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Abstract—We obtain a dependence balance based outer bound
on the capacity region of the two-user multiple access channel
with generalized feedback (MAC-GF). We investigate a Gaussian
MAC with user-cooperation (MAC-UC), where each transmitter
receives an additive white Gaussian noise corrupted version of
the channel input of the other transmitter. For all non-zero values
of cooperation noise variances, our outer bound strictly improves
upon the cut-set outer bound. Moreover, as the variances of the
cooperation noises become large, our outer bound collapses to
the capacity region of the Gaussian MAC without cooperation.

I. INTRODUCTION

The multiple access channel with generalized feedback
(MAC-GF) was first introduced by Carleial [1]. The model
therein allows for different feedback signals at the two
transmitters. For this channel model, Carleial [1] obtained
an achievable rate region using block Markov superposition
encoding and windowed decoding. An improvement over this
achievable rate region was obtained by Willems et. al. in [2]
by using block Markov superposition encoding combined with
backwards decoding.

As far as the converse is concerned for MAC-GF, a well
known outer bound is the cut-set outer bound. The cut-
set bound allows all input distributions, thereby permitting
arbitrary correlation between the channel inputs and hence is
seemingly loose. In this paper, we use the idea of dependence
balance [3] to obtain a new outer bound for the capacity region
of the MAC-GF.

To illustrate the usefulness of our outer bound, we inves-
tigate the Gaussian MAC with user cooperation (MAC-UC).
Sendonaris, Erkip and Aazhang [4] studied a model where
each transmitter receives a version of the other transmitter’s
current channel input corrupted with additive white Gaussian
noise. They named this model as user cooperation model. This
model is particularly suitable for a wireless setting since the
transmitters can potentially overhear each other. An achievable
rate region for the user cooperation model was given in [4]
using the result of [2] and was shown to strictly exceed the
rate region if the transmitters ignore the overheard signals.

We provide an explicit evaluation for our outer bound for
the Gaussian MAC-UC. For this channel model, the cut-set
outer bound is sensitive to cooperation noise variances, but
not sensitive enough. Intuitively speaking, as the backward
noise variances become large, one would expect the cut-
set bound to collapse to the capacity region of the MAC
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without cooperation. Instead, the cut-set bound converges to
the capacity region of the Gaussian MAC with noiseless
output feedback [5]. On the other hand, in the limit when
cooperation noise variances become too large, our outer bound
converges to the capacity region of the Gaussian MAC with
no cooperation, thereby yielding a capacity result. For all
non-zero and finite values of cooperation noise variances, our
outer bound strictly improves upon the cut-set outer bound.
Our dependence balance based outer bound coincides with
the cut-set bound only when the backward noise variances are
identically zero, in which case both outer bounds collapse to
the total cooperation line.

II. MAC WITH GENERALIZED FEEDBACK

A discrete memoryless two-user multiple access channel
with generalized feedback (MAC-GF) (see Figure 1) is defined
by: two input alphabets X; and &>, an output alphabet for
the receiver ), feedback output alphabets Vg, and Vg, at
transmitters 1 and 2, respectively, and a probability tran-
sition function p(y,yr, ,yr,|z1,22), defined for all triples
(y7yF1’yF2) € JYx yF1 X sz’ for every pair (.%‘1,.’1?2) €
Xl X Xg.

A (n, My, My, P,) code for the MAC-GF consists of two
sets of ¢ncoding functions fy; : My X y;;l — Xy, fo; :
Mo xygl — Xy fori =1,...,n and a decoding function ¢ :
V" — My x Ms. The two transmitters produce independent
and uniformly distributed messages W7 € {1,...,M;} and
Wy € {1,..., My}, respectively, and transmit them through n
channel uses. The average error probability is defined as, P, =
Pr[(Wy, Wy) # (W1, Wa)]. A rate pair (Ry, R,) is said to be
achievable for MAC-GF if for any € > 0, there exists a pair
of n encoding functions {f1;}? ¢, {f2:}}_;, and a decoding
function ¢ such that Ry < log(Mi)/n, Ry < log(Mz)/n
and P, < e for sufficiently large n. The capacity region of
MAC-GF is the closure of the set of all achievable rate pairs
(R1, R2).

III. CUT-SET OUTER BOUND

A general outer bound on the capacity region of a multi-
terminal network is the cut-set outer bound [6]. The cut-set
outer bound for MAC-GF is given by

CS={(R1,R2): Ry <I(X;Y.Yp|X2) (D)
Ry < I(Xo;Y,YF, | X1) (2)
Ri+ Ry < I(X1,X5;Y)} (3)
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Fig. 1. The multiple access channel with generalized feedback (MAC-GF).

where the random variables X7, X» and (Y,Yr,Yr,) have
the joint distribution

p(x1, T2, Y, Yry» Yk, ) = P(@1, 22)D(Y, Yy Yy |21, T2)  (4)

The cut-set bound is seemingly loose since it allows arbitrary
correlation among channel inputs by permitting arbitrary input
distributions p(x1, 22). On the other hand, our dependence bal-
ance based outer bound only permits those input distributions
which satisfy a non-trivial dependence balance constraint.

IV. A NEwW OUTER BOUND FOR MAC-GF

Theorem 1: The capacity region of MAC-GF is contained
in the region

DB ={(R1,Ry): Ry <I(X1;Y,YR,|X2,T2) (5)
2 < I(X2;Y, Y, [ X1, Th) (6)

Ry +R2 (X1, X0, Y, YR, Yr,|T1,T2) (7)

Ry + Ry < I(X1,X2Y)} (8)

where the random variables (77, 7%, X1, X2,Y, Yr,, YF,) have
the joint distribution

p(t17t275€171’2)-

(Y, YF,, Yr, |1, x2)  (9)

p(tlat27xlax2ayayF17yF2) =

and also satisfy the following dependence balance bound

I(X1; Xo Ty, To) < I(X1; Xo|Yry, Yi,, Th, 1) (10)

The proof of Theorem 1 can be found in [7].

V. GAUSSIAN MAC WITH USER COOPERATION

In this section, we consider the Gaussian MAC with user co-
operation [4], where each transmitter receives a noisy version
of the other transmitter’s channel input. The user cooperation
model (see Figure 2) is a special instance of a MAC-GF, where
the channel outputs are described as,

=vVhioX1 + VhoXe+ 72 (11)
Yp, = VhaXo + 2y (12)
Yr, = Vh X1+ 2> (13)

where 7,7 and Z5 are independent, zero-mean, Gaussian ran-
dom variables with variances 0%, 0% and o7%_, respectively.
The channel gains hqg, hog, h12 and ho; are assumed to be
fixed and known at all terminals. Moreover, the channel inputs
are subject to average power constraints, F[X?] < P; and

Wi

Encoder 1

— Li/]
Decoder

"

Encoder 2

Wy——

X

Fig. 2. The Gaussian MAC with user cooperation (MAC-UC).

E[X2] < P5. Note that the channel model described above
has a special probability structure, namely,

p(ya Yr s Yy |£L’1, 1’2) = p(y|x1, m?)p(yFl ‘xQ)p(yFb |$1) (14)

For any MAC-GF with a transition probability as in (14), we
have the following strengthened version of Theorem 1.
Theorem 2: The capacity region of any MAC-GF with a
transition probability in the form of (14), is contained in the
region
DBuc = {(R1,Rz) : I(X1;Y,YE,|Xo,T) (15)
I(XZ;Y7YF1|X17T) (16)
Rl + R2 < I(X17 X27 K YF17YF2 |T) (17)
Ri+ Ry < I(X1,X2;Y)} (18)
where the random variables (T, X1, X,Y,Yr,, YF,) have the
joint distribution

1<
2 <

p(t7$17$27yvalayF2) = p(t7$17 332)p(y‘1‘1a$2)~

P(yr [z2)p(yr,|z1)  (19)
and also satisfy the following dependence balance bound
I(X1; Xo|T) < I(X1; Xo|YR,, Y, T) (20)

where the random variable 7' is subject to a cardinality
constraint | 7| < |X;||Xz| + 3.

The proof of Theorem 2 can be found in [7]. The main
idea behind the proof of Theorem 2 is to use (14) so that
the resulting outer bound is expressed in terms of one auxil-
iary random variable 7" as opposed to two auxiliary random
variables (77,7%) appearing in Theorem 1. It can be shown
using standard methods [8] that this outer bound also holds
for continuous alphabets with average input power constraints.

In the next section, we will show that it suffices to consider
jointly Gaussian (T, X7, X>) satisfying (20) when evaluating
Theorem 2 for the Gaussian MAC with user cooperation
described in (11)-(13). We should also remark here that
dependence balance approach was first applied by Gastpar and
Kramer for the Gaussian MAC with noisy feedback in [9] and
the Gaussian interference channel with noisy feedback in [10].

VI. OUTLINE FOR EVALUATING DByc

The main difficulty in evaluating our outer bound, DBy ¢
for the Gaussian MAC-UC is to identify the optimal selection
of joint densities of (7, X7, X5). Our aim will be to prove
that it is sufficient to consider jointly Gaussian (7, X1, X5)
satisfying (20) while evaluating the outer bound.



We begin by considering the set of all distributions of
three random variables (7, X1, Xo) which satisfy the power
constraints, E[X?] < Py and E[X3| < P;. Let us formally
define this set of input distributions as

P = {p(t,z1,22) : E[X]] < P1, E[X]] < P}

For simplicity, we abbreviate jointly Gaussian distributions as
JG and distributions which are not jointly Gaussian as N'G.
We first partition P into two disjoint subsets,

P = {p(t,z1,22) € P: (T, X1, Xo) are JG}
Prne = {p(t,z1,29) € P: (T, X1, X2) are NG}

We further individually partition the sets Pg and Pyg,
respectively, as

PEP ={p(t,z1,22) €Pg : (T, X1, X>) satisfy (20)}

PEP ={p(t,x1,22) €Pg : (T, X1, X>) do not satisfy (20)}

PRE=1{p(t,21,22) € Prc : (T, X1, Xz) satisfy (20}

PRE —{p(t, 21, 25) €Pne: (T, X1, X2) do not satisfy (20)}

Finally, we partition the set PXE into two dlSjOlnt sets PNB(Q)

and Pre® with PRE = DB(“ UPae™, a

7’1’33(‘” = {p(t,z1,72) € PR§

p(t,x1,x2) is @ and there exists a JG
(Te, X1, Xa¢) with covariance matrix Q

satisfying (20)}

Pra® = {p(t,z1,22) € PRE :

. covariance matrix of

covariance matrix of
p(t,x1,x2) is @ and there does not exist
aJG (Tg, X16, X2¢) with covariance
matrix @ satisfying (20)}

So far, we have partitioned the set of input dlstributi% into
five disjoint sets: PEE, PEP, ?Ng(a) PDB ® and PRE (see
Figure 3). It is 1s clear that the input dlStrlbuthHS which fall into
the sets PEP and PLE need not be considered since they
do not satlsfy the constraint (20). Therefore, we only need
to restrict our attention on the three remaining sets PGDB s
PDB(G, nd PDB(b, i.e., those input distributions which
satisfy the dependence balance bound.

We explicitly evaluate our outer bound in the following three
steps:

1. We first explicitly characterize the region of rate pairs
provided by our outer bound for the probability distributions
in the set PE5.

2. In the second step, we will show that for any input
distribution belonging to the set Pﬁg ( ), there exists an input
distribution in the set PEP which yields a set of larger
rate pairs. Therefore, we do not need to consider the input
distributions in the set PNG ) in evaluating our outer bound.

3. We next focus on the set Pﬁg ®) and show that for any
non-Gaussian input distribution p(t, z1, x2) € PD ®) , We can

construct a jointly Gaussian input distribution satlsfying (20),

DB(b)
Pra

Fig. 3.
i.e., we can find a corresponding input distribution in PZ5,
which yields a set of rates which includes the set of rates of the
fixed non-Gaussian input distribution p(t, 21, z2). Therefore,
we do not need to consider the input distributions in the set
PDB(b) either in evaluating our outer bound.

To set the stage for our evaluation in steps 1 — 3, let us
define Q as the set of all valid 3 x 3 covariance matrices of
three random variables (T, X1, X2). A typical element @ in
the set Q takes the following form,

Q=FE[(X1 X2 T)(X: XoT)"]

A partition of the set of input distributions P.

Py /)12\/P1P2 PlT\/PIPT
= pr2avV PP Py p2rV P2 Pr (21)
pirvVPiPr  par/PoPr Pr

A necessary condition for ) to be a valid covariance matrix
is that it is positive semi-definite, i.e., det()) > 0. This is
equivalent to saying that,

det(Q) = P1P2PTA > 0 (22)
where we have defined for simplicity,
A =1—piy — pir — por + 2p17p2rpi2 (23)

VII. EVALUATION OF DBy ¢

We start with step 1 and characterize the set of jointly
Gaussian triples (T, X1¢, Xa¢) in 735 B_ For this purpose,
we first rewrite (20) as follows,

h(YF17YF2|T) + h(YF1,YF2|X17X2aT)

< hYF, YR |X1,T) + h(Yr, Yr, | X2, T) (24)
Making use of the following equalities,
1
h(Yr,, Yi,| X1, X0, T) = Slog ((2me)0%,0%,) (25)

1
h(Yr,,Yr, | X1, T) = 51og ((2me)oy,) + h(YE, | X1, T)

(26)
h(Yr,, Yr,| X2, T) = %log ((2me)oy,) + h(YE,| X2, T)
27)
we obtain a simplified expression for (24) as,
hWYr, Y |T) < h(YR, [ X1, T) + h(YF, | X2, T)  (28)



By using the Markov chain Yp, — Xo — (T,Yr,), we

first observe that the dependence balance constraint in (28)

is equivalent to the following two equalities,
I(YFZ; X2|YF17T) =0

(29)
(30)

Next, we show that if any jointly Gaussian triple (7', X1, X5)
satisfies the constraints (29)-(30) then it satisfies the Markov
chain X; — T — X,. Conversely, we will show that if any
jointly Gaussian triple (T, X1, X5) satisfies X1 — T — Xo,
then it satisfies (29)-(30). It is straightforward to check that for
a jointly Gaussian (T¢, X1¢, X2¢), the constraints (29)-(30)
are equivalent to Cov(X1¢, Xa¢|Tg) = 0 which is in turn
equivalent to

P12 = p1TpP2T (31)

This implies that a jointly Gaussian triple satisfies (29)-(30)
iff p12 = prrpor.

On the other hand, consider any jointly Gaussian triple
(Te, X16, Xac), with a covariance matrix ) which satisfies
the Markov chain X5 — T — Xag. This is equivalent to
I(X1¢; Xac|Te) = 0, which is equivalent to

P12 = P1TP2T (32)

This implies that if a jointly Gaussian triple (T, X1, X5)
satisfies the Markov chain X; — T — X5, then it satisfies
(32) and therefore it also satisfies (29)-(30) and vice versa. As
a consequence, we have explicitly characterized the set PEZ,
i.e., it comprises of only such jointly Gaussian distributions,
(Tg,Xl(;,ng), for which XlG — TG — ng.

We can now write the set of rate pairs provided by our outer
bound for a jointly Gaussian triple (T, X1G, Xa¢) in the set

1 < I(Xi6; Y, YRy | Xog, Ta) (33)
2 < I(Xoq; Y, YR, | X1, Tc) (34)
Ry + R2 <I(Xi6,Xec; Y, YRy, YR|TG) (35)
Ry + Ry < I(Xi1g, X2g:Y) (36)

where (Tq, X1G, Xoq) satisfies the Markov chain X745 —
TG — XQG.

In step 2, we consider any non-Gaussian input distribution
p(t, z1,22) in Pﬁg () with a covariance matrix Q. For such an
input distribution, we know by the maximum entropy theorem
[6], that the rates provided by a jointly Gaussian triple with
the same covariance matrix () are always at least as large as
the rates provided by the chosen non-Gaussian distribution.
Therefore, for any input distribution in Pﬁg (a), there always
exists an input distribution in Pg B satisfying (20), which
yields larger rates. This means that we can ignore the set
PDB(G) altogether while evaluating our outer bounds.

We now arrive at step 3 of the evaluation of our outer
bound where we will show that for any non-Gaussian input
distribution p(t,z1,29) € Pﬁg(b), we can always find an
input distribution in PE®Z, with a set of rate pairs which

include the set of rate pairs of the fixed non-Gaussian input
distribution p(t, z1, x2). Consider any triple (T, X, Xg) with
a non-Gaussian input distribution p(t, z1,z2) € 7?]’32 ®) with
a valid covariance matrix ). By the definition of the set
Pﬁg (b), and as a consequence of (31), this covariance matrix
has the property that pio # pirp2r. Moreover, this non-
Gaussian distribution satisfies the dependence balance bound,
i.e., it satisfies (29) and (30). For our purpose, we only need
(29). Since I(Yp,; X1|T) = 0, we make use of (11)-(13) to
first arrive at

E[X1X,|T] = E[X,|T]|E[X:|T] 37)

We will now construct another triple (7", X1, X5) with a
covariance matrix S by selecting

T = E[X)|T] (38)
This particular selection is closely related to the recent work
of Bross, Lapidoth and Wigger [11] where it was shown that
jointly Gaussian distributions are sufficient to characterize the
capacity region of Gaussian MAC with conferencing encoders.
Although, we should also remark that when evaluating DBy ¢,
we do not have a conditionally independent structure among
(T, X1,X5) to start with. This structure arises from the
dependence balance constraint (20), permitting us to use this

approach.

Returning to (38), we note that T’ is a deterministic function
of T" and therefore, following is a valid Markov chain.

T =T — (X1, X3) — (Y, Yr,, Vi) (39)

We will now obtain the off diagonal elements of the covari-
ance matrix S of the triple (7", X1, Xs5) by first noting the
following equalities,

’

E[X,T'] = Var(T") (40)
E[XoT'] = Br[E[X2|T|E[X,|T)) (41)
E[X1X,] = Ep[E[X1|T]E[X2|T]] (42)

where (42) follows from (37). Using (40)-(42), we obtain that
the covariance matrix S of the triple (7", X1, X2) satisfies

P12 = P17’ Por’ (43)

Therefore, from (31) any jointly Gaussian (T(';,Xlg,XQG)
triple with a covariance matrix S, with entries
(p12; 177 Pop ) satisfies (20).

We now arrive at the final step of the evaluation. In
partlcular we will show that the rates of this jointly Gaussian
triple (TG, X1, Xa@) will include the rates of the given non-
Gaussian triple (T, X1, X5). For the triple (TG,XlG,XQG)
we have the following set of inequalities,

I(X16;Y, Yiy| Xoa, Tt

= h(Y, Yp,| Xaa, Te) — h(Y, Yi, | X160, Xoc, T)  (44)
= h(v/hoXic + Z, Vhia X1a + Za| Xoa, Tg)
— h(Y, YR, | X16, Xoa, Tts) (45)



> h(\/hToXl + Z,/h12 X1 + Z2|X2»T/)

— WY, Y, | X16, X2, Tg) (46)
> h(vVhoX1 + Z,/hia X1 + Z2| X0, T, T)

= h(Y,Yr,| X1, X2, T) “47)
= h(\/h1oX1 + Z,\/h12 X1 + Zo| X5, T)

= h(Y,Yr,| X1, X2, T) (48)
=I(X1;Y,YR,|X2,T) (49)

where (46) follows from the fact that (T/,Xl,Xg) and
(T/G7X1(;,ng) have the same covariance matrix S and by
using the maximum entropy theorem [6]. Next, (47) follows
from the fact that conditioning reduces differential entropy and
finally (48) follows from the fact that T is a deterministic
function of 7' and by invoking the Markov chain in (39).
Similarly, it can be shown that

I(X16,X26;Y) > I(X1,X2;Y) (50)
[(Xoe; Y, Yr, | X160, Tg) > 1(Xo; Y, Yr, | X1, T) (51)
I(X16, X263 Y, Vi, Vi, |Tg) > 1(X1, X2; Y, Yiey, Yie | T)

(52)

Therefore, we conclude that for any non-Gaussian distribu-
tion p(t, x1,x2) € Pﬁg ®) there exists a jointly Gaussian dis-
tribution p(t,x1,22) € PEP which satisfies the dependence
balance bound (20) and yields a set of rates which include
the set of rates given by the fixed non-Gaussian distribution.
Hence, it suffices to consider jointly Gaussian distributions in
PEP to evaluate our outer bound.

The explicit expressions for our outer bound and the cut-set
bound for the Gaussian MAC-UC are rather tedious and we
do not present them here. They can be found in [7]. Here,
we plot and compare these outer bounds. Figure 4 illustrates
the outer bounds and achievable rate region [4] for the case
when P, = P, = 5,05 =2 and 03 = 0%, =1and hyg =
hoo = h12 = hoy = 1. Figure 5 illustrates these bounds and
an achievable rate region [4] for one sided cooperation where
P1:P2:0'%:13.1’1d0'%1 :J%Q :1andh10:h20:1,
h12 = 2, hgl =0.

VIII. CONCLUSIONS

We obtained a new outer bound for the capacity region of
the two-user MAC with generalized feedback. We explicitly
evaluated this outer bound for the Gaussian MAC with user
cooperation. Our outer bound strictly improves upon the cut-
set bound for all non-zero values of cooperation noise vari-
ances. Moreover, as the cooperation noise variances become
large, our outer bound collapses to the capacity region of the
Gaussian MAC without cooperation.
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