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Abstract— We characterize the capacity of a class of primitive
relay channels. The primitive relay channel considered in this
paper consists of a semi-deterministic broadcast channel to
the relay and the decoder. The relay can help the message
transmission through an orthogonal finite capacity link to the
decoder. We show that the capacity of this class of primitive
relay channels is given by the cut-set upper bound, and it can be
achieved by the partial decode-and-forward scheme. We also
show that the rate achievable by the compress-and-forward
scheme is strictly smaller than the capacity.

I. I NTRODUCTION

In this paper, we consider the primitive relay channel. A
primitive relay channel consists of a broadcast channel from
the encoder to the decoder and the relay. Furthermore, there
is an orthogonal, finite capacity link from the relay to the
decoder. Figure 1 shows the primitive relay channel, where
the channel input isX, the channel output at the decoder is
Y , and the channel output at the relay isZ. The primitive
relay channel is relatively simpler to study than the general
relay channel [1], since the relay does not have an explicit
coded input to the channel.

The capacity of the primitive relay channel is known for
the following classes. A class of semi-deterministic primitive
relay channels was considered in [2], with the assumption
that the channel output at the relay, i.e.,Z can be obtained
as a deterministic function of the channel inputX and
the channel output of the decoder,Y . It was shown that
the compress-and-forward (CAF) scheme [1, Theorem6] is
capacity achieving and matches the cut-set upper bound [3].
This was the first result to show the optimality of the CAF
scheme for any relay channel. Also note that this class of
primitive relay channels includes the sub-class, where the
broadcast channel is fully deterministic, i.e., whenZ =
f(X) and Y = g(X), for deterministic functionsf and g.
For this sub-class, the capacity can be obtained from [2], [4].

An interesting example in the class of semi-deterministic
relay channels of [2] is whenY = X ⊕N , where⊕ denotes
modulo addition and the relay observes the noiseN , which
is assumed to be independent of the message. SinceN =
X ⊕ Y , the capacity can be achieved by CAF scheme and
matches the cut-set bound. In an interesting generalization of
this example, it was shown in [5] that if the relay observes
a noisy version of the forward noise, i.e., the relay observes
Ñ whereÑ = N ⊕V , andV is independent ofN , then the

This work was supported by NSF Grants CCF04-47613, CCF05-14846,
CNS 07-16311 and CCF 07-29127.

Z

Decoder
M̂

Encoder

Relay

p(y, z|x)M X

R0

Y

Fig. 1. The primitive relay channel.

CAF scheme is capacity achieving, although, the capacity
can be strictly smaller than the cut-set bound. This was the
first result to show the sub-optimality of the cut-set bound
for any relay channel.

In this paper, we focus on a special class of primitive
relay channels whose capacity is not known. Figure 2 shows
the broadcast component,p(y, z|x), for the primitive relay
channel in consideration. The channel inputX is ternary,
taking values in{0, 1, 2} and the channel outputsY andZ
are binary, taking values in{0, 1}.

Note thatY is a deterministic function ofX, whereasZ
is not. Furthermore, for anyp ∈ (0, 1), Z 6= f(X,Y ), i.e.,Z
cannot be expressed as a deterministic function of(X,Y ).
To observe this, note that ifX = 2, thenY = 0, butZ could
be either0 or 1. In other words, this primitive relay channel
does not fall in the class of primitive relay channels studied in
[2], [4]. This particular semi-deterministic broadcast channel
is also referred to as the noisy Blackwell channel and was
studied in [6].

Observe that whenp = 1, thenZ = Y = f(X) and the
capacity is given byC(R0) = maxp(x) H(Y ) = 1 for all
values ofR0. This implies that the relay is not useful at
all. On the other hand, whenp = 0, then Z = f(X) and
Y = g(X), and the resulting primitive relay channel falls
in the class studied in [2], [4]. We therefore consider the
case whenp ∈ (0, 1). The main contribution of this paper is
to characterize the capacity of this primitive relay channel.
We show that the capacity is given by the cut-set upper
bound and it can be achieved by using the partial decode-
and-forward scheme (PDAF). We also show that for this class
of primitive relay channels, the CAF scheme is sub-optimal.

II. M AIN RESULT

We now state the main result of this paper in the following
theorem.
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Fig. 2. The broadcast component of the primitive relay channelin
consideration.

Theorem 1: The capacity of the primitive relay channel
with a broadcast channel as shown in Figure 2 is given as,

C(R0) = max
α∈[0,1/2]

h(α) + min(R0, (1 − α)K(p)) (1)

where, K(p) = log(1 + (1 − p)pp/(1−p)). The capacity,
C(R0), is equal to the cut-set upper bound and can be
achieved by the partial decode-and-forward scheme.

We will prove Theorem 1 in two steps. We first explicitly
evaluate the cut-set upper bound [3] and then show that it
can be achieved by the PDAF scheme [7].

A. Evaluation of the Cut-set Bound

We begin by first evaluating the cut-set bound for this
relay channel [3]:

CS(R0) = max
p(x)

min(I(X;Y,Z), I(X;Y ) + R0) (2)

which can be simplified to

CS(R0) = max
p(x)

(H(Y ) + min(I(X;Z|Y ), R0)) (3)

by using the fact thatH(Y |X) = 0.

Let us fix an input distribution,p(x), as

pX(1) = α, pX(0) = (1 − π)(1 − α), pX(2) = π(1 − α)
(4)

whereα, π ∈ [0, 1]. For this input distribution, we have,

H(Y ) = h(α) (5)

whereh(α) is the binary entropy function, and

I(X;Z|Y ) = PY (1)I(X;Z|Y = 1)

+ PY (0)I(X;Z|Y = 0) (6)

= PY (0)I(X;Z|Y = 0) (7)

= (1 − α)I(X;Z|Y = 0) (8)

Now, note that

I(X;Z|Y = 0) = h(π(1 − p)) − πh(p) (9)

≤ max
π∈[0,1]

h(π(1 − p)) − πh(p) (10)

= K(p) (11)

whereK(p) is the capacity of aZ-channel with crossover
probability p [8], and is given as,

K(p) = log
(

1 + (1 − p)pp/(1−p)
)

(12)

By using (5), (8), and (11), we have an expression for the
cut-set bound as,

CS(R0) = max
p(x)

H(Y ) + min(R0, I(X;Z|Y )) (13)

= max
α∈[0,1]

h(α) + min(R0, (1 − α)K(p)) (14)

= max
α∈[0,1/2]

h(α) + min(R0, (1 − α)K(p)) (15)

where (15) follows from the fact thath(α) is symmetric
around1/2.

B. Evaluation of the Partial Decode-and-Forward Rate

The PDAF scheme yields the following rate for the prim-
itive relay channel [7],

RPDF (R0) = max
p(u,x)

min(H(Y |U) + I(U ;Z),H(Y ) + R0)

(16)

We consider the following input distributionp(u, x). Select
|U| = 2, and the distributionp(u, x) as follows. Fix anα ∈
[0, 1/2], and define,

β =

{

1+(1−p)pp/(1−p)

1+(1/α−p)pp/(1−p) if α > 0,

0 otherwise.
(17)

and

γ =

{

α
β if α > 0,

0 otherwise.
(18)

We now describe the input distributionp(u, x) as,

PU (0) = 1 − γ, PU (1) = γ (19)

and

PX|U (0|0) = 1, PX|U (1|1) = β, PX|U (2|1) = 1 − β.
(20)

To observe the input distribution, see Figure 3.
For this input distribution, we havePY (1) = γβ = α, so

that

H(Y ) = h(α) (21)

We will now show that,

H(Y |U) + I(U ;Z)

= h(α) + (1 − α)log
(

1 + (1 − p)pp/(1−p)
)

(22)
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Fig. 3. Construction of the optimal input distributionp(u, x).

= h(α) + (1 − α)K(p) (23)

which is equivalent to showing that,

I(U ;Z) − I(U ;Y ) = (1 − α)K(p) (24)

The proof of (24) is given in the Appendix. Therefore, the
rates for PDAF can be lower bounded as,

RPDF (R0)

≥ max
α∈[0,1/2]

min(h(α) + R0, h(α) + (1 − α)K(p))

(25)

= max
α∈[0,1/2]

h(α) + min(R0, (1 − α)K(p)) (26)

Using (15) and (26), the capacity of the primitive relay
channel in consideration is given as,

C(R0) = max
α∈[0,1/2]

h(α) + min(R0, (1 − α)K(p)) (27)

III. O N THE SUB-OPTIMALITY OF THE CAF SCHEME

In the previous section, we showed that the PDAF scheme
achieves the capacity of a particular class of primitive
relay channels. Besides the PDAF scheme, another natural
achievable scheme for the primitive relay channel is the
CAF scheme. In this scheme, the relay does not make use
of the codebook structure and compresses its output using
decoder’s channel output as the side information. In this
section, we will show that for the primitive relay channel in
consideration, the CAF scheme is strictly sub-optimal. We
will show this by obtaining an upper bound on the rate of
the CAF scheme. We will then show that this upper bound
is strictly smaller than the capacity for certain values ofR0.

The achievable rate of the CAF scheme is given as,

RCAF (R0) = max
p(x),p(ẑ|z)

I(X;Y, Ẑ) (28)

such thatI(Z; Ẑ|Y ) ≤ R0 (29)

We remark here that evaluation of the rates of CAF scheme
is a difficult problem, primarily due to the presence of
the auxiliary random variablêZ, for which there are no
cardinality bounds.

To obtain an upper bound onRCAF (R0), we fix an

arbitrary input distributionp(x) as follows,

pX(1) = α, pX(0) = (1 − π)(1 − α), pX(2) = π(1 − α)
(30)

whereα, π ∈ [0, 1]. For this input distribution, we have,

H(X) = h(α) + (1 − α)h(π) (31)

H(Z|Y ) = (1 − α)h(π(1 − p)) (32)

We also have,

I(X;Y, Ẑ) = H(X) − H(X|Y, Ẑ) (33)

= h(α) + (1 − α)h(π) − H(X|Y, Ẑ) (34)

= h(α) + (1 − α)h(π)

− (1 − α)H(X|Y = 0, Ẑ) (35)

Note that only such conditional distributionsp(ẑ|z) are
permitted such that,

R0 ≥ I(Z; Ẑ|Y ) (36)

= H(Z|Y ) − H(Z|Y, Ẑ) (37)

= (1 − α)h(π(1 − p)) − H(Z|Y, Ẑ) (38)

= (1 − α)h(π(1 − p)) − (1 − α)H(Z|Y = 0, Ẑ) (39)

This implies that,

H(Z|Y = 0, Ẑ) ≥

(

h(π(1 − p)) −
R0

(1 − α)

)+

(40)

= λ(α, π,R0) (41)

wherex+ = max(0, x). To obtain an upper bound on the
rate achievable by the CAF scheme, we will lower bound the
term H(X|Y = 0, Ẑ) appearing in (35). For this purpose,
we will use (40) in the following manner. For simplicity,
we define the following random variablesX

′

, Z
′

, Ẑ
′

, where
|X

′

| = {0, 2}, |Z
′

| = |Z| and |Ẑ
′

| = |Ẑ|. The random
variables have the following joint distribution,

pX′ ,Z′ ,Ẑ′ (x
′

, z
′

, ẑ
′

) = pX,Z|Y (x
′

, z
′

|y = 0)pẐ|Z(ẑ
′

|z
′

)

(42)

for all (x
′

, z
′

, ẑ
′

). By the construction of(X
′

, Z
′

, Ẑ
′

), the
following is a valid Markov chain.

Ẑ
′

→ Z
′

→ X
′

(43)

Moreover, we also have,

H(X
′

|Ẑ
′

) = H(X|Y = 0, Ẑ) (44)

H(Z
′

|Ẑ
′

) = H(Z|Y = 0, Ẑ) (45)

We will now make use of the following result on pairs of
dependent random variables [9, Theorem4], [10]. If Ẑ

′

→
Z

′

→ X
′

forms a Markov chain, and,

H(Z
′

|Ẑ
′

) ≥ (1 − π(1 − p))
h(γ)

γ
(46)



for someγ ∈ [(1 − π(1 − p)), 1], then,

H(X
′

|Ẑ
′

) ≥ (1 − π(1 − p))
h(ǫ ∗ γ)

γ
(47)

where,

ǫ =
(1 − π)

(1 − π(1 − p))
(48)

Continuing from (35), we have,

I(X;Y, Ẑ)

= h(α) + (1 − α)h(π) − (1 − α)H(X|Y = 0, Ẑ) (49)

= h(α) + (1 − α)h(π) − (1 − α)H(X
′

|Ẑ
′

) (50)

≤ h(α) + (1 − α)h(π) − (1 − α)(1 − π(1 − p))
h(ǫ ∗ γ)

γ
(51)

= h(α) + (1 − α)h(π) − (1 − α)µ(α, π,R0) (52)

where (50) follows from (44), (51) follows from (47), and
in (52), we have defined

µ(α, π,R0) = (1 − π(1 − p))
h(ǫ ∗ γ)

γ
(53)

whereγ ∈ [(1−π(1−p)), 1] is the solution of the equation,

λ(α, π,R0) = (1 − π(1 − p))
h(γ)

γ
(54)

Using (52), we have an upper bound on the rates of CAF
scheme as follows,

RCAF (R0) ≤ max
α,π

[

h(α) + (1 − α)(h(π) − µ(α, π,R0))
]

(55)

The capacity as a function ofR0 is shown in Figure 4 for
various values of parameterp. The figure also shows the
upper bound on the rate of CAF scheme, obtained in (55)
for p = 0.2. We observe that the rate of CAF scheme is
strictly below the capacity whenp = 0.2.

IV. CONCLUSIONS

We considered a class of primitive relay channel whose
capacity was not previously known. We characterized the
capacity of this class of channels. It is shown that the cut-set
upper bound is tight and it can be achieved by partial decode-
and-forward scheme. We also show that the compress-and-
forward scheme is strictly sub-optimal for this relay channel.

V. A PPENDIX

A. Proof of (24)

To prove (24), we define the following variables,

η = (1 − p)pp/(1−p) (56)

∆ =
(1 − α)

α(1 − p)
(57)

so that we have,

β =
1 + η

(1 + η + η∆)
(58)
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Fig. 4. Capacity curveC(R0) for various values of parameterp.

Using these variables, we have the following,

H(Z) = h

(

α + η

1 + η

)

(59)

H(Y ) = h(α) (60)

H(Y |U) =
α(1 + η + η∆)

(1 + η)
h

(

1 + η

1 + η + η∆

)

(61)

H(Z|U) =
α(1 + η + η∆)

(1 + η)
h

(

η∆p

1 + η + η∆

)

(62)

We therefore have,

I(U ;Z) − I(U ;Y )

= h

(

α + η

1 + η

)

− h(α)

−
α(1 + η + η∆)

(1 + η)

[

h

(

η∆p

1 + η + η∆

)

− h

(

1 + η

1 + η + η∆

)

]

(63)

= (1 − α)log(1 + η) (64)

= (1 − α)log(1 + (1 − p)pp/(1−p)) (65)

= (1 − α)K(p) (66)

where (64) follows from direct simplification of the expres-
sion.
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