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Capacity Region and Optimum Power Control
Strategies for Fading Gaussian Multiple Access

Channels With Common Data
Nan Liu and Sennur Ulukus

Abstract—A Gaussian multiple access channel (MAC) with
common data is considered. Capacity region when there is no
fading is known in an implicit form. We provide an explicit
characterization of the capacity region and provide a simpler en-
coding/decoding scheme than that mentioned in work by Slepian
and Wolf. Next, we give a characterization of the ergodic capacity
region when there is fading, and both the transmitters and the
receiver know the channel perfectly. Then, we characterize the
optimum power allocation schemes that achieve arbitrary rate
tuples on the boundary of the capacity region. Finally, we provide
an iterative method for the numerical computation of the ergodic
capacity region and the optimum power control strategies.

Index Terms—Capacity region, common data, correlated data,
fading channels, multiple access channel (MAC), power control.

I. INTRODUCTION

CORRELATED data arises naturally in many applications
of wireless communications. It arises mainly for three

reasons: the observed data may be correlated (as in sensor
networks) [4]–[7]; the correlated data may be created by com-
munication between the transmitters (as in user cooperation
diversity) [8], [9]; and the correlated data may result from de-
coding the data coming from previous stages of a larger network
(as in relaying and multihopping in ad-hoc wireless networks)
[10]–[13]. In this paper, we consider the transmission of corre-
lated data in a multiple access channel (MAC). However, even
in the simple MAC, finding capacity results for the transmission
of arbitrarily correlated data is known to be extremely difficult
[5], [14]–[17]. Therefore, in this paper, we constrain ourselves
to a special kind of correlated data, correlated data in the sense
of Slepian and Wolf [2], which we will call common data.
In this MAC, the two transmitters each have their individual
messages, which will be denoted by and , respectively.
Also, there is a common message , which is known to both
transmitters. All three messages are independent. The goal
is to determine the rates , , and , at which all three
messages can be decoded with negligible error. The capacity
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will be a volume in the three-dimensional space. This model
includes the traditional MAC as a special case, when .
It also includes the two-transmitter one-receiver point-to-point
system as a special case, when , except that we
have individual power constraints for the two transmit antennas
here, instead of a single sum power constraint, as one would
have in a point-to-point system [18].

Slepian and Wolf established the capacity region of the MAC
with common data for discrete memoryless channels in [2].
Prelov and van der Meulen gave the capacity expression for a
Gaussian MAC with common data in [3]. The characterization
of the capacity region in [3] is implicit, in that the capacity
region is expressed as a union of regions, and the boundary
points on the capacity region are not determined explicitly. We
first provide an explicit characterization of the capacity region
and provide a simpler encoding/decoding scheme, compared
with that mentioned in [2]; our encoding/decoding scheme is
specially tailored for the Gaussian channel. We then concentrate
on the case where there is fading in the channel and obtain a
characterization of the ergodic capacity region. We also char-
acterize the optimum power allocation schemes that achieve
the rate tuples on the boundary of the capacity region. Finally,
we provide an iterative method for the numerical computation
of the ergodic capacity region, and the optimum power control
strategies.

II. SYSTEM MODEL

The Gaussian MAC we consider in this paper has two trans-
mitters and one receiver. Without fading, the inputs and the
output are related as

(1)

where is a Gaussian random variable with zero mean and unit
variance. Transmitters 1 and 2 are subject to power constraints

and , respectively. We have three independent messages
, , and . Transmitter 1 knows and , and trans-

mitter 2 knows and . Therefore, is a function of ,
, and is a function of , .

A rate triplet is achievable if there exists a se-
quence of codes with average
probability of error approaching zero as goes to infinity. Here,
the probability of error is the probability that any of the three
messages is decoded incorrectly. The capacity region is the clo-
sure of the set of achievable .
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With fading, the inputs and the output are related as

(2)

where and are the transmitted symbol and the
fading process of user , and is the zero-mean unit-vari-
ance Gaussian noise sample, at time . and are
jointly stationary and ergodic, and the stationary distribution
has continuous density. The user signals are subject to average
power constraints of and . We assume that both the trans-
mitters and the receiver know and for all . The
ergodic capacity region is the closure of the set of achievable
rates in this scenario. For notational convenience, let

. All logarithms are defined with respect to
base .

III. CAPACITY REGION WITHOUT FADING

The capacity region of the Gaussian MAC with common data
is all triplets [3]

(3)

(4)

(5)

(6)

for some and such that and .
An alternative representation of the capacity region is ob-

tained by defining , . With these defini-
tions, the capacity region is all triplets such that

(7)

(8)

(9)

(10)

for some , and
. For fixed , , let denote the set of

all rate triplets that satisfy (7)–(10). In the set , certain
points are of interest, which we define here:

, ,

and the expressions for points and are the
same as those for points and when the roles of users 1 and 2
are swapped. An example of and the corresponding
points are shown in Fig. 1. The capacity region is
the union of over all , satisfying
and .

We can interpret the capacity region in (7)–(10) in the fol-
lowing way. Transmitter 1 spends power for transmitting its
individual message , and the remaining power for
transmitting the common message . Similarly, transmitter 2
spends power for transmitting its individual message ,
and the remaining power for transmitting the common
message. Since the common message is known to both trans-
mitters, the effective received power for the common message

Fig. 1. B(P ; P ).

is , which may also be interpreted as the beamforming gain
as in a two-transmitter one-receiver point-to-point system.

Both capacity region representations above are implicit, in the
sense that one has to vary some variables in their valid intervals
and take the union of regions corresponding to each valid allo-
cation of these variables in order to obtain the capacity region.
Next, we seek an explicit characterization of the capacity region.
Let the rate pair be such that it satisfies the conditions

(11)

Let us define , , and
. Then, the powers and in representation (7)–(10) have

to satisfy

(12)

For a fixed pair , the largest possible achievable is

(13)

where the maximization in (13) is over all , that satisfy
(12). Note that is on the boundary of the capacity
region.

To solve the maximization problem in (13), it suffices to max-
imize subject to (12). Let

and be the solution to this maximization problem. Then,
lies on the line , since is mono-

tonically decreasing in both and . Hence, it suffices to
maximize subject to the constraints that
and . Given that ,
becomes a quadratic form, and the validity of the following can
be checked easily.

1) When

(14)
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Fig. 2. Capacity region of the Gaussian MAC with common data.

Moreover, point on is the
point.

2) When

(15)

Moreover, point on is the point.
3) In all other cases

(16)

Moreover, some point on the line segment of
is the point.

This characterization is explicit, because for a fixed-rate pair
, we can calculate such that is on the

boundary of the capacity region. With this characterization, we
can easily plot the capacity region of the Gaussian MAC with
common data. An example is shown in Fig. 2 with and

.
It is interesting to note that all points on the capacity re-

gion are achieved by some point on the line segment of
for some , . All other

points of , for example, points , , and are never
on the boundary of the capacity region unless they coincide with
point or .

Let us define to be the set of such
that

(17)

(18)

(19)

(20)

(21)

(22)

(23)

Fig. 3. D(P ; P ).

for a fixed , , and . In the
set , certain points are of interest, which we define
here: , , , , , and are the points where
[(17), (20), (23)], [(17), (21), (23)], [(18), (20), (23)], [(18), (22),
(23)], [(19), (22), (23)], [(19), (21), (23)] are all satisfied with
equality, respectively. An example of and the corre-
sponding points are shown in Fig. 3.

Note that for any given and , is a strict subset
of , since there are extra constraints involved in the
definition of . However, the capacity region of the
Gaussian MAC with common data can also be written as the
union of over all and .
This is because the coordinates of the points on line segment

of are exactly the same as those on line segment
of . Since only the line segment appears on

the final capacity region, the union of over all
and gives the same capacity region.

is very similar to the capacity region of the three-
user Gaussian MAC with independent messages. This suggests
that encoding and decoding schemes similar to those of the
three-user Gaussian MAC with independent messages can be
used to achieve the points on the boundary of the capacity re-
gion of the Gaussian MAC with common data. To achieve a
rate triplet on the boundary of the capacity region,
we first calculate , according to (14), (15), or (16). De-
pending on the values of , we want to achieve either
point or , or some point on the line segment of region

. Points and can be achieved by successive de-
coding, and the remaining points on the line segment can be
achieved by time sharing, just as in a three-user Gaussian MAC
with independent messages.

More specifically, to achieve point [similarly, point ],
we generate three independent random codebooks , , and

, of sizes , , and , respectively,
where is the coordinates of point [similarly,
point ]. Each entry of these codebooks is generated according
to a zero-mean, unit-variance Gaussian random variable. When
the messages to be transmitted are , , and

, transmitter 1 transmits the sum of the th row of
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scaled by and the th row of scaled by
, and transmitter 2 transmits the sum of the th row of

scaled by and the th row of scaled by
. The effective received power for , , and are

, , and , respectively.
The receiver treats the received signal as if it comes from a
three-user Gaussian MAC with independent messages, and suc-
cessively decodes in the order of first, then , and fi-
nally (similarly, first, then , and finally ). The
encoding scheme proposed in [2] generates two large correlated
codebooks, instead of three small independent codebooks as
we do here. The decoding scheme proposed in [2] uses joint
maximum-likelihood (ML) detection of two codewords coming
from the two large codebooks, while in our case, we can re-
duce the complexity by successive decoding, i.e., by applying
ML detection to one codeword from a small codebook at a
time, while treating other undecoded codewords as noise. If the
aim is to achieve some interior point on the line segment ,
then time sharing is used between points and . This sim-
pler encoding/decoding scheme is possible because we have a
Gaussian channel.

Yet another way to write the capacity region, which will be
useful in the development of the fading case in the next section,
is the following. The capacity region is all triplets
such that inequalities (7)–(10) hold true for some , ,

, such that and
. This representation of the capacity region can be interpreted

as follows: , , and are the received powers for messages
, , and , respectively. In order for the received power

for the common message to be , transmitter 1 spends
power, and transmitter 2 spends power. Note that
the two powers add up to less than , which is to be expected,
because there is a beamforming gain for the common message.
Transmitter 1 spends a total of power, and this must
equal the power constraint , and transmitter 2 spends a total
of power, and this must equal . Here,
can be interpreted as the “portion” of the received power of the
common message that comes from transmitter 1.

IV. CAPACITY REGION IN FADING

Consider the system model in (2), in the simple case when
and for all . Using the representa-

tion of the capacity region with , , , and , the capacity
region is the set of all triplets such that inequali-
ties (7)–(10) hold true for some , , ,
such that and

. Here, again, , , and are all received
powers.

Now, we consider the case where the channel is time-varying
and both the transmitters and the receiver track the channel per-
fectly. Let us denote the channel state as a vector .
Let be a mapping from the channel state space

to the received power vector in . Also, let us define to
be a mapping from to [0,1]. Then, heuristically, when the
channel state is , is the power that transmitter 1 uses
for , and is the power that transmitter 1 uses
for . Similarly, is the power that transmitter 2 uses

for , and is the power that transmitter
2 uses for . Let be the set of such that

(24)

(25)

(26)

(27)

where the expectation is taken over the joint stationary distribu-
tion of the fading states and .

Theorem 1: The ergodic capacity region of the fading
Gaussian MAC with common data when perfect channel state
information is available at the transmitters and the receiver is

(28)

where

(29)

A proof of Theorem 1 is given in Appendix A.
To explicitly characterize the capacity region, we solve for

the boundary surface of the capacity region. As in [19], the
boundary surface of the capacity region is the clo-
sure of all points such that is a solution
to the problem

subject to (30)

for some . This optimization problem
is equivalent to

subject to (31)

where

(32)

Lemma 1: is a convex set.
A proof of Lemma 1 is given in Appendix B.
Due to the convexity of , there exist Lagrange multipliers

such that is a solution to the optimiza-
tion problem

(33)

Since is a union over , we first express
in terms of and then optimize over . It

can be seen that the capacity region is unchanged if we replace
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the two power constraint inequalities with equalities in (29).
Hence

(34)

(35)

Instead of considering all , it suffices to con-
sider that maximizes for
each . Thus, we first focus on the following problem:

subject to (36)

where is a region with a shape as in Fig. 1.
Due to the nature of , when ,
point achieves the maximum. When

, point
achieves the maximum. When , point

achieves the maximum. When , point

achieves the maximum. When , point
achieves the max-

imum. Hence, the optimization problem as defined in (36) is
solved, and the solution is expressed in terms of .

We are ready to solve the optimization problem in (33) now.
According to the solution to the optimization problem in (36),
we have five cases: 1) ; 2) ;
3) ; 4) ; and 5) .
We will concentrate on the first three cases, since case 4) is the
same as case 3), and case 5) is the same as case 2) by swapping
indices 1 and 2.

1) When , the optimization problem in
(33) is equivalent to

(37)

Since the cost function is an expectation and the proba-
bility distributions are nonnegative, it suffices to consider
the minimization for a fixed channel state ,
i.e.,

(38)

Though the cost function is not convex in , it
is a quadratic function of when is fixed. The
optimal is

(39)

Since the dependencies of the cost functions on in
all three cases are the same, is, in fact, the optimal
solution for all three cases. Thus, we proceed with in
place of and the problem becomes convex. We write
the Karush–Kuhn–Tucker (KKT) necessary conditions as
follows:

(40)

(41)

(42)

(43)

(44)

where , , and are the complementary
slackness variables. The KKTs have a unique solution, and
thus the solution is the global optimum. Let us define two
regions in

(45)

(46)

Then, the optimum solution is

if

if
(47)

(48)

(49)

The transmit powers can be found by dividing these re-
ceived powers with corresponding channel gains. As seen
from (48) and (49), in the case of , the
transmitters use their entire power to transmit the common
message; they do not allocate any power to transmit their
individual messages. When ,
i.e., the combined channel is good enough, the transmitters
transmit the common message using beamforming as if we
have a two-transmitter one-receiver point-to-point system.
When the channel is poor, i.e.,

, the transmitters both keep silent and save their
powers for better channel states. This is shown in Fig. 4.

2) When , the optimization problem in (33) is
equivalent to

(50)
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Fig. 4. power control policy in the case of � � max(� ; � ).

Following the same argument as in case 1), let us define
four regions in

(51)

(52)

(53)

(54)

Then, the optimal solution is

if

if

otherwise
(55)

if

if

otherwise
(56)

(57)

Again, the transmit powers are found by dividing these
with appropriate channel gains. As seen from (57), in the
case of , transmitter 2 never uses its power
to transmit its individual message. When both channels
are poor, no one transmits. When the channel of the first
transmitter is much better than that of the second trans-
mitter, transmitter 1 transmits only its individual message
and transmitter 2 keeps silent. When the channel of the

Fig. 5. power control policy in the case of � � � � � .

second transmitter is much better than that of the first trans-
mitter, both transmitters cooperate using beamforming to
transmit the common message. When both channels are
more or less equally good, both common message and in-
dividual message from transmitter 1 are transmitted. These
regions are shown in Fig. 5.

3) When , the optimization problem in (33) is
equivalent to

(58)

Let us define eight regions in

(59)

(60)

(61)

(62)

(63)

(64)
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(65)

where (66)

Then, the optimal solution is

if

if

if

otherwise
(67)

if

if

if

otherwise
(68)

if

if

if

if

otherwise.
(69)

As in the previous two cases, the transmit powers are found
by dividing these with the corresponding channel gains.
There are two subcases in the case of .
When , i.e., is very small, the
common message never gets transmitted due to its small
weight. When both channels are poor, no one transmits.

Fig. 6. power control policy in the case of � � � � � and (1=� ) +
(1=� ) � (1=� ).

Fig. 7. power control policy in the case of � � � � � and (1=� ) +
(1=� ) > (1=� ).

When channel of the first transmitter is much better than
that of the second transmitter, individual message is
transmitted only. When channel of the second transmitter
is much better than that of the first transmitter, individual
message is transmitted only. When both channels are
more or less equally good, both individual messages are
transmitted. These regions are shown in Fig. 6.

In the other subcase of , all three
messages get a chance to be transmitted. These regions are
shown in Fig. 7.

Thus far, we have solved the optimization problem in (33) in
terms of the Lagrange multipliers . Next, we need to solve for

. Since there is no duality gap, we will solve for by solving
the dual problem, i.e., we will find that maximizes the dual
function, . The maximizer of the dual function enables the
power policies to satisfy the power constraints with equalities
due to the uniqueness of the optimal for each given
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. We will solve the dual problem by using the subgradient
method [20]. For our problem

(70)

is a subgradient of the dual function and the set
. We start from an arbi-

trary point . At iteration , we have
available from the previous iteration, and we com-
pute by setting . Then, using the

we obtained, we compute the subgradient vector
by (70) and update using

(71)

where is a positive scalar stepsize at step , and
is a positive vector very close to zero so that

stays in . We stop when both components of
vector are small enough. In [20], it is proved that for
small enough step sizes, this algorithm converges.

Due to the strict concavity of the log function, the Lagrange
multipliers are unique. The uniqueness of the Lagrange mul-
tipliers ensures that the boundary rate triplet that solves (30)
is unique for all vectors except for the following three sin-
gular cases: ; ; and

. Thus, by varying the vector over all pos-
sible values, and expressing the rates in limiting expressions for
the singular cases, we obtain the entire boundary surface of the
capacity region. In the process, we also obtain the power control
policies that achieve the rate tuples on the boundary.

V. SIMULATIONS

In this section, we present simulation results for a two-user
Gaussian MAC with common data in the presence of fading. The
channel gains are assumed to be independent, identically dis-
tributed (i.i.d.) exponential with mean 1, independent across the
two users. In our simulations, we use the subgradient method,
and we picked the stepsize by method (a) in [20, p. 508].

In Fig. 8, we show the ergodic capacity region of this two-user
Gaussian MAC with common data in fading. The power con-
straints are and . We calculated the rate triplets
on the boundary of the capacity region by varing over all pos-
sible values. It is straightforward to see that point is the so-
lution to case 1), which is independent of . Points between

and are the solutions to case 2). Points between and
are solutions to subcase 1 of case 3) and case 4). Points between

and are solutions to case 5). All points on the surface of
are solutions to subcase 2 of case 3) and case 4). Sur-

face is the singular case of , and
surface is the singular case of .

We next compare the achievable rate
under different power allocation schemes. We choose

, , and which corresponds to an inter-
esting case where all three rates, , , and , are nonzero,
i.e., subcase 2 of case 3). In Fig. 9, we plot the achievable rate
as a function of the sum of the power constraints, i.e., .
In this experiment, we assume that the power constraints are the

Fig. 8. Ergodic capacity region of the Gaussian MAC with common data in
fading.

Fig. 9. A weighted sum of rates with and without power control.

same for both users, i.e., . The top-most curve in Fig. 9
corresponds to the rate achieved by the optimum power alloca-
tion scheme we developed in this paper. It is numerically solved
by using the subgradient method. The “optimal channel-inde-
pendent power control” curve corresponds to the solution of the
following problem:

(72)

where we choose and to maximize the expectation in
(72). Note that and are constants, and not functions of
the channel realizations. This corresponds to the largest achiev-
able rate when there is no channel state
information at the transmitters, i.e., the transmitters only know
the statistics of the channel gains. This maximization is solved



LIU AND ULUKUS: CAPACITY REGION AND OPTIMUM-POWER CONTROL STRATEGIES FOR FADING GAUSSIAN MACS 1823

numerically by searching over all admissible and . The
lowest curve in Fig. 9 corresponds to the case where we choose

, with . This
corresponds to a case where the transmitters do not know the
channel realizations or the channel statistics. Consequently, the
transmitters use “equal” powers for all three messages. For this
instance, we see from Fig. 9 that there is a relatively large per-
formance gain due to adjusting the transmit powers according
to the channel realizations. For this particular fading distribu-
tion, using optimum channel-independent power control pro-
vides only a small gain over choosing “equal” powers for all
three messages.

VI. CONCLUSION

In this paper, we study the Gaussian MAC with common
data. In the case of no fading, we provide an explicit charac-
terization of the capacity region, and a simpler encoding/de-
coding scheme. In the case of fading, we characterize the er-
godic capacity region, as well as the power control policies that
achieve the rate tuples on the boundary of the capacity region.
As expected, the common message enjoys a beamforming gain.
Hence, if all three rates are weighted equally, i.e., we are inter-
ested in the sum capacity, then we would always transmit only
the common message using beamforming.

APPENDIX

A. Proof of Theorem 1

The achievability part follows from an argument similar to
[19] and thus is omitted.

For the converse, we develop a series of bounds on the achiev-
able rates.

(73)

(74)

(75)

(76)

where follows from Fano’s inequality [21], and follows
from the fact that and are independent, condi-
tioned on .

(77)

(78)

(79)

(80)

where follows from the data processing inequality [21] and
follows from the usual converse argument that upper bounds

the mutual information of -sequences by the sum of the mu-
tual informations of the single letters, based on the fact that the
channel is memoryless conditioned on the channel fading coef-
ficients. In (80), denotes the differential entropy.

(81)

(82)

where is the variance of a random variable and fol-
lows from the fact that given the variance, Gaussian distribution
maximizes the entropy, and applying Jensen’s inequality [21]
afterwards. Then

(83)

(84)

(85)

where in writing , we define to be a random variable whose
distribution is the same as the stationary distribution of , and

follows from the concavity of the function .

(86)

(87)

Let us define and
and by

definition, . Hence

(88)

Let us define and
. Then, a

symmetric argument gives

(89)
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Following arguments similar to (73)–(84), we get an inequality
akin to (85) as shown in (90)–(92) at the bottom of the page,
where follows from the fact that, without loss of gener-
ality, we may consider encoders that depend only on the current
channel state. Then, it follows that, conditioned on the common
message and the current channel state , and
are independent.

For the case of , again, by following similar
arguments, we get an inequality akin to (85) as

(93)

Now, we have (94)–(100), shown at the bottom of the page.
Hence

(101)

The power constraints of the system are

with probability

(102)
Hence

(103)

(104)

The rates triplets have to satisfy

(105)

(106)

(90)

(91)

(92)

(94)

(95)

(96)

(97)

(98)

(99)

(100)
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(107)

(108)

for some and that map state space to [0,1] and
and that satisfy

(109)

(110)

We make the following variable changes:

(111)

(112)

(113)

(114)

Thus

(115)

(116)

(117)

(118)

for some that maps the state space to [0,1], and some
, and that satisfy

(119)

(120)

(121)

B. Proof of Lemma 1

Let and be two elements in set .
To prove that set is convex, we need to show that for any

,
is in set .

For or , means that
for some such that

(122)

(123)

i.e., there exist that satisfy (122) and (123) and

(124)

(125)

(126)

(127)

Let

(128)

(129)

(130)

(131)

(132)

It is straightforward to verify that for all possible
, , , , , . Due to the concavity of the

log function

(133)

(134)

(135)

(136)

Also, it is easy to check that

(137)

(138)

From (133)–(138), we see that
. Also, ,

and satisfy the power constraints of and
.

Hence

(139)

and
as desired. Thus, is convex.
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