-SPIR reliability]

H(WP |Q[P]
[N ], A

[P]
[N ], Ω) = 0, ∀P. (5)

Due to the user privacy constraint, the query generated to
retrieve the desired set of messages should be statistically
indistinguishable from other queries. Thus, for all realizations
P and P ′, such that P ≠ P ′ and |P| = |P ′| = P ,

[MM-SPIR user privacy]

(Q[P]
n , A[P]

n , W[K],RS)∼(Q[P′]
n , A[P′]

n , W[K],RS) (6)

which is equivalent to the following one,

[MM-SPIR user privacy]

I(Ω; Q[Ω]
n , A[Ω]

n , W[K],RS) = 0, ∀n. (7)

Due to the database privacy constraint, the user should learn
nothing about WP̄ which is the complement of WP , i.e.,
WP̄ = W[K]\P ,

[MM-SPIR database privacy]

I(WP̄ ; Q[P]
[N ], A

[P]
[N ], Ω) = 0, ∀P. (8)

An achievable MM-SPIR scheme is a scheme that satisfies
the reliability constraint (5), the user privacy constraint (6) and
the database privacy constraint (8). Similar to single-database
SPIR [35], single-database MM-SPIR is infeasible as well.
In order to make single-database MM-SPIR feasible, we use
the multi-message version of the extended SPIR formulation
in [36], where the user is able to fetch a random subset of the
shared server-side common randomness before the retrieval
process starts, in the MM-SPIR setting.

B. PSU

In the PSU problem, two parties each holding a dataset,
wish to jointly compute the union of their sets without
revealing anything else to either party. Let A denote the
global alphabet. The first party P1 stores a dataset Ω1 across
its own N1 ≥ 1 replicated and non-colluding databases,
and the second party P2 stores a dataset Ω2 across its own
N2 ≥ 1 replicated and non-colluding databases. Let P1 and
P2 denote the realizations of the random variables Ω1 and
Ω2, respectively. All elements in P1 and P2 are selected from
A under an arbitrary statistical distribution, i.e., P1,P2 ⊆ A.
We denote one of the parties as the leader/server and the other
as the client/user. Without loss of generality, let party P1 be
the server. Then, as in [41], P1 privacy, P2 privacy and PSU
reliability constraints jointly form a contradiction, and as in
all SPIR formulations [20], [35], the server databases need
to share an amount of common randomness RS besides their
own datasets. Then, the party P2 generates N1 queries Q

[P2]
[N1]

and sends them to the databases associated with the party P1.
After receiving the query Q

[P2]
n1 , the n1th database of the party

P1 responds with an answer A
[P2]
n1 .

For each database in the party P1, the answer A
[P2]
n1 should

be generated truthfully according to the received query, its own
dataset and its own common randomness,

[PSU deterministic answer]

H(A[P2]
n1

|Q[P2]
n1

, Ω1,RS) = 0, ∀n1, ∀P2. (9)

When the PSU process is complete, the party P2 should
be able to reliably compute the union Ω1 ∪ Ω2 based on
the sent queries, the collected answers and the knowledge of
Ω2 without knowing |Ω1 ∪ Ω2| in advance. This is captured
by the PSU reliability constraint,

[PSU reliability]

H(Ω1 ∪ Ω2|Q[P2]
[N1]

, A
[P2]
[N1]

, Ω2) = 0, ∀P2. (10)

The privacy requirements in PSU can be divided into two
parts to protect each participating party: P1 privacy and P2 pri-
vacy. First, the party P2 wants to protect Ω1 ∪ Ω2, however,
since the party P2 does not know Ω1 when generating its
queries, the queries cannot depend on Ω1, and thus, P2 should
only protect Ω2 in queries. Thus, the queries sent by P2 should
not leak any information about its own dataset, i.e., any
individual database associated with P1 learns nothing about
Ω2 from all the information it has,

[PSU P2 privacy]

I(Ω2; Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS) = 0, ∀n1. (11)

Because of the known and fixed global alphabet A,
it is obvious that we have the following two constraints
H(Ω2|Ω̄2) = 0 and H(Ω̄2|Ω2) = 0, which lead to the
following relationship,

H(Ω2) = H(Ω̄2). (12)

Thus, we obtain the following identity,

I(Ω̄2; Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS)

Authorized licensed use limited to: University of Maryland College Park. Downloaded on March 24,2024 at 21:08:41 UTC from IEEE Xplore.  Restrictions apply. 



WANG AND ULUKUS: PRIVATE FEDERATED SUBMODEL LEARNING VIA PRIVATE SET UNION 2907

= H(Ω̄2)−H(Ω̄2|Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS) (13)

= H(Ω̄2)−H(Ω̄2|Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS)

+ H(Ω̄2|Q[Ω2]
n1

, A[Ω2]
n1

, Ω1, Ω2,RS) (14)

= H(Ω̄2)− I(Ω̄2; Ω2|Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS) (15)

= H(Ω2)−H(Ω2|Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS)

+ H(Ω2|Q[Ω2]
n1

, A[Ω2]
n1

, Ω1, Ω̄2,RS) (16)

= H(Ω2)−H(Ω2|Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS) (17)

= I(Ω2; Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS). (18)

As a consequence, we obtain the following equivalent expres-
sion for P2 privacy,

[PSU P2 privacy]

I(Ω̄2; Q[Ω2]
n1

, A[Ω2]
n1

, Ω1,RS) = 0, ∀n1. (19)

From the union result Ω1 ∪Ω2, the party P2 always knows
that the party P1 contains the elements in (Ω1 ∪Ω2)\Ω2 and
does not contain the elements in (Ω1 ∪ Ω2). Noting that
(Ω1∪Ω2)\Ω2∪(Ω1 ∪ Ω2) = Ω̄2, thus, P2 should learn nothing
about whether P1 contains any element in Ω2 (we denote
this information by E1,Ω2 ) from the generated queries, the
collected answers and its own dataset,

[PSU P1 privacy]

I(E1,Ω2 ; Q
[P2]
[N1]

, A
[P2]
[N1]

, Ω2) = 0, ∀P2. (20)

Theorem 1: PSU is equivalent to MM-SPIR with L = 1 and
P = |A| − |Ω2|.

Proof: We prove the equivalence between PSU and
MM-SPIR similar to the proof of equivalence between PSI and
MM-SPIR in [41] after mapping the dataset in each party to
a corresponding incidence vector. Specifically, the P1 privacy,
P2 privacy and PSU reliability constraints in the PSU problem
are consistent with the database privacy, user privacy and
reliability constraints in the MM-SPIR problem if Ω̄2 in PSU
is treated as Ω in MM-SPIR. By contrast, the consistency of
the three constraints of PSI and MM-SPIR is true if Ω2 in PSI
is treated as Ω in MM-SPIR. ■

Remark 1: From [41], we note that PSI is equivalent to
MM-SPIR with L = 1 and P = |Ω2|. From Theorem 1 above,
we note that PSU is equivalent to MM-SPIR with L = 1 and
P = |A| − |Ω2|.2 From the de Morgan’s law, which says
A ∪B = A ∩ B, we have that A ∪ B = A ∩B, thus, the set
union can be obtained by a composition of set intersection and
set complement. This shows the duality between PSU and PSI
problems. We note, however, that the parties should agree on
whether they will perform PSU or PSI, as the specific protocol
will depend on it. In this paper, we focus on designing specific
PSU protocols.

Remark 2: In certain applications of PSU, one or both of
the parties may have only a single database. Since PSU is
equivalent to MM-SPIR from Theorem 1, and since single-
database MM-SPIR is infeasible [35], in such cases, one of

2These two conclusion are built upon the assumption that the party P2 is
the user. As an alternative, if the party P1 is treated as the user, we just need
to replace Ω1 with Ω2 in these two statements.

the two parties may obtain (fetch) a random subset of the
shared server-side common randomness from the other party
prior to the start of the PSU process, as in [36]. This makes
MM-SPIR feasible, and thus, PSU feasible.

Remark 3: As PSI was generalized to multi-party PSI
(MP-PSI) in [42], PSU can be generalized to MP-PSU. As in
MP-PSI, MP-PSU will require additional common randomness
allocation among the clients. To avoid repetition, we skip
the detailed development of MP-PSU, however, in the next
subsection, we present a particular MP-PSU in detail, where
one party has no input. As a critical difference, in the reliability
verification stage, we need to have the sum in [42, Eqn. (56)]
equal to 0 if all the clients contain the same element in
the MP-PSI problem while this sum should be 0 if none of
the clients contain this element in the MP-PSU problem; see
Example 3 for details. In MP-PSU, if all the parties have a
single database, we can construct an achievable scheme by
using pre-fetched server-side common randomness from the
leader party as in [36]. In addition, for common randomness
allocation among the clients, we make use of the distributed
property of non-colluding databases as well as the RSPIR
approach introduced in [43].

C. Private Distributed FSL

We consider a distributed FSL problem with one server
that contains N = 2 non-colluding and replicated databases,3

and C clients that are selected by the server to participate in
one round of the FSL process; see Fig. 2. By convention,
every client establishes a direct secure and authenticated
communication channel with both databases and our scheme is
devised to solely rely on these client-database communication
channels for simplicity. The full model for learning stored at
the server side comprises K submodels, each one of which
consisting of L i.i.d. symbols that are uniformly selected from
a finite field Fq . Thus, each database in the server contains the
full model M[K] = {Mk : k ∈ [K]}, and we have,

H(Mk) = L, ∀k, (21)
H(M[K]) = H(M1) + · · ·+ H(MK) = KL. (22)

The two databases also share an amount of server-side
common randomness RS that is unknown to the clients.
Each selected client is interested in updating one or more
submodels according to its local training data. Specifically,
for i ∈ [C], the ith client wishes to update the submodels
whose index set is denoted by the random variable Γ⟨i⟩,
whose realization is denoted by γ⟨i⟩. For i ∈ [C], the random
variable Y ⟨i⟩ = {Y ⟨i⟩

1 , Y
⟨i⟩
2 , . . . , Y

⟨i⟩
K } is used to denote the

corresponding incidence vector of Γ⟨i⟩ after mapping to the
alphabet as in [41] and [42].

We formulate our FSL process following the seminal FSL
work in [11]. At the beginning, each individual database in
the server needs to calculate the union of the selected clients’

3We start this investigation with the simplest distributed server setting of
two databases. Our achievable scheme works for any number of databases
after minor modifications. However, how to improve the performance and
enhance the robustness by increasing the number of databases needs further
study.
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Fig. 2. Distributed federated submodel learning (FSL) system model.

Fig. 3. Data flow in the FSL-PSU phase of our FSL system model.

desired submodel index sets Γ⟨1⟩ ∪ Γ⟨2⟩ ∪ · · · ∪ Γ⟨C⟩ denoted
by Γ. This phase is referred to as the FSL-PSU phase. Due
to the constraint that the two databases in the server cannot
communicate with each other directly, our solution is to use
carefully selected alive clients as intermediators to route the
information received by the two databases rather than to
enforce each client to send the same answer to both databases.
The main objective of this new approach is to reduce the
total communication cost and the needed communication time.
Thus, we separate C clients into two groups: a group of clients
whose index set denoted by C1 = {C1(1), C1(2), . . . , C1(|C1|)}
are associated with database 1, and the other group of clients
whose index set denoted by C2 = {C2(1), C2(2), . . . , C2(|C2|)}
are associated with database 2. A potential separation method
is to rely on each client’s communication channel bandwidth
(or quality) with the two databases. For instance, a client is
classified as belonging to C1 if its channel with database 1 has
a higher bandwidth (quality) than the channel with database 2.
Otherwise, this client is considered as belonging to C2. Note

that C1 ∩ C2 = ∅ and C1 ∪ C2 = [C]. In this way, it is easy
to ensure that the answer generated by each client can be
received by the server exactly once. Please see Figs. 2 and 3
for depictions.

After completing a round of the FSL training, the submodels
MΓ = {Mk : k ∈ Γ} are jointly updated by the participating
clients while the remaining submodels are not updated. For
i ∈ [C], k ∈ Γ and l ∈ [L], the update ∆⟨i⟩

k,l is used to
denote the corresponding increment generated in client i for
the submodel symbol Mk,l. In particular, the update ∆⟨i⟩

k,l is
0 if k /∈ Γ⟨i⟩. Thus, for k ∈ Γ, the overall increment for
the submodel symbol Mk,l is

∑
i∈[C] ∆

⟨i⟩
k,l. The full increment

sum is then defined as ∆Γ = {
∑

i∈[C] ∆
⟨i⟩
k,l : k ∈ Γ, l ∈ [L]}.

Therefore, the updated full learning model M ′
[K] for l ∈ [L]

should be as follows,

M ′
k,l =

{
Mk,l +

∑
i∈[C] ∆

⟨i⟩
k,l, if k ∈ Γ,

Mk,l, otherwise.
(23)
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For j ∈ [2], if Mj is used to denote all the information that
can be obtained by database j, the FSL reliability constraint
in one-round FSL training is captured by,

[reliability] H(M ′
[K]|Mj) = 0, ∀j ∈ [2]. (24)

As introduced in [3], the privacy constraint in FL requires
that the aggregator learns nothing beyond the update sum from
clients’ local data. In FSL, since the full model is divided
into multiple submodels, the privacy constraint needs to be
tuned accordingly. Each individual database cannot infer any
additional information about clients’ local data beyond the
desired submodel index union Γ and full increment sum ∆Γ.
Let Di denote the local data in client i, given D[C] = {Di :
i ∈ [C]}, the privacy constraint is precisely described by,

[privacy] I(Mj ;D[C]|Γ, ∆Γ) = 0, ∀j ∈ [2]. (25)

Using the multi-user PIR/SPIR problem formulated in [47]
and [48] as reference, each participating client should not gain
any knowledge about the other clients’ local data. For i ∈ [C],
let Wi denote all the information that can be obtained by client
i, and let Dī denote the set {D1, . . . ,Di−1,Di+1, . . . ,DC},
the inter-client privacy constraint is formed as follows,

[inter-client privacy] I(Wi;Dī) = 0, ∀i ∈ [C]. (26)

A basic one-round FSL achievable scheme is one that sat-
isfies the reliability constraint (24), the privacy constraint (25)
and the inter-client privacy constraint (26). Moreover, we want
these three basic constraints to remain satisfied in the presence
of client drop-outs, client late-arrivals and database drop-
outs. Further, it is necessary that this one-round FSL scheme
can be executed in an iterative manner until a predefined
termination criterion is satisfied, e.g., the accuracy of the
updated full model exceeds the preset threshold or a preset
maximal number of iterations is reached. In this work, the
performance of an FSL scheme is measured by the total
communication cost within the whole process. For given FSL
system parameters, our aim is to find a distributed and robust
FSL scheme in which the total communication cost is as small
as possible.

III. MAIN RESULT

Our main result is a new private FSL algorithm as described
above. The following theorem gives its performance in terms
of the total communication cost in the entire process including
the cost of FSL-PSU, FSL-write, and the generation of the
necessary common randomness at the clients. The proof of
the theorem is given in Section V-D.

Theorem 2: The total communication cost of the proposed
private FSL scheme in one round is O(CK + C|Γ|L) in q-
ary bits, where C is the number of selected clients, K is the
total number of submodels, and |Γ| is the number of updated
submodels in the given round. Here, O(CK) is due to the
FSL-PSU phase, while O(C|Γ|L) is due to the FSL-write
phase.

Remark 4: The achievability of the theorem starts with
an MM-SPIR with multiple replicated and non-colluding
databases. The storage in the databases is uncoded and without

noise. We unify PSU and secure aggregation in a common
information theoretic framework, and propose a novel private
FSL scheme. We take advantage of the non-colluding aspect
of the databases to implement simple common randomness
generation/distribution across selected clients.

Remark 5: Our proposed FSL achieves unconditional infor-
mation theoretic privacy. This is different from most prior
secure aggregation works that focus on the computational
security, e.g., [3], [6], [11], [14], and [44]. It is also different
from prior private read update write (PRUW) works [15],
[18], [49], [50] in which only a single client at a time
updates the full model in an FSL round, although informa-
tion theoretic security is satisfied. Our proposed private FSL
scheme is robust against client drop-outs, client late-arrivals,
and database drop-outs. Moreover, there is no constraint on the
number of clients that may drop-out during the FSL process.

Remark 6: The communication cost of our proposed private
FSL, O(CK + C|Γ|L), outperforms the best-known com-
munication cost in the existing literature [3], [4], [5], [6],
which is at least O(CKL). In the seminal FSL work [11],
the communication cost is O(C|Γ|) for the PSU phase and
O(C|Γ|L) for the whole FSL process with much weaker
privacy guarantee. Although this communication cost is a
little better than our communication cost in terms of the
PSU phase, the PSU [11] yields erroneous results while our
PSU yields completely accurate results. Furthermore, the PSU
problem and the subsequent secure aggregation problem are
considered separately in [11]. We note that the total number of
submodels K is very large when each product is represented
by an individual submodel in the e-commerce recommendation
system in [11]. Thus, given the scale of the full learning model
and the general average size of clients’ desired products in
practice, we can further optimize the communication cost by
adjusting the size of K, e.g., combining relevant products into
the same goods category. Specifically, as we decrease K, the
product of |Γ| and L will likely increase such that K and
|Γ|L will have the same order. Thus, the communication cost
of our scheme is superior to existing schemes, and can be
further improved by optimizing the system model parameters.
However, it is difficult to find a fair metric to compare our
communication cost with the ones in [15] and [18]. The main
reason for this is that the schemes in [15] and [18] require
that only one client updates one submodel at a time, and also
heavily rely on the sufficiently large number of databases N .
That is, the schemes in [15] and [18] require at least N ≥ 4
databases, and cannot be compared to the scheme in our paper
where the number of databases is N = 2. If we follow the
asymptotic assumption L ≫ K and let C take value 1, the
only conclusion we can draw is that, the communication cost
in these two different schemes are both a linear function of
the submodel size L.

Remark 7: Generally, the existing private FL schemes in
the computer science literature rely on heavy cryptographic
computations, while our proposed FSL scheme relies only
on simple addition and multiplication computations in the
finite field Fq , at both client and server sides. In addi-
tion, due to unstable inter-client communications in practice,
and the impermissible inter-database communication in our
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assumption, our FSL scheme relies only on client-database
communications. In order to alleviate the challenges arising
from the lack of inter-database communications, as a novel
approach in our FSL scheme, we utilize carefully selected
clients to route the required information between the databases
in the server. The routed information comes from the answers
collected by each database from its associated clients, and we
further protect this information between the clients (inter-client
privacy).

Remark 8: In practical implementations, for each client,
the upload speeds are typically much slower than download
speeds during the client-database communications. Unlike the
classical secure aggregation scheme in [3], the total commu-
nication time in our FSL process is further improved, since
almost all of the alive clients send only one answer to one
database in each phase. In addition, while determining the two
client groups to be connected to the two databases, we can
further improve the total communication time based on the
actual bandwidth/quality of each client-database communica-
tion channel.

Remark 9: The proposed private FSL scheme can be used
iteratively in multiple rounds of an FSL process by refreshing
server-side and client-side common randomness.

IV. EXAMPLES FOR BLOCKS OF PRIVATE
DISTRIBUTED FSL

In this section, we give examples to explain the function-
alities of the modules (boxes) in Fig. 1. The examples get
progressively more complex: Example 1 considers a two-party
PSU setting where the client party has multiple databases and
the leader party has a single database. Example 2 considers
the slightly more difficult version of Example 1, in that the
client party also has a single database. In this case, single-
database SPIR is infeasible, and the leader party needs to
fetch client-side common randomness to use as leader-side
side information as in [36]. Example 3 considers generalized
version of Example 2 to a multi-party (MP) case; in particular,
there are 5 parties and each party has a single database.
Example 4 is an extended version of Example 3, where the
leader party has two databases. This example reflects how the
FSL-PSU phase of the proposed private FSL scheme works.
Finally, Example 5 shows how the private write works. The
FSL-PSU in Example 4 and the FSL-write in Example 5
together constitute our proposed private FSL scheme.

Example 1: Two-party PSU; two-database client; one-
database leader: Consider a two-party PSU problem with a
global alphabet A = {1, 2, 3, 4}. The first party P1 contains
element 1 and element 2, i.e., P1 = {1, 2}. The second party
P2 contains element 1 and element 3, i.e., P2 = {1, 3}.
For convenience, the total number of elements in each party
is public knowledge. The parties want to jointly compute
the union of their element sets without revealing anything
else to each other. By mapping their element sets into the
corresponding incidence vectors, two parties construct the
incidence vectors as follows,

Party P1 : P1 = {1, 2}, ⇒
X⟨1⟩ = [X⟨1⟩

1 X
⟨1⟩
2 X

⟨1⟩
3 X

⟨1⟩
4 ]T = [1 1 0 0]T . (27)

Party P2 : P2 = {1, 3}, ⇒
X⟨2⟩ = [X⟨2⟩

1 X
⟨2⟩
2 X

⟨2⟩
3 X

⟨2⟩
4 ]T = [1 0 1 0]T . (28)

First, P2 (leader party) asks for the value of X
⟨1⟩
2 from

P1 using an SPIR approach. P1 (client party) has two repli-
cated and non-colluding databases. These two databases share
a server-side common randomness symbol S1 that is uniformly
selected from the finite field F2 and unknown to P2. As a
consequence, P1 generates the answer table for two individual
databases in the following form,

A
(1)
U (1) = S1. (29)

A
(1)
U (2) = X

⟨1⟩
1 + X

⟨1⟩
2 + S1. (30)

A
(1)
U (3) = X

⟨1⟩
1 + X

⟨1⟩
3 + S1. (31)

A
(1)
U (4) = X

⟨1⟩
1 + X

⟨1⟩
4 + S1. (32)

A
(1)
U (5) = X

⟨1⟩
2 + X

⟨1⟩
3 + S1. (33)

A
(1)
U (6) = X

⟨1⟩
2 + X

⟨1⟩
4 + S1. (34)

A
(1)
U (7) = X

⟨1⟩
3 + X

⟨1⟩
4 + S1. (35)

A
(1)
U (8) = X

⟨1⟩
1 + X

⟨1⟩
2 + X

⟨1⟩
3 + X

⟨1⟩
4 + S1. (36)

A
(2)
U (1) = X

⟨1⟩
1 + S1. (37)

A
(2)
U (2) = X

⟨1⟩
2 + S1. (38)

A
(2)
U (3) = X

⟨1⟩
3 + S1. (39)

A
(2)
U (4) = X

⟨1⟩
4 + S1. (40)

A
(2)
U (5) = X

⟨1⟩
1 + X

⟨1⟩
2 + X

⟨1⟩
3 + S1. (41)

A
(2)
U (6) = X

⟨1⟩
1 + X

⟨1⟩
2 + X

⟨1⟩
4 + S1. (42)

A
(2)
U (7) = X

⟨1⟩
1 + X

⟨1⟩
3 + X

⟨1⟩
4 + S1. (43)

A
(2)
U (8) = X

⟨1⟩
2 + X

⟨1⟩
3 + X

⟨1⟩
4 + S1. (44)

Following the notation in Section II, the superscript of A
denotes the database index of P1 while the index on the
right-hand side of A denotes the potential query choice that
can be chosen by P2.

In order to retrieve X
⟨1⟩
2 , P2 selects a random query choice

for the first database of P1 and its coupled query for the second
database of P1. For instance, P2 chooses 1 for the first database
of P1 and 2 for the second database of P1. After receiving
the query symbol 1, the first database of P1 responds with
the answer A

(1)
U (1) = S1. Meanwhile, the second database of

P1 responds with the answer A
(2)
U (2) = X

⟨1⟩
2 + S1 when the

query symbol 2 is received. Next, P2 asks for the value of
X
⟨1⟩
4 from P1 in the same way.
Since there are 8 possible queries to each database of P1,

the communication cost from P2 to P1 is 3 + 3 = 6 bits; and
since each database of P1 sends back a single bit of answer,
the communication cost from P1 to P2 is 1 + 1 = 2 bits.
Thus, the total communication cost for learning X

⟨1⟩
2 and

X
⟨1⟩
4 is 2 · (6+2) = 16 bits through this MM-SPIR approach.

After learning the values of X
⟨1⟩
2 and X

⟨1⟩
4 , P2 knows that

P1 has element 2 but does not have element 4. Combining
its own elements, P2 is able to calculate the union, which
is {1, 2, 3}. Thus, the PSU reliability constraint is satisfied.
Regarding the two privacy constraints, due to the user privacy
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constraint in the SPIR problem, each individual database in
P1 can only learn that P2 has two elements without learning
any knowledge about what these two specific elements are.
Due to the database privacy constraint in the SPIR problem,
P2 can only learn that P1 possesses element 2 and does not
possess element 4 without any additional knowledge about
whether P1 has elements 1, 3. In particular, whether P1 has
element 4 or not can be deduced by P2 from the ultimate union
result and its own elements. Thus, both of P1 and P2 privacy
constraints are guaranteed. Thus, this is a valid two-party PSU
scheme.

Example 2: Two-party PSU; one-database client; one-
database leader: Compared to Example 1, the only modifica-
tion in the setting is that party P1 now has a single database.
Party P1 also holds four server-side common randomness
symbols S1, S2, S3 and S4 that are all uniformly selected from
the finite field F2. In order to have a feasible single-database
SPIR approach as illustrated in [36], the party P2 obtains
one random server-side common randomness symbol ahead
of time. As a consequence, P1 generates the following answer
table for the only database,

A
(1)
U (1) = {X⟨1⟩

1 + S1, X
⟨1⟩
2 + S2,

X
⟨1⟩
3 + S3, X

⟨1⟩
4 + S4}. (45)

A
(1)
U (2) = {X⟨1⟩

1 + S2, X
⟨1⟩
2 + S3,

X
⟨1⟩
3 + S4, X

⟨1⟩
4 + S1}. (46)

A
(1)
U (3) = {X⟨1⟩

1 + S3, X
⟨1⟩
2 + S4,

X
⟨1⟩
3 + S1, X

⟨1⟩
4 + S2}. (47)

A
(1)
U (4) = {X⟨1⟩

1 + S4, X
⟨1⟩
2 + S1,

X
⟨1⟩
3 + S2, X

⟨1⟩
4 + S3}. (48)

Subsequently, P2 selects a query choice that matches its pre-
fetched server-side common randomness symbol. For instance,
if its pre-fetched symbol is S1, in order to retrieve X

⟨1⟩
2 ,

P2 chooses 4 and then sends this query symbol to P1. The
database belonging to P1 responds with the answer A

(1)
U (4) =

{X⟨1⟩
1 + S4, X

⟨1⟩
2 + S1, X

⟨1⟩
3 + S2, X

⟨1⟩
4 + S3}. Likewise,

P2 also asks for the value of X
⟨1⟩
4 from P1 in the same way.

Since there are 4 possible queries to the database of P1, the
communication cost from P2 to P1 is 2 bits; and since P1 sends
back an answer with 4 components, the communication cost
from P1 to P2 is 4 bits. Thus, the total communication
cost for learning X

⟨1⟩
2 and X

⟨1⟩
4 is 2 · (2 + 4) = 12 bits

through this MM-SPIR approach, without considering the
communication cost generated by the pre-fetched server-side
common randomness symbol. Verification that this achievable
scheme satisfies the PSU reliability, P1 privacy and P2 privacy
constraints follows similarly as in Example 1.

Example 3: Five-party PSU; one-database per client;
one-database leader: As a generalization of Examples 1
and 2, in this example, we consider a multi-party setting,
again with the global alphabet A = {1, 2, 3, 4}. Here, the first
party P1 contains element 1, i.e., P1 = {1}. The second party
P2 contains element 1 and element 3, i.e., P2 = {1, 3}. The
third party P3 contains element 1 and element 4, i.e., P3 =
{1, 4}. The fourth party P4 contains element 1, element 3 and

element 4, i.e., P4 = {1, 3, 4}. The fifth party P5 contains
nothing, i.e., P5 = ∅. As before, we assume that the total
number of elements in each party is public knowledge. The
parties construct the corresponding incidence vectors X⟨[5]⟩ as
follows,

Party P1 : P1 = {1}, ⇒
X⟨1⟩ = [X⟨1⟩

1 X
⟨1⟩
2 X

⟨1⟩
3 X

⟨1⟩
4 ]T = [1 0 0 0]T . (49)

Party P2 : P2 = {1, 3}, ⇒
X⟨2⟩ = [X⟨2⟩

1 X
⟨2⟩
2 X

⟨2⟩
3 X

⟨2⟩
4 ]T = [1 0 1 0]T . (50)

Party P3 : P3 = {1, 4}, ⇒
X⟨3⟩ = [X⟨3⟩

1 X
⟨3⟩
2 X

⟨3⟩
3 X

⟨3⟩
4 ]T = [1 0 0 1]T . (51)

Party P4 : P4 = {1, 3, 4}, ⇒
X⟨4⟩ = [X⟨4⟩

1 X
⟨4⟩
2 X

⟨4⟩
3 X

⟨4⟩
4 ]T = [1 0 1 1]T . (52)

Party P5 : P5 = ∅, ⇒
X⟨5⟩ = [X⟨5⟩

1 X
⟨5⟩
2 X

⟨5⟩
3 X

⟨5⟩
4 ]T = [0 0 0 0]T . (53)

Using the MP-PSI achievable scheme in [42] as a reference,
we select party P5 as the leader party, and the remaining
parties as client parties, as party P5 is globally known as
an empty party. Thus, there is no need for P5 to send any
queries to the remaining parties and the server-side common
randomness employed in the previous two examples is not
necessary any more. In this example, all parties have a single
database. Besides their own incidence vectors, each client
party holds the same set of common randomness symbols4

{u⟨[4]⟩α : α ∈ [4]} from the finite field F5 as well as the
same global common randomness symbol c that is uniformly
distributed over {1, 2, 3, 4}. Moreover, {u⟨[4]⟩α : α ∈ [4]} are
such that the sum

∑
i∈[4] u

⟨i⟩
α is always equal to 0 for all

α ∈ [4]. The answers from the client parties are,

A
⟨1⟩
U = {c(X⟨1⟩

1 + u
⟨1⟩
1 ), c(X⟨1⟩

2 + u
⟨1⟩
2 ),

c(X⟨1⟩
3 + u

⟨1⟩
3 ), c(X⟨1⟩

4 + u
⟨1⟩
4 )}. (54)

A
⟨2⟩
U = {c(X⟨2⟩

1 + u
⟨2⟩
1 ), c(X⟨2⟩

2 + u
⟨2⟩
2 ),

c(X⟨2⟩
3 + u

⟨2⟩
3 ), c(X⟨2⟩

4 + u
⟨2⟩
4 )}. (55)

A
⟨3⟩
U = {c(X⟨3⟩

1 + u
⟨3⟩
1 ), c(X⟨3⟩

2 + u
⟨3⟩
2 ),

c(X⟨3⟩
3 + u

⟨3⟩
3 ), c(X⟨3⟩

4 + u
⟨3⟩
4 )}. (56)

A
⟨4⟩
U = {c(X⟨4⟩

1 + u
⟨4⟩
1 ), c(X⟨4⟩

2 + u
⟨4⟩
2 ),

c(X⟨4⟩
3 + u

⟨4⟩
3 ), c(X⟨4⟩

4 + u
⟨4⟩
4 )}. (57)

Regarding reliability: The leader party P5 calculates the
following expressions,

Element 1 : c(X⟨1⟩
1 + u

⟨1⟩
1 ) + c(X⟨2⟩

1 + u
⟨2⟩
1 )

+ c(X⟨3⟩
1 + u

⟨3⟩
1 ) + c(X⟨4⟩

1 + u
⟨4⟩
1 )

= c(
∑
i∈[4]

X
⟨i⟩
1 +

∑
i∈[4]

u
⟨i⟩
1 ) = c(

∑
i∈[4]

X
⟨i⟩
1 ) = c · 4 ̸= 0. (58)

4The common randomness symbol u
⟨i⟩
α in this MP-PSU implementation

functions exactly in the same way as the common randomness symbols ti,j
functioned in the MP-PSI paper [42]. The same is true for subsequent common
randomness symbols w

⟨i⟩
α in the write-back implementation.
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Element 2 : c(X⟨1⟩
2 + u

⟨1⟩
2 ) + c(X⟨2⟩

2 + u
⟨2⟩
2 )

+ c(X⟨3⟩
2 + u

⟨3⟩
2 ) + c(X⟨4⟩

2 + u
⟨4⟩
2 )

= c(
∑
i∈[4]

X
⟨i⟩
2 +

∑
i∈[4]

u
⟨i⟩
2 ) = c(

∑
i∈[4]

X
⟨i⟩
2 ) = c · 0 = 0. (59)

Element 3 : c(X⟨1⟩
3 + u

⟨1⟩
3 ) + c(X⟨2⟩

3 + u
⟨2⟩
3 )

+ c(X⟨3⟩
3 + u

⟨3⟩
3 ) + c(X⟨4⟩

3 + u
⟨4⟩
3 )

= c(
∑
i∈[4]

X
⟨i⟩
3 +

∑
i∈[4]

u
⟨i⟩
3 ) = c(

∑
i∈[4]

X
⟨i⟩
3 ) = c · 2 ̸= 0. (60)

Element 4 : c(X⟨1⟩
4 + u

⟨1⟩
4 ) + c(X⟨2⟩

4 + u
⟨2⟩
4 )

+ c(X⟨3⟩
4 + u

⟨3⟩
4 ) + c(X⟨4⟩

4 + u
⟨4⟩
4 )

= c(
∑
i∈[4]

X
⟨i⟩
4 +

∑
i∈[4]

u
⟨i⟩
4 ) = c(

∑
i∈[4]

X
⟨i⟩
4 ) = c · 2 ̸= 0. (61)

Thus, P5 concludes that the union P1∪P2∪P3∪P4 is {1, 3, 4}
because the first, third and fourth expressions are not equal
to 0.

Regarding privacy: The leader party’s privacy constraint is
trivially satisfied since the leader party is empty and sent no
queries to the clients. The clients’ privacies are protected by
the common randomness symbols {u⟨[4]⟩α : α ∈ [4]} and c.
First, the values of the individual components of the incidence
vector {X⟨[4]⟩

α : α ∈ [4]} are kept private from P5 by the added
randomness symbols {u⟨[4]⟩α : α ∈ [4]}. These coupled (i.e.,
correlated) random variables disappear when the components
coming from clients are added up as

∑
i∈[4] u

⟨i⟩
α is always

0 for all α ∈ [4]. Finally, the global common randomness
symbol c protects the actual value of the sum

∑
i X

⟨i⟩
α for

all α. That is, leader P5 can only learn whether these sums
are zero or not and nothing beyond that. Thus, this is a valid
scheme satisfying reliability and privacy.

Example 4: Five-party PSU; one-database per client;
two-database leader: With respect to the MP-PSU con-
figuration in Example 3, we only change the number of
databases in the leader party P5, which now contains two
replicated and non-colluding databases. As these two databases
do not communicate with each other directly, a straightforward
approach could be to have each client send its answer shown
in (54)-(57) to both databases in the leader party. This way,
each database could individually learn the union while the
privacy constraints are still satisfied. Here, we put forth an
alternative approach, where two client parties are utilized
as intermediaries to route the information between the two
non-colluding databases in the leader party such that there is
no need for a client to send the replicated answer to both
databases in P5. To that end, each client party also holds
another duplicate set of common randomness symbols {uα :
α ∈ [4]} that are all uniformly selected from F5 on the basis of
the existing common randomness symbols {u⟨[4]⟩α : α ∈ [4]}.
Since P5 does not have any element, there is no need for
the other parties to download any information from P5 in the
beginning, i.e., D

⟨C1⟩,(1)
U,1 and D

⟨C2⟩,(2)
U,1 are both null. At this

point, let the client parties P1 and P2 form the first group. They
send their respective answers A

⟨1⟩,(1)
U,1 and A

⟨2⟩,(1)
U,1 as shown

in (54)-(55) to the first database of P5 since they are associated

with database 1. This database produces a response D
⟨2⟩,(1)
U,2

to be downloaded by client 2 through element-wisely adding
its received answers and appending leader party common
randomness symbols that are all uniformly selected from the
finite field F5,

D
⟨2⟩,(1)
U,2 = {c(X⟨1⟩

1 + X
⟨2⟩
1 + u

⟨1⟩
1 + u

⟨2⟩
1 ) + S1,

c(X⟨1⟩
2 + X

⟨2⟩
2 + u

⟨1⟩
2 + u

⟨2⟩
2 ) + S2,

c(X⟨1⟩
3 + X

⟨2⟩
3 + u

⟨1⟩
3 + u

⟨2⟩
3 ) + S3,

c(X⟨1⟩
4 + X

⟨2⟩
4 + u

⟨1⟩
4 + u

⟨2⟩
4 ) + S4}. (62)

This database then sends this response back to P2. After
adding extra common randomness to the received response,
P2 forwards the following answer to both databases in P5,

A
⟨2⟩,([2])
U,2 = {c(X⟨1⟩

1 + X
⟨2⟩
1 + u

⟨1⟩
1 + u

⟨2⟩
1 ) + u1 + S1,

c(X⟨1⟩
2 + X

⟨2⟩
2 + u

⟨1⟩
2 + u

⟨2⟩
2 ) + u2 + S2,

c(X⟨1⟩
3 + X

⟨2⟩
3 + u

⟨1⟩
3 + u

⟨2⟩
3 ) + u3 + S3,

c(X⟨1⟩
4 + X

⟨2⟩
4 + u

⟨1⟩
4 + u

⟨2⟩
4 ) + u4 + S4}.

(63)

Meanwhile, the client parties P3 and P4, which form the
second group, send their respective answers A

⟨3⟩,(2)
U,1 and

A
⟨4⟩,(2)
U,1 as shown in (56)-(57) to the second database of P5.

Similarly, this database produces a response D
⟨3⟩,(2)
U,2 to be

downloaded by client 3 as follows, and sends it back to P3,

D
⟨3⟩,(2)
U,2 = {c(X⟨3⟩

1 + X
⟨4⟩
1 + u

⟨3⟩
1 + u

⟨4⟩
1 )− S1,

c(X⟨3⟩
2 + X

⟨4⟩
2 + u

⟨3⟩
2 + u

⟨4⟩
2 )− S2,

c(X⟨3⟩
3 + X

⟨4⟩
3 + u

⟨3⟩
3 + u

⟨4⟩
3 )− S3,

c(X⟨3⟩
4 + X

⟨4⟩
4 + u

⟨3⟩
4 + u

⟨4⟩
4 )− S4}. (64)

Then, P3 forwards the following further processed answer to
both databases in P5,

A
⟨3⟩,([2])
U,2 = {c(X⟨3⟩

1 + X
⟨4⟩
1 + u

⟨3⟩
1 + u

⟨4⟩
1 )− u1 − S1,

c(X⟨3⟩
2 + X

⟨4⟩
2 + u

⟨3⟩
2 + u

⟨4⟩
2 )− u2 − S2,

c(X⟨3⟩
3 + X

⟨4⟩
3 + u

⟨3⟩
3 + u

⟨4⟩
3 )− u3 − S3,

c(X⟨3⟩
4 + X

⟨4⟩
4 + u

⟨3⟩
4 + u

⟨4⟩
4 )− u4 − S4}.

(65)

After collecting the answers in the second communication step,
each individual database j in P5 finds the desired submodel
union by element-wisely adding A

⟨2⟩,(j)
U,2 and A

⟨3⟩,(j)
U,2 ,

A
⟨2⟩,(j)
U,2 + A

⟨3⟩,(j)
U,2 =

{
c(

∑
i∈[4]

X
⟨i⟩
1 ), c(

∑
i∈[4]

X
⟨i⟩
2 ),

c(
∑
i∈[4]

X
⟨i⟩
3 ), c(

∑
i∈[4]

X
⟨i⟩
4 )

}
, ∀j. (66)

Regarding reliability: The MP-PSU reliability in the leader
party P5 is inherited from the MP-PSU reliability analysis
in Example 3. Specifically, each individual database in P5 can
make the same analysis as shown in (58)-(61) for each element
in the alphabet to derive the union P1 ∪ P2 ∪ P3 ∪ P4. Also,
P5 can send this union result to any client party if needed.
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Regarding privacy: The privacy analysis of the client parties
P1 and P4 is trivial, since neither of them has received
any information from the remaining parties. Regarding the
client party P2, due to the appended leader party common
randomness {Sα, α ∈ [4]}, this party cannot learn any-
thing about the incidence vector symbols in the remaining
parties from its only received information D

⟨2⟩,(1)
U,2 . This

analysis also applies to the client party P3. Regarding the
leader party P5, it is obvious that the received information
{A⟨1⟩,(1)U,1 , A

⟨2⟩,(1)
U,1 , A

⟨2⟩,(1)
U,2 , A

⟨3⟩,(1)
U,2 } in the first database and

the received information {A⟨3⟩,(2)U,1 , A
⟨4⟩,(2)
U,1 , A

⟨2⟩,(2)
U,2 , A

⟨3⟩,(2)
U,2 }

in the second database, individually, contain less information
about the incidence vector symbols in the client parties than
the answers A

⟨[4]⟩
U received by P5 in Example 3. Therefore, the

leader party P5 can only learn the union and nothing beyond
that. Thus, this is a valid MP-PSU scheme.

Next, we consider situations that are commonly encountered
in practical implementations.

First, one or more client parties may drop-out during the
MP-PSU process. For instance, P1 may lose connection to
P5, in which case, the first database of P5 will only receive
the answer from P2. The download produced in the original
method now becomes,

D
′⟨2⟩,(1)
U,2 ={c(X⟨2⟩

1 + u
⟨2⟩
1 ) + S1, c(X

⟨2⟩
2 + u

⟨2⟩
2 ) + S2,

c(X⟨2⟩
3 + u

⟨2⟩
3 ) + S3, c(X

⟨2⟩
4 + u

⟨2⟩
4 ) + S4}.

(67)

It is easy to observe that the common randomness symbols
u
⟨[4]⟩
α in these two downloads cannot be cancelled completely

as before. However, note that P2 possesses the missing com-
mon randomness symbols incurred by P1 drop-out. Hence,
P2 can add the required common randomness itself as long as
it learns from database 1 that P1 has dropped-out. Thus, the
adjusted answer in the second step A

′⟨2⟩,([2])
U,2 is as follows and

will be sent back to both databases in P5,

A
′⟨2⟩,([2])
U,2 = {c(X⟨2⟩

1 + u
⟨1⟩
1 + u

⟨2⟩
1 ) + u1 + S1,

c(X⟨2⟩
2 + u

⟨1⟩
2 + u

⟨2⟩
2 ) + u2 + S2,

c(X⟨2⟩
3 + u

⟨1⟩
3 + u

⟨2⟩
3 ) + u3 + S3,

c(X⟨2⟩
4 + u

⟨1⟩
4 + u

⟨2⟩
4 ) + u4 + S4}. (68)

Further, if P2 loses its connection to P5, the remaining active
client party P1 in the first client party group functions as a
router. Since no one in the second client group drops-out, the
download D

⟨3⟩,(2)
U,2 remains the same,

D
⟨3⟩,(2)
U,2 = {c(X⟨3⟩

1 + X
⟨4⟩
1 + u

⟨3⟩
1 + u

⟨4⟩
1 )− S1,

c(X⟨3⟩
2 + X

⟨4⟩
2 + u

⟨3⟩
2 + u

⟨4⟩
2 )− S2,

c(X⟨3⟩
3 + X

⟨4⟩
3 + u

⟨3⟩
3 + u

⟨4⟩
3 )− S3,

c(X⟨3⟩
4 + X

⟨4⟩
4 + u

⟨3⟩
4 + u

⟨4⟩
4 )− S4}. (69)

The result forwarded by P3 and received by the databases in
P5 remains the same,

A
⟨3⟩,([2])
U,2 = {c(X⟨3⟩

1 + X
⟨4⟩
1 + u

⟨3⟩
1 + u

⟨4⟩
1 )− u1 − S1,

c(X⟨3⟩
2 + X

⟨4⟩
2 + u

⟨3⟩
2 + u

⟨4⟩
2 )− u2 − S2,

c(X⟨3⟩
3 + X

⟨4⟩
3 + u

⟨3⟩
3 + u

⟨4⟩
3 )− u3 − S3,

c(X⟨3⟩
4 + X

⟨4⟩
4 + u

⟨3⟩
4 + u

⟨4⟩
4 )− u4 − S4}.

(70)

We can now verify that both databases in P5 can determine
the union P2 ∪ P3 ∪ P4 without the participation of P1.

Second, the answer A
⟨1⟩,(1)
U,1 generated by P1 may arrive

at database 1 in P5 so late that database 1 may believe
that P1 has dropped-out. In such a case, the privacy in our
MP-PSU is still preserved. If we look at the received infor-
mation {A⟨1⟩,(1)U,1 , A

⟨2⟩,(1)
U,1 , A

′⟨2⟩,(1)
U,2 , A

⟨3⟩,(1)
U,2 } in database 1 of

P5, no information about the incidence vector X⟨1⟩ is leaked
due to the existence of extra common randomness symbols
{uα : α ∈ [4]}. Moreover, this late answer A

⟨1⟩,(1)
U,1 will never

be transmitted to any other client parties by P5 in order to
avoid the further leakage of X⟨1⟩. The usage of extra common
randomness uα here is similar to the double-masking idea
in [3] so as to resolve this late arrival problem, but in a very
simple manner.

Third, one of the two databases in P5 may also drop-out
during the implementation. For instance, if database 2 drops-
out, the same answers {A⟨1⟩,(1)U,1 , A

⟨2⟩,(1)
U,1 , A

⟨2⟩,(1)
U,2 } can still be

received by database 1 in P5 from P1 and P2, but A
⟨3⟩,(1)
U,2

cannot be received from the other client party group as usual.
The corresponding remedy is that the surviving database asks
for the values of {c(u⟨3⟩α + u

⟨4⟩
α ) : α ∈ [4]} from P2 through

one more communication step. In this way, it is easy to see that
the first database in P5 can derive the union P1∪P2 associated
with the first client party group.

Example 5: Five-party PSU; one-database per client;
two-database leader; together with FSL-write: Consider
a distributed FSL problem involving a server consisting
of two replicated and non-colluding databases and four
selected clients in this round of FSL process. Each individual
database stores 4 independent submodels each containing
2 i.i.d. symbols uniformly selected from a sufficiently large
finite field Fq , q ≥ 5, i.e., M1 = [M1,1, M1,2], M2 =
[M2,1, M2,2], M3 = [M3,1, M3,2], M4 = [M4,1, M4,2] and
some required server-side common randomness symbols.
According to the clients’ respective local training data, client 1
can be used to update the submodel 1, client 2 can be used
to update the submodels 1, 3, client 3 can be used to update
the submodels 1, 4 and client 4 can be used to update the
submodels 1, 3, 4, i.e., Γ⟨1⟩ = {1}, Γ⟨2⟩ = {1, 3}, Γ⟨3⟩ =
{1, 4}, Γ⟨4⟩ = {1, 3, 4}. Both databases in the server can com-
municate with each client through a secure and authenticated
channel. We further assume that the channels connected to
database 1 have higher bandwidth than the ones connected to
database 2 for clients 1, 2 and it is the opposite for clients
3, 4. Thus, the FSL-PSU phase is executed exactly as in the
MP-PSU in Example 4, and each database in the server learns
the desired submodel union Γ = {1, 3, 4} when this phase is
complete.

Due to the similarities between the formulations of
FSL-PSU phase and the FSL-write phase, we use the
idea in Example 4 one more time to execute the FSL-
write phase. Database 1 sends the submodels 1, 3, 4 to
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client 1 and client 2, while database 2 sends the sub-
models 1, 3, 4 to client 3 and client 4, i.e., the downloads
D
⟨1,2⟩,(1)
W,1 and D

⟨3,4⟩,(2)
W,1 are both {M1, M3, M4}. After

receiving the desired submodels from the server, client 1
generates the increment

{
∆⟨1⟩

1,1, ∆
⟨1⟩
1,2

}
for submodel 1,

client 2 generates the increment
{
∆⟨2⟩

1,1, ∆
⟨2⟩
1,2, ∆

⟨2⟩
3,1, ∆

⟨2⟩
3,2

}
for submodels 1, 3, client 3 generates the increment{
∆⟨3⟩

1,1, ∆
⟨3⟩
1,2, ∆

⟨3⟩
4,1, ∆

⟨3⟩
4,2

}
for submodels 1, 4, client 4 gen-

erates the increment
{
∆⟨4⟩

1,1, ∆
⟨4⟩
1,2, ∆

⟨4⟩
3,1, ∆

⟨4⟩
3,2, ∆

⟨4⟩
4,1, ∆

⟨4⟩
4,2

}
for

submodels 1, 3, 4 after performing their respective local train-
ing. In addition, we assume that each client has already
obtained two sets of common randomness symbols {w⟨Γ⟩k,l :
k ∈ [4], l ∈ [2]} and {wk,l : k ∈ [4], l ∈ [2]} from the finite
field Fq as in the previous examples. For all k ∈ Γ and all
l ∈ [2], the sum

∑
i∈[4] w

⟨i⟩
k,l is always equal to 0. Thus, the

answers sent to database 1 in the server from clients 1 and
2 are as follows,

A
⟨1⟩,(1)
W,1 = {∆⟨1⟩

1,1 + w
⟨1⟩
1,1 , ∆⟨1⟩

1,2 + w
⟨1⟩
1,2 , w

⟨1⟩
3,1 , w

⟨1⟩
3,2 ,

w
⟨1⟩
4,1 , w

⟨1⟩
4,2}. (71)

A
⟨2⟩,(1)
W,1 = {∆⟨2⟩

1,1 + w
⟨2⟩
1,1 , ∆⟨2⟩

1,2 + w
⟨2⟩
1,2 , ∆⟨2⟩

3,1 + w
⟨2⟩
3,1 ,

∆⟨2⟩
3,2 + w

⟨2⟩
3,2 , w

⟨2⟩
4,1 , w

⟨2⟩
4,2}. (72)

After collecting the answers from clients 1, 2, database 1 per-
forms the element-wise summation with the aid of its own
server-side common randomness symbols and transmits the
following response to client 2 in its associated client group,

D
⟨2⟩,(1)
W,2 = {∆⟨1⟩

1,1 + ∆⟨2⟩
1,1 + w

⟨1⟩
1,1 + w

⟨2⟩
1,1 + S1,1,

∆⟨1⟩
1,2 + ∆⟨2⟩

1,2 + w
⟨1⟩
1,2 + w

⟨2⟩
1,2 + S1,2,

∆⟨2⟩
3,1 + w

⟨1⟩
3,1 + w

⟨2⟩
3,1 + S3,1,

∆⟨2⟩
3,2 + w

⟨1⟩
3,2 + w

⟨2⟩
3,2 + S3,2,

w
⟨1⟩
4,1 + w

⟨2⟩
4,1 + S4,1,

w
⟨1⟩
4,2 + w

⟨2⟩
4,2 + S4,2}. (73)

Afterwards, client 2 processes the received response by adding
extra common randomness and then forwards the following
answer to both databases in the server,

A
⟨2⟩,([2])
W,2 = {∆⟨1⟩

1,1 + ∆⟨2⟩
1,1 + w

⟨1⟩
1,1 + w

⟨2⟩
1,1 + w1,1 + S1,1,

∆⟨1⟩
1,2 + ∆⟨2⟩

1,2 + w
⟨1⟩
1,2 + w

⟨2⟩
1,2 + w1,2 + S1,2,

∆⟨2⟩
3,1 + w

⟨1⟩
3,1 + w

⟨2⟩
3,1 + w3,1 + S3,1,

∆⟨2⟩
3,2 + w

⟨1⟩
3,2 + w

⟨2⟩
3,2 + w3,2 + S3,2,

w
⟨1⟩
4,1 + w

⟨2⟩
4,1 + w4,1 + S4,1,

w
⟨1⟩
4,2 + w

⟨2⟩
4,2 + w4,2 + S4,2}. (74)

At the same time, the answers sent to database 2 in the server
from clients 3 and 4 are,

A
⟨3⟩,(2)
W,1 = {∆⟨3⟩

1,1 + w
⟨3⟩
1,1 , ∆⟨3⟩

1,2 + w
⟨3⟩
1,2 , w

⟨3⟩
3,1 , w

⟨3⟩
3,2 ,

∆⟨3⟩
4,1 + w

⟨3⟩
4,1 , ∆⟨3⟩

4,2 + w
⟨3⟩
4,2}. (75)

A
⟨4⟩,(2)
W,1 = {∆⟨4⟩

1,1 + w
⟨4⟩
1,1 , ∆⟨4⟩

1,2 + w
⟨4⟩
1,2 , ∆⟨4⟩

3,1 + w
⟨4⟩
3,1 ,

∆⟨4⟩
3,2 + w

⟨4⟩
3,2 , ∆⟨4⟩

4,1 + w
⟨4⟩
4,1 , ∆⟨4⟩

4,2 + w
⟨4⟩
4,2}. (76)

When the collection and computation is finished, database
2 sends the following response to client 3 who belongs to
its associated client group,

D
⟨3⟩,(2)
W,2 = {∆⟨3⟩

1,1 + ∆⟨4⟩
1,1 + w

⟨3⟩
1,1 + w

⟨4⟩
1,1 − S1,1,

∆⟨3⟩
1,2 + ∆⟨4⟩

1,2 + w
⟨3⟩
1,2 + w

⟨4⟩
1,2 − S1,2,

∆⟨4⟩
3,1 + w

⟨3⟩
3,1 + w

⟨4⟩
3,1 − S3,1,

∆⟨4⟩
3,2 + w

⟨3⟩
3,2 + w

⟨4⟩
3,2 − S3,2,

∆⟨3⟩
4,1 + ∆⟨4⟩

4,1 + w
⟨3⟩
4,1 + w

⟨4⟩
4,1 − S4,1,

∆⟨3⟩
4,2 + ∆⟨4⟩

4,2 + w
⟨3⟩
4,2 + w

⟨4⟩
4,2 − S4,2}. (77)

Similarly, client 3 processes the received response by adding
extra common randomness again and then forwards the fol-
lowing answer to both databases in the server,

A
⟨3⟩,([2])
W,2 ={∆⟨3⟩

1,1 + ∆⟨4⟩
1,1 + w

⟨3⟩
1,1 + w

⟨4⟩
1,1 − w1,1 − S1,1,

∆⟨3⟩
1,2 + ∆⟨4⟩

1,2 + w
⟨3⟩
1,2 + w

⟨4⟩
1,2 − w1,2 − S1,2,

∆⟨4⟩
3,1 + w

⟨3⟩
3,1 + w

⟨4⟩
3,1 − w3,1 − S3,1,

∆⟨4⟩
3,2 + w

⟨3⟩
3,2 + w

⟨4⟩
3,2 − w3,2 − S3,2,

∆⟨3⟩
4,1 + ∆⟨4⟩

4,1 + w
⟨3⟩
4,1 + w

⟨4⟩
4,1 − w4,1 − S4,1,

∆⟨3⟩
4,2 + ∆⟨4⟩

4,2 + w
⟨3⟩
4,2 + w

⟨4⟩
4,2 − w4,2 − S4,2}.

(78)

At this point, both databases can update the corresponding
submodels after receiving the answers in the second step
and removing all the involved common randomness symbols
through element-wise summation,

M ′
1 = {M1,1 + ∆⟨1⟩

1,1 + ∆⟨2⟩
1,1 + ∆⟨3⟩

1,1 + ∆⟨4⟩
1,1,

M1,2 + ∆⟨1⟩
1,2 + ∆⟨2⟩

1,2 + ∆⟨3⟩
1,2 + ∆⟨4⟩

1,2}. (79)

M ′
3 = {M3,1 + ∆⟨2⟩

3,1 + ∆⟨4⟩
3,1, M3,2 + ∆⟨2⟩

3,2 + ∆⟨4⟩
3,2}. (80)

M ′
4 = {M4,1 + ∆⟨3⟩

4,1 + ∆⟨4⟩
4,1, M4,2 + ∆⟨3⟩

4,2 + ∆⟨4⟩
4,2}. (81)

In this example, we note that the scheme used in the
FSL-write phase is a simplified version of the MP-PSU
scheme used in Example 4 without considering the global
common randomness symbol c. Therefore, regarding this FSL-
write scheme, we can readily verify the FSL-write reliability
constraint as well as the FSL-write privacy constraint for each
individual database at the server side in reference to the leader
party P5 in Example 4, and the FSL-write inter-client privacy
constraint for clients 2, 3 in reference to the client parties
P2, P3 in Example 4. Likewise, the robustness against client
drop-outs, client late arrivals and database drop-outs possessed
by this FSL-write scheme is also inherited from the one in
Example 4. Finally, as required by the FSL process itself,
the FSL-PSU phase and FSL-write phase introduced in this
example can be executed repeatedly if a new set of clients
are selected to perform another round of this FSL process.
New sets of common randomness symbols and server-side
common randomness symbols are needed to ensure privacy
in each round.
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V. GENERAL FSL ACHIEVABLE SCHEME

In this section, we describe our general achievable scheme
for a distributed FSL model with any arbitrary initial param-
eters; see the model formulation in Section II-C. Our general
achievable scheme has three phases: common randomness
generation phase (FSL-CRG), private determination of the
union of indices of submodels to be updated (FSL-PSU), and
private writing of the updated submodels in the union back to
the databases (FSL-write), which are illustrated in detail in the
first three subsections. In Section IV, we have given examples
of FSL-PSU, and combined FSL-PSU and FSL-write. The
FSL-PSU and FSL-write phases make use of pre-established
common randomness at the client side. In Section IV, we have
presumed that the common randomness needed for FSL-PSU
and FSL-write have already been established. In this section,
we first describe the establishment of the necessary com-
mon randomness across the clients. Our FSL-CRG scheme
exploits the distributed nature of the server databases, and
uses one-time pads and the RSPIR scheme introduced in [43]
to generate common randomness. Then, we describe FSL-PSU
and FSL-write for the most general case. In the last subsection,
we analyze the reliability, privacy, robustness and performance
of our proposed FSL scheme.

A. Common Randomness Generation (FSL-CRG) Phase

The two databases in the server aim to establish two types
of common randomness across the clients: The first type is
a global common randomness symbol c that is uniformly
selected from the set Fq\{0}. The second type is a set of
general common randomness symbols {R0, R1, . . . , RC} with
a flexible set length C + 1, where each symbol is uniformly
selected from Fq and the sum of the last C symbols is equal
to 0, i.e.,

∑
i∈[C] Ri = 0. As a result, R0 can be used as

uk or wk,l while R[C] can be used as u
⟨[C]⟩
k or w

⟨[C]⟩
k,l in the

next two phases. The FSL-CRG phase is independent of the
FSL-PSU and FSL-write phases in a practical implementation,
and therefore, can be potentially executed during the off-peak
hours.

We start with an achievable scheme for the second type
of common randomness allocation. First, each database indi-
vidually selects a client with best client-database channel
from its associated client group as routing clients. Their
indices are denoted by θ1 and θ2, respectively. Second,
database 1 in the server randomly selects a set of symbols
{R(1)

0 , R
(1)
1 , . . . , R

(1)
C−1} from Fq under a uniform distribution

and then broadcasts this set to the routing clients and the last
client with index C. Likewise, database 2 performs the same
selection procedure as database 1 and then broadcasts a set
of symbols {R(2)

0 , R
(2)
1 , . . . , R

(2)
C−1} to the routing clients and

the last client as well.5 Thus, these clients share the same
new set of symbols with a set length C through element-wise
summation within the field,

Ri = R
(1)
i + R

(2)
i , i = 0, 1, . . . , C − 1. (82)

5Client C is supposed to obtain the new symbol RC .

Subsequently, each client appends one more symbol RC to the
existing set such that the sum equals zero, i.e.,

∑
i∈[C] Ri = 0.

Third, each database also sends its i + 1th random symbol in
its randomly selected symbol set to client i for all i ∈ [C−1].
Thus, client i can obtain a new symbol Ri through summation.
Ultimately, each individual database in the server has no
knowledge about client-side common randomness because of
the one-time pad encryption.

We next consider the first type of common randomness
allocation, i.e., the allocation of c. Note that c needs to be
uniform in Fq\{0}. We could use a modified version of the
above method as follows: Each database individually selects
a random symbol from Fq under a uniform distribution and
then broadcasts its selected symbol to each client. The global
common randomness symbol c is calculated as the sum of the
two random values that are transmitted from the two databases.
However, c now can take the value 0 with probability 1

|q| ,
thus, the constraint that c is uniformly distributed over Fq\{0}
is not immediately satisfied. The two databases in the server
can repeat this procedure until c falls into the allowed region,
which would require feedback from the clients as explained
above.

In order to overcome this shortcoming, we propose a
novel common randomness allocation method via a broadcast
variation of the RSPIR scheme introduced in [43]. We consider
a RSPIR problem with N = 2, K = |q| − 1, L = 1 and make
use of the potentially suboptimal6 RSPIR achievable scheme
provided in [43, Section V]. The corresponding message
set stored in the two databases is set as W1 = 1, W2 =
2, . . . ,W|q|−1 = |q| − 1. We note that there is no need to
protect the privacy of the remaining messages at this point
since all these messages can be globally known to the clients.
As a consequence, the required server-side common random-
ness in the original RSPIR problem [43] can be discarded.7

Database 1 has the following set of messages and broadcasts
one of them randomly to active clients,

c
(1)
1 = ∅, (83)

c
(1)
2 = {W1 + W2, W2 + W3, . . . ,W|q|−2 + W|q|−1},

(84)

c
(1)
3 = {W1 + W3, W2 + W4, . . . ,W|q|−2 + W1}, (85)

...

c
(1)
|q|−1 = {W1 + W|q|−1, W2 + W1, . . . ,W|q|−2 + W|q|−3}.

(86)

Similarly, database 2 has the following set of messages and
broadcasts one of them randomly to active clients,

c
(2)
1 = W1, (87)

6This scheme was proved to be optimal for K = 2, 3, but is a valid scheme
for any K.

7The new idea proposed here seems to be closer to the definition of
random private information retrieval (RPIR) as opposed to random symmetric
private information retrieval (RSPIR) studied in [43]. RPIR and RSPIR can
be further studied to design more efficient and powerful common randomness
construction among the clients. We leave this as an interesting future research
direction.
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c
(2)
2 = W2, (88)

...

c
(2)
|q|−2 = W|q|−2, (89)

c
(2)
|q|−1 = W|q|−1. (90)

By applying the decoding procedure in the RSPIR approach
in [43], all clients will be able to obtain the same global
common randomness symbol c that is uniformly distributed
over the set Fq\{0}. Moreover, the obtained random symbol
c will be unknown to each individual database in the server
due to the user privacy constraint in RSPIR [43].

B. Private Set Union (FSL-PSU) Phase

The FSL-PSU phase is further divided into two steps
considering the fact that two routing clients (one from each
client group) are utilized to relay the information between the
databases as shown in Fig. 3. This information is produced
from the answers that are collected by the two databases indi-
vidually from their associated client groups. In the first step,
there is no need for each client to download any information
from the databases since the server itself is not involved in
the PSU computation, namely the downloads D

⟨Cj⟩,(j)
U,1 are

null8 for all j ∈ [2]. As a consequence, the only operation in
this step is to make clients send their well-designed answers
A
⟨Cj⟩,(j)
U,1 to the associated database. In the second step, for all

j ∈ [2], database j processes the answers received from its
associated clients with the aid of its own server-side common
randomness, and then the produced D

⟨θj⟩,(j)
U,2 is merely down-

loaded by a carefully chosen client whose index is θj within
its associated client group Cj . Finally, the routing client θj

forwards the same processed answer A
⟨θj⟩,([2])
U,2 based on the

received download to both databases; see Fig. 3.
After the FSL-CRG phase is completed, each selected client

will obtain a global common randomness symbol c that is
uniformly distributed over Fq\{0}, and a set of common
randomness symbols {u⟨[C]⟩

k : k ∈ [K]} in which the identity∑
i∈[C] u

⟨i⟩
k = 0 is true for all k ∈ [K], and another set

of common randomness symbols {uk : k ∈ [K]} that are
all uniformly distributed over Fq . Following our distributed
FSL model in Section II-C, C selected clients in this round
of FSL process are divided into two groups C1 and C2. The
clients in C1 send their answers to database 1 in the server,
while the clients in C2 send their answers to database 2 in the
server. Then, the ith client in C1, after mapping its desired
submodel index set Γ⟨i⟩ into a corresponding incidence vector
Y ⟨i⟩, constructs its answer as,

A
⟨i⟩,(1)
U,1 = {c(Y ⟨i⟩

1 + u
⟨i⟩
1 ), c(Y ⟨i⟩

2 + u
⟨i⟩
2 ), . . . ,

8In this work, we use the value in ⟨⟩ to denote the index of client and the
value in () to denote the index of database for clarity. The superscript of the
download D or the answer A in the following text implies the information
flow during the client-database communication. The first subscript of D or A
is used to show it is within the FSL-PSU phase or FSL-write phase (the letter
U stands for union and the letter W stands for write), whereas the second
subscript is used to denote the step number within this phase. In particular,
“D

⟨Cj⟩,(j)
U,1 are null” here means that the communication between any client

in Cj and database j is always empty in the first step of FSL-PSU phase.

c(Y ⟨i⟩
K + u

⟨i⟩
K )}. (91)

Similarly, the ith client in C2 constructs its answer as,

A
⟨i⟩,(2)
U,1 = {c(Y ⟨i⟩

1 + u
⟨i⟩
1 ), c(Y ⟨i⟩

2 + u
⟨i⟩
2 ), . . . ,

c(Y ⟨i⟩
K + u

⟨i⟩
K )}. (92)

Once the first database in the server receives all the answers
from its associated clients in C1, it produces a corresponding
response to be downloaded as,

D
⟨θ1⟩,(1)
U,2 =

{
c

∑
i∈C1

(Y ⟨i⟩
k + u

⟨i⟩
k ) + Sk : k ∈ [K]

}
. (93)

where {Sk : k ∈ [K]} are shared server-side common ran-
domness symbols that are uniformly selected from Fq as well.
This produced response D

⟨θ1⟩,(1)
U,2 will then be downloaded by

the routing client whose index θ1 belongs to C1. Afterwards,
the θ1th client processes the received response by adding extra
common randomness to it, and then, forwards the following
answer to both databases in the server,

A
⟨θ1⟩,([2])
U,2 =

{
c

∑
i∈C1

(Y ⟨i⟩
k + u

⟨i⟩
k ) + uk + Sk : k ∈ [K]

}
.

(94)

Likewise, the second database produces a response to be
downloaded as follows, after receiving all the answers in the
first step from the client group C2,

D
⟨θ2⟩,(2)
U,2 =

{
c

∑
i∈C2

(Y ⟨i⟩
k + u

⟨i⟩
k )− Sk : k ∈ [K]

}
. (95)

This produced response will then be downloaded by the
routing client whose index θ2 belongs to C2. Afterwards, like
the θ1th client, this client also forwards the following further
processed answer to both databases in the server,

A
⟨θ2⟩,([2])
U,2 =

{
c

∑
i∈C2

(Y ⟨i⟩
k + u

⟨i⟩
k )− uk − Sk : k ∈ [K]

}
.

(96)

After collecting all the answers in the second communication
step, each individual database j in the server is ready to derive
the desired submodel union Γ by performing the following
element-wise summation,

A
⟨θ1⟩,(j)
U,2 + A

⟨θ2⟩,(j)
U,2

=
{

c
∑
i∈C1

(Y ⟨i⟩
1 + u

⟨i⟩
1 ) + u1 + S1

+ c
∑
i∈C2

(Y ⟨i⟩
1 + u

⟨i⟩
1 )− u1 − S1,

c
∑
i∈C1

(Y ⟨i⟩
2 + u

⟨i⟩
2 ) + u2 + S2

+ c
∑
i∈C2

(Y ⟨i⟩
2 + u

⟨i⟩
2 )− u2 − S2,

...

c
∑
i∈C1

(Y ⟨i⟩
K + u

⟨i⟩
K ) + uK + SK
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+ c
∑
i∈C2

(Y ⟨i⟩
K + u

⟨i⟩
K )− uK − SK

}
(97)

=
{

c
∑
i∈[C]

Y
⟨i⟩
1 , c

∑
i∈[C]

Y
⟨i⟩
2 , . . . , c

∑
i∈[C]

Y
⟨i⟩
K

}
. (98)

Each individual database j in the server makes use of the K
elements in A

⟨θ1⟩,(j)
U,2 +A

⟨θ2⟩,(j)
U,2 to decide whether an arbitrary

element in the set [K] is in the ultimate submodel index union,
and thereby, to determine Γ. Let us use an arbitrary index k as
an example to analyze the statement above. On the one hand,
if any client’s desired submodel index set includes k, the sum∑

i∈[C] Y
⟨i⟩
k must be a value that is not zero and the expression

c
∑

i∈[C] Y
⟨i⟩
k must be in Fq\{0}. On the other hand, if none

of these clients’ desired submodel index set includes k, the
sum

∑
i∈[C] Y

⟨i⟩
k and its associated expression c

∑
i∈[C] Y

⟨i⟩
k

are both equal to zero. Hence, each database utilizes the value
of its calculated expression c

∑
i∈[C] Y

⟨i⟩
k (whether it is zero

or not) to judge whether the index k is in the union Γ or not.
Following the same analysis for each k ∈ [K], both databases
can ultimately obtain the correct submodel union Γ.

C. Private Write (FSL-Write) Phase

When the FSL-PSU phase is completed, each database will
learn Γ, the union of the submodel indices to be updated. Next,
we proceed to the FSL-write phase where each database will
update the full learning model synchronously. The FSL-write
phase is analogous to the FSL-PSU phase, and therefore,
is also divided into two steps as the FSL-PSU phase. The
difference is that in the first step, both databases broadcast
the same set of submodels MΓ = {Mk : k ∈ Γ} to
their associated clients before each client trains its desired
submodel set MΓ⟨i⟩ by employing its local data. Hence, for
all j ∈ [2], the downloads D

⟨Cj⟩,(j)
W,1 are always in the form of

MΓ. Subsequently, clients send their well-processed answer
A
⟨Cj⟩,(j)
W,1 corresponding to the submodel updates back to the

associated database. In the second step, for all j ∈ [2], database
j processes its associated clients’ answers through differ-
ent server-side common randomness and then the produced
D
⟨θj⟩,(j)
W,2 is downloaded by the θj th client again. Finally, the

θj th client forwards the same resulting answer A
⟨θj⟩,([2])
W,2 to

both databases after processing the newly received download;
see Fig. 4.

From the FSL-CRG phase preceding the FSL-PSU phase,
each selected client has also obtained two sets of common
randomness symbols {w⟨[C]⟩

k,l : k ∈ Γ, l ∈ [L]} and {wk,l : k ∈
Γ, l ∈ [L]} from Fq . Likewise, we always have

∑
i∈[C] w

⟨i⟩
k,l =

0 for all k ∈ Γ and l ∈ [L]. Therefore, the ith client in
C1 will generate the increments for each desired submodel
whose index belongs to Γ⟨i⟩ according to its local training
data and then construct a well-processed answer accordingly.
Specifically, for all k ∈ Γ⟨i⟩, the answers are generated in the
following form,

A
⟨i⟩,(1)
W,1 (k) = {∆⟨i⟩

k,1 + w
⟨i⟩
k,1, ∆

⟨i⟩
k,2 + w

⟨i⟩
k,2, . . . ,

∆⟨i⟩
k,L + w

⟨i⟩
k,L}. (99)

In addition, for all k ∈ Γ\Γ⟨i⟩, the answers are generated as
follows without any updates concerning the current submodel,

A
⟨i⟩,(1)
W,1 (k) = {w⟨i⟩k,1, w

⟨i⟩
k,2, . . . , w

⟨i⟩
k,L}. (100)

Thus, the ultimate answer generated by this client in the first
step is A

⟨i⟩,(1)
W,1 = {A⟨i⟩,(1)W,1 (k) : k ∈ Γ}. The ith client in

C2 will generate an ultimate answer A
⟨i⟩,(2)
W,1 = {A⟨i⟩,(2)W,1 (k) :

k ∈ Γ} in the same way, where

A
⟨i⟩,(2)
W,1 (k) = {∆⟨i⟩

k,1 + w
⟨i⟩
k,1, ∆

⟨i⟩
k,2 + w

⟨i⟩
k,2, . . . ,

∆⟨i⟩
k,L + w

⟨i⟩
k,L}, k ∈ Γ⟨i⟩. (101)

A
⟨i⟩,(2)
W,1 (k) = {w⟨i⟩k,1, w

⟨i⟩
k,2, . . . , w

⟨i⟩
k,L}, k ∈ Γ\Γ⟨i⟩. (102)

Subsequently, each client sends its answer to its associated
database in the server. These two databases also share another
set of server-side common randomness symbols {Sk,l : k ∈
[K], l ∈ [L]} from Fq . Let C

(1)
k be the index set of clients

in the first client group C1 whose desired submodel index
set includes the index k, i.e., C

(1)
k = {i ∈ C1|k ∈ Γ⟨i⟩}.

Similarly, C
(2)
k and Ck are defined as {i ∈ C2|k ∈ Γ⟨i⟩}

and {i ∈ [C]|k ∈ Γ⟨i⟩}, respectively. After collecting all the
answers A

⟨C1⟩,(1)
W,1 from C1, database 1 calculates the following

aggregation increment for the lth symbol of the kth submodel
where k belongs to the union set Γ,∑

i∈C
(1)
k

(
∆⟨i⟩

k,l + w
⟨i⟩
k,l

)
+

∑
i∈C1\C(1)

k

w
⟨i⟩
k,l

=
∑

i∈C
(1)
k

∆⟨i⟩
k,l +

∑
i∈C1

w
⟨i⟩
k,l. (103)

As in the last FSL-PSU phase, after adding server-side com-
mon randomness, the corresponding response is produced as
follows and will be downloaded by the client θ1,

D
⟨θ1⟩,(1)
W,2 =

{ ∑
i∈C

(1)
k

∆⟨i⟩
k,l+

∑
i∈C1

w
⟨i⟩
k,l + Sk,l : k∈Γ, l∈ [L]

}
.

(104)

Once this response is received by the client θ1, this client
only adds extra common randomness and then forwards the
following answer to both databases,

A
⟨θ1⟩,([2])
W,2 =

{ ∑
i∈C

(1)
k

∆⟨i⟩
k,l +

∑
i∈C1

w
⟨i⟩
k,l + wk,l

+ Sk,l : k ∈ Γ, l ∈ [L]
}

. (105)

Meanwhile, after collecting all the answers A
⟨C2⟩,(2)
W,1 from C2,

database 2 produces the following response and this response
will be downloaded by the client θ2,

D
⟨θ2⟩,(2)
W,2 =

{ ∑
i∈C

(2)
k

∆⟨i⟩
k,l+

∑
i∈C2

w
⟨i⟩
k,l − Sk,l : k∈Γ, l∈ [L]

}
.

(106)
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Fig. 4. Data flow in the FSL-write phase of our FSL system model.

The answer that is forwarded by the client θ2 to both databases
is as follows,

A
⟨θ2⟩,([2])
W,2 =

{ ∑
i∈C

(2)
k

∆⟨i⟩
k,l +

∑
i∈C2

w
⟨i⟩
k,l − wk,l

− Sk,l : k ∈ Γ, l ∈ [L]
}

. (107)

At this point, each individual database in the server is ready
to aggregate the updates as desired from all the selected clients
in this round of FSL. For the lth symbol of the kth submodel
in MΓ, the ultimate aggregation increment is calculated as
follows, ∑

i∈C
(1)
k

∆⟨i⟩
k,l +

∑
i∈C1

w
⟨i⟩
k,l + wk,l + Sk,l

+
∑

i∈C
(2)
k

∆⟨i⟩
k,l +

∑
i∈C2

w
⟨i⟩
k,l − wk,l − Sk,l

=
∑

i∈C
(1)
k ∪C

(2)
k

∆⟨i⟩
k,l +

∑
i∈C1∪C2

w
⟨i⟩
k,l (108)

=
∑
i∈Ck

∆⟨i⟩
k,l. (109)

The updated lth symbol of the kth submodel M ′
k,l stored in the

server after performing this round of FSL-write should finally
be

M ′
k,l = Mk,l +

∑
i∈Ck

∆⟨i⟩
k,l = Mk,l +

∑
i∈[C]

∆⟨i⟩
k,l. (110)

D. Analysis of the Proposed Scheme

Note that the FSL-write phase is essentially a simpli-
fied application of the FSL-PSU phase without using the
randomness symbol c. Thus, we only need to analyze the
FSL-PSU phase in terms of reliability, privacy and robustness,
and these will be inherited directly by the FSL-write phase.
By combining the facts that reliability, privacy and robustness
constraints are satisfied by both phases, we readily obtain the
reliability, privacy and robustness for the entirety of our FSL
scheme.

1) Reliability Constraint: Reliability is shown at the end of
FSL-PSU phase and FSL-write phase.

2) Privacy Constraint: We first analyze the FSL-PSU phase
based on the availability of the answers {A⟨C1⟩,(1)U,1 , A

⟨C2⟩,(2)
U,1 }.

For all i ∈ [C] and all k ∈ Γ, the common randomness
u
⟨i⟩
k is used to protect the privacy of Y

⟨i⟩
k such that each

database knows nothing about the value of Y
⟨i⟩
k because of

the one-time pad encryption. Further, for all k ∈ Γ, the
common randomness c is used to protect the privacy of∑

i∈[C] Y
⟨i⟩
k such that each database knows nothing about

the value of
∑

i∈[C] Y
⟨i⟩
k beyond that this sum is zero or

not because of the finite cyclic group under multiplication in
Fq\{0}. Hence, the FSL-PSU privacy is preserved when the
answers {A⟨C1⟩,(1)U,1 , A

⟨C2⟩,(2)
U,1 } are received by each database.

The concrete proof follows from the proof of client’s privacy
in [42, Subsection V.B]. In reality, the received answers
in database 1 are {A⟨C1⟩,(1)U,1 , A

⟨θ1⟩,(1)
U,2 , A

⟨θ2⟩,(1)
U,2 }, which are

equivalent to A
⟨C1⟩,(1)
U,1 and {c

∑
i∈[C] Y

⟨i⟩
k : k ∈ [K]}

because of the unknown extra common randomness {uk :
k ∈ [K]}. Meanwhile, the received answers in database
2 are {A⟨C2⟩,(2)U,1 , A

⟨θ1⟩,(2)
U,2 , A

⟨θ2⟩,(2)
U,2 }, which are equivalent to

A
⟨C2⟩,(2)
U,1 and {c

∑
i∈[C] Y

⟨i⟩
k : k ∈ [K]} for the same reason.

That means that each database receives less information with
respect to the incidence vectors Y ⟨[C]⟩ than the answers
{A⟨C1⟩,(1)U,1 , A

⟨C2⟩,(2)
U,1 }. Thus, each database can only learn Γ

from the clients in the FSL-PSU phase. For the FSL-write
phase, the analysis is almost the same and each database learns
nothing other than ∆Γ.

3) Inter-Client Privacy Constraint: Only the routing clients
θ1 and θ2 receive information from outside. Due to the
unknown server-side common randomness in the downloads
for both of FSL-PSU and FSL-write phases, neither the θ1th
client nor the θ2th client can learn any knowledge about the
local data within the other clients.

4) Client Drop-Out Robustness: In the first step of FSL-
PSU phase, for all i ∈ [C], client i sends its generated
answer to its associated database in the server. Without loss
of generality, we assume that a set of clients C1,D belonging
to the first client group C1 and another set of clients C2,D
belonging to the second client group C2 drop-out in this step.
Hence, the response to be downloaded produced by database 1
is as follows,

D
′⟨θ1⟩,(1)
U,2 =

{
c

∑
i∈C1\C1,D

(Y ⟨i⟩
k + u

⟨i⟩
k ) + Sk : k ∈ [K]

}
. (111)

After receiving the response D
′⟨θ1⟩,(1)
U,2 as well as the index

set of out-of-operation clients C1,D, client θ1 can adjust the
answer by additionally appending the sum of missing common
randomness symbols

∑
i∈C1,D

u
⟨i⟩
k for all k ∈ [K]. Hence, the
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answer generated by client θ1 in the second step is as follows,

A
′⟨θ1⟩,([2])
U,2 =

{
c

∑
i∈C1\C1,D

Y
⟨i⟩
k + c

∑
i∈C1

u
⟨i⟩
k + uk

+ Sk : k ∈ [K]
}

. (112)

Likewise, the response to be downloaded produced by
database 2 is as follows,

D
′⟨θ2⟩,(2)
U,2 =

{
c

∑
i∈C2\C2,D

(Y ⟨i⟩
k + u

⟨i⟩
k ) + Sk : k ∈ [K]

}
. (113)

The answer generated by client θ2 in the second step is as
follows,

A
′⟨θ2⟩,([2])
U,2 =

{
c

∑
i∈C2\C2,D

Y
⟨i⟩
k + c

∑
i∈C2

u
⟨i⟩
k − uk

− Sk : k ∈ [K]
}

. (114)

After collecting the answers A
′⟨θ1⟩,(j)
U,2 and A

′⟨θ2⟩,(j)
U,2 , by adding

them up element-wisely, each individual database j in the
server will obtain the union result as ΓC1\C1,D ∪ ΓC2\C2,D

containing all the active selected clients following the steps
in the FSL-PSU reliability constraints. Another non-trivial
point is that the carefully selected clients θ1 and θ2 may
also drop-out during the implementation of FSL-PSU phase.
A potential solution is that each database selects a small set of
clients with high-quality client-database channel to route the
information in parallel while its cardinality is based on the
observed client drop-out rate. Regarding the FSL-write phase,
the routing clients θ1 and θ2 can also adjust the answers in
the second step by additionally appending the sum of missing
client-side common randomness symbols incurred by those
clients that drop-out in this phase.

5) Client Late-Arrival Robustness: Without loss of gener-
ality, we assume that an answer generated by an arbitrary
client with index i ∈ Cj in the first step of FSL-PSU phase
arrives at database j late. Even though database j receives the
information A

⟨i⟩,(j)
U,1 separately, it is still not able to extract any

information about the incidence vector Y ⟨i⟩ from the received
answers in the two steps of FSL-PSU phase because of the
unknown extra common randomness {uk : k ∈ [K]}. This
conclusion can be extended to a set of arbitrary clients who
arrive at the same database late for both of FSL-PSU and FSL-
write phases. Moreover, it is easy to guarantee that this late
answer will never be transmitted to any other client in order
to avoid information leakage.

6) Database Drop-Out Robustness: In the FSL-PSU phase,
if database 1 drops-out and cannot function normally,
database 2 can still receive the answers A

⟨C2⟩,(2)
U,1 and A

⟨θ2⟩,(2)
U,2

as normal but cannot receive any answer from the routing
client in C1. In order to derive the union ΓC2 through decoding
the set {c

∑
i∈C2 Y

⟨i⟩
k : k ∈ [K]} from its existing information,

database 2 needs to communicate with client θ2 one more time
for the sake of the values of {c

∑
i∈C1 u

⟨i⟩
k + uk : k ∈ [K]}.

Likewise, if database 2 cannot function normally, this time,
database 1 can still derive the union ΓC1 following the same

way. This idea also applies to the FSL-write phase. Further,
if we encounter client drop-out or client late-arrival in addition
to the occurrence of database drop-out, the last two robustness
analyses can be utilized accordingly to make this scheme
function well.

7) Communication Cost: In the FSL-PSU phase, without
considering the communication cost incurred in the FSL-CRG
phase, the communication cost in this phase is (C + 6)K
in q-ary bits. In the first step, for each submodel, each
client needs to send an encrypted symbol to indicate whether
this client desires to update this submodel or not, the com-
munication cost is CK in q-ary bits. In the second step,
for each submodel, both routing clients need to download
one processed symbol from its associated database and then
upload another further processed symbol to both databases,
the communication cost is 6K in q-ary bits. Moreover, follow-
ing the client-side common randomness generation approach
provided in Section V-A, at most 4 entities (i.e., two rout-
ing clients, the last client and the remaining clients as a
whole) need to communicate with two databases to obtain
symbols {R(1)

0 , R
(1)
1 , . . . , R

(1)
C−1} and {R(2)

0 , R
(2)
1 , . . . , R

(2)
C−1}

for each submodel. Therefore, the additional communication
cost is about 8CK in q-ary bits for the common randomness
sets {u⟨[C]⟩

k : k ∈ [K]} and {uk : k ∈ [K]}. Further,
for the global common randomness symbol c, the required
communication cost is approximately 2(|q| − 1)C in q-ary
bits, which is negligible since the value of K is generally
very large. Therefore, the total communication cost in this
phase is approximately (9C + 6)K in q-ary bits. In the FSL-
write phase, if we also do not consider the communication
cost generated in the accompanying FSL-CRG phase, when
dealing with each symbol in the desired submodel index union
Γ, the communication cost is (2C + 6)|Γ|L in q-ary bits in
which C|Γ|L is for the clients to download the submodels
from the server. The communication cost of obtaining the
common randomness sets {w⟨[C]⟩

k,l : k ∈ Γ, l ∈ [L]} and
{wk,l : k ∈ Γ, l ∈ [L]} for clients is about 8C|Γ|L in q-ary
bits. Therefore, the total communication cost in this phase is
approximately (10C +6)|Γ|L in q-ary bits. As a consequence,
the communication cost of our proposed private FSL scheme
is O(CK + C|Γ|L) in order-wise.

8) Iterations: The complete procedure involving FSL-PSU
phase and FSL-write phase in this round of FSL process
can be executed repeatedly to update the full learning model
iteratively until a pre-specified termination criterion is met. All
the characteristics introduced above are preserved in all FSL
rounds.

VI. CONCLUSION AND DISCUSSION

We proposed a new private distributed FSL achievable
scheme with a communication cost that is order-wise sim-
ilar to the communication cost of existing schemes which
provide much weaker privacy guarantees. Compared to the
existing schemes with similar privacy guarantees, our proposed
scheme does not require noisy storage of the submodels in
the databases. Our proposed scheme is resilient against client
drop-outs, client late-arrivals, and database drop-outs. The
main ideas of this scheme are based on private set union (PSU)
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and its variation for private-write, together with random private
information retrieval and one-time pads for needed common
randomness generation at the client side.

Our scheme starts with replicated storage of the submod-
els in two non-colluding databases at the server together
with some amount of server-side common randomness. Our
scheme privately generates needed common randomness at the
client side, privately determines the union of the indices of
the submodels to be updated, and privately writes the updated
submodels back to the databases. Neither the indices of the
submodels updated within the union, nor their updated values
are leaked to the databases.

In this work, we considered the simplest version of this
new formulation. The issues that need to be studied further
include: 1) The case when the server has more than two
databases. 2) Privacy of stored data against databases. 3) Col-
luding databases. 4) Byzantine databases that send erroneous
information. 5) Collusion among clients. 6) Byzantine clients
that send erroneous updates to poison the learning process.
7) Schemes to reduce the communication and storage cost,
and potential communication-storage trade-off. 8) MDS coded
storage and/or MDS coded user-side common randomness.
9) Optimum partitioning of the clients among databases,
especially, with colluding databases under a known colluding
structure.
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