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Age of Information for Updates With Distortion:
Constant and Age-Dependent Distortion Constraints
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Abstract— We consider an information update system where
an information receiver requests updates from an information
provider in order to minimize its age of information. The updates
are generated at the information provider (transmitter) as a
result of completing a set of tasks such as collecting data and
performing computations on them. We refer to this as the update
generation process. We model the quality of an update as an
increasing function of the processing time spent while generating
the update at the transmitter. In particular, we use distortion
as a proxy for quality, and model distortion as a decreasing
function of processing time. Processing longer at the transmitter
results in a better quality (lower distortion) update, but it causes
the update to age in the process. We determine the age-optimal
policies for the update request times at the receiver and the
update processing times at the transmitter subject to a minimum
required quality (maximum allowed distortion) constraint on the
updates. For the required quality constraint, we consider the
cases of constant maximum allowed distortion constraints, as well
as age-dependent maximum allowed distortion constraints.

Index Terms—Age of information, updates with distortion,
age-dependent distortion constraints, age versus quality of
updates.

I. INTRODUCTION

S TIME-CRITICAL information is becoming ever more

important, especially with the emergence of applica-
tions such as autonomous driving, augmented/virtual reality,
and online gaming, a new performance metric called age
of information has been introduced to quantify the fresh-
ness of information in communication networks. Age of
information has been studied in the context of web crawl-
ing [1]-[4], social networks [5], queueing networks [6]-[16],
caching systems [17]-[25], remote estimation [26]-[29],
energy harvesting systems [30]-[47], fading wireless chan-
nels [48], [49], scheduling in networks [50]-[64], multi-hop
multicast networks [65]—-[68], lossless and lossy source coding
[69]-[76], computation-intensive systems [77]-[83], vehic-
ular, IoT and UAV systems [84]-[87], reinforcement
learning [88]—-[90], and so on.

We consider an information update system where an
information receiver requests updates from an information
provider in order to minimize the age of information at the
receiver. To generate an update, the information provider
completes a set of tasks such as collecting data and processing
them. We consider the quality of updates via their distortion.

Manuscript received April 25, 2020; revised October 5, 2020 and April 1,
2021; accepted May 23, 2021; approved by IEEE/ACM TRANSACTIONS ON
NETWORKING Editor B. Ji. Date of publication August 30, 2021; date of
current version December 17, 2021. This work was supported by NSF Grant
CNS 15-26608, Grant CCF 17-13977, and Grant ECCS 18-07348. This article
was presented in part at IEEE Information Theory Workshop, Visby, Gotland,
Sweden, August 2019. (Corresponding author: Sennur Ulukus.)

The authors are with the Department of Electrical and Computer Engi-
neering, University of Maryland, College Park, MD 20742 USA (e-mail:
bastopcu@umd.edu; ulukus@umd.edu).

Digital Object Identifier 10.1109/TNET.2021.3091493

, Fellow, IEEE

Q) (@
L_A 10 [ information provider
((“')) = oBA| processor * inforllnation
(@) receiver
[}
lo| ®a

]

Fig. 1. An information updating system which consists of an information
provider which collects/processes data and an information receiver.

We model the quality (resp., the distortion) of an update as
a monotonically increasing (resp., monotonically decreasing)
function of the processing time spent to generate the update
at the transmitter.

Examples of such systems can be found in sensor network-
ing and distributed computation applications. For instance, in a
sensor networking application where multiple sensors observe
the realization of a common underlying random variable (e.g.,
temperature), if the information provider generates an update
using the observation of a single sensor, the update will be
generated faster, but will have large distortion; and conversely,
if the information provider generates an update using the
observations of all sensors, the update will be generated with a
delay, but will have small distortion. Similarly, in a distributed
computation system with stragglers, the master can generate
an update using faster servers with lower quality, or utilize all
servers to generate a better quality update with a delay. Thus,
there is a trade-off between processing time and quality.

We consider the information update system shown in Fig. 1.
The information provider connects to multiple units (sensors,
servers, etc.) to generate an update. When there is no update,
the information at the receiver gets stale over time, i.e., the
age increases linearly. The information receiver requests an
update from the information provider. After receiving the
update request, the information provider allocates c; amount
of time as shown in Fig. 2 for processing the information.
During this processing time, the information used to generate
the update ages by c¢;. When the information provider sends the
update to the receiver, the age at the receiver decreases down
to the age of the update which is ¢;, as the communication
time between the transmitter and the receiver is negligible.

We model distortion as a monotonically decreasing function
of processing time, c¢;, motivated by the diminishing returns
property [91]. We consider exponentially and inverse lin-
early decaying distortion functions as examples. In particular,
inverse linearly decaying distortion function arises in sensor
networking applications, where all sensors observe an underly-
ing random variable distorted by independent Gaussian noise,
and the information provider combines sensor observations
linearly to minimize the mean squared error (see Section II).

In this paper, we determine age-optimum updating schemes
for a system with a distortion constraint on each update. We are
given a total time duration over which the average age is
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Fig. 2. Age evolution at the receiver.

calculated 7T, the total number of updates /N, the maximum
allowed distortion as a function of the current age f(y),
and the distortion function as a function of the processing
time D(c). We solve for the optimum request times for the
updates at the receiver and the optimum processing times of
the updates at the transmitter, to minimize the overall age.

In this work, we consider the general case where the
distortion constraint is a function of the processing time at
the transmitter and the current age at the receiver.! Distor-
tion function is always monotonically decreasing with the
processing time. Regarding the dependence of the distortion
constraint on the current age at the receiver, we consider three
different scenarios: First, as in [82], distortion constraint is
constant (independent of the current age), second, the distor-
tion constraint is inversely proportional with the current age,
and third, the distortion constraint is proportional with the
current age. The second case is motivated by the following
observation: If the age at the receiver is high, the receiver
may want to receive a high quality update, i.e., an update
with low distortion, to replace its current information with
more accurate information. In this case a high age implies a
low desired distortion, hence, age and distortion constraints
are inversely proportional. The third case is motivated by
the following observation: If the age at the receiver is high,
the receiver may want to receive a quick update, i.e., an update
with high distortion, to replace its current information with a
fresh information. In this case, the receiver trades its obsolete
but high quality update with a fresh but low quality update.
This may be desirable in applications where the freshness of
information matters more than the quality of the information.
Therefore, in this work, we consider the cases where the
distortion constraint is 1) a constant, 2) a decreasing, and 3) an
increasing function of the current age.

In this paper, we provide the age-optimal policies by find-
ing the optimum processing times and the optimum update
request times. We show that the optimum processing time is
always equal to the minimum required processing time that
meets the distortion constraint. If there is no active constraint
on distortion, i.e., the distortion constraint is high enough,
the optimum processing time is equal to zero. We observe
three different optimum policies for update request times
depending on the level of distortion constraint. When the
distortion constraint is large enough except in the case where
the distortion function is inversely proportional to the current
age, we show that the optimal policy is to request updates

'In the conference version of this work in [82], we considered the simpler
case where the distortion constraint was a function of the processing time
only, i.e., it was not a function of the current age.
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with equal inter-update times. When the distortion constraint
is relatively large, i.e., the required processing time is relatively
small compared to the total time period, it is optimal to
request updates regularly following a waiting (request) time
after receiving each update, with a longer request time for
the first update than others. When the distortion constraint is
relatively small, i.e., the required processing time is relatively
large compared to the total time period, the optimal policy
is to request an update once the previous update is received,
i.e., back-to-back, except for a potentially non-zero requesting
time for the first update.

A. Related Work

References that are most closely related to our work
are [22], [61], [62], [75], [76], [87], [92]-[94], which consider
the trade-off between service performance and information
freshness. Reference [87] emphasizes the difference between
service completion time and the age. Reference [61] considers
the joint optimization of information freshness, quality of
information, and total energy consumption which assumes
that the distortion (utility) function follows law of diminish-
ing returns and models the age and energy cost as convex
functions. The main contribution of [61] is deriving an online
algorithm which is 2-competitive. In our paper, there is no
explicit energy constraint, but the total number of updates
N for a given total time duration 7" is limited. Even though
we consider the age and quality of the updates, the problem
settings are different where we minimize the average age
of information, which is inherently non-convex, subject to a
distortion constraint for each update. Furthermore, we consider
age-dependent distortion constraint which also differentiates
our overall work from [61].

In [62], service performance is measured by how quickly
the provider responds to the queries of the receiver. In [62],
the performance of the system is considered to be the high-
est when the service provider responds immediately upon a
request. In [62], by responding quickly, the service provider
may be using available, but perhaps outdated, information
resulting in larger age; on the other hand, if the provider
waits for processing new data and responds to the queries a bit
later, information of the update may be fresher. Thus, in the
model of [62], processing data degrades quality of service as
it worsens response time, but improves the age. In contrast,
in our model, processing data improves service performance
(the quality of updates), but worsens the age, as the age at
the receiver grows while the transmitter processes the data.
Thus, the models and trade-offs captured in [62] and here are
substantially different.

As we model the distortion as a function of the processing
time and the maximum allowed distortion as a function of
the instantaneous age, update duration depends on the current
age. A similar problem with age-dependent update duration
was considered in [22] where the solution for a relaxed and
simplified version of the original problem was given. Different
from [22], where only the case in which the update duration is
proportional to the current age is considered, here we consider
the cases in which the update duration is proportional and
inversely proportional with the current age, and we provide
exact solutions for both problems.

References [92], [93] show that scheduling based on
value of information (Vol) improves the service performance.
In [92], the VoI measures the amount of uncertainty reduction
in the process at the information receiver. [92] expresses Vol as
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a function of Aol, and designs a scheduler for Aol and another
one for Vol. By comparing the performances of these two
schedulers, [92] shows that scheduling based on Vol results in
lower uncertainty, and therefore higher control performance
compared to scheduling based on Aol. [93] proposes an index
policy to calculate the Vol of the update packets where the
VoI of a packet decreases with the age and increases with
the precision of the source, and shows that the optimal policy
which minimizes the estimation error is to schedule the update
with the largest Vol.

The problem which considers the trade-off between video
freshness and the video quality in real time systems in [94]
is a specific application of our model.> In [94], the original
video is encoded into multiple layers. With the first layer,
a low quality video can be decoded. With the remaining layers,
the video quality at the users can be enhanced. If the videos are
updated infrequently, then the users can collect more layers.
Thus, the video quality at the users will be high, but the
received videos can be obsolete. On the other hand, if the
transmitter updates videos frequently, the users may receive
fresh but lower quality videos as the users may not collect all
the layers. The aim of [94] is to maximize the overall average
utility which is a combination of freshness and the quality of
the videos at the users within a total time duration. We note
that the quality function in [94] can be equivalently represented
by the distortion function in our work. Different from [94],
our aim is to minimize average Aol subject to the distortion
constraints on each update which can be age dependent.

Finally, [75] and [76] consider partial updates where the
information content is smaller compared to full updates, which
also resembles trading-off update quality with service time.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Let a(t) be the instantaneous age at time ¢, with a(0) = 0.
When there is no update, the age increases linearly over time;
see Fig. 2. When an update is received, the age at the receiver
decreases down to the age of the latest received update. The
channel between the information provider and the receiver
is assumed to be perfect with zero transmission times, as in
e.g., [30], [31], [36], [37]. However, in order to generate an
update, the provider needs to allocate a processing time. For
update ¢, the provider allocates ¢; amount of processing time.

We model the distortion function as a monotonically
decreasing function of processing time due to the diminishing
returns property. For instance, we consider an exponentially
decaying distortion function, D.,

D.(c;)=a (e_bc"’ —d), )
where d < e~P¢mas go that the distortion function is always
nonnegative. In addition, we consider an inverse linearly
decaying distortion function, Dy,

a

De(Ci) = m, 2)

2Similar to [95], we can consider the following quantization problem that
is applicable to our work. Assuming that the transmitter can get one bit from
the sensor at a time, a quantized status update with ¢; bits at the sensor can
be sent to transmitter after ¢; amount of time (denoted as processing time).
Thus, if we increase quantization levels (which also increases the processing
time), the transmitter can get higher quality updates, but the received updates
can be obsolete. On the other hand, the transmitter can get a quick update
with smaller number of quantization levels, but the received updates will have
higher distortion.
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which arises in sensor networking applications.? In particular,
consider a system with M sensors placed in an area, measuring
a common random variable X with mean px and variance
ag(. The measurement at each sensor, Y}, is perturbed by an
i.i.d. zero-mean Gaussian noise with variance 2. Information
. . . o M e
provider uses a linear estimator, X = > =1 w;Y; to minimize

the distortion (mean squared error) defined as Dy, = ]E[(X —
X)?]. In this model, we assume that the information provider
connects to one sensor at a time and spends one unit of time
to retrieve the measurement from that sensor. Thus, if the
information provider connects to ¢; sensors, it spends c¢; units
of time for processing (i.e., retrieving data) and achieves a
distortion of Dy(c;) = 0%/(c;i + 20—22) for the ith update,
pxtox

which has the inverse linearly decaying form in (2).

Let s; be the time interval between the reception time of
the (¢ — 1)th update and the request time of the ith update at
the receiver, and let ¢; be the processing time of the sth update
at the transmitter; see Fig. 2. Then, y; = s; + ¢;—1 is the time
interval between requesting the (¢ — 1)th and the ith updates;
it is also the age at the time of requesting the ith update; see
Fig. 2. The remaining time after receiving the last update is

. N
SN41, e, syp1 =T —> . 1 (si +¢;), and ¢ = 0.

We define f(y;) as the maximum allowed distortion for each
update where y; is the current age. We will start with the case
where the maximum allowed distortion is a constant, f(y;) =
0, i.e., it does not depend on the current age, and then continue
with the general case where it explicitly depends on the current
age. We consider two sub-cases in the latter case. In the first
sub-case, the maximum allowed distortion decreases with the
current age, and in the second sub-case, the maximum allowed
distortion increases with the current age.

Our objective is to minimize the average age of information
at the information receiver over a total time period 7', subject
to having a desired level of distortion for each update, given
that there are NV updates. We formulate the problem as,

1 T
min — a(t)dt
{si,ci} T /0 ®)

N+1
S.t. Z sit+c1=T
i=1

si 20, ¢ =0, (3)

where a(t) is the instantaneous age, D(c;) is the distortion
function which is monotonically decreasing in ¢;, and f(y;)
is the maximum allowed distortion function for update ¢ as
a function of the current age y;. We solve the optimization
problem in (3) by determining the optimum update request
times after the previous update is delivered, s;, and the
optimum update processing times, ¢;. The distortion function
D(c;) may be D.(c;) or Dy(c;) defined above, or any other
appropriate distortion function depending on the application.
The maximum allowed distortion f(y;) may be constant,
i.e., f(y;) = B, or it may be a function of the current age y;.
We consider two specific cases where f(y;) is a decreasing
function of y; and where f(y;) is an increasing function of y;.

Let Ap £ fOT a(t)dt be the total age. Note that minimizing ATT
is equivalent to minimizing Ap since 7' is a known constant.

30ther forms of distortion may be considered as well. For example, for a
distributed computation system, one can consider a model with a non-zero
cold start computation time, during which the distortion is infinite, and once
computations are received from all servers, the distortion becomes zero.
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and (N +2)e < T, (¢) Ne < T < (N +2)¢, (d) T = Ne.

With these definitions, and using the age evolution curve
in Fig. 2, the total age Ar is,

N+1 N
Ar = 2 ;(Si+ci71)2+;q(5i+Ci*1)' )

In the following section, we provide the optimal solution
for the problem defined in (3) when the maximum allowed
distortion is constant.

III. CONSTANT ALLOWABLE DISTORTION

In this section, we consider the case f(y;) = (. Since D(c¢;)
is a monotonically decreasing function of ¢;, D(¢;) < 3 is
equivalent to ¢; > ¢ where ¢ = D~!(/3) is a constant. Thus,
we replace the distortion constraint given in (3) with ¢; > c.

In addition, we substitute y; = s;+c¢;—1 fore =1,..., N+ 1.
Then, using (4), we rewrite the problem in (3) as,
1 VAL
min  — Z yl + z:cZyZ
{yi.ci}
N+1
S.t. Z Y = T
i=1
Y1 20, Yi Zcifl, L:2,,N+1
c>c, i=1,...,N. 5)

The optimization problem in (5) is not convex due to
the multiplicative terms involving ¢; and y;. We note that
¢; = cfort=1,...,N is an optimum selection, since this
selection minimizes the second term in the objective function
and at the same time yields the largest feasible set for the
remaining set of variables (i.e., y;s) in the problem in (5).
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Thus, the optimization problem in (5) becomes,

| V1 N

min — Z yz Z cy;

{yi} - —
N+1

Z y =T
=1

y1207 Yi = ¢, Z:257N+17 (6)
which is now only in terms of y;.
When (3 = oo, and thus, ¢ = 0 in (6), i.e., there is no

active distortion constraint, the optimal solution is to choose
Yi = N 7 for all i. Therefore, for the rest of this section,
we con51der the case where § < oo, and thus, ¢ > 0.

We write the Lagrangian for the problem in (6) as,

N+1 N+1 N+1
Z Y+ chz Syi=T )= 0ilys
i=1 1=2
- 91y1, (7

where 6; > 0 and A can be anything. The problem in (6) is
convex. Thus, the KKT conditions are necessary and sufficient
for the optimal solution. The KKT conditions are,

oL

=yi+c—A—-0;=0, i=1,...,N, (8
Ay
ajjfﬂ = yns1— A—Ong1 =0, ©)
The complementary slackness conditions are,
N+1
=0, (10)

Z Yi—
i=1
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O1y1 = 0, (1)
Oi(yi —c) =0, i=2,....,N+1.  (12)

When y; > ¢ for all 7, we have 6; = 0 due to (11) and (12).
Then, from (8) and (9), we obtain yy; = A—cfori=1,..., N,

and yn+1 = A. Since Zi\glyi =T, we find \ = %*—Jivlc
Thus, the optimal solution becomes,
T—c
i=——, i=1,...,N, 13
TNt ! (13)
T+ Nc
= — 14
YN+1 N+ (14)

In order to have y; > ¢, we need T > (N + 2)c. Viewing
this condition from the perspective of c, this is the case when
c is small in comparison to 7'. Therefore, we note that, in this
case, when minimum processing time, ¢, is relatively small,
the optimal policy is to choose y; as equal as possible except
for yn4+1. When ¢ becomes larger compared to 7', y; — ¢
decreases. Specifically, when T' = (N + 2)c, y; = ¢ for i =
1,...,N.

In the remaining case, i.e., when T' < (N +2)¢, y; < ¢ and
YN+1 > ¢, we have #; = 0 and 641 = 0 by (11) and (12).
Then, by solving y; = A — ¢, yn4+1 = A, and Zi\:{l y; =T,
we obtain,

T — Ne¢c
ylzT, (15)
yi=c¢ 1=2,...,N, (16)
T— (N -2)c
ywz%. (17)

Since y; > 0, we need Nc < T'. Thus, this solution applies
when Ne < T < (N 4+ 2)c.
Finally, when T' = N¢, the optimal solution becomes,

y1 =0, (18)
Yyi = ¢, (19)

In summary, when ¢ = 0, i.e., we do not have any distortion
constraints, then the optimal solution is to update in every
NLH. units of time, i.e., y; = NL_H for all 7. When ¢ > O.but,
relatively small compared to T, i.e., (N +2)c < T, the optimal

solution is to wait for f,jrcl to request the first update. For the

.. . . T—(N+2)c ..
remaining updates, the receiver waits for % time to

request another update after the previous update is received.
After requesting N updates, the optimal policy is to let the age
grow for the remaining K,—jri units of time. When ¢ becomes
large compared to T, i.e., Nc < T < (N + 2)c, the optimal
policy is to wait for T_TNC to request the first update and
request the remaining updates as soon as the previous update is
received, i.e., back-to-back. After updating N times, we let the
age grow for the remaining T_QN € units of time. Finally, when
T = Nc, the optimal policy is to request the first update at t =
0 and request the remaining updates as soon as the previous
update is received, i.e., back-to-back. We note that when N¢ >
T, there is no feasible policy. The possible optimal policies
are shown in Fig. 3.

In the following section, we provide the optimal solution
for the problem defined in (3) when the maximum allowed
distortion is age-dependent.

i=2,...,N+1.

IV. AGE-DEPENDENT ALLOWABLE DISTORTION

In this section, we consider the case where the maximum
allowed distortion f(y;) depends explicitly on the instanta-
neous age y;. As motivated in the introduction section, this
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dependence may take different forms. In particular, depending
on the application, f(y;) may be a decreasing or an increasing
function of y;. In the following two sub-sections, we consider
two sub-cases: when f(y;) is inversely proportional to y; and
when f(y;) is proportional to y;.

A. Allowable Distortion is Inversely Proportional to the
Instantaneous Age

We consider the case where f(y;) is a decreasing function
of y;. Since the distortion function D(c¢;) is a decreasing
function of the processing time c¢;, the distortion constraint for
each update, i.e., D(c;) < f(y;), becomes ¢; > D~(f(y:))
where D~1(+) is the inverse function of the distortion function.
As f(y;) is a decreasing function of y;, the minimum required
processing time D~ (f(y;)) is an increasing function of the
current age y;, i.e., we have D71 (f(y;)) > D=1 (f(y;)) for
all y; > y;. In general, D~!(f(y;)) function can be arbitrary
depending on the selections of D(¢;) and f(y;). However,
in order to make the analysis tractable, in this paper, we focus
on a particular case where the distortion constraint for each
update in (3), i.e., D(¢;) < f(y;), implies ¢; > ay;, where «
is a positive constant. An example for this case is obtained,
if we consider the inverse linearly decaying distortion function,
Dy(¢;) = 3% in (2), and use an inverse linearly decaying
allowable distortion function f(y;) = .

The optimization problem in (3) in this case becomes,

1 vl N
; 2
min_ - y; + CilYi
N+1

S.t. Z Y; = T
i=1

120, yi>cia,
C; Z 0)

i=2...,N+1

cG>ay, 1=1,...,N. (20)

In the following lemma, we show that the processing time
for each update should be equal to the minimum required time
in order to satisfy the distortion constraint, i.e., ¢; = ay;, for
all 7.

Lemma 1: In the age-optimal policy, processing time for
each update is equal to the minimum required time which
meets the distortion constraint with equality, i.e., ¢; = Qy;
for all i.

The proof of Lemma 1 is given in Appendix VI-A. Intu-
itively, as the age of the receiver and the generated update
increase during an update generation process, age-optimal
policy is achieved when the processing time is equal to the
minimum required processing time. We remark that Lemma 1
provides an alternative proof for the fact that ¢; must be such
that ¢; = c in (5). We argued this briefly after (5) based on the
observation that this selection minimizes the objective function
and enlarges the feasible set.

Using Lemma 1, we let ¢; = ay;, and rewrite (20) as,

1 N 1
2 2
(5 + a) E : yi + §yN+1
i=
N+1

S.t. Z Y; = T
i=1

y1 >0, y > ay1,

min

{y:}

i=2,...,N+1, 1)

which is only in terms of y;.
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We write the Lagrangian for the problem in (21) as,

) - ﬁlyl

(22)

1 1 R
£= (5 +0) L+ s (L -

N+1

- Z 51‘ (yz
=2

where 5; > 0 and A can be anything. The problem in (21) is
convex. Thus, the KKT conditions are necessary and sufficient
for the optimal solution. The KKT conditions are,

- Oéyifl)a

gyﬁ (I4+20)y;i—A—pi+afiz1 =0, i=1,...,N,
(23)
oL
3 = YN4+1 — A — Bn+1 =0. (24)
YN+1

The complementary slackness conditions are,

N+1
A (Z yi—T> =0 (25)
i=1
By = 0, (26)
Bi(yi_ayi—l) =0, 1=2 7N+1 (27)

First, we consider the case where s; > 0 and ¢; > 0 for all <.
Then, we have y; > O and y; > ay;—; foralli =2,... N+1.
The former statement follows because y; = s; > 0, and the
latter statement follows because y; = ac; due to Lemma 1
and y; = s; + ¢ci—1 = S; + ayi—1 > ay;—1 since s; > 0.
Thus, from (26)-(27), we have 3; = 0 for all i. By using

(23)-(24), we have y; = 20‘);1 fore=1,...,N, and yn41 =

A Since N1y, = T from (25), we find A = $oFDT
Thus, the optimal solution in this case is,
T
= =1,...,N 28
yi N + 2a + 17 ) ) ) ( )
(2a+1)T
=" 7 29
UNFL T N f2a+1 29)

In order to satisfy y; > ay;—1, we need v < 1. A typical
age evolution curve for a < 1 is shown in Fig. 4(a). When
a = 1, we note that the optimal solution follows (28) and (29),
but y; = ay;—1 fort =2,... N.

Next, we find the optimal solution for o > 1. If we have
only the total time constraint, then the optimal solution is to
choose y;s equal for ¢« = 1,..., N. Since a > 1, we cannot
choose y;s equal due to y; > ay;—1 constraints. In the
following lemma, we prove that when a > 1, y; = ay;—1
fort =2,...,N.

Lemma 2: When o > 1, we have y; = ay;—1 for i =
oo, N.

Proof:  Assume for contradiction that there exists an
age-optimal policy with y; > ay;_1 forsome j € {2,..., N}.
From (27), we have 3; = 0. From (23), we get y; =
’\_227%1“ and yj_1 = ’\;aﬁﬁl. Since y; > 0, we must have

0. By using y; > ay,_1, we must have (1 — o)\ >

2

A >
a(fBjt1 + Bj—1). Since @ > 1 and A > 0, this implies
(I — a)A < 0, which further implies (8341 + Bj-1) < 0.
However, this inequality cannot be satisfied since 3; > 0 for
all 7. Thus, we reach a contradiction and in the age-optimal
policy, we must have y; = ay;—; fori=2,... N. [ |
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Then, the optimal policy is in the form of y; = a’~1n for
i1=1,....,Nand yny41 =T — Zf\il y; where 7 is a constant.
We write the total age in terms of 7 as,

Ar(n) = <% + O<> n° (%)

A ()

In order to find the optimal 7, we differentiate (30), which is
quadratic in 7, with respect to n and equate it to zero. We find
the optimal solution for o« > 1 as,

(30)

T(aV*+2 —aVN —a? +1)
b = N2 _ N+l _ N _ 2 , GD
2(a2N+2 — N+l — N — a2 4+ o+ 1)
yi=a' "y, i=2,..,N, (32)
N
yvir =T - v (33)
i=1

A typical age evolution curve for ¢ > 1 is shown
in Fig. 4(b).

In summary, when @ < 1, i.e., when the required processing
time increases slowly with the age, then the optimal policy is
to request the updates regularly following a waiting time after
receiving each update as shown in Fig. 4(a). When o > 1,
i.e., when the required processing time increases rapidly with
the age, then the optimal policy is to request the updates once
the previous update is delivered (except for a positive waiting
time for the first update) as shown in Fig. 4(b).

B. Allowable Distortion Is Proportional to the Instantaneous
Age

We consider the case where f(y;) is an increasing function
of y;. Similar to Section I'V-A, the distortion constraint for each
update, i.e., D(c;) < f(y:), is equivalent to ¢; > D™1(f(ys)).
As f(y;) is an increasing function of y;, the minimum required
processing time D1 (f(y;)) is a decreasing function of the
current age y;, i.e., we have D= (f(y;)) < D7(f(y;)) for
all y; > y;. Even though D~!(f(y;)) can be arbitrary, in this
paper, in order to make the analysis tractable, we focus on a
specific case where the distortion constraint for each update
in (3),1.e., D(¢;) < f(y;), implies ¢; > c¢—ay;. In this section,
we assume a < % An example of this case is obtained, if we
consider the inverse linearly decaying distortion, Dy(c;) =
toq in (2), and use f (yi) = 7=%. Thus, while the distortion
constraint in Section IV-A was cl > «ay;, the distortion
constraint in this section is ¢; > ¢ — ay;.

The optimization problem in (3) in this case becomes,

N+1
min — + c
uin, Zyz Zwz
N+1

s.t. Z vy =T
i=1

U1 2 O; Yi 2 Ci—1,
ci >0, ayi,

i=2...,N+1

ci>c— i=1,...,N. (34

In the following lemma, we show that the processing time
for each update should be equal to the minimum processing
time which satisfies the distortion constraint, i.e., ¢; = (¢ —
ay;))t fori=1,..., N, where (z)" = max{0,x}.
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Fig. 4. Age evolution at the receiver when f(y;) is inversely proportional to the current age for (a) o < 1 and (b) av > 1.

Lemma 3: In the age-optimal policy, processing time for
each update is equal to the minimum required time which
meets the distortion constraint with equality, i.e., ¢; = (¢ —
ay;)T, for all i.

The proof of Lemma 3 is given in Appendix VI-B. Using
Lemma 3, we let ¢; = (¢ — ay;)™", and rewrite (34),

N+1
min 3 z; v; +Zyz —ay;)*
N+1
=T
1=1
y1207 yiz(c_ayifl)Jrv Z:2a '7N+17
(35)

which is only in terms of y;.
Next, we provide the optimal solution for the case where
y; < & fori=1,..., N. The problem in (35) becomes,

N N 1
{vi} ( ) Z Z cyi + Ey?\,ﬂ

min
i=1 i=1
N+1

s.t. Z vy =T
i=1

y1 >0, y;>c—ayi—1, t=2,...,N+1.

(36)

We write the Lagrangian for the problem in (36) as,

1 N N 1 N+1
L= <§—Oé> Zy$+zcyi+§y12v+1 - A <Z yi_T>
i=1 i=1 i=1
N+1

Z Bi(yi + ayi—1 —¢),

=2

- By — 37

where (3; > 0 and A can be anything. The problem in (36) is
convex since o < % Thus, the KKT conditions are necessary
and sufficient for the optimal solution. The KKT conditions
are,

oL
ayi = (1—20{)%4-(3—)\—61—0(5“_1 =0,
i=1,...,N, (38)
oL
= S - =0 39
Dyns YN+1 BN+1 (39)

2431
a(t)
51 > C1 - Cy - C3 EN 1 !
n Y2 Ys Ya
(b)
The complementary slackness conditions are,
N+1
A <Z yi—T> =0 (40)
i=1
By = 0, (41)
Gilyi +ayi—1—¢) =0, i=2,...,N+1. 42)
When y; > 0 and y; > ¢ — ay;—1, fort =2,... ;N + 1,
from (41) and (42), we have [3; = 0 for all ¢. Then,
by using (38) and (39), we have y; = N
apd yN+1 = A. From (40), we find /\ = % which
gives,
T—c
i=——— i=1,...,N, 43
YT Nt1-2a " “43)
(1 -2a)T + Nc
= ~ 7 - 44
UNHLZ TN 1 20 “4)

A typical age evolution curve is shown in Fig. 5(b). In order

to satisfy y; > 0, y; > ¢ —ay;—; fori = 2,..., N +1
and y; < < fori =1,..., N, we need foaa)c <T<
(2£1=2) ¢, Viewing this conditions in terms of 7', when T

N42—«
Tra )c<T,wesee

that y; > ¢ — ay;—; for i« = 2,..., N gets tighter. When
T is closer to the upper boundary, we see that y; < £, for
1=1,..., N gets tighter.

We first identify the optimal solution when T <

is closer to the lower boundary, i.e., (

(%) c. In the following lemma, we show that when
T< fo a)c, we have y; = c— ay;—1, fori =2,..., N.

Lemma 4: In when T <
%) ¢, we have y; = ¢ — ay;_1, fori=2,...,N.
Proof: 'We note that increasing ¢ increases the cost of
increasing y; for¢ = 1,..., N in the objective function in (36).
Thus, increasing c yields decreasing optimal values for y; for

the age-optimal policy,

i=1,..., N. We note from (43) that
li ¢ (45)
im ;=
r-(Mtze)” T T
for i = 1,...,N. Thus, when (N}E‘ia) T < ¢, we have
Y < 1+ for i =1,...,N. Then, we have y; + ay;—1 <
c fore =2,...,N. Due to the distortion constraint in the

optimization problem in (36), we also have y; + ay;—1 > ¢
/N 4 1. Thus, when T < (25
have y; = ¢ — ay;_1, fort =2,... N.

fori=2,... c, we must
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Fig. 5. Age evolution at the receiver when the distortion function is proportional to the current age for (a) 7" < (N +2*a) c, (b) (N +2*a) c<T <

(N+éfa) c. (© (N+(1x—a)c <T< (Nzl)c’ ) (NZl)c <7

Therefore, we show in Lemma 4 that when T <

%) ¢, the optimal policy is to request the updates back-
to-back except for the first update. Then, the optimal policy
has the following structure,

y1 =1, (46)
i—1
yi=cy () M (—a) Ty, i=2,. N, (47
7j=1
N
unvi1 =T =Y i (48)
=1

In order to find the optimal 1 which minimizes the age,
we substitute (46)-(48) in the objective function in (36),
differentiate the age with respect to 7, and equate to zero.

A typical age evolution curve is shown in Fig. 5(a). We note
that when we increase c sufficiently, y; becomes zero. At this
point, y; > 0 and y; > c—ay,;—; fori = 2,..., N are satisfied
with equality. If we further increase c, the last feasibility
constraint, yn41 > ¢ — yn, becomes tight and the optimal
solutionis y; =0, y; =c—ay;—1 fort =2,... , N+ 1. If we
increase c¢ further, there is no feasible solution.

Next, we find the optimal solution when 7' is relatively
large, i.e., (M) ¢ < T. With an argument similar to
that in Lemma 4, if ¢ becomes smaller compared to 7T,
the optimal value of y; for « = 1,..., N increases. We note
that when lim y;, = £ fori=1,..., N. Thus, when

T%(W)C «
= )c < T, we have ¢ — ay; < 0 fort = 1,...,N.
Then, the problem in (35) becomes,

N+l—«

1 N+1
. 2
min - -
{vi} 2 Z v

i=1

N+1

s.t. Z yi =T
i=1

yn41 > 0, yq;zf, 1=1,...,N. (49)
(6%

We note that the problem in (49) is convex. Thus, the KKT
conditions are necessary and sufficient for the optimal solution.
After writing the KKT conditions, we observe two different
optimal solution structures. When 7' is sufficiently large,
we have y; > § for all . Then, the optimal solution is

Yi = NLH for all ¢. A typical age evolution curve is shown

in Fig. 5(d). We need 7 > YH1C for the feasibility of the

solution. When w <T < W

fori =1,...,N and yy41 = T — vazl yi. A typical age
evolution curve is shown in Fig. 5(c).

, we have y; = é

In summary, when 7" < (%) ¢, i.e., when the total

time 7' is small compared to the required processing time,
the optimal policy is to request the updates back-to-back
as shown in Fig. 5(a). When the total time period gets
larger, the age at the receiver starts to get higher. Thus,
the minimum required processing time ¢ — ay; gets smaller.
Specifically, when (%{) ¢ < T < (Ntl=a) ¢ the opti-
mal policy is to request updates following a waiting time as
shown in Fig. 5(b). Finally, when the age at the receiver
gets even higher, i.e., when (NJFiJ < T, the optimal
policy is to deliver the updates without processing as shown
in Figs. 5(c)-(d).

V. NUMERICAL RESULTS

In this section, we provide numerical results for the prob-
lems solved in Sections III and IV. For the numerical simula-
tions, we use CVX tool in MATLAB [96], [97]. First, in the
following subsection, we provide numerical results for the case
where the maximum allowed distortion function is a constant.
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Fig. 6.
distortion function is a constant.

A. Simulation Results for Constant Allowable Distortion

We provide five numerical results for an exponentially
decaying distortion function, D., defined in (1) with a =
(1—e )7, b= 7 and d = e"'. Note that we can choose
the processing time ¢; in [0,4]. When the processing time ¢; is
equal to 0, the distortion function D, (c;) attains its maximum
value, i.e., D.(c¢;) = 1. When the processing time ¢; is equal
to 4, the distortion function D, (¢;) reaches its minimum value,
i.e., Dc(c;) = 0. Since the maximum allowed distortion is a
constant, we can rewrite the distortion constraint, D.(¢;) < 3,
as ¢; > ¢ where ¢ = D_1(f3) is in [0, 4]. For the first four
simulations, we cover each optimal policy given in Section III.
In these simulations, we take 7" = 10 and N = 3.

In the first example, we take ¢ = 0. In other words,
there is no distortion constraint on the updates. In this case,
the optimal policy is to request an update in equal time periods,
ie., y; = 2.5 for all 7. As there is no distortion constraint
on the updates, the information provider sends the updates
immediately, i.e., ¢; = 0 for all ¢, and the updates have the
highest possible distortion. As a result, the optimal age evolves
as in Fig. 6(a).

In the second example, we take ¢ = 1. This is the case where
the minimum required processing time c is small compared to
the total time duration 7, i.e., (N + 2)c < T'. In the optimal
policy, the receiver waits for an equal amount of time to
request another update after the previous update is received
except a longer waiting time for the first update. The optimal
age evolution is given in Fig. 6(b). We note that the optimal
policy is to request the first update after s; = 2.25 time. For
the remaining updates, after the previous update is received,
the receiver waits for sy = s3 = 1.25 time to request another
update. After receiving a request, the provider generates the
updates after processing ¢ = 1 time.

2433
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Evolution of a(t) with optimal update policies for 7= 10, N =3, (a) ¢ =0, (b) c =1, (¢) ¢ = 2.5, (d) ¢ = 10" \when the maximum allowed
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@
D20+

181
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14r
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distortion (3)
Fig. 7. Age versus distortion of the updates for a = %, b=1.2, and

d = e~ 3 in (1) when the maximum allowed distortion is a constant. We vary
(3 and find the minimum age for each (.

For the third example, we take ¢ = 2.5. In this case,
the minimum required processing time is high which means
that we wish to receive the updates with lower distortion
compared to previous cases. The optimal age evolution is
shown in Fig. 6(c). We note that the optimal policy is to request
the first update after waiting s; = 1.25. The receiver requests
the remaining updates as soon as the previous update is
received (back-to-back) since the provider uses relatively large
amount of time to generate updates. In this case, the provider
processes each update for ¢; = 2.5 time for all .

For the fourth example, we take ¢ = 13—0 which is the highest
possible minimum required processing time as Nc¢ = T'. In this
case, there is only one feasible solution, which is to request
the first update at ¢ = 0 and the remaining updates as soon as
the previous update is received (back-to-back), i.e., s; = 0 for
all 7. The provider processes each update for ¢; = %0 time for
all 7. The optimal age evolves as in Fig. 6(d).
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Fig. 8.
inversely proportional to the current age, i.e., ¢; > ay;.

Finally, we note that there is a trade-off between age and
distortion. If we increase the distortion constraint 3 (hence
decrease the processing time constraint c), then we achieve
a lower average age at the receiver, but the receiver obtains
updates with low quality as the distortion of the updates
is high. On the other hand, if we decrease the distortion
constraint (3 (hence increase the processing time constraint
c), the receiver obtains updates with high quality, but in this
case, the average age at the receiver increases. We show
this trade-off between age and distortion as a fifth example
in Fig. 7.

Next, in the following subsection we provide numerical
results for the case where the maximum allowed distortion
function depends on the current age.

B. Simulation Results for Age-Dependent Allowable
Distortion

First, we provide three numerical results for the case where
the maximum allowed distortion function is inversely pro-
portional to the instantaneous age, i.e., we have ¢; > ay;
constraint for each update.

For the first example, we take 7" = 10, N = 3 and o = 0.5.
This example corresponds to the case where the maximum
allowed distortion slowly decreases with the current age, i.e., &
is small. The optimal solution follows (28) and (29) and is
equal to y; = 2 for ¢ = 1,2,3 and y4 = 4. We note that
the information receiver requests all the updates when its
age is equal to y; = 2, and then, lets its age grow for the
remaining time. Since ¢; = ay;, we have ¢; = 1 for all 7 which
means that all the updates have the same level of distortion as
the processing times for the updates are equal. We observe
in Fig. 8(a) that the optimal policy resembles the optimal
policy for the case with constant allowable distortion when the
minimum required processing time is small, i.e., the second
example shown in Fig. 6(b) in Section V-A.

For the second example, we take 7= 10, N = 3 and o =
1.5. This example corresponds to the case where the maximum
allowed distortion decreases faster with the instantaneous age,
i.e., « is large. The optimal policy follows (31)-(33) and the
optimal age evolution is shown in Fig. 8(b). The optimal
solution is y; = 0.8511, yo 1.2766, ys3 1.9149 and
m 5.9574. Due to ¢; = ay;, we have ¢ 1.2766,
co = 1.9149 and c3 = 2.8723. We observe different from
the first example where o < 1 that the processing time for
each update is different which also means that updates have
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Evolution of a(t) with optimal update policies for 7= 10, N = 3, (a) « = 0.5, (b) a = 1.5, when the maximum allowed distortion function is

0 0.5 1 15 2

o

Fig. 9.  Average age versus « for T’ 10 and N 3 when the
maximum allowed distortion function is inversely proportional to the current
age, i.e., ¢; > oy;. We vary « in between 0 and 2 and find the corresponding
minimum age for each a.

different levels of distortion. We also note that updates are
requested right after the previous update is received except
for the first update, i.e., s; =0 for¢ =2,..., N.

For the third example, we take 7" = 10, N = 3 and vary
« in between 0 and 2. When « gets larger, the receiver starts
to require updates with lower distortion. In other words, with
a larger a, the transmitter allocates more time for processing
the updates which increases the average age of the receiver
as shown in Fig. 9. When the maximum allowed distortion
function is inversely proportional to the age, two different
optimum policies are observed depending on the value of «
as shown in Figs. 8(a)-(b). Due to these two different update
policies, we observe two different monotonically increasing
functions with respect to « in Fig. 9, i.e., one is in between
a € [0, 1] and the other one is in between « € [1,2].

In the following five examples, we consider the case where
the maximum allowed distortion function is proportional to
the current age, i.e., we have ¢; > ¢ — ay; constraint for each
update. We take N =3, c=1, a=0.4.

For the first example, we take 7" = 3 which corresponds to
the case where T is relatively small compared to the minimum
required processing time. The optimal policy follows (46)-
(48). The optimal solution is to choose y; = 0.4478, y» =
0.8209, y3 = 0.6716 and y4 = 1.0597. Since ¢; = ¢ — ay;,
we have ¢; = 0.8209, ¢ = 0.6716 and c3 = 0.7313. The
optimal age evolution is shown in Fig. 10(a). We observe
that updates are requested right after the previous update is
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Fig. 10. Evolution of a(¢) with optimal update policies for c=1, N =3, a = 0.4, (a) T =3, (b) T =6, (¢) T = 9.5, (d) T = 12, when the maximum
allowed distortion function is an increasing function of the current age, i.e., ¢; > ¢ — ay;.
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Fig. 11. Average age versus « for 7' = 4 and N = 3 when the maximum
allowed distortion function is proportional to age, i.e., ¢; > ¢— ay;. We vary
a € [0,0.49] and find the corresponding minimum age for each c.

received except for the first update, ie., s; = 0 for ¢ =
2,...,N. In this case, as the instantaneous age is relatively
low when the update is requested, the information provider
processes the updates further to generate updates with high
quality.

For the second example, we take 7" = 6 which corresponds
to the case where T is relatively large compared to the
minimum required processing time. The optimal solution fol-
lows (43)-(44) and y; = y2 = y3 = 1.5625 and y4 = 1.3125.
We have ¢; = 0.3750 for all 7. The optimal age evolution
is shown in Fig. 10(b). As the instantaneous age is higher
when the updates are requested compared to the first example,
the system imposes a low distortion constraint for each update.
We observe that as the receiver requests all the updates when
the age at the receiver is equal to y; = 1.5625 for i = 1,2, 3,
the distortion constraint for each update becomes the same.

For the third example, we take 7" = 9.5 which corresponds

to the case where the optimal policy follows y; = £ and
Yny1 = 1T — Zi\il y;. The optimal solution is y; = 2.5 for
i = 1,2,3 and y4 = 2. In this case, as the instantaneous

age gets higher when the update is requested, freshness of
the updates becomes more important than the quality of the
updates. That is why in this case, there is no active distortion
constraints on the updates, i.e., ¢; > 0. Thus, the receiver
sends the updates without any processing, i.e., ¢; = 0 for all
i. The optimal age evolution is shown in Fig. 10(c). Since the
processing time for each update is equal to zero, the updates
are not aged during the processing time and the age of the
receiver reduces to zero after receiving each update.

For the fourth example, we take 7' = 12. The optimal
policy follows y; = NL_H and is equal to y; = 3 and ¢; = 0
for all ¢. The optimal age evolution is shown in Fig. 10(d).
In this case, we observe a similar optimal solution structure
as in the previous case where 7' = 9.5. As the updates
are requested when the age is too high, updates with the
highest distortion become acceptable for the system. We thus
observe the same optimal solution structure as in the case
with constant allowable distortion when there is no active
distortion constraint, i.e., when ¢ = 0 in the first example
shown in Fig. 6(a) in Section V-A.

For the fifth example, we take 7' = 4, N = 3 and vary «
in between 0 and 0.49. When « gets larger, the receiver starts
to accept updates with higher distortion which decreases the
minimum required processing time. That is why the minimum
average age decreases with o as shown in Fig. 11. We note
that when « € [0,0.2], the optimal policy follows the model
shown in Fig. 10(a). When « € (0.2, 0.49], the optimal policy
follows the model shown in Fig. 10(b). Due to these two dif-
ferent update policies, we observe two different monotonically
decreasing functions of a connected at o = 0.2 in Fig. 11.
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VI. CONCLUSION AND DISCUSSION

In this paper, we considered the concept of status updating
with update packets subject to distortion. In this model,
updates are generated at the information provider (transmitter)
following an update generation process that involves collecting
data and performing computations. The distortion in each
update decreases with the processing time during update gen-
eration at the transmitter; while processing longer generates
a better-precision update, the long processing time increases
the age of information. This implies that there is a trade-off
between precision (quality) of information and age (freshness)
of information. The system may be designed to strike a desired
balance between quality and freshness of information. In this
paper, we determined this design, by solving for the optimum
update scheme subject to a desired distortion level.

We considered the case where the maximum allowed dis-
tortion does not depend on the current age, i.e., is a constant,
and the case where the maximum allowed distortion depends
on the current age. For this case, we considered two sub-
cases, where the maximum allowed distortion is a decreasing
function and an increasing function of the current age.

We note that while we formulated the allowable distortion
constraint using the current age at the receiver, we could
similarly formulate it by using time elapsed since the last
requested update. Specifically, we could use the constraint
¢; > «as; instead of the constraint ¢; > ay; in (20) and the
constraint ¢; > ¢ — as; instead of the constraint ¢; > ¢ — ay;
in (34). We note that these two considerations are similar:
If the receiver has not requested an update for a long time
(large s;), its current age will be high (large y;). Due to
space limitations and in order to avoid repetitive arguments,
in this paper, we only considered the case where the distortion
constraint depends on the instantaneous age y; at the receiver
at the time of requesting a new update.

As a future direction, one can consider a system where
the communication channel between the transmitter and the
receiver is prone to error, and the communication delay is not
negligible. Assume that the probability of successful transmis-
sion is p, and the duration of transmission for the ith update is
d;. In such a system, after the ith update is generated following
a processing time of ¢;, the transmitter sends the update to
the receiver, which takes d; amount of time to arrive at the
receiver. If the transmission is not successful, which happens
with probability 1 — p, then the transmitter has the following
choice: Either it can send the ¢th update again which is already
aged by ¢; + d; or it can generate a fresh update, in which
case, the number of remaining update opportunities decreases
by one. Thus, there is a trade-off between sending the ith
update again at the expense of a higher age and generating a
fresh update at the expense of wasting an update opportunity.
This and other possible trade-offs can be studied as future
research.

APPENDIX
A. Proof of Lemma 1

Let us assume that on the contrary there exists an optimal
policy such that ¢; > ay; for some j. Then, we find another
fe/:asible policy denoted/ by {s;; ci} sush that ¢/ = ¢ —6
Sjp1 = Sj+1 teand i,y = 854 + ¢ = yjp1. Since ¢; >
ay;, we can always choose sufficiently small ¢ so that we
have ¢ > ay} for the new policy. We have y; = y; for all
i and ¢; = ¢, for i # j which means that in the new policy,
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we keep all other variables the same except for ¢} and s’ ;.
Inspecting the objective function of (20), we note that in the
new policy, the age is decreased by ey;. Since the new policy
with {s}, ¢/} achieves a smaller age, we reach a contradiction.
Therefore, in the age-optimal policy, we must have ¢; = ay;,
for all 7.

B. Proof of Lemma 3

Let us assume for contradiction that there exists an optimal
policy such that ¢; > ¢ — ay; for some j. If y; < =, then
we find another feasible policy denoted by {s],c;} such that

/ ! _ ! _ / /o
¢ =c¢j — € sj_H—sj+1—|—eandyj+1—sj+1+cj—yj+1.

Since ¢; > ¢ — ay;, we can always choose sufficiently small

€ so that we have cg >c— ay§ for the new policy. We have

y; =y, for all ¢ and ¢; = ¢ for ¢ # j which means that in
the new policy, we keep all other variables the same except

c;- and s;- 1 1. We note that in the new policy, age is decreased

by ey;. Since the new policy with {s},c}} achieves a smaller
age, we reach a contradiction. Therefore, in the age-optimal

policy, we must have ¢; = ¢ — ay; for all ©+ when y; < %

If y; > g, then ¢; > 0 is the only constraint on c;. If ¢; > 0,
we can similarly argue that decreasing c; further reduces the
age until ¢; becomes zero. Thus, we reach a contradiction and
when y; > %, in the optimal solution, we must have ¢; = 0.
By combining these two parts, we conclude that in the optimal
policy, we must have ¢; = (¢ — ay;) ™, fori=1,...,N.
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