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Abstract—We consider the estimation of the order, i.e., the number of
hidden states, of a special class of discrete-time finite-alphabet hidden
Markov sources. This class can be characterized in terms of equivalent
renewal processes. Noa priori bound is assumed on the maximum permis-
sible order. An order estimator based on renewal types is constructed, and
is shown to be strongly consistent by computing the precise asymptotics of
the probability of estimation error. The probability of underestimation of
the true order decays exponentially in the number of observations while
the probability of overestimation goes to zero sufficiently fast. It is further
shown that this estimator has the best possible error exponent in a large
class of estimators. Our results are also valid for the general class of binary
independent-renewal processes with finite mean renewal times.

Index Terms—Error exponent, hidden Markov sources, order estima-
tion, renewal processes, renewal types.

I. INTRODUCTION

The problem of order estimation for Markov processes, and more
generally, for the class of hidden Markov processes (also known, and
hereafter referred to, as hidden Markov sources (HMSs)), has received
wide attention. Several relevant results can be found in the survey paper
[2].

Most existing results on the order estimation for a Markov process
assume a prior bound on the permissible order; here, the notion of order
corresponds to the depth of memory of the Markov process. Excep-
tions include the estimator based on Lempel–Ziv parsing in [17] and
that based on the Bayesian Information Criterion in [6] (cf. also [3]).
Another set of results of interest to us appear in [10], where a strongly
consistent order estimator is presented, which additionally possesses
the best “error exponent,” i.e., the best attainable rate of decay—with
respect to sample size—of the probability of order underestimation in
a suitably large class of estimators. Such a feature is desirable in appli-
cations in which the penalty for choosing an incorrectly simpler model
is unacceptably high. This result, however, is based on the nettlesome
assumption of a known upper bound on the model order.

A number of strongly consistent estimators have also been proposed
for the order estimation for a hidden Markov source (cf. e.g., several
relevant results cited in [2], [15]), where order now refers to the number
of states of the underlying Markov chain. Most of these estimators also
assume a prior bound on model order. Furthermore, while order estima-
tors with exponentially decaying probabilities of underestimation error
are known, the best error exponent is yet to be characterized. (See, how-
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ever, the comment in Section V concerning a recent manuscript [11]
which tackles this problem.)

In this correspondence, we focus attention on a restricted class of
hidden Markov sources, namely, those endowed with a special renewal
structure, which enables an equivalent representation in terms of bi-
nary independent-renewal processes. Such processes arise in several
applications, e.g., teletraffic modeling in networks [18]. This renewal
structure leads to an interesting instance of a class of HMSs for which a
strongly consistent order estimator can be constructed which possesses
the best error exponent; furthermore, such an estimator does not require
a prior bound on the model order. This class of processes lends itself
to an analysis based on the notion of renewal types introduced in [7],
which is then exploited in constructing an estimator along the lines of
that proposed in [10].

In fact, our results are valid for the general class of binary indepen-
dent-renewal processes with finite mean renewal times. While there is
no established notion of order for this class of processes unlike in the
case of the HMSs above, a suitable notion of order can be defined in
terms of the indexes of any countable partition of the set of indepen-
dent-renewal measures onf0; 1g1. The estimator above (under some
fairly mild conditions) is strongly consistent in identifying the subset of
such measures which contains the measure generating the data. From a
practical standpoint, a specific partition of interest is one which classi-
fies a binary independent-renewal measure according to the number of
“free parameters” needed to describe the associated probability mass
function (pmf) of the independent and identically distributed (i.i.d.) re-
newals. An increase in order then corresponds to an increasing number
of free parameters, a feature which is compatible with the standard no-
tion of model complexity (cf. e.g., [19]).

The remainder of this correspondence is organized as follows. The
special class of HMSs under consideration is defined in Section II. The
notion of renewal types from [7] and relevant properties are devel-
oped in Section III, including bounds on probabilities using renewal
type-counting arguments along the lines of well-known (i.i.d.) types,
and attributes of differentiators between renewal processes. The order
estimator is described and its performance examined in Section IV. We
conclude in Section V with a discussion of our results, including order
estimation for general binary processes with independent renewals.

II. PRELIMINARIES

Let S = f1; 2; . . . ; kg, k � 1, be a finite set of integers. Let
fSng

1

n=0 be anS-valued first-order Markov process, generated by a
k � k-stochastic matrixA = fauvg with strictly positive elements,
and with (initial state)S0 = 1.1 Here

auv
�
= P (Sn = vjSn�1 = u); u; v 2 S

denote the (time-homogeneous) transition probabilities of the process
fSng

1

n=0. Throughout, we shall use the notationsnm to refer to the
subsequence(sm; . . . ; sn), 1 < m < n, of symbols fromS ; the
sequence(s1; . . . ; sn) will simply be denoted bysn.

Let X = f0; . . . ; q � 1g, q � 2, be a finite set of integers. Let
fXng

1

n=1 be aX -valued stochastic process which is generated by the
processfSng1n=0 according to the following conditional pmf:

bil
�
= P (Xn = ljSn = i; Sn�1; . . . ; S0; Xn�1; . . . ; X1)

= P (Xn = ljSn = i) (1)

whereB = fbilg is ak�q-stochastic matrix. The processfXng
1

n=1 so
generated, which is a function of the Markov chainfSng1n=0, is called

1The assumptionS = 1 facilitates subsequent exposition and does not entail
any loss of essential generality.
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ahidden Markov source(HMS) or a hidden Markov process. Then-di-
mensional joint pmf of the HMSfXng

1
n=1 is completely determined

by the stochastic matricesA andB. In particular

P (Xn = x
njS0 = 1)

=
s 2S

P (Xn=x
njSn=s

n
; S0=1)P (Sn=s

njS0=1)

=
s 2S

n

t=1

P (Xt=xtjSt=st)P (St=stjSt�1=st�1)

=
s 2S

n

t=1

bs x as s (2)

where, in keeping with the previous notation,Xn �
= (X1; . . . ; Xn),

xn
�
=(x1; . . . ; xn), n > 1, and we interpretP (S1 = s1jS0 = s0) =

as s as beinga1s . Loosely speaking, theorder of the HMSfXng
1
n=1

refers to the cardinalityk of the state spaceS of the underlying Markov
chainfSng1n=0.

The order estimation problem for the HMS entails obtaining a con-
sistent estimate of the (unknown) orderk based on observations of the
processfXng

1
n=1; the stochastic matricesA andB are assumed to be

unknown. For eachk � 1, let ~�k denote the set of all pairs of sto-
chastic matrices(A; B), whereA is a k � k-stochastic matrix with
strictly positive elements andB is ak � q-stochastic matrix. For each
� 2 ~�k, k � 1, let P� denote a probability measure onX1 gener-
ated in accordance with (1) and (2). Note that this formulation yields
an increasing sequence of sets of measures~Pk, k � 1, onX1, corre-
sponding, respectively, to the sets~�k,k � 1. Considering the mutually
disjoint sequence of measuresPk = ~Pk n ~Pk�1, k � 1, onX1 (with
P1 = ~P1), let�k denote the subset of~�k which is in one-to-one cor-
respondence withPk, k � 1.

Definition: The order2 of an HMS fXng
1
n=1 is defined as the

(smallest) value ofk � 1 for which there exists a parameter� 2 �k,
such thatP� 2 Pk and the measure onX1 corresponding to
fXng

1
n=1 are equal.

We shall limit ourselves to a study of the order estimation problem
for a special class of HMSs in (1) and (2), namely, the class ofrenewal
processes. Specifically, we consider thosef0; 1g-valued HMSs (i.e.,
with q = 2) for which thek � 2-stochastic matrixB in (1) is of the
form

bil =
1; if ( i = 1 & l = 1) or (i 6= 1 & l = 0)

0; otherwise.
(3)

Thus, the observed symbol is1 iff the underlying Markov process is in
the state1, so that the processfSng1n=0 remains by and large “hidden,”
and an occurrence ofSn = 1 is revealed when, and only when, we
observeXn = 1. It can be shown that the HMSfXng

1
n=1 is now a

f0; 1g-valued renewal process. Then’s for whichXn = 1 constitute
renewal epochs, and one plus the number of intervening0’s between
successive1’s corresponds to a renewal time (cf., e.g., [4, Example
9.1.20]). Formally, let�j , j � 1, be theepochof thejth renewal, i.e.,
the instant of thejth occurrence of the symbol1 in fXng

1
n=1. Setting

Yj =
�1; j = 1

�j � �j�1; j � 2
(4)

2This notion of order is distinct from that which arises in the context of order
estimation for Markov chains, where it generally refers to the depth of memory.
An HMS may not have a finite depth of memory, and the present (standard)
definition of order, which relates directly to model complexity in terms of the
number of “free parameters” (cf. e.g., [19]), is appropriate.

it can be shown from (1)–(3) that the sequencefYjg
1
j=1 of renewal

times, which depicts the interarrival times of the symbols1 in fXng
1
n=1

is an i.i.d. sequence underP� , � 2 �k, k � 1 [4, Proposition 5.2.1].
Formally, for eachk � 1 and� 2 �k, we have from [4, Proposition
5.2.1] that for allj � 1, y � 2

P�(Yj+1 = yjY1; . . . ; Yj ; S0 = 1)

= P�(�j+1 � �j = yj�1; . . . ; �j ; S0 = 1)

= P�(�1 = yjS0 = 1) a.s.

= P�(Y1 = yjS0 = 1) a.s. (5)

where,3 of course,

P�(Y1 = yjS0 = 1) =

P�(X1 = 1jS0 = 1); y = 1

P�(X1 = 0; . . . ; Xy�1 = 0;

Xy = 1jS0 = 1); y � 2.
(6)

Hereafter, our standing assumption throughout thatS0 = 1 will not be
displayed explicitly. All statements regarding probability values and
expectations under the measuresP� , � 2 �k, k � 1, will be tacitly
understood as being conditioned on the eventfS0 = 1g. For instance,
P�(�jS0 = 1) will simply be denoted byP�(�), etc.

Note that for eachk � 1, the Markov processfSng1n=0 has no tran-
sient states, by the assumed positivity of the elements of the stochastic
matrixA; also, no state is null recurrent (cf. e.g., [20, Problem 4.11,
p. 135]). Thus, all the states are positive recurrent. It then follows for
each� 2 �k, k � 1, that

��
�
= E�[Y1] <1: (7)

III. RENEWAL TYPES AND PROPERTIES

We now describe the notion ofrenewal types, introduced in [7],
which constitute a prime technical tool, and derive several useful prop-
erties. Given a sequencexn 2 f0; 1gn, n � 1, let

N = N(xn) =

n

t=1

xt

denote the number of renewals inxn. Let j = j(x
n), 0 � j � N ,

be the renewal epochs inxn, where we take0 = 0 corresponding to
N = 0. ForN � 1, let yj = yj(x

n), 1 � j � N , be the renewal
times of the realizationxn as defined in (4).

Therenewal typeof a sequencexn 2 f0; 1gn, n � 1, withN � 1,
denotedK(xn) = (k1; . . . ; kn), is ann-tuple of nonnegative integers
defined by

km = km(xn)
�
=

N

j=1

1l(yj = m); 1 � m � n (8)

where 1l(�) is the indicator function. Note that by construction,
n

m=1
km = N .

The following observations concerning renewal types are straight-
forward counterparts of well-known results on i.i.d. types (cf. e.g., [5]).

3In fact, the right-hand side of (5) remains unchanged when, in the left-hand
sideS = 1 is replaced byS = u for any1 � u � k. Thus, our standing
assumption throughout thatS = 1 entails no loss of essential generality.
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The renewal type ofxn 2 f0; 1gn suffices for computingP�(Xn =
xn), � 2 �k, k � 1. Specifically, for eachxn 2 f0; 1gn with N � 1

P�(X
n = x

n) =

N

j=1

P�(Yj = yj) � P�(�N+1 > nj�N = N )

=

N

j=1

P�(Y1 = yj) � P�(Y1 > n� N )

=

n

m=1

p�(m)k � p�(n� N ) (9)

by (4), (5), and (8), where

p�(m)
�
= P�(Y1 = m); m � 1 (10)

is a pmf onIN, the set of positive integers, and

p�(n� N )
�
= P�(Y1 > n� N ): (11)

Note thatN = n

m=1 mkm. Upon defining a pmfq = qK(x ) on
f1; . . . ; ng by

q(m) = qK(x )(m)
�
=
km

N
; 1 � m � n (12)

we obtain from (9) in a straightforward manner, for eachxn 2 f0; 1gn
with N � 1, that

P�(X
n = x

n) = expf�N [H(q)+D(qkp�)]g� p�(n� N ) (13)

whereH(q) denotes the entropy4 of the pmfq andD(qkp�) is the
(Kullback–Leibler) divergence betweenq, viewed as a pmf onIN, and
p� . For xn 2 f0; 1gn with N = 0, the expression in (13) remains
valid with0 = 0 and upon settingexpf�N [H(q)+D(qkp�)]g = 1.

Next, let K(n) represent the set of allbona fide renewal types
for sequences inf0; 1gn, i.e., the set of all(k1; . . . ; kn) 2
f0; 1; . . . ; ngn satisfying n

m=1mkm � n. Given a renewal type
K = (k1; . . . ; kn) 2 K(n), set

NK
�
=

n

m=1

km (14)

and, wheneverNK > 0, define a pmfqK onf1; . . . ; ng by

qK(m)
�
=

km

NK

; 1 � m � n: (15)

ForK 2 K(n) with NK > 0, let5

TK
�
= fxn 2 f0; 1gn: K(xn) = Kg: (16)

Note that all the sequences inTK have the same last renewal epoch
N , and can differ from each other only by a permutation of the “com-
pleted” renewal timesYj , 1 � j � NK . Hence, in analogy with [5,
Lemma 2.3], the cardinality of the setTK can be bounded according to

(NK + 1)�kKk exp fNKH(qK)g � jTK j � exp fNKH(qK)g
(17)

wherekKk �
= n

m=1 1l(km > 0). Since

max
K2K

kKk = maxfr: 1 + � � �+ r � ng

= max r:
r(r + 1)

2
� n

= maxfr: r2 + r � 2n � 0g
�
p
2n (18)

4All logarithms and exponentials are with respect to the base2.
5There is only one renewal typeK 2 K with N = 0, containing only

the all-zero sequence, which can be dealt with separately.

we get from (17) and (18) that

(n+ 1)�
p
2n exp n

H(qK)

�K
� jTK j � exp n

H(qK)

�K
(19)

where�K
�
= n

N
� 1 is the mean of the pmfqK associated with the

renewal typeK (cf. (14) and (15)).
It will also be convenient to consider thecircular versionof a renewal

type. Specifically, thecircular versionof a renewal type

K = (k1; . . . ; kn) 2 K
(n)
; with NK > 0

is the renewal type
�

K 2 K(n+1) defined by6

�

km
�
=

km + 1l(m = zK + 1); 1 � m � n

0; m = n+ 1
(20)

where

zK
�
= n�

n

m=1

mkm = n� N (21)

is the length of the sequence of trailing0’s in anyxn 2 TK .

The circular version
�

K of the renewal typeK can be interpreted as
the renewal type of the sequencexn+1 2 f0; 1gn+1 with xn 2 TK

andxn+1 = 1; note that
�

K differs fromK only in the count of one
renewal length, namely,zK +1. Defining a pmfq

K

onf1; . . . ; ng by

q
K

(m)
�
=

�

km

NK + 1
; 1 � m � n (22)

we see that the variational distance betweenq
K

andqK can be bounded
according to

q
K

� qK
�
=

n

m=1

q
K

(m)� qK(m)

�
2

NK + 1
=

2�K
n+ �K

: (23)

For a given renewal typeK 2 K(n) with NK > 0, the cardinality of
TK as well as the probabilities of sequences inTK are related to the

circular version
�

K of K. By definition, every(n+1)-length sequence
in T

K

satisfiesz
K

= 0 and contains at least one renewal of length

zK + 1. Now, fix xn 2 TK and note that its prefixxn�z contains
exactlyNK 1’s. Upon inserting intoxn�z a substring of lengthzK+
1 (of zK 0’s followed by a1) immediately after any of theseNK 1’s or
as a prefix, we obtain an(n + 1)-length sequence inT

K

. Conversely,

by stripping off any one of the(zK +1)-length substrings of the same
kind as above from a sequence~xn+1 2 T

K

, and appending a substring
of zK 0’s, we obtain ann-length sequence inTK . Therefore,

jTK j � T
K

� (NK + 1) jTK j : (24)

Combining this with (17), we get that the cardinality ofTK can be

bounded in terms of quantities involving
�

K according to

N
K

+ 1
�kK k+1

exp N
K

H q
K

� jTK j � exp N
K

H q
K

: (25)

6For the lone renewal typeK with N = 0, the circular version is given by

k = 0 for 1 � m � n andk = 1. Since this type contains only the
all-zero sequence, it again can be dealt with separately.
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Next, for everyxn 2 TK , whereK 2 K(n) with NK > 0, we see for
each� 2 �k, k � 1, that

P�(X
n = x

n) �P�(X
n = x

n
; Xn+1 = 1)

=

n+1

m=1

fp�(m)gk

= exp �N
K

H q
K

+D q
K

p� : (26)

We are thus led to the following bounds on the total probability of all
sequences of a particular renewal typeK 2 K(n).

Lemma 1: Let K 2 K(n) be a renewal type withNK > 0. Then,
for each� 2 �k, k � 1, it holds that

(n+ 2)�(
p
2n+1) exp �(n+ 1)

D q
K

p�

�
K

� P�(X
n 2 TK) � exp �nD(qKkp�)

�K
: (27)

Proof: The upper bound follows from (13) and (19), and the
lower bound from (25) and (26).

Remark: ForK 2 K(n) with NK = 0, the upper bound in (27)
holds trivially with the convention�K = 1. The lower bound also
holds since it can be verified that it does not exceedP�(X

n 2 TK) =
P�(Y1 > n).

Given two (renewal) pmfsp0, p onIN, the set of positive integers, the
quantityD(p kp)

�
, with �p denoting the mean ofp0, will play a crucial

role in discriminating between renewal processes with renewal times
distributed according top0 andp. We close this section by assembling
below certain relevant technical properties. The notationp0 � p in
what follows indicates that the support ofp0 is contained in that ofp.

Lemma 2: Let p be a pmf onIN with �p < 1. Then, for alln
sufficiently large, it holds that

i) min
K2K

D(qKkp)
�K

= o
1p
n

(28)

ii) min
K2K

D(qKkp) = o
1p
n

(29)

where�K is the mean of the pmfqK associated with the renewal type
K (cf. (15)).

Proof: The proof is relegated to Appendix I.

Lemma 3: Let p be a pmf onIN. Then

i) D(p kp)
�

is continuous inp0 on the set of pmfsfp0: p0 � pg.

ii) Assume that the moment generating function ofp exists in a
neighborhood of zero. For1 � �� < 1, let

�(��) = fp0: �p = �
�g:

Then

D(�(��)kp) �= min
p 2�(� )

D(p0kp)
�p

(30)

is an increasing function of�� on [�p; 1). In particular

lim
� !1

D(�(��)kp)> 0: (31)

Proof: See Appendix II.

IV. A N OPTIMAL ORDERESTIMATOR BASED ONRENEWAL TYPES

We now present our estimator of the HMS order, which is based on
the renewal type of the observed sequencexn 2 f0; 1gn, n > 1, and
examine its consistency and optimality properties.

It will be convenient to introduce the following sets of renewal types:

A(n)(�) = K 2 K(n): �K < �n and
D(qKkp�)

�K
> �n (32)

B(n)(�) = K 2 K(n): �K < �n and
D(qKkp�)

�K
� �n (33)

C(n) = K 2 K(n): �K � �n (34)

where�n and�n, n � 1, are as described next.
For some constantc > 0 (prescribed later in the proof of Proposition

1) and� > 0, let

�n
�
= c

p
n

logn
+ �

logn

n
(35)

and let�n, n � 1, be a sequence such that

�n > 1; n � 1 (36)

lim
n!1

�n = +1 (37)

and

lim
n!1

�n�n = 0: (38)

(For instance,�n = n will suffice.)

Definition: Givenxn 2 f0; 1gn,n > 1, define the order estimator
k̂n according to (39) shown at the bottom of the page.

Remark: Note that̂kn does not require any prior bound on the HMS
order.7

The choice of the estimator above is motivated by the fact that
the renewal typeK(xn) of an observed samplexn will eventually
be trapped in a normalized “divergence neighborhood”B(n)(�) of
the renewal measurep� , � 2 �k, which generated the sample. The
“radius” �n of this neighborhood is carefully chosen (cf. (35)) so
as to appropriately control the probabilities of underestimation and
overestimation. Specifically, the neighborhood shrinks rapidly enough
so as to eventually excludeK(xn) from the proximity of any lower
order measure, thereby diminishing the likelihood of underestimation;
at the same time, it shrinks slowly enough forK(xn) to be eventually

7For completeness, the order estimate corresponding to an observed all-zero
sequence is set to+1. This does not materially change any of the subsequent
calculations, as theP -probability of the all-zero sequence vanishes exponen-
tially fast inn.

k̂n(x
n)

�
=

k; if K(xn) 2
k <k � 2�

A
(n)(�0)

�2�

B
(n)(�)

+1; if K(xn) 2 C(n)

k �1 � 2�

A
(n)(�0)

: (39)
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included in it with high probability, thereby diminishing the likelihood
of overestimation.

A. Probability of Overestimation

We first bound the probability of overestimation of this estimator as
follows.

Proposition 1: Consider the order estimator in (39). For every� 2
�k, k � 1, it holds that

lim
n!1

P�(k̂n(X
n) > k) = 0 (40)

for a suitable choice of the constantc and any� > 0 in (35).
Proof: Fix k and� 2 �k. Then

P�(k̂n(X
n) > k)

� P� X
n 2

K2A (�)

TK + P� X
n 2

K2C

TK

� A(n)(�) max
K2A (�)

P� (X
n 2 TK)

+ C(n) max
K2C

P� (X
n 2 TK)

= A(n)(�) max
K2A (�)

P� (X
n 2 TK)

+ C(n) max
���

max
K2C : � =�

P� (X
n 2 TK)

� A(n)(�) max
K2A (�)

P� (X
n 2 TK)

+ C(n) max
���

exp(�nD(�(�)kp�))

� A(n)(�) max
K2A (�)

P� (X
n 2 TK)

+ C(n) exp �n min
���

D(�(�)kp�)

� K(n) maxfexp(�n�n); exp(�nD(�(�n)kp�))g (41)

for all sufficiently largen, where the bounds follow from Lemma 1 and
Lemma 3 ii). Next, note thatjK(n)j � exp(c

p
n) by the Hardy–Ra-

manujan theorem [12] (cf. e.g., [7, p. 2068]). Furthermore, by (31) and
(36)–(38),D(�(�n)kp�) is bounded strictly away from zero for alln
sufficiently large (depending on�). We can then complete the bounding
in (41) as

P�(k̂n(X
n) > k) � exp c

p
n exp(�n�n)

= exp �n �n � cp
n

(42)

for all n sufficiently large. Finally, by (35) and (42), wherec is chosen
according to [12], we see that for every� > 0, it holds that

P�(k̂n(X
n) > k) � n

�� (43)

for all n sufficiently large, thereby establishing the proposition.

B. Probability of Underestimation

Before examining the probability of underestimation ofk̂n, we
present a relevant technical lemma. To this end, fixk > 1, � 2 �k,
andk0 < k. For�n, �n, n � 1, as in (35) and (36)–(38), set

B(n)(�k )
�
= K 2 K(n): �K < �n and

D(qKkp� )
�K

� �n for some�0 2 �k : (44)

Lemma 2 ii) shows, together with (36)–(38), thatB(n)(�k ) is non-
empty for all sufficiently largen. The setB(n)(�k ) does indeed con-
tain—for eachp� , �0 2 �k —the renewal types~KN constructed in
the proof of Lemma 2 ii) (cf. Appendix I) and neighboring renewal
types.

Lemma 4: Fix 1 � k0 < k and� 2 �k. Then

lim
n!1

min
K2B (� )

D(qKkp�)
�K

= inf
� 2�

D(p� kp�)
��

�
=D(�k kP�): (45)

Remark: The infimum on the right-hand side of (45), henceforth
denoted asD(�k kP�), is positive by [15, Lemma 3.2] and Lemma 3
ii). First, for any sequence in�k , k0 < k, for which the sequence of
the corresponding�� ’s has a finite upper bound, the infimum in (45)
is positive by virtue of the positivity of the infimum of the numerator
alone [15, Lemma 3.2]. Alternatively, if the sequence in�k , k0 < k,
is such that the sequence of the corresponding�� ’s is unbounded, the
infimum in (45) is positive by Lemma 3 ii).

Proof: Let �0� 2 �k be such that for a given� > 0

D p� p�

��
� inf

� 2�

D(p� kp�)
��

+
�

2
: (46)

LetKn = Kn(�0�) be a renewal type for which the variational distance
from p� satisfies

kqK � p� k � 2 ln 2D qK p� � p
2 ln 2�n: (47)

Such types exist for all sufficiently largen, by Lemma 2 ii). Clearly,
Kn 2 B(n)(�k ). By the continuity property ofD(p kp )

�
in p0, it holds

for all sufficiently largen that

D(qK kp�)
�K

� D p� p�

��
+

�

2
(48)

and it follows, therefore, that for all sufficiently largen

min
K2B (� )

D(qKkp�)
�K

� inf
� 2�

D(p� kp�)
��

+ �: (49)

Next, for eachn, let

K
n
� = arg min

K2B (� )

D(qKkp�)
�K

: (50)

SinceK�
n 2 B(n)(�k ), by (44), there exists�0n 2 �k such that

qK � p� � 2 ln 2D qK p�

� 2 ln 2�K �n � 2 ln 2�n�n: (51)

Therefore, for sufficiently largen, we have

D qK p�

�K
� D q� p�

��
�� � inf

� 2�

D(p� kp�)
��

��: (52)

The assertion of the lemma follows.

Proposition 2: Consider the order estimator in (39). For each� 2
�k, k � 1, given any� > 0, it holds that

P�(k̂n(X
n) < k) � exp �n D �(k�1)

P� � � (53)
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for all sufficiently largen, where

D �(k�1)
P�

�
= min

k <k

inf
� 2�

D(p� kp�)
��

= min
k <k

D(�k kP�) > 0: (54)

Remark: The estimator̂kn in (39) is strongly consistent, as can be
seen from (43) (with� > 1) and (53) by a standard application of the
Borel–Cantelli lemma.

Proof: Fix k0 < k and� 2 �k. Then

P�(k̂n(X
n) = k

0)

� P�

K2B (� )

TK

=

K2B (� )

P�(TK)

� exp c
p
n exp �n min

K2B (� )

D(qKkp�)
�K

� exp �n D(�k kP�)� �

2
(55)

for all n > N(�; �; k0), by Lemma 4. Hence,

P�(k̂n(X
n) < k)

=
k <k

P�(k̂n(X
n) = k

0)

� (k � 1) exp �n min
k <k

D(�k kP�)� �

2

� exp �n D �(k�1)
P� � � (56)

for all sufficiently largen.

C. Optimality of the Estimator

In the spirit of the results in [10], and mimicking the same approach,
it can be shown that the estimator in (39) is optimal in the sense that
among the class of estimators whose probability of overestimation
error isuniformly bounded away from unity, none can be found with
a smaller probability of underestimation (i.e., with a larger error
exponent) than in Proposition 2.

Proposition 3: Let kn be an estimator which, for each� 2 �k,
k � 1, satisfies

lim sup
n!1

P�(kn(X
n) > k) < � (57)

for some0 < � < 1. Then, for every� > 0, for all � 2 �k, k � 1,
and for all sufficiently largen (depending on�; �; k and�), it holds
that

P�(kn(X
n) < k) � exp �n D �(k�1)

P� + � : (58)

Proof: The proof, which is along the lines of [10, Theorem 2], is
relegated to Appendix III.

V. DISCUSSION

Given an order estimation problem, the optimal error exponent is,
loosely speaking, the best rate of (exponential) decay—as a function
of sample size—of the probability of underestimation among all esti-
mators whose probability of overestimation is uniformly bounded away

from unity over the entire range of (unknown) measures that could have
generated the observations. For the problem of estimating the order of
dependence, i.e., the depth of memory, of a Markov process, the op-
timal error exponent has been characterized in [10]. Furthermore, a
strongly consistent estimator of Markov order was constructed, which
achieved this error exponent.

General HMSs: For the more general class of HMSs, the deter-
mination of the optimal error exponent had remained an open
problem.8 In [15], a strongly consistent order estimator based on
“mixture” probabilities, with an exponentially decaying underestima-
tion probability, was presented: however, the corresponding exponent
was not explicitly characterized. In [13], another strongly consistent
order estimator, based on maximum-likelihood parameter estimates,
was presented, also with an exponentially decaying underestimation
probability. It had been unclear if this exponent were the best possible.

The results presented here constitute a solution for a special class of
HMSs which possess a renewal structure. This special structure also
enables us to construct an optimal estimator without assuming a prior
bound on the order of the HMS.

A natural candidate for the optimal error exponent in the order
estimation for a general HMS is developed below by establishing
a lower bound for the probability of underestimation of any order
estimator whose overestimation probability is uniformly bounded
away from one. For the special cases of Markov processes and the
class of renewal processes considered earlier, this candidate does
indeed coincide with the known optimal error exponents.

To this end, the divergence between two stationary and ergodic
HMSsP� andP� onX1 is defined [9], [14] as

D(P� kP�) �= lim
n!1

EP log
P� (Xn+1jXn)

P�(Xn+1jXn)
(59)

whereEP denotes expectation with respect to the measureP� . An
alternative equivalent characterization ofD(P� kP�) is as theP� -al-
most sure limit (inn) of [ 1

n
log

P (X )

P (X )
] [9], [14].

The following large deviations result, due to [1] (cf. also [8]), is rel-
evant in characterizing the above-mentioned candidate for the optimal
error exponent. LetAn � Xn, n = 1; 2; . . ., be a sequence of sets
for which

lim inf
n!1

P� (An) > 0: (60)

Then it must hold that

lim inf
n!1

1

n
logP�(An) � �D(P� kP�): (61)

The following lower bound on the probability of underestimation for
order estimators of HMSs is an immediate consequence.

Proposition 4: Let kn be an estimator of the order of an HMS such
that for each� 2 �k, k � 1

lim sup
n!1

P�(kn(X
n) > k) < � (62)

for some0 < � < 1. Then for every� 2 �k, k � 1, it holds that

lim inf
n!1

1

n
logP�(kn(X

n) < k) � �D �(k�1)
P� (63)

where

D �(k�1)
P�

�
= min

k <k

inf
� 2�

D(P� kP�): (64)

8See, however, the comment in the paragraph following Proposition 4 con-
cerning a recent manuscript [11] which addresses a resolution of this problem.
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Proof: Fix � 2 �k, k � 1, k0 < k, and choose any�0 2 �k .
From (62), it holds that

lim sup
n!1

P� (kn(X
n) > k

0) < � (65)

and, therefore,

lim inf
n!1

P� (kn(X
n) � k

0) > 1� � (66)

so that

lim inf
n!1

P� (kn(X
n) < k) > 1� �: (67)

A simple application of (60) and (61) then yields

lim inf
n!1

1

n
logP�(kn(X

n) < k) � �D(P� kP�): (68)

Since this holds for any choice ofk0 < k and�0 2 �k , and since
the choice only affects the right-hand side of (68), the claim of the
proposition follows.9

We had conjectured, in both [13] and the draft version of this cor-
respondence presented for review, that the exponent defined in (64) is
the optimal error exponent for order estimation for the general HMS.
For the special class of HMSs, considered above, viz. those endowed
with a renewal structure, the notion of renewal types is exploited here in
analyzing the precise behavior of the “polynomial” terms in the prob-
ability of underestimation of our estimator. This enables us to estab-
lish its optimality. While several estimators have been proposed for the
order estimation for general HMSs, a similar precise analysis is as yet
unavailable. However, while preparing the final version of this corre-
spondence for publication, we have just become aware of a recent man-
uscript [11], where the issue of the achievability of the error exponent
of (64) is tackled, using techniques from the theory of large deviations;
the optimality of suitable modifications of the estimators in [15] and
[6] is addressed, without any assumed prior bound on order.

Binary Independent-Renewal Processes:We conclude by address-
ing the validity of our results for the order estimation of general
binary independent-renewal processes with finite mean renewal
times. The special structure (3) of the HMSs considered above, as
mentioned earlier, lends itself to an alternative characterization in
terms off0; 1g-valued independent-renewal processes. This enables
the subsequent use of renewal type-counting arguments to bound
the number of realizations of a particular renewal type and the total
probability of all such realizations under an HMS-derived renewal
pmf p� . Our arguments, however, do not require the specific HMS
nature of these measures; indeed, they hold as well for any binary
independent-renewal measure. Consequently, for any countable
partition of the set of independent-renewal measures onf0; 1g1,
an estimator constructed as in (39) with the objective of identifying
that subset of such measures which contains the generating measure,
is indeed well-defined and retains all of its attributes provided the
minimum in (54) is strictly positive.

What is not obvious for the class of binary independent-renewal pro-
cesses, on the other hand, is the choice of a natural, useful, or standard
notion of order. The previous partition should be chosen to suit the
identification task at hand. The resulting estimator, as well as the op-
timal error exponent for the probability of underestimation, will then
be a function of the partition selected.

9Clearly, Proposition 3 is a special case of Proposition 4. However, Propo-
sition 3 has been proved based on renewal type-counting arguments, without
recourse to the more sophisticated theory of large deviations.

Of potential practical relevance is a partition as above which divides
the set of independent-renewal measures onf0; 1g1 according to the
number of “free parameters” needed to describep� , the underlying pmf
of the i.i.d. renewals. Specifically, let~�k, k � 1, contain all the pmfs
on the set of positive integersIN, which can be parameterized by ex-
actly k parameters.10 For instance, all pmfs which are geometric (�)
with � 2 (0; 1), or Poisson (�) with � > 0, or uniform [1; �] with
� 2 IN, are included in~�1; all pmfs which are binomial(�1; �2) with
�1 2 IN; �2 2 (0; 1); or uniform [�1; �2] with �1; �2 2 IN; �1 < �2,
belong to~�2, etc. The resulting interpretation of the orderk is com-
patible with the standard notion of model complexity (cf. e.g., [19]).
Note that this formulation yields an increasing sequence of sets of in-
dependent-renewal measures~Pk, k � 1, onf0; 1g1, corresponding,
respectively, to the sets~�k, k � 1. Then as in Section II, we can con-
sider the mutually disjoint sequence of measuresPk = ~Pk n ~Pk�1,
k � 1, on f0; 1g1 (with P1 = ~P1). It can also be seen in this case
that the minimum defined in (54) is strictly positive. This then implies
that the optimal error exponent for this problem is strictly positive, and
that our (consistent) estimator is optimal in that it achieves the least
possible probability of underestimation error up to the first order in the
exponent.

APPENDIX I
PROOF OFLEMMA 2

i) Fix � 2 (0; 1
4
). Given a renewal pmfp, set

Mn =M(p; �; n) =
n�

�p
: (69)

Since�p <1 andMn is increasing inn, there existsn0 = n0(p; �)
such that for everyn � n0

1

m=bM c+1

mp(m) < � (70)

and, therefore,

1

m=bM c+1

p(m) <
�

bMnc+ 1
�

�

dMne
: (71)

For everyn � n0, pick Ln = L(p; �; n) = n

�
and define~Kn =

(~k1; . . . ; ~kn) 2 K(n) as

~km = bLnp(m)c; 1 � m � n: (72)

Note that n

m=1 m
~km � Ln�p = n. Furthermore

D q ~K p =

n

m=1

q ~K (m) log
q ~K (m)

p(m)

=

n

m=1

~km
N ~K

log

~k
N

p(m)

�

n

m=1

~km
N ~K

log
Lnp(m)

N ~K p(m)
= log

Ln

N ~K

= log
Ln
n

m=1

~km

� log
Ln

bM c

m=1

~km

(73)

10All nonparametric pmfs with infinite support may be assigned a “true” order
of +1.
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sincen � bMnc by virtue of� < 1
4

and�p � 1. Next, using (72)

D q ~K p � log
Ln

bM c

m=1

(Lnp(m)� 1)

= log
Ln

Ln

bM c

m=1

p(m) � bMnc

� log
Ln

1� �

dM e
Ln � bMnc

� log
1

1� �

dM e
� M

L

� log
1

1� 2�
M

�
4�

Mn

=
16��p
n

(74)

providedn � n1 = n1(p; �) = 16�p�. Next, observe that for every
renewal type~Kn defined in (72), it holds that

� ~K =

n

m=1

m
~km
N ~K

�
1

N ~K

bM c

m=1

m(Lnp(m)� 1)

�
Ln

N ~K

bM c

m=1

mp(m)�
m

Ln

�

bM c

m=1

mp(m) �
bMnc(bMnc + 1)

2Ln
(75)

� (�p � �)�
Mn(Mn + 1)

2Ln
� �p 1�

2�

�p
(76)

for all n � n2 = n2(p; �) =
6�

�
, where we have used the fact that

N ~K =

n

m=1

~km � Ln

by (72). Therefore, by (74) and (76), it holds for alln �
maxfn0; n1; n2g that

D q ~K p

� ~K

�
1

�p
1 +

4�

�p

4�

Mn

�
8

�p

�

Mn

=
64�

n�p
(77)

for 0 < � < 1
4
. The first claim of the lemma follows.

ii) This follows from (74).

APPENDIX II
PROOF OFLEMMA 3

i) This is an immediate consequence of the continuity ofD(p0kp) in
p0 on the setfp0: p0 � pg and of the continuity of�p > 1 in p0.

ii) By standard calculations, the minimum in the definition of
D(�(��)kp) is achieved byp0� 2 �(��) given by

p
0
�(m) =

p(m) expfm�g
1

m =1

p(m0) expfm0�g
; m � 1 (78)

where� is chosen to satisfy the constraint

�p
�
=

1

m=1

m
p(m) expfm�g

1

m =1

p(m0) expfm0�g
= �

�
: (79)

Note that�p = �p at� = 0. Therefore, by the assumed existence of
the moment generating function ofp in a neighborhood of zero, (79)
has a solution for every�� 2 [�p; 1). Furthermore

d

d�
�p =

1

m=1

m
2
p
0
�(m)� �p

2

: (80)

It can also be shown, after some algebraic manipulations, that

d

d�

D(p0�kp)

�p

=
d

d�
��

1

�p
log

1

m=1

p(m) expfm�g

= 1 +
1

�p
2

d

d�
�p log

1

m=1

p(m) expfm�g

�
1

�p

1
1

m=1

p(m) expfm�g

d

d�

1

m=1

p(m) expfm�g

=

1

m=1

m2p0�(m)� �p
2

�p
2 log

1

m=1

p(m) expfm�g: (81)

From (80) and (81), we get

d

d��
D(p0�kp)

�p
=

log
1

m=1

p(m) expfm�g

��2
(82)

where� satisfies (79). It is also clear that for�� 2 (�p; 1), we have

from (79) that� > 0, and, as a consequence,d
d�

D(p kp)

�
> 0. The

claims of the lemma follow.

APPENDIX III
PROOF OFPROPOSITION3

We first prove the following technical lemma.

Lemma 5: Let kn be an estimator which, for some0 < � < 1, and
for all � 2 �k, k � 1, satisfies

lim sup
n!1

P�(kn(X
n) > k) < �: (83)

Then, for fixedk, k0 < k, and each~� > 1, there exist� = �(�; k0)
andN = N(�; k0; ~�) such that for any�0 2 �k satisfying�� < ~�,
there exists a renewal typeK = K(�0) which satisfies

�K <�n (84)
D(qKkp�)

�K
� �n (85)

and

TK fxn: kn(x
n) < kg � �jTK j (86)

for all n > N .
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Proof: Assume to the contrary that for every� > 0 (however
small) and everyN <1 (however large), there exist�0=�0(�)2�k
with �� < ~� andn>N such that every renewal typeK2K(n) which
satisfies

�K <�n (87)

and
D(qkkp�)

�K
� �n (88)

also satisfies

TK fxn: kn(xn) < kg < �jTK j: (89)

Then, infinitely often inn, it must hold that

P� fxn: kn(xn) < kg
K2B (� )

TK

=

K2B (� )

P� TK fxn: kn(xn) < kg

< �

K2B (� )

P� (TK) � �: (90)

Next

P� (kn(X
n) > k

0)

� P� (kn(X
n) � k) = 1� P� (kn(X

n) < k)

= 1� P� fxn: kn(xn) < kg
K2B (� )

TK

� P� fxn: kn(xn) < kg
K2A (� )

TK

� P� fxn: kn(xn) < kg
K2C (� )

TK

� 1� � � P�

K2A (� )

TK � P�

K2C (� )

TK

� 1� � � exp �nmin �n � cp
n
; D(�(�n)kp� )

� 1� � � exp �nmin �n � cp
n
; D(�(2~�)kp� )

� 1� 2� (91)

for all n > N(�; ~�) for which (87)–(89) also hold, where we have
used steps similar to the derivation in (41) and (42). Note thatN(�; ~�)
does not depend on�0, because�� < ~� by assumption. Finally, since
the choice of� is also arbitrary, we choose� = 1��

2
, which leads to

lim sup
n!1

P� (kn(X
n) > k

0) � � (92)

contradicting the bound on the probability of overestimation.

Next, turning to the proof of Proposition 3, for a given� 2 �k and
� > 0, let �0� 2 k <k

�k , be such that

D p� p�

��
� D �(k�1)

P� +
�

3
(93)

and set~� = 2�� . For eachk0 < k, and each�0 2 �k , with �� < ~�,
there is a special renewal typeKn(�0) described in Lemma 5 which
has a significant intersection with the region of underestimation fork.
Specifically, for some� = �(�; k0) and for alln > N(�; k0; ~�)

�K (� ) <�n (94)

D(qkkp�)
�K (� )

� �n (95)

and

TK (� ) fxn: kn(xn) < kg � � TK (� ) : (96)

Applying the lower bound (27) on the probability of the renewal type
from Lemma 1, we get

P�(kn(X
n) < k)

� �(n+ 2)�(
p
2n+1) exp �(n+ 1)

D q
K(� )

p�

�
K(� )

(97)

where
�
K(�0) is the circular version ofKn(�0). Since this holds for all

k0 < k, and for all�0 2 �k with �� < ~�, the equation at the bottom
of the page must hold for alln > maxk <k N(�; k0; ~�). Thus, there
existsN = N(�; k; ~�, �) � maxk <k N(�; k0; ~�), such that for all
n > N

P�(kn(X
n) < k)

� exp �n min
k <k

inf
� 2�

D q
K(� )

p�

�
K(� )

+
�

3
: (98)

P�(kn(X
n) < k) � (n+ 2)�(

p
2n+1) max

k <k
� sup
� 2� : � <~�

exp �(n+ 1)

D q
K(� )

p�

�
K(� )

� (n+ 2)�(
p
2n+1) max

k <k
� exp �(n+ 1) inf

� 2� : � <~�

D q
K(� )

p�

�
K(� )

� (n+ 2)�(
p
2n+1)

� exp �(n+ 1) min
k <k

inf
� 2� : � <~�

D q
K(� )

p�

�
K(� )

� (n+ 2)�(
p
2n+1) exp �(n+ 1) min

k <k
inf

� 2� : � <~�

D q
K(� )

p�

�
K(� )

� log �

n+ 1
:
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Now, forn > N , the special type of Lemma 5 for�0�, denotedKn(�0�),
is close in variational distance top� in the sense that

qK (� ) � p� � 2 ln 2�n�n: (99)

Next, the circular version
�

K(�0�) of Kn(�0�) is also close top� in
variational distance, because

q
K(� )

� qK (� ) � 2�K (� )

n+ �K (� )

� 2�n
n
� 2�n�n

c
p
n
: (100)

Therefore, by continuity

D q
K(� )

p�

�
K(� )

� D p� p�

��
+

�

3
(101)

for all sufficiently largen, so that

min
k <k

inf
� 2�

D q
K(� )

p�

�
K(� )

+
�

3

� D p� p�

��
+

2�

3
� D �(k�1)

P� + � (102)

and the result of the proposition follows.
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Universal Codes for Finite Sequences of Integers Drawn
From a Monotone Distribution
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Abstract—We offer two noiseless codes for blocks of integers =
( . . . ). We provide explicit bounds on the relative redundancy
that are valid for any distribution in the class of memoryless sources
with a possibly infinite alphabet whose marginal distribution is monotone.
Specifically, we show that the expected code length( ) of our first uni-
versal code is dominated by a linear function of the entropy of . Fur-
ther, we present a second universal code that is efficient in that its length is
bounded by + ( ), where is the entropy of which is al-
lowed to vary with . Since these bounds hold for any and any monotone

we are able to show that our codes are strongly minimax with respect to
relative redundancy (as defined by Elias). Our proofs make use of the ele-
gant inequality due to Aaron Wyner.

Index Terms—Elias codes, relative redundancy, strongly minimax, uni-
versal noiseless coding of integers, Wyner’s inequality.

I. INTRODUCTION

Consider the problem of lossless compression of a finite collection of
n positive integersXn = (X1; . . . ; Xn) into a prefix code of shortest
expected length. TheXi � 1 are independent, integer-valued random
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