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Abstract— The idea that no more dependence can be consumedthe channel inputs by giving a non-trivial bound which every
than produced was used to obtain an outer bound to the capagit allowable input distribution had to satisfy. The authorsoal
region of the single output two-way channel in [1]. A parallé qgeyeloped fixed and adaptive parallel channel extensions of

channel extension of this bound was used to obtain an outer their DB b d. Th lel ch | . ted t
bound of 0.64628 bits/transmission for the sum-rate point of the e ound. € paraliel channel was Insinuated 1o

binary multiplying channel (BMC) which improved over Zhang- reduce dependence production without introducing exeessi
Berger-Schalkwijk bound of 0.64891 bits/transmission [2]. It is information leaks.

not obvious that this selection of parallel channel would yeld It was shown in [1] that the adaptive parallel channel
the best sum-rate outer bound for the BMC using the idea gy iansion of DB resulted in a better outer bound than the

of dependence balance. We show that for all binary adaptive "
parallel channels, the best sum-rate outer bound for the BMQs computable outer bounds of Zhang, Berger and Schalkwijk

0.64628 bits/transmission and corresponds to the parallel channel [2] for the sum-rate point of the BMC. This improvement
selection of [1]. was obtained via a particular selection of the adaptivellghra

channel which minimized the sum of information leaks.

The introduction of a parallel channel creates the podisibil
of a tradeoff between the set of allowable input distribugio

The two-way channel (TWC) is the oldest multi-useand the excessive rate terms which arise due to the parallel
channel for which finding the information theoretic capacitchannel output. Hekstra and Willems’ selection of the pelal
(Crwc) still remains an open problem. The TWC was inehannel for the sum-rate of the BMC corresponds to one ex-
troduced by Shannon [3] in 1961 where he gave inner am@me of this rate-distribution tradeoff. More specifigatheir
outer bounds along with a limiting expression for the cajyaciparallel channel selection corresponds to the smallestf set
region. The limiting expression has the disadvantage afgheilowable input distributions. It is not immediately clear ether
in the form of ann-letter expression which makes it hardhis is the optimum choice of a parallel channel to obtain
to compute even for simple channels. The binary multiplyingie best sum-rate outer bound for the BMC using the idea of
channel (BMC) is a binary, deterministic TWC where altiependence balance. Hekstra and Willems [4] posed a qaestio
alphabetst; = &, = Y = {0,1} are binary and both the about the existence of other parallel channels which would
transmitters receive a common outpitwhere the channel yield a better outer bound than64628 bits/transmission for
operation is defined by = z;x5. Shannon showed in [3] thatthe sum-rate point of the BMC. We partially answer this
his inner and outer bounds for the TWC differ for the BMCgquestion. We show that among all binary adaptive parallel
The difference between Shannon’s inner and outer bounds &annels, the adaptive parallel channel selection of [dldgi
the BMC is the largest for the sum-rate point. the best sum-rate outer bound for the BMC. Moreover, for all

The first attempt to improve upon Shannon’s outer boundrnary adaptive parallel channels which operate at the two
was made by Zhang, Berger and Schalkwijk [2]. The authogstremes of the tradeoff, i.e., one where the feasible set of
gave a new outer bound [2, Theorem 1] which was in genefsibobability distributions is minimized, and the other wéer
better than Shannon’s outer bound. However, this bound wéae leak terms are minimized, Hekstra and Willems’ parallel
incomputable due to the inability to bound the cardinality cchannel yields the best sum-rate outer bound for the BMC. The
the involved auxiliary random variables. Hence the authoudexplored part of this rate-distribution tradeoff for gl
gave two loose but computable versions [2, Theorems 2 andcBlnnels with cardinalityZ| > 3 remains to be studied.
of their main result. These two computable bounds were shown
to be strictly better than Shannon’s sum-rate outer bound fo
the BMC.

Hekstra and Willems [1] obtained a new outer bound on the A discrete memoryless single output TWC consists of two
capacity region of the single output TWC. By relating to thput alphabetst;, X5, an output alphabey and a transition
fact that each code must produce the dependence it consumesbhability matrix p(y|z1,z2) for 1 € Ay, z2 € X» and
the authors named their bound as the dependence balance (PB)); see Figure 1.
bound. This outer bound was different from previous corerers A (n, My, M, P.1, P.2) code for the single output TWC
techniques in the sense that it limited the correlation betw consists of two sets of encoding functiorfs, : M; x

I. INTRODUCTION

II. THE SINGLE OUTPUT TWC



outer bound on the capacity region of the single output TWC:
X, Two-Way Channel X .
Wi Encoder 1 o Encoder 2 Wy DB = {(R1, RQ) : R1 S I(Xl, }/|)(27 T)

y Ry < I(X2;Y|X1,T)} (6)
where the random variables;, X, Y andT have the joint
distribution

Wo | Decoder 1 Decoder 2 =17, p(t, 21, 22,y) = p(t, 21, 22)p(yl21, 22)  (7)
Figure 1: The single-output TWC. and also satisfy the following DB bound

I(X1; Xo|T) < I(X1; Xo|Y,T) (8)
ViU L Xy fart Ma x VL Xy fori = 1.....m whereT is subject to a cardinality bound | < 3.
and two decoding functiong; : M; x Y™ — M, and gs : In [1], Hekstra and Willems also developed an adaptive
Ms x Y" — M. The two transmitters produce independeriarallel channel extension of the DB bound which is given as:
and uniformly distributed messagég; < {1,...,M;} and let A(U) denote the set of all distributions &f and A(U/|V)

Wy € {1,..., M}, respectively, and transmit them througtflenote the set of all conditional distributions Gf given V,
n channel uses. The average error probabilities are defined@n for any mapping” : A(&1 x X2) — A(Z]X1 x X2 x V),
P, = Pr(W; # W;), fori=1,2. we haveCrwc C DBpc Where

A rate pair (R1, R2) _is achievable for the single out- DBpo = {(Rl,Rg) Ry < I(X1:Y, Z| X2, T)
put TWC if and only if for all ¢ > 0, there exists an Ro < (XY, Z|X0,T)
(TL,Ml,MQ,Pel,PeQ) COdEW|th% ZRl—E andPeiSE 2= 200 b
for i = 1,2. The capacity regioly ¢ of the single output Ry < I(X1;Y|X2)
TWC is the set of all achievable ratég;, R;). Ry < I(X2;Y|X1)} 9)

where the random variables;, Xo,Y andT have the joint

l1l. OUTER BOUNDS FORSINGLE OUTPUT TWC distribution

p(t, a1, wa,y, 2) = p(t, @1, x2)p(ylr22)p™ (2|21, T2, Y, 1)
Shannon’s outer boun@®y) for the single output TWC is (10)

given by such that for allt,

Pt (zlz1, 22,9, t) = F(px, x, (21, 22|t)) (11)

and such that

So = {(R1,R2) : Ry < I(X1;Y]X3)
Ry < I(X2;Y|X1)} (1)

where the random variable¥,, X, and Y have the joint
distribution I(X1; Xo|T) < I(X1; Xo|Y, Z,T) (12)

pla1, 22, y) = p(x1, 22)p(y|z1, 2). (2) WhereT is subject to a cardinality bound’| < |&;[|X2] + 3.

_ ) o The idea of introducing a parallel channel can be visualized
Shannon’s outer bound allows for arbitrary input distribns 55 in Figure 2.

p(xlva)'
Zhang, Berger and Schalkwijk [2] improved updfy by
imposing conditions orf X, X5) intermediate between inde-

pendence and complete generality. The two computable outei) The term/(X;; X,|Y, Z,T) on the right hand side of

This parallel channel extension of the DB bound can be
thought of in terms of a tradeoff as follows:

bounds obtained in [2] are: (12) represents the tightness of the restriction of the DB
7BSY) — {(Ry, Ro) : Ry < min (H(X1|T), [(X1; Y] X2)) bound. '_I'hls term is also referred to as the “dependence
© R < I(Xo: VIX: T 3 output” in [4].
2= ( 2 | L )} ( ) 2) L4 :I(Xl,Z|X2,Y,T) andL2 :I(XQ,Z|X17KT)
an represent the rate leak terms at the two transmitters as
ZBSy" = {(R1,Ry) : Ry < I(X1;Y|X,,T) a consequence of the parallel channel outpufThese
Ry < min (H(X,|T), I(Xo; y|X1))} information Iea_ks are t_he additional terms that appear in
(4) the rate terms in (9) with respect to the rate terms in (6)

. . due to the introduction of a parallel channel.
where the random variables;, X, Y and T have the joint P

distribution To obtain a “good” outer bound for the single output TWC, one
t, 21, 29, y) = p(t)p(x1 [)p(as|t o1,z 5y Wwould like to choose a parallel channgl which simultane-
_p( 1 2Y) = Pl )_p( _1| Jplezlp(ylz,z2) () ously achieves small values 6fX;; X»|Y, Z, T) (correspond-
whereT is subject to a cardinality bound| < |X1||X2| + 1. ing to a small set of allowable input distributiop§t, 21, z2))
In [1], Hekstra and Willems developed the following DBas well as small values df; and L.



TABLE |
X, Two-Way Channel X, ADAPTIVE PARALLEL CHANNEL ASSIGNMENT OF[l] FOR THEBMC
Wi Encoder 1 — — Encoder 2 Wy
! p(ylT1,22) !
| | (X1,X2,Y) 0 1 2 Z
S L E— ©00) 0 pn 1-n
oo (0,1,0) 0 1 0
Yy v ¥ (1,000 0 0 1
-] Parallel Channel +
W, Decoder 1 <~Z ***** Z -> Decoder 2 =W, (1’1’1) 1 0 0 p (Z|SC1, 22, Ys t)
Pt (2l w2,. 1)

Figure 2: A parallel channel for the single-output TWC.

V. PARALLEL CHANNELS WITH ZERO DEPENDENCE
OuTPUT (ORI(X1; Xo|Y, Z,T) = 0)
IV. OUTER BOUNDS FORSUM-RATE POINT OF THEBMC

The BMC is the only deterministic binary TWC for which \ye will first look at one end of the distribution-rate trade-

Shannon's inner and outer bounds do not coincide as Wa$ set of all binary adaptive parallel channels which giel
shown in [5]. Being one of the simplest, deterministic TWCs; X1; X5|Y, Z,T) = 0 or zero “dependence output’. First
the BMC encapsulates all the complexities of the generdhia the fact that

TWC. It is hence important to fully understand the capacity
region of the BMC which in turn might give ideas for proving I(X1; Xo|Y, Z,T) = > p(t)I(X1; Xa|Y, Z, T = t)
converse/achievability results for the general singlepout t

TWC. Some of the known facts about the sum-rate point of = Zp(t)p(y =0/)I(X1; X2lY =0,Z,T=t) (13)
the BMC can be summarized as follows. ¢
1) So = 0.69424 bits/transmission. where (13) holds because whén = 1, we know that
2) DB = 0.69424 bits/transmission. (X1,X2) = (1,1), hencel(X1; Xo|Y = 1,Z,T) = 0 for

3) ZBSo=2BSY N ZBSY"=0.64891 bits/transmission. any choice ofp* (z|z1,xs,y,¢) and consequently we only
It should also be noted that usid@gBpc, one can obtain the need to consider the case whéh = 0. As a result of
above results by making appropriate choices of the adaptie3), the condition/(X1; X2|Y, Z,T) = 0 is equivalent to

parallel channel defined by" (z|z1, z2,y,t) as follows: I(X1;X2]Y =0,Z2,T =t) =0 forall t € 7. Consider
1) Z= ¢, wherec is a constant, yield® B. an arbitrary binary adaptive parallel chanpél(z|z1, 2, y,t)
2) Z = X, yields ZBSY. which is of the form described in Table Il f& = 0 and a
3) Z = X, yields ZBSg”). fixed T = .

An improvement ovetZ BS, was obtained in [1] by selecting ASsume the input distributionp(z1, z5[t) as follows:
an adaptive parallel channel which is “less informativedrth p((z1,22) = (0,0)[t) = ar, p((z1,22) = (0, 1)|t) = b,
X, or X,; see Table I. The parametgy when optimized p((z1,22) = (1,0)[t) = ¢; andp((21,22) = (L, 1)[t) = dy
to minimize the sum-leak yields an outer bound(of462s ~Such that alld < a;,by,ci,dy <1 anday +b; +cp +dp = 1
bits/transmission on the sum-rate of the BMC. At this pdint, for all ¢ € 7. The conditionl (X; X»[Y = 0,2, T =) = 0
should be noted that the choices of parallel channels ineTabifor all ¢ € 7" is equivalent to
??)gveg(alség j)f)l andOZ = é(thake theI mu;tlual inforrrrgtiont plar,zalY =0,2,T =1t) =
1; XY, Z, = 0 and hence only allow such inpu

distributions which satisfyX; — 7" — X, corresponding Py =0,z T =t)p(we]Y =0,2,T=1) (14)
to zero “dependence output”. which gives us the following constraints ofp:, g, 7:):

For the choices op™ (z|x1,x2,y,t) whereZ = X1, Z = b;ciq:(1 — 14) = beey(1 — q;)ry = 0. This means that for
X and Z in Table I, the DB bound operates at one extremg, ¢, > 0, the constraints arg;(1 — r;) = (1 — ¢;)r; = 0
of the rate-distribution tradeoff mentioned in the prewoufor all + € 7. The only possible pairéy, r;) satisfying these
section, namely the case wheiéX; X,|Y,Z,T) = 0. conditions are(q;, ;) = (0,0) or (¢, ;) = (1,1) which is
Thus, a natural question arises that can we find such paradguivalent to the choice of parallel channel assignmentbf [
channels which operate at some other point in this tradeescribed in Table I. We have thus shown that among all binary
and yield a better sum-rate outer bound for the BMC. It waglaptive parallel channels, the choicesofz|x1, z2,y, 2, 1)
posed as a question in [4] whether there are parallel channfelr which 7(X1; X,|Y, Z,T) = 0 take the form described in
which allow non-markov distributions, i.e., corresporglit® Table I. Choosing; = 1 forallt € 7 yieldsZ = X, whereas

non-zero “dependence output” and yield a better sum-rgig= 0 for all ¢t € 7 yields Z = X,. The optimump, which
outer bound tham.64628 bits/transmission. In this paper, weminimizesL is given by

partially answer this question. More specifically, we show e (1 — dog)
that for all binary adaptive parallel channels, and all &eyn p; = 1t 2t
adaptive parallel channels for whidi{Xy; X»|Y, Z,T) = 0, (L — d2t) + b2 (1 — ue)
the parallel channel given in Table | yields the best sura-raand was obtained in [1], wherg;; = Pr(X; = 0|T = ¢) and
outer bound o0f).64628 bits/transmission for the BMC. oot = Pi(Xo =0|T =1t).

(15)



TABLE Il

DB bound for a giverp™ t), then it implies that
AN ARBITRARY PARALLEL CHANNEL FOR THEBMC WITH |Z| = 2 giverp™ (z|z1, z2,4, 1), P

this distribution is not being eliminated by the DB congitai
and hence for such parallel channels, the resulting outemdo

(Xl(’))éz(’)y) 1 : 2 z would be the same as Shannon’s outer bound for the sum-
Eo'l'o; Zt L zt rate of BMC. For this distribution we only need to check the
yby t — Yt H _ : H
(1.0.0) 1 " pH(slen, 32,y = 0, 1) ggzpendence balance difference wh&ih = 1 which is denoted
A(qt,Tt):I(X17X2|Y, Z)—I(Xl,XQ) (16)
VI. PARALLEL CHANNELS FORBMC WITH ZERO This is illustrated in Figure 3 and it shows that for, r)
SuM-LEAK such thatA(g:,r:) > 0, the DB bound is satisfied thus

We will now look at the other end of the distribution-ratéh® corresponding parallel channels parameterized with su
tradeoff. Consider all suchp™ (z|z1,z2,y,t) for which L= (g¢, ) pairs will yield Shannon’s sum-rate outer bound. Using
I(X1; Z|X, Y, T)+1(Xo; Z| X1, Y, T) =0. This is equivalent this idea, most of the adaptive parallel channels with nem-z
to the following separate constraintsX:; Z| X, Y,T) = 0 depen_dence output are eIimiqated. The remainjng p@imt.)
and I(X»; Z|X,,Y,T) = 0 by the non-negativity of mutual for which A* (¢, ;) < 0 are given by the following equation:
information. q 1—g¢q

For the BMC, sinceY” = 1 implies (X1, X3) = (1,1), we ¢ (1 =7 +aq)h 1—r+g +(d—g+nh 1—g+r
will only be concerned for the case whénh= 0. By similar o
arguments used in the previous section, the two constraints  — h(a) + (1 — a)h (m) >0 (17)
can be reduced td(X;;Z|X.,Y = 0,7 = t) = 0 and
I(X2; Z|X1,Y = 0,T =t) =0forallt € 7. It can be wherea = 0.276. For such pairs, consider the input distribu-
easily seen that the only parallel chanpél(z|az1,22,y,t) tionp*(t, x1,z2) which maximizes Hekstra and Willems’ DB
satisfying both constraints simultaneously is such tdats Pound. This distribution was obtained in [4] as follows:

independent of( X, X») given (Y = 0,7 = t) for every TI—3 0) = 1) — 0.164366
T = t. For such a parallel channel, the resulting DB bound 7] » pr(0) =pr(1) '

is I(X1; Xo|T) < I(X1; Xo|Y,T) which yields (6). Hence Px,7(00) = px, 7 (0[1) = 0.031492
for all parallel channels with zero sum-leak, the sum-rate px,7(0]1) = px,7(0]0) = 0.601822
outer bound is the same as Shannon’s outer bouridse#24 px, 7(0]2) = px,|7(0[2) = 0.289736

bits/transmission. ) ) )
For all pairs(q;, ) given by (17), an exhaustive search over

e-vicinity of this distribution, wherec = 0.01, yields a sum-
rate bound greater than or equaldt64628 bits/transmission.
An exhaustive search ovet-vicinity of the distribution

In this section, we consider adaptive parallel channqLS(t,xl,xQ) is a maximization over thosg(t, z1,x3) such
which produce non-zero “dependence output” and in gefhat

eral produce non-zero rate leak terms. It can be shown .
that for a fixed input distributiorp(t, 21, z2), the sum-leak Ip(t, 1, 2) — p*(t, 1, 22)[ < € (18)

L(p* (2]x1, 22, 9,1)) is a convex function op™ (2|1, 22,y,1)  subject to the constraint thaf, . ., p(t, 21, 22) = 1. For
although the constraink(Xy; X»|T') — I(X1; Xo|Y, Z,T) < eyery pair(q,, ), the parametep, is chosen as the argument
0 is not necessarily convex ip*(z[z1,z2,y,t). Thus the \hich minimizes the sum-leak, uniqueness of which is jus-
overall optimization problem is not necessarily convex angieq by the convexity ofL(p* (z|z1, z2,)) with respect to
obtaining a complete analytical insight is hard. Hence wer (.|, », +). Thus for all binary adaptive parallel channels

will take a “heuristic-analytical” approach as sugges®e@ \hich yield a non-zero “dependence output”, the best sum-ra
to show that for all binary adaptive parallel channels Withier bound i€).64628 bits/transmission.

I(X1; Xo|Y, Z,T) > 0, the best sum-rate outer bound for the
BMC is 0.64628 bits/transmission. To show that a parallel
channel yields a sum-rate outer bound greater than or equal VIIl. PARALLEL CHANNELS WITH | Z| = 3 AND

to 0.64628 bits/transmission, it suffices to find a distribution I(Xy; X2|Y,Z,T) =0

p(t, z1,x2) which satisfies the DB bound and yields a sum-rate In previous sections, we considered parallel channels with
greater than or equal t0.64628 bits/transmission. Consider|Z| = 2. The DB bound can potentially be improved upon
an arbitrary binary adaptive parallel channel paramegdrizy by considering parallel channels with larger cardinaditieor

VII. PARALLEL CHANNELS WITH NON-ZERO
DEPENDENCEOUTPUT

(pt, qi, ) as described in Table II. the case whenZ| = 3, the parallel channel assignment
It was shown in [4] that the distribution which maximize®™ (z|z1, z2,y, t) is of the form described in Table IlI. Impos-
Shannon’s sum-rate outer bound for the BMC jgx; = ing the condition (14), we get the following three consttsin

0,22 = 0) = 0 andp(z1 = 0,22 = 1) = p(x1 = 1,22 =  bequerye = begagrar = be(1—que—qoi)(1 =714 —72¢) = 0. The
0) = 0.276. We know that this distribution yields a sum-ratenly non-degenerate case which is not equivalengto= 2 is
of 0.69424 bits/transmission. If this distribution satisfies thalescribed in Table IV. For this parallel channel, the indial



Dependence balance difference : A(q,r) TABLE Il
1

~ AN ARBITRARY PARALLEL CHANNEL WITH |Z| = 3
N
0.9 Ag,) <0 N
osh | (X1,X2,Y) 1 2 3 Z
(0,0,0) pie pa 1 —pu—pu
T | 0,100 qit qu 1—qu—qx
osr . ] (1,000 rip 1o 1—ry—ry  pt(z|lz1,22,9,1)
= AR
051 i
ol ] TABLE IV
AN ARBITRARY PARALLEL CHANNEL WITH I(X1; X2|Y, Z,T) =0
0.3 4
o2} 1 (X1,X2,Y) 1 2 3 Z
01k AG)<0 | (0,0,0) pis D2t 1 —p1t — pas
& (01110) q1t 1- q1t 0
Oob\ ol 02 03 04 o5 06 07 08 08 1 (1,0,0) 0 0 1 p"‘ (leh 29,7, t)

9

Figure 3: Dependence balance difference for arbitraryrigina

arallel channels.
’ WO 307 = Pi 1 = p7) — 11 — dau)h (7;) (22)
leak terms are: Now note the followingL:(0) = L1(p;) = d2:h(¢1:pf) —
dred2ch(pf) and Lo(0) = La(p;) = éuh(da(l —
L= I(X;: Z2)Y, X5, T = 1) ;) — ¢(1:<;2th(p;*). l\/(lo)reover it éaa) be easily c(hec(ked that
= P2t [h(g)(¢1tplta¢1tp2ta¢1t(1 —pie —p2t) +1— our) aLl(p“) = angEf“) = 0 hence for allpj, € [0,p;], the
— ¢1:h® (pre, par, 1 — p1s — pay)] |nd|V|duaI leaks and hence the sum-leak are the same as the
ones obtained for Table I. For any two parallel channels with
and I(X1; XolY, Z,T) = 0, the difference between their sum-rate
Ly = I(X9: Z|Y, X1, T = t) outer bounds is equal to the difference between their réispec
- 3) sum-leaks, hence we have shown that|f6f = 3 as well, the
= ¢ [h (bapre + (1 = b2t )qus, boupar+ best possible outer bound (64628 bits/transmission.

(1 = ¢2t)(1 — qut), p2(1 — p1e — pat))
— ¢20h® (p1e, par, 1 — pre — pae) — (1 — d2e)h(que)] IX. CoNCLUSION
In this work, we showed that for all binary adaptive parallel

Solving the equatioVL(pi,, pj;, ¢i;) = 0 gives channel extensions of the DB bound, the best possible sum-

P (19) rate outer bound for the BMC 564628 bits/transmission. We
he = i+ Dy also showed that, at one extreme end of the distributiom-rat
P1:(1 — o) (20) tradeoff, where the set of feasible probability distribus is
D1y T P2y D1e(1 — d2r) + Pae (1 — bre) the smallest, going froZ| = 2 to | Z| = 3 does not improve

the sum-rate outer bound. By showing these, we partially

The Hessian evaluated at all critical poiitg,, p3,, ¢i;) 9IV€N  gnswered the question posed in [4].

by (19) and (20) isH*(¢};,pi;,P5;) = 0. Hence the second
derivative test is inconclusive. For any fixed allowableunp ACKNOWLEDGMENT

distribution, p(t, o1, 22) = p(t)p(@1[Dp(2[t), define gy, = = L oo supported by NSF Grants CCF 04-47613,
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just one variableys,, i.e., if we varyp;j, between[0, p;], then

we span all the solutions of (19) and (20). kgt € [0, p;],

substitutingps, = p; — pj, andqj, = ’;1,} in the leak terms
t
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