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By Condition 4, we can show that whée¥, takes the uniform dis- IV. AN ACHIEVABLE REGION
tribution, 1 will also be uniformly distributed. Combined with Condi- ) o ]
tion 1, Condition 4 implies that wheli, takes the uniform distribution, ~Based on [7, Theorem 4], the following region is achievable:
2 IS maximized, irrespective of 1 .
In Condition 5, thefirst line of (7) denotes the set of all convex com-

binations of vectorp  forall 1, » € A1 A, while the o U { BB BT X X,

second line denotes all convex combinations, and their permutations (. )pl 2)

with € ,ofvectorp _ forall ; € Ay, butforafixed » € A>. -

Therefore, this condition means that all convex combinatiops Qf2 Re<I Xz 2} (19)

may be obtained by a combination of convex combinations of_,

for afixed 2, and permutations in. where— denotes the closure of the convex hull operation. This achiev-
The DADICs considered in [1] satisfy Conditions8, as we will able region corresponds to the achievability scheme thatithe’ re-

show in Section VI-A. ceiver treats the signal for tHgood’ receiver as pure noise, and the

The aim of this correspondence is to provide a single-letter charagood® receiver decodes both messages as if it is the receiver in a mul-
terization for the capacity region of DDICs that satisfy ConditionS.1 tiple-access channel.
Rather than following the proof technique of [1], we use a time-sharing A time-sharing random variable may be used in place of the closure

random variable in the achievable region in place of the convex-hull ogf the convex-hull operation [9, Sec. 14.3], and thus we may write the
eration and obtain a somewhat simpler proof. region in (19) as

Ill. AN OUTER BOUND U {R,R, Ri<IX;: 1X2,Q

(2),p( ja),p( 2jq)
When we assume that the encoders are able to fully cooperé)té, oo e

i.e., both encoders know both messa@jgs and >, we get a cor-

rTehspondlng degrgded broadcast char_mel with input o2 whﬁ:re the mutual informations are calculated according to the distri-
e capacity region of the corresponding degraded broadcast chann?

serves as an outer bound on the capacity region of the DDIC. 'IJﬁe

capacity region of the degraded broadcast channel is known [9], [11], o

[12], and thus, a single-letter outer bound on the capacity region of the pap alep 2lep vl 1 2 v y2ln

DDIC is

R <1 X2 2|Q} (20)

(1)

where@ is a time-sharing random variable. Random varialenay
U {Ri.R: Ri<IX1.X» 1|U .Re<IU ,} take values from any arbitrary set, denotedcad~or calculation pur-
i - i T poses, without of loss of generality, we may restfigt to |Q| <
(14) [13]. For DDICs that satisfy Condition 3, (20) reduces to

p(u),p( , 2ju)

where the auxiliary random variablé satigies the Markov chain

U — X;,X, — 1, 2, and its cardinality is bounded by U { B, B2 I < X2, Q —
U] < | 1l.] 2|,]|X1]|Az2| . More spedically, for DDICs that ?(@)-r( ia).r( 2ia) S
satisfy Condition 3, (14) can be written as Rz < 2|Q = 2|X2.Q ) (22)

{ Ri.Ry Ry < U = JRe<IU } We note that (22) remains an achievable region if we chposeg|q
ol aiw) ’ - ’ - to be the uniform distribution, for afl. Furthermore, for this choice of
o (15) p 2lg ,we have

Let us ddéiner as

pyle D pwl 1 2p 1l ol (23)
;2

1—,2229 g > pwl 1, 2 (24)

T % (16)

p2 %

which is the maximum entropy of, over all possible distributions of
1. Then, the following region is a further upper bound on the capacity
region of the DDIC: m (25)
{ Ri,R, R < 1|U - where (25) uses Condition 4. Thus, when|q is chosen as the uni-
form distribution independent af p y1|¢ results in a uniform distri-
bution as well, for aly € Q. With 7 defined as in (16), using the fact
U } (17)  that the DDIC under consideration s#s Condition 1, i.e., it satis-
fies (8), we have that when :|¢ is uniform, independent of, and
consequently y1|g is uniform, independent af

p(u),p( . 2ju)

Ry < 71— 2

which, for later purposes, is rewritten as

U { Ry, R, Ih < ZP u U w = 2@ ¢ T (26)
pu(u),p( 2ju) u2U
which means
RzST—Z]] u AU w .
u20 Q@ Y. 2dQ apva T @7
(18) q2Q
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Hence, choosing(x2jq) to be the uniform distribution, independent To show (39) contains (18), itis defient to show that for angy (u)

of g, in (22), yields the following as an achievable region:

1 .
(R1;R2) 1 Rs s P(H (Y1jX2 = x2;Q=0)
Q)P (x ja) %2l 4
R2 p(a)H (Y2jX2=X2;Q=0)

(28)

1
JXZJ X q

Due to Condition 2, for ang, anyp(x1jg) = p%, and anyx3;x,%°2
X2, there exists a permutation mat® 2 G such that

H(ijX2=x3;Q=g) = H T, p° (29)
=H GT, p° (30)
=H T, p° (31)
=H YijX.=x¥Q=q (32

which means that for anyandp(x1jq); H (Y1jX2 = X2;Q = @) does
not depend ox. Furthermore, for ang, anyp(x1jg) = p%, and any
x3:x3%2 X ,, there exist permutation matric€s2 G and , of order
jY1j andjYj, respectively, such that

H(Y:jX2 = x3;Q=0a) = H T°T, p° (33)
=H T%T, p° (34)
=H T, p° (35)
=H T°T, p° (36)
=H Y;jX.=x¥Q=q (37)

where (35) follows from the fact th& 2 G. Equation (37) means that
for anyq andp(x1jq); H (Y2jX2 = x2;Q = q) does not depend on

andp(x1; x2ju), the region

(R1;R2) 1 Ry pu (U)H (Y1jU = u)
u2u
R2 pu (U)H (Y2jU = u) (40)
u2u
is the same as the region
(R1;R2) : Ry Po (QH (Y1jX2 = %x2;Q = Q)
q2Q

R2 Po(H (Y2jX2=%2;Q=1q)  (41)

92Q

for somepg (0) andpx o (x1jq). More spedpcally, it sufces to show
that for any distributiorpy (u) andp(x1;Xzju), and pickingQ = U
andpg (u) = pu(u) forallu 2 U, there exists sompx jq (X1ju),
which we will call po(x1ju), such that

H(YljU = U)= H(Yle2='X2;Q: q)
H(Y2jU = u)= H(Y2jX2=%2;Q = q)

(42)
(43)
for allu 2 U, where the entropies on the left-hand side of (42) and

(43) are the quantities in region (40), evaluated with the marginals of
the joint distribution
Pu (U)p(X1; X2ju) p(yajX1; X2) P(Yziy1) (44)

and the entropies on the right-hand side of (42) and (43) are the quanti-
ties in region (41), evaluated with the marginals of the joint distribution

pu (U)Po(X1ju)pyajx1; X2 = %2)pXy2iy1): (45)

X2 either. Hence, the achievable region in (28) can further be written assing Condition 5, for each 2 U, there exists @" (x1) = p“ and

(Rl;Rz)I R
p(a):p(x ja) q

P(PH (Y1jX2 = x2;Q = )

R2 P(YH (Y2jX2 = x2;Q = Q)

(38)

for anyx, 2 X,. Since we will use Condition 5 later, we choose to

write the region in (38) as

p (a)p (x ja)

(R1;R2) 1 Ry Po (PH (Y1jX2=%2;Q=q)

q

R2 Po (AH (Y2jX2=%2;Q=0)

q
(39)

wherex; is given in Condition 5.

V. THE CAPACITY REGION

a permutation matriG" 2 G, such that

p(Xl;XZjU = u)px x - GUT* pu: (46)

By choosingpo(x1ju) = p“, we have

H(Y1jU = u)= H (G"Te p") = H (T« p")
=H (Y1JX2 = X2, Q = U) (47)
and we also have

H(Y2jU=u=H T%G"Tx p* (48)
=H T p (49)
=H T, p" (50)
=H (Yszz = X2, Q = U) (51)

forallu 2 U, where (47) and (48) follow from (46), and (49) is due to
the fact thatG 2 G. Hence, based on (47) and (51), we conclude that
for anypy (u) andp(xy; xzju), there exists @* for eachu 2 U, such

that by choosin@® = U; pg (u) = pu(u) andpx jo (x1ju) = p*,the
regions (40) and (41) are the same. Thus, we have proved that region
(39) contains region (18).

In this section, we show that the achievable region in (39) containsTherefore, we conclude that the single-letter characterization of the
the outer bound in (18), and thus, (18) and (39) are both, in fact, singtapacity region of DDICs satisfying ConditiongBLis (39) and (18).
letter characterizations of the capacity region of DDICs satisfying CoRurthermore, we note that for these DDICs, encoder cooperation cannot

ditions 1Eb.

enlarge the capacity region.
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Fig. 1. Explanation of Condition 5 in Example 3.

It is straightforward to see that is input symmetric because the inputand

(& )= 1

S I L)oo
3 I B e

Ly ﬁ<m”w(z N |

is transitive. Conditions-24 are satiSed because { [ [ {
1 2 3
J J J

1 10 2 20 (73)

=1

- - - (74) 4
Z il 1 2 (75) 4|: J Z } (79)

N ] ) ~correspond to the points in the three shaded areas,
To show Condition 5, we use Fig. 1. The set onfinst line of (7) in

Condition 5 is the convex combination of the following six points: and

respectively. Since the three shaded areas cover the entire hexagon, and

N R T T

o ) o o We provided a single-letter characterization for the capacity region
resulting in all the points within the hexagon in Fig. 1. The three setg¢ 5 ¢lass of DDICs, which is more general than the class of DADICs
studied by Benzel [1]. We showed that for the class of DDICs studied,
encoder cooperation does not enlarge the capacity region, and the best
{ (Z ~2) Z 0 way to manage the interference is through random codebook design
and treating the signal intended for tfgood’ receiver as pure noise

at the“bad’ receiver.
NI

{ 4 } The authors would like the thank the Associate Editor for the com-
4 J (77)
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ment that the convex-hull operation may be replaced with atime-sharing
random variable. The proof is simfied due to this comment.
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whereB is termed thegenerator matrix

The latticeA,, is an interesting lattice due to its covering proper-
ties in low dimensions. It gives the thinnest covering in all dimensions
up to8 [2]. A, has also found application in a number of estimation
problems including period estimation from sparse timing data [3], fre-
guency estimation [4], and direction of arrival estimation [5].

The nearest lattice point problem is as follows. Giye@ " and
some latticd. whose lattice points lie in", Pnd the lattice poink 2
L such that the Euclidean distance betwgesmdx is minimized. If
the lattice is used for vector quantization then the nearest lattice point
corresponds to the minimum distortion point. If the lattice is used as a
code for a Gaussian channel, then the nearest lattice point corresponds
to maximum-likelihood decoding [6].

Conway and Sloane [6] appear to have beenhit to study the
problem of computing the nearest lattice poin&ip. By decomposing
A, into a union of translations of its dual latti¢e, , they discovered
an algorithm for computing the nearest lattice point to a given point in
O(n? log n) arithmetic operations. Later [7], they were able to improve
the execution time of the algorithm ®@(n?) operations.
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