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Abstract—We study a rate-limited version of the well known
problem of coding for channels with random parameters which
was studied by Gelfand and Pinsker [1]. In particular, we
consider a state-dependent channel when the transmitter is
supplied with the state information at a rate Re. We obtain
a new upper bound on the capacity, C(Re), for this channel. We
explicitly evaluate this upper bound for the rate-limited dirty
paper coding (DPC) problem and show that it strictly improves
upon the DPC capacity for certain values of Re.

I. INTRODUCTION

The study of state-dependent channels was initiated by
Shannon in [2] where the channel state information (CSI) is
assumed to be available at the transmitter in a causal fashion.
Shannon derived the capacity of this channel by showing that it
is equal to the capacity of another discrete memoryless channel
with the same output alphabet and an enlarged input alphabet
of size |X ||T |, where |T | is the size of the state alphabet.

The case of non-causal CSI at the transmitter was first con-
sidered by Kuznetsov and Tsybakov [3] where achievable rates
were provided, although capacity was not found. Gelfand and
Pinsker derived the capacity of the state-dependent channel
with non-causal CSI at the transmitter in their landmark paper
[1]. The result of [1] was used by Costa [4] to evaluate the
capacity of a channel with input power constraint and when
the channel is an additive Gaussian state channel corrupted
with independent additive Gaussian noise. This problem is
commonly referred to as the dirty paper coding (DPC) problem
and has received much attention recently.

Heegard and El Gamal [5] studied state-dependent channels
with various modifications regarding the rate-limited knowl-
edge of the state at both the transmitter and the receiver. For
the general case when the transmitter is supplied the state
information at a rate Re and the receiver is supplied the state
information at a rate Rd, an achievable rate was obtained in [5]
as a function of (Re, Rd). So far, for all the cases where the
capacity has been established, the achievable rate proposed by
Heegard and El Gamal has turned out to be optimal [6]. The
two seemingly simple cases are still open: 1) When Re = 0
and we wish to determine the capacity as a function of Rd.
This corresponds to rate-limited CSI at the receiver and no
CSI at the transmitter. Ahlswede and Han [7] obtained an
achievable rate for this channel and conjectured it to be the
capacity. 2) When Rd = 0 and we wish to characterize the
capacity as a function of Re. The achievable rates for this
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case can be obtained via [5]. In this paper, we provide a new
upper bound on the capacity of this second channel model.
We explicitly evaluate our upper bound for the rate-limited
DPC problem. We show that for a certain range of values of
Re, our upper bound strictly improves upon the trivial upper
bound of DPC capacity obtained by Costa [4].

II. CHANNEL MODEL

A discrete memoryless state-dependent channel is defined
by a channel input alphabet X , a state alphabet T , a chan-
nel output alphabet Y and a transition probability function
p(y|x, t) defined for every pair (x, t) ∈ X × T . It is also
assumed that the transmitter is supplied with the state infor-
mation at a rate Re (see Figure 1).

An (n, M, Pe) code for this channel is defined by a state
encoding function, fs : T n → J , a channel encoding function,
fe : W × J → Xn and a decoding function, g : Yn → W .
The transmitter produces a message W which is uniformly
distributed on the set {1, . . . , M} and communicates it in n
channel uses. The average probability of error is defined as
Pe = Pr[Ŵ 6= W ]. A rate R is said to be achievable for this
channel if for any ε > 0, there exists an (n,M, Pe) code such
that R ≤ log(M)/n and Pe < ε for sufficiently large n. The
capacity of this channel is the supremum of all achievable
rates R.

III. A NEW UPPER BOUND

We now present the main result of this paper, which is a
new upper bound on the capacity of state-dependent channels
with rate-limited state information at the transmitter:

UB(Re) = sup
T→V→(U,X):I(T ;V )≤Re

I(U ; Y ) (1)

We will now present the proof of the upper bound. We start
by obtaining an upper bound on R as,

nR = H(W ) (2)
= I(W ; Y n) + H(W |Y n) (3)
≤ I(W ; Y n) + nεn (4)

=
n∑

i=1

I(W ;Yi|Y i−1) + nεn (5)

=
n∑

i=1

I(W,Y i−1; Yi)−
n∑

i=1

I(Yi;Y i−1) + nεn (6)

where (4) follows from Fano’s inequality [8]. Moreover, we
also have the following condition from the fact that the state
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Fig. 1. The state-dependent channel with rate-limited state information at
the transmitter.

information is available to the encoder at a rate Re,

nRe ≥ H(J) (7)
≥ I(J ;Tn) (8)

=
n∑

i=1

I(J ; Ti|T i−1) (9)

=
n∑

i=1

I(J, T i−1;Ti) (10)

where (10) follows from the fact that Tis are i.i.d. Finally, we
note the following Markov chain,

Ti → (J, T i−1) → (W,Y i−1, Xi) (11)

We now define

Ui = (W,Y i−1), Vi = (J, T i−1) (12)

Returning to (6), we have

nR ≤
n∑

i=1

I(W,Y i−1;Yi)−
n∑

i=1

I(Yi;Y i−1) + nεn (13)

≤
n∑

i=1

I(W,Y i−1;Yi) + nεn (14)

= nI(UQ;YQ|Q) + nεn (15)
≤ nI(UQ, Q;YQ) + nεn (16)
= nI(U ; Y ) + nεn (17)

and returning to (10), we have

nRe ≥
n∑

i=1

I(J, T i−1;Ti) (18)

= nI(VQ;TQ|Q) (19)
= nI(VQ, Q;TQ) (20)
= nI(V ;T ) (21)

where (21) follows from the fact that Tis are i.i.d. and therefore
TQ is independent of Q, where Q is uniformly distributed over
{1, . . . , n} and is independent of all other random variables,
and we have defined U = (Q,UQ), V = (Q,VQ), Y = YQ,
X = XQ and T = TQ and T → V → (U,X) is a Markov
chain.

We now combine (17) and (21) to express our upper bound
on the capacity of the state-dependent channel with rate-
limited state information at the transmitter as,

UB(Re) = max
p(v|t),p(u,x|v):I(T ;V )≤Re

I(U ; Y ) (22)

On the other hand, Heegard and El Gamal proposed the

following achievable rates for this channel, which can be
obtained from [5] by substituting S0 = c, Sd = c and Se = V ,
where c is a constant,

LB(Re) = max
p(v|t),p(u,x|v):I(T ;V )≤Re

I(U ; Y )− I(U ;V ) (23)

We will now show that our upper bound obtained in (22)
matches (23) and yields the capacity for two special classes
of state-dependent channels.

IV. THE MODULO-ADDITIVE STATE CHANNEL

For the case when Y = X ⊕ N , and T = N ⊕ Ñ , and
|X | = |Y| = K, we can further upper bound our upper bound
to obtain an upper bound for this class of channels which was
also obtained in [9], as follows,

C(Re) ≤ max I(U ;Y ) (24)
≤ max log(K)−H(Y |U) (25)
≤ max log(K)−H(Y |X,U) (26)
= max log(K)−H(N |X, U) (27)
≤ max log(K)−H(N |V ) (28)
= log(K)− min

p(v|t):I(T ;V )≤Re

H(N |V ) (29)

where (28) follows from the Markov chain N → T → V →
(U,X) which implies I(N ;U,X) ≤ I(N ;V ), which in turn
implies H(N |X, U) ≥ H(N |V ).

For the case when X, Y and T are binary, this bound
becomes

C(Re) ≤ 1− min
p(v|t):I(T ;V )≤Re

H(N |V ) (30)

where N → T → V forms a Markov chain. It was shown
in [9] that the above upper bound is tight and matches the
achievable rate of [5] for the case when T ∼ Ber(1/2).

V. CAPACITY RESULT FOR A SYMMETRIC BINARY
ERASURE CHANNEL WITH TWO STATES

We will show that for a particular binary input state-
dependent channel with two states, our upper bound yields the
capacity. The state T is binary with Pr(T = 0) = 1/2. The
channel input X is binary and channel output Y is ternary. For
channel states T = 0, 1, the transition probabilities, p(y|x, t),
are as shown in Figure 2. Also note that this class of channels
does not fall in the category of modulo-additive channels. We
start by further upper bounding UB(Re) as follows,

UB(Re) = max I(U ; Y ) (31)
≤ maxh(ε) + ε−H(Y |U) (32)
≤ maxh(ε) + ε−H(Y |V,U,X) (33)

= maxh(ε) + ε−H(Ũ |V ) (34)

= h(ε) + ε− inf H(Ũ |V ) (35)

where (32) follows from the fact that H(Y ) ≤ h(ε) + ε, (33)
follows from the fact that conditioning reduces entropy and
(34) follows from easily verifying the following,

H(Y |X, V, U) = H(Ũ |V ) (36)
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Fig. 2. A symmetric binary erasure channel with two states.

where Ũ is a random variable with |Ũ | = 3 and p(ũ|t),
expressed as a stochastic matrix G as,

G =
(

ε 1− ε 0
0 1− ε ε

)
(37)

and the random variables (Ũ , T, V ) satisfy the Markov chain
Ũ → T → V by construction. Using [10], we can explicitly
evaluate (35) to arrive at

UB(Re) ≤ min(εRe, ε) (38)

We now evaluate (23) by setting |V| = 2 and selecting Pr(V =
1|T = 0) = Pr(V = 0|T = 1) = µ, such that I(T ;V ) ≤ Re.
We set |U| = 2, with U being selected as uniformly distributed
on {0, 1} and independent of V , i.e., I(U ; V ) = 0. We finally
select X as a deterministic function of (U, V ) as follows,

X = U ⊕ V (39)

For this selection of random variables, it is straightforward to
show that,

LB(Re) ≥ min(εRe, ε) (40)

and hence we have the capacity expression as

C(Re) = min(εRe, ε) (41)

VI. RATE-LIMITED DIRTY PAPER CODING

We will now provide an upper bound for the case when the
forward channel is an additive Gaussian noise channel and the
channel states are also additive and Gaussian (see Figure 3).
In particular, the channel is described as

Y = X + T + Z (42)

where the channel input X is subject to an average power
constraint P , the channel state T and the channel input X are
independent of Z, where Z is a zero-mean, Gaussian random
variable with variance σ2

Z . Moreover, the state random variable
T is a zero-mean Gaussian random variable with variance
σ2

T . The capacity of this channel is known when the state
sequence is non-causally known at the transmitter. This result
was obtained by Costa in [4] and the capacity was found to
be

CDPC =
1
2

log
(

1 +
P

σ2
Z

)
(43)

We will provide an upper bound for the case when the
transmitter is supplied information about the channel state T
at a rate of Re. It is clear that when Re → ∞, this situation
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Fig. 3. The rate-limited DPC channel model.

corresponds to the setting of [4] and we have

C(∞) = CDPC =
1
2

log
(

1 +
P

σ2
Z

)
(44)

On the other hand, when Re = 0, we know that

C(0) =
1
2

log
(

1 +
P

σ2
Z + σ2

T

)
(45)

which is the capacity of a channel with total Gaussian noise
T +Z, i.e., when there is no state information at the transmitter
and the state random variable T acts as additional additive
Gaussian noise besides Z.

Capacity of the rate-limited dirty paper channel, i.e., C(Re)
is not known for 0 < Re < ∞. Trivial lower/upper bounds
for any 0 < Re < ∞ are

1
2

log
(

1 +
P

σ2
Z + σ2

T

)
≤ C(Re) ≤ 1

2
log

(
1 +

P

σ2
Z

)
(46)

We will show that a strengthened version of our upper bound
is strictly less than CDPC for certain values of Re. We start
by obtaining an upper bound on R as,

nR = H(W ) (47)
= I(W ; Y n, J) + H(W |Y n, J) (48)
≤ I(W ; Y n, J) + nεn (49)
= I(W ; Y n|J) + nεn (50)
= h(Y n|J)− h(Y n|W,J) + nεn (51)

where (49) follows from Fano’s inequality [8] and (50) follows
from the fact that the message W and the random variable
J are independent. The main idea behind this strengthened
upper bound is to consider a larger quantity I(W ;Y n, J) in
(49) as opposed to I(W ; Y n) in (4). This approach will permit
us to invoke the Markov chain Xn → J → Tn which will
subsequently yield an improved upper bound.

Returning to (51), we will separately obtain an upper bound
on h(Y n|J) and a lower bound on h(Y n|W,J). We start by
considering the first term in (51),

h(Y n|J) =
n∑

i=1

h(Yi|J, Y i−1) (52)

≤
n∑

i=1

h(Yi|J) (53)

≤ n

2
log

(
(2πe)(P + σ2

T + σ2
Z)

)
(54)

where (53) follows from the fact that conditioning reduces
entropy and by dropping Y i−1 from the conditioning, and (54)



follows from the following sequence of inequalities,
n∑

i=1

h(Yi|J)

≤
n∑

i=1

1
2

log(2πeVar(Yi|J)) (55)

=
n∑

i=1

1
2

log(2πe(Var(Xi|J) + Var(Ti|J) + Var(Zi|J)))

(56)

≤
n∑

i=1

1
2

log(2πe(Var(Xi) + Var(Ti) + Var(Zi))) (57)

=
n∑

i=1

1
2

log(2πe(Var(Xi) + σ2
T + σ2

Z)) (58)

≤ n

2
log

(
(2πe)(P + σ2

T + σ2
Z)

)
(59)

where (55) follows from the maximum entropy theorem
[8], (56) follows from the fact that Zn is independent of
(Xn, Tn, J) and the Markov chain Xi → J → Ti, which
also implies that Cov(Xi, Ti|J) = 0 for all i = 1, . . . , n,
(57) follows from the fact that expected conditional variance
is upper bounded by unconditional variance, (58) follows
from the fact that Var(Ti) = σ2

T and Var(Zi) = σ2
Z for

all i = 1, . . . , n and (59) follows from the concavity of log
function and the average input power constraint P .

We now consider the second term in (51) and obtain a lower
bound as,

h(Y n|W,J) ≥ h(Y n|Xn,W, J) (60)
= h(Tn + Zn|Xn,W, J) (61)
= h(Tn + Zn|J) (62)

≥ n

2
log

(
e

2
n h(T n|J) + 2πeσ2

Z

)
(63)

≥ n

2
log

(
(2πe)(σ2

T e−2Re + σ2
Z)

)
(64)

where (60) follows from the fact that conditioning reduces
entropy, (62) follows from the Markov chain Tn → J →
(Xn, W ) and (63) follows from the vector entropy power
inequality (EPI) [8]. Finally, (64) follows from the following,

nRe ≥ H(J) (65)
≥ I(J ; Tn) (66)
= h(Tn)− h(Tn|J) (67)

which yields

h(Tn|J) ≥ n

2
(
log(2πeσ2

T )− 2Re

)
(68)

and we substitute (68) in (63) to arrive at (64).

We now substitute (54) and (64) in (51) to finally arrive at
our upper bound,

UB(Re) =
1
2

log
(

P + σ2
T + σ2

Z

σ2
Z + σ2

T e−2Re

)
(69)

When Re = 0, our upper bound is clearly optimal,

UB(0) =
1
2

log
(

P + σ2
T + σ2

Z

σ2
Z + σ2

T

)
(70)

= C(0) (71)

On the other hand, our upper bound is strictly smaller than
the DPC upper bound, C(∞), for 0 < Re < Rc

e, where

Rc
e =

1
2

log
(

1 +
P

σ2
Z

)
(72)

For Re ≥ Rc
e, the DPC upper bound is strictly smaller than

our upper bound. Therefore, we take the smaller of these two
bounds and obtain a compact expression for the upper bound
as,

UB(Re) =





1
2 log

(
P+σ2

T +σ2
Z

σ2
Z+σ2

T e−2Re

)
, 0 ≤ Re < Rc

e;
1
2 log

(
1 + P

σ2
Z

)
, Rc

e ≤ Re < ∞.
(73)

We now obtain achievable rates for rate-limited DPC. In
particular, we will obtain a potentially sub-optimal evaluation
of the following achievable rate given in [5].

LB(Re) = max
p(v|t),p(u,x|v):I(T ;V )≤Re

I(U ; Y )− I(U ;V ) (74)

The main idea behind this achievable scheme is a combination
of rate-distortion type coding [8] and Gelfand-Pinsker binning
[1]. We select the following auxiliary random variables,

V = T + Ñ (75)

where Ñ is a zero-mean Gaussian random variable with vari-
ance σ2

Ñ
and is independent of T . Here, Ñ can be interpreted

as the compression noise. From the constraint I(T ; V ) ≤ Re,
we have

I(T ; V ) = I(T ; T + Ñ) (76)

=
1
2

log

(
1 +

σ2
T

σ2
Ñ

)
≤ Re (77)

From (77), we obtain a constraint on the variance σ2
Ñ

as,

σ2
Ñ
≥ σ2

T

e2Re − 1
(78)

Next, we select X as a zero-mean Gaussian random variable
with variance P , which is independent of V . We select the
random variable U as

U = X + αV (79)

We are now ready to evaluate the achievable rates for this
selection of random variables (V, X,U). So far, we have not
specified α. We will later optimize α, as a function of Re,
to obtain the best possible achievable rate for this selection
of auxiliary random variables. We start by simplifying the
expression in (74),

I(U ; Y )− I(U ; V ) = h(U |V )− h(U |Y ) (80)



We first consider

h(U |V ) = h(X + αV |V ) (81)
= h(X|V ) (82)
= h(X) (83)

=
1
2

log(2πeP ) (84)

where (83) follows since X and V are selected to be indepen-
dent. Now consider

h(U |Y ) = h(X + αV |X + T + Z) (85)

= h(X + α(T + Ñ)|X + T + Z) (86)

=
1
2

log
(

(2πe)
Pσ2

Z + µ(α, Re)
P + σ2

T + σ2
Z

)
(87)

where

µ(α, Re) = α2σ2
Zσ2

T + (1− α)2Pσ2
T +

α2σ2
T (P + σ2

T + σ2
Z)

e2Re − 1
(88)

Combining (84) and (87) and substituting in (80) we obtain
an achievable rate as a function of α, for any Re as,

LB(Re, α) =
1
2

log
(

P (P + σ2
T + σ2

Z)
Pσ2

Z + µ(α, Re)

)
(89)

Next, we optimize the above achievable rate with respect to
α. This is equivalent to minimizing µ(α, Re). We first note
that µ(α,Re) is convex in α and therefore, the minimum of
µ(α, Re) is obtainded at α∗(Re) where dµ(α∗, Re)/dα = 0.
We therefore have the following

α∗(Re) =
P

P + σ2
Z + P+σ2

T +σ2
Z

e2Re−1

(90)

We substitute (90) in (89) to obtain a closed form expression
for the achievable rate as follows

LB(Re) =
1
2

log
(

P + σ2
T e−2Re + σ2

Z

σ2
Z + σ2

T e−2Re

)
(91)

We now consider the two extreme cases for the values of Re.
If Re = 0, then from (90), the optimal selection of α is

α∗(0) = 0 (92)

and the achievable rate is

LB(0) =
1
2

log
(

1 +
P

σ2
T + σ2

Z

)
(93)

which yields the capacity C(0). If Re = ∞, then the optimal
selection of α is

α∗(∞) =
P

P + σ2
Z

(94)

and the achievable rate is

LB(∞) =
1
2

log
(

1 +
P

σ2
Z

)
(95)

which yields the DPC capacity CDPC . We should remark here
that this α∗(∞) is the same selection used by Costa in [4] to
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Fig. 4. Illustration of bounds when P = 10, σ2
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Z = 1.

obtain the DPC capacity.
Figure 4 shows our upper bound in (73), the achievable rate

in (91), the DPC upper bound in (43) and the capacity when
Re = 0 in (45) for the case when P = 10, σ2

Z = σ2
T = 1.

VII. CONCLUSIONS

We obtained a new upper bound on the capacity of state-
dependent channels with rate-limited state information at the
transmitter. We showed that our bound matches the upper
bound obtained in [9] for modulo-additive state channels.
We also showed that our upper bound yields the capacity
for a new class of state-dependent channels. Furthermore, we
evaluated our upper bound for the rate-limited DPC problem.
We showed that for all finite values of (P, σ2

Z , σ2
T ), our upper

bound is strictly less than the trivial DPC upper bound for
a certain range of Re. We also provided a potentially sub-
optimal evaluation of the achievable rates [5] for the rate-
limited DPC problem.
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