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Abstract—Cognitive radios have the ability to sense their
RF environment and adapt their transmission parameters to
perform optimally in any situation. Part of this involves seecting
the best modulation type for a particular channel. In this
paper we consider a variable-rate, variable-power, adaptie, M-
ary Quadrature Amplitude Modulation (M-QAM) scheme in a
single-user communication scenario. The channel betweerhd
transmitter and receiver is assumed to be a Rayleigh blockaiding
channel. Each block is divided into training and data phases
During the training phase, the receiver estimates the charel and
feeds the estimate back to the transmitter. During the data pase,
the transmitter sends its message by adapting the size of thé-
QAM constellation. We first find a closed-form expression tha
relates the Bit Error Rate (BER) to the constellation size ofthe
M-QAM, and therefore to the data rate of our system. Then, for
a given target BER, we maximize the data rate over the trainiig
parameters, which are the training signal, the training duration,
and the training power. When these optimum parameters are
used in a MATLAB implementation, we find that the target BER
is matched to within an order of magnitude, and the resulting
data rate is close to the theoretical limit.

I. INTRODUCTION

Multi-path fading is a characteristic of many wireless com-
munication channels, and causes randomness in received sig

nals. Information theoretically, taking advantage of tadifg,

adapts its M-QAM transmission scheme, to achieve larger
rates, subject to a BER constraint.

The topic of optimizing for a fading channel using CSI has
been widely studied. With perfect CSI at both the transmitte
and receiver at the start of each symbol, bit rate is maxithize
when a variable-power, variable-rate scheme is used [1EWh
the transmitter does not have any CSI, this scheme reduces to
a constant power allocation scheme over all channel values.

When there is channel estimation error at the receiver,
information-theoretic rate/capacity formulas become dom-
plex, and the optimum signaling scheme and the resulting
capacity for such channels are unknown. However, a lower
bound to the capacity is achieved by Gaussian signaling.
While finding the best lower bound, some research assumes
the existence of a separate channel for computing channel-
estimation parameters that does not consume communisation
resources [2]-[4]. If the channel estimation process israss|
to consume communication resources, optimizing the cHanne
capacity lower bound involves finding optimal allocation of
power between training and data phases, optimal training
sequence length, and optimal training symbols [5]-[7].
Another line of research looks at the problem from a
communication-theoretic perspective, specifically forialale-

instead of fighting it, has been shown to result in highef@t€: variable-power M-QAM scheme when both the trans-

bit rates. The more CSI available at the receiver and th
transmitter, the better the transmission scheme can beextlap
to the channel, and the larger the bit-rates that can be\athie

fitter and the receiver have the perfect CSI [8]. Unlike [1]
where input signals were chosen from a Gaussian-distdbute
codebook, [8] chooses input signals from a Gray-encoded

However, system resources, such as time, bandwidth, add QAM constellation. For a fixed-target BER, [8] proposes

power, should be spent in estimating and feeding back th
CSI. Channel-adaptive transmission schemes find applitati

in cognitive radios, which are able to measure, feed back,
and adapt to, the fading channel state. We consider a singlélp

user cognitive radio link, where the transmitter sendsingj

symbols from which the receiver estimates the fading chiann

state, and uses it in its symbol-detection task. In additibe

receiver feeds the estimated CSI back to the transmittechwh
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g variable-rate, variable-power communication schemé tha
achieves rates close to the capacity given in [1].

In this paper, we consider a combination of these works. Our
proach is communication-theoretic as in [8]. We assurate th
there is a feedback link from the receiver to the transmitter

&nd the transmitter adapts its M-QAM communication scheme

based on the CSI feedback received. However, unlike [8] we
assume that there is channel estimation error at the receive
resulting in noisy CSI. As in [5]-[7], we assume that the
training phase uses communication resources, and we opti-
mize the training process by choosing the optimum training
sequence, optimum training length, and optimum division of
power between the training and data transmission phases.
However, unlike [5]-[7] we assume there is an instantaneous



CSI feedback link, and that the transmitter can adapt to the IV. DATA TRANSMISSION PHASE

estimated CSI. Although information-theoretic approaches to data-
transmission problem are available in the literature [2],
[1. SYSTEM MODEL [4]-[7], we will focus on a communication-theoretic appcba

] ) ] S and consider a variable-rate, variable-power, M-QAM
We consider a point-to-point channel with single antenna afcheme. We will further restrict ourselves to a set of

both ends. The channel between the transmitter and receivggyare constellations due to their ease of implementatian.

is represented by a circularly-symmetric, complex, Gamssi example of 64-QAM constellation is shown in Figure 1(a). We

random variablén, i.e., Rayleigh fading. We consider a block- ¢onsider a square M-QAM constellation as a combination of

fading scenario where the channel stays constarit fymbols 4 \/M-PAM constellations, one as the in-phase component

and changes to an i.i.d. realization during block transgid’he 54 the other as the quadrature component; see Figure 1(b).

received signal can be represented as In a vM-PAM scheme, for a unit-energy pulse-shaping
y = vVPhx+n (1) function, one-dimensional signal points have vaI@%s where

A, is the amplitude of the signal point, and2 comes from

where n is zero-mean, unit-variance, circularly-Symmetric, ine energy of the carrier signal. The amplitude values can be
complex, Gaussian noise. The input signdlas a unit average gynressed as

power constraintE[|x|?] < 1, andP is the average Signal-to- A = (2i — 1 — VM)d
Noise Ratio (SNR).
where the Euclidean distance between adjacent signalspoint
l. TRAINING PHASE is dv/2. Assuming equiprobable signals, the average energy of
the in-phase component is
For practical communication scenarios, the channel is es- R v
timated at the receiver, and the estimate is fed back to the Pa(h)Tp _ R Z A_f _ (M —1)d? (5)
transmitter. After a delay, the transmitter receives therede. 2 VM — 2 6
For our analysis, we assume that the feedback is instanianeo .
and error-freé Therefore, we focus on the effect of the WherePdT(h) is the power allocated to th¢/M-PAM com-
channel estimation error. ponent, andT,, is the period of the pulse shaping function.
We letT, be the training sequence length, ahgd=T —T,  Without loss of generality, we assume thaf = 1. We
be the data sequence length. Since the channel realization gonclude that

constant during the entire block, we can equivalently witie . 3P4(h)
input-output relation of the channel during the trainingapd d” = M1 (6)
as

While A; is transmitted as the in-phase componeXy,is
y: = vV P:hx, +ny (2) transmitted as the quadrature component of the input signal
After match-filtering and low-band conversion, the complex

where P; is the SNR of the training symbol, and length- received signal can be written as

vectorsy,, x; andn, represent the received signal, transmitted
signal, and noise, respectively. The power constraint fier t y = iAijh +n (7)
training input signal become%x{{xt <1 V2

The receiver will estimate the channel using the receivedvhere bothA;; = A; + jA;, andh = h, + jh, are complex
signaly;, and the training signat;, which will be optimized numbers, and the additive noise is circularly-symmetric,
later. In order to find the optimal linear MMSE estimator, we complex Gaussian with independent real and imaginary com-
solve the following optimization problem with = c’y; as  ponents. Due to the estimation process, we Have h + h,

the estimate oh, andh = h — h as the estimation error, and
: RRCO_ - _ _H __H 1 - 1 ~
min E [hhﬂj— InCmE [(h—c"yy)(h—c yt)'ﬂ—". 3) y = EAijh + ﬁAijh +n (8)
The solution to this optimization problem is

In our model, the receiver regaréisto be the actual channel,

e VPixHy, @) and %Aijﬁ +n to be the effective noise. It is important to
1+ Pyxfix, note here that the channel estimation eframontributes to the
After this estimated value is fed back to the transmittee, th effective noise. _
data transmission phase starts. For an M-QAM scheme, the data rate is
Tq
1This assumption is not too unrealistic. Imagine a 10Mbps sieparated by R= ? 1og2 M. (9)

1km. The transmission time for 1000 bytes is §@§ while the propagation . . . .
time is a mere Jus. Thus highly-coded, small feedback packets require srder This rate is parameterlzed by the transmit power and the BER

of magnitude less airtime, making them appear nearly itet@ous. of the modulation scheme. In order to find the BER of a



R < e component can be found as the region satisfying

B A — f(yli,j,h) > F(yli+1,j,h) (13)

e o o o|le o o W f(yli,j,h) > f(y|li—1,j,h) (14)
e EI_UZ' - Unlike the perfect channel estimation case, solving these
s MR _ . inequalities is analytically difficult. The right-side ardft-

A side boundaries of the decision region can be found by sglvin
Y f(yli,j,h) = f(yli+1,]j, h), andf(yli,j, h) = F(y|li—1,]j, h),

@) (b) respectively. However, since the variances of the effectiv

noises for neighboring signal points are different, theigh
Fig. 1. (a) A 64-QAM constellation. (b) Equivalent in-phesed quadrature  ha some cases where the probability density functions (PDFS
8-PAM constellations. . . . . .
do not intersect between the two neighboring signal poiets,
sulting in empty decision regions. In our simulations, wéce

square M-QAM, we consider it as a combination of tw/- that this problem could arise when the power is extremelfa.hig
PAM constellati'ons representing the in-phase and quagrat Therefore, we assume that the PDFs always intersect with the
components. When there is no channel estimation error, tha€ighbors. As a result, the right-side boundary of the dewis
probability of correct signal-point detection is the protu '€dion corresponding tocan be found by solving

of the correct detection probabilities_ in each component of f(yli,j,h) =F(yli+1,j,h) (15)
corresponding/M-PAMs. However, with channel estimation o _

error, in-phase and quadrature component of the noise afy simplifying the Gaussian PDFs, we have

correlated. Therefore, the probability of correct detattivill =2 A — v2d|h|)2
: - N L (n hl)
be greater than this product. Let us assume that the sigirel po In(67) + 23 = I(0i11) + 5 (16)
(i,j) is transmitted, whergé < i <+/M,1 < j <+/M, then ‘ o+l
the symbol error probability for that signal point is wheren — y — %|F‘|, ando? = % Af;A? 0}% +1) is the
1—P;; > (1—Py;)(1 —Pyp,) (10) variance of the in-phase component of the effective noise.
P, < Pipy + Py (11) Although finding a numerical solution to (16) is easy, an
1) X~ 17 Jlt

analytical solution turns out to be too complex to be used for
whereP;; andP;; are the in-phase and quadrature symbolthe rest of the paper. Therefore, we assume that non-cagceli
error probabilities for an/M-PAM scheme. Due to the channel terms containing the square 6f are negligible, since:r}% is
estimation errorsP;; depends on the signal level in the small. Then, we have
quadrature component, arR);; depends on the signal level

n &2 &2
in the in-phase component. The BER can then be found by n = il P N (0f+21) (17)
averaging (11) over the signal points, \/5 2v/2d|h| 0
dlh
BER = % > (P +Pyi)- (12) = % + 1 =y (18)
o ) _ CY o wherer,; is the shift of the decision region on the right edge
A. Decision Regions with Channel Estimation Error of signal pointi. Similarly, the left edge of the decision region
While calculatingP,j; and P;;, we will use the in-phase becomes,
and quadrature component of the constellation diagrameat th d|F1| 62, 52
receiver. The constellation diagram at the receiver isinbth n=-— (— —————1n (N; )) (29)
by multiplying the constellation diagram at the transnnitig V2 2v2dh| Oim1
h, resulting in an attenuated and rotated version. Since, the d|ﬁ| " -
receiver knowsh, and therefore its phase, the rotation can == ﬁ =Ly | = —lay (20)

be reversed, as the probability of error is rotation-iremati

Note that although the decision regions are determined to b&herel;;; is the shift of the decision region on the left edge
one half the distance between the signal points when there #& signal pointi. Combining both edges, we conclude that
perfect channel estimation, they depend on the variandeeof t the decision region corresponding tds different from the
effective noise when there is channel estimation error at thcoherent decision region b, ; on the right boundary and
receiver. l;; on the left boundary. Now, we can write the in-phase

In order to find the decision regions when there isprobability of error as the probability that the real parttioé

channel estimation error in the system, we utilize theeffective noise is in this region, given thdt j) is transmitted
maximume-likelihood rule which states thét, j) is decoded
if f(yjm,, m,) is maximized form, = i,m, = j. The
decision region corresponding to signal paifior the in-phase

P :Pr(—|i|j<ﬁ<Fi|j ‘ F\,i,j) 1)



Using the Q-function, we have where the expectation is with respect to the channel estimat
[ ~ Although we obtained this formula through a

o1k fiy

PZ|J =Q G, +Q G

(22) communication-theoretic approach with a variety of
approximations, the only difference between (30) and
Since the right-side boundary faris the left-side boundary the information theoretic achievable rate which can be

for i + 1, we have the following, obtained using the ideas in [2], [5] is the loss coeffici&nt
— in (30).
ZP' o Z2Q ri (23) The maximization in (30) is over the training parameters,
- i - 62 i.e., the training symbak,, the training poweP,, the training

sequence lengtf;, and the data power allocation scheme

By using the fact thaQ(x) is a decreasing function v, and  P,(h). In order to simplify the analysis, we assume a constant

insertingr;; into (23), we have power allocation,P4(h) = P,. Therefore, from (29) we
note that our scheme is power-non-adaptive, but M-QAM

2If12 G2 G2 — . e
Zpilj<z 20 \/d [h| 4 9 ln( 1+1>) (24) modulation-adaptive, where the C8lis used to adapt the

262 267 62 modulation constellation size, but not the transmit pover.
this case, the optimization problem becomes

) 1 K PdO%HQ
082 * PdO}% +1

Note that the average probability of in-phase componewrerr

is obtained by averaging the above inequality ojm; well. R— max EE
For the range we consider, we can get an approximate upper x¢,Pa,Ta
bound by moving both of the averaging summations inside the R _ _ ) ) ) )
Q-function. As a result, the second term inside the Q-famcti Whereh = o;h, so thath is unit variance. While solving the

(31)

is zero, and we have, above optimization problem, we follow [5] closely. Firstew
find that the trainigg signak; that maximizes the effective

i Pyos: . g
P, < 20 d2|h|? (25) SNR, P.sp = # satisfiesx”x, = T,. Therefore, any

training signal that has unit-energy is optimum. Next, we
_ o ) optimize the effective SNR ove; and P,. Since the total
Finally, by approximating the Q-function byQ(x) ~  energyis conserved, we haRd = P,T,+P,T,. Leta denote
3 exp(—x?), and insertingd, we have the fraction of energy that is devoted to the data transorissi

—3P,4(h)|A? ) (26) PTa=0PT, P,T,=(1-aPT, O<a<l. (32

Pin 5 exp < ~
(M -1)(P (h)o% +1) Now, we can find the optimura that maximizesP.s; as
Now, the M-QAM probability of error, over in-phase and 1/2 T,=1
quadrature components, becomes = { V- Ny -1, Ta>1 (33)

BER(h) < Pin + Py (27) Finally, by following [5], we show that the rate is an
ﬁ|2 ) 28) increasing function ofT;, and hence a decreasing function

M) a2
P(h)o; +1

§2exp< —3Pa A)| 5
(M = 1)(P(h)o7 +1)

of T,. Setting T, to its minimum value is optimum, which

in our case isT, = 1. This might seem counter-intuitive
This equation says that when M-QAM is used with powerat first. Intuitively, a longer training phase will result in

Pd(ﬁ) in channelh, the resulting BER will be smaller than a better channel estimate and therefore a larger achievable

the right hand side of (28). When choosing the size of ther?lte dulrlng the data trzansnyssmn dphase. I;oyvever:, Wﬁ usel

constellation, we can equate the target BER to the right hanff@nnel resources such as time an power during the channe

side of (28), so that the BER of the resulting transmissiorestimation process, which could otherwise be used for data

will be less than the target BER. We rearrange (28) to ge{ransmission. A longer training phase implies a shortea dat
the maximum constellation size for a given BER whh — transmission phase, as the block length (coherence time) is

-3 fixed. A shorter data transmission phase, in turn, implies a
In(0.5BER)” smaller achievable rate. Since data transmission lengtaaap
. pd(ﬁ)ﬁ2 as a linear coefficient to the rate and the training lengtleapp
M(h)=1+K (29)  inside the logarithm of the achievable rate, using the mimm

Ps(h)o? + 1 . 2 : A
al )Gh + possible training length makes sense while maximizing the

. : hievable rate.
Since the rate of M-QAM isR = %logzM, we can Cccnievableraie

introduce the following optimization problem, V. NUMERICAL RESULTS
AVR2 In this section, we first validate the accuracy of our upper
Ta P4(h)h . . "
R= max —E |[log, |1+ KPﬁi? . (30)  bounds through simulation. We compare the actual prolabili
ElPa(h)]=P4 a(h)o; +1 of error in (23), the first upper bound in (24), the approxienat
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Fig. 2. The actual bit error rate and our upper bound for M=256 Fig. 3. Realized bit error rate while the target BER10™* .

T T T
= information theoretic acievable rate|

expression for the upper bound in (25), and the final upper al.| —8— our scheme
bound that we use in our calculations in (26). We plot these
equations in Figure 2 foM = 256. For smaller constellation
sizes, the first three curves were almost indistinguishdhle
Figure 2 we see that (24) is very tight, and especially in high
SNR scenarios it is the same as (23). Although (25) is not
a strict upper bound, for a system that is dynamic in power
allocation and constellation size, its effect will be agrd out.
We also see that (26) is a rather loose upper bound to (25),
and a strict upper bound for (23). We conclude that equation
(26) affects the BER calculations the most. kit 5 10 15 20 2 %0

Next, we analyze the realized BER through a MATLAB SR
IBnépéertrcl)e?gitéonar?; g;rugﬂ]zn?ﬁ(la Tgsee: b\(l)\{Jen dseilt’] (();(2) tac:g?%]ig.Af. Achieveg rate ‘with ﬁur sktjzlheme with the target BERO—2 versus

’ ’ the information theoretic achievable rate.

constellation size allocation, and counting the bits tha a
decoded erroneously, we get the experimental average BER
as a function of the SNR as shown in Figure 3. We see thaghannel state. This will allow policy radios to quickly make
we only overshoot the target BER by a fraction of an order ofdecisions about optimal PHY-layer parameters.
magnitude for the entire SNR range. By combining this result
with Figure 2, we conclude that overshooting is mostly due to
the exponential upper bound to the Q-function. . _ _ _ _

Finally, in Figure 4, we plot data rate that results from thel!! n ;ﬁnglogzg“tizf;?:a&npiE\/Ef"éa%gh%%"’i‘gﬁg'g’n ﬁzfgmﬂoﬁﬁeg'th
same implementation with the same target BER along with the  43(6):1986-1992, November 1997. v
information-theoretic achievable rate. We see that fon@ryi [2] M. Médard. The effect upon channel capacity in wirelesmimunications

F ; ; e of perfect and imperfect knowledge of the channHtEE Transactions
SNR, our scheme performs within 1 bit of the information- T = “° Theory, 46(3):933.946, May 2000.

theoretic rate. [3] T. E. Klein and R. G. Gallager. Power control for the aijgitwhite
Gaussian noise channel under channel estimation errordSTn June
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