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ABSTRACT

We develop a framework for studying the interaction of an
active queue management (AQM) scheme with a generic
end-user congestion-control mechanism. As the number of
flows in the network increases, the queue dynamics can be
accurately approximated by a simple deterministic process.
In addition, we investigate the sources of queue fluctuations
in a probabilistic AQM scheme interacting with responsive
flows. We demonstrate that there are two distinct sources
of queue fluctuations; one is the deterministic oscillations
which can be predicted by the aforementioned deterministic
process. The other source is the random fluctuations intro-
duced by the probabilistic nature of the marking schemes.
We discuss the relationship between these two types of fluc-
tuations and provide insights into how to control them. Con-
crete examples in this framework are provided for several
popular algorithms such as Random Early Detection, Ran-
dom Early Markings and Transmission Control Protocols.
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With the growing size and popularity of the Internet,
there has been an increasing interest in modeling and under-
standing large-scale network traffic as accurate modeling of
large-scale network traffic is critical to the problem of traffic
management and control in best-effort networks.

Recently, Kelly [13] has suggested that the problem of
rate allocation for elastic traffic can be posed as one of
achieving maximum aggregate utility of the users and pro-
posed an optimization framework for rate allocation in best-
effort networks. Under this framework, he has shown that
the system optimum is achieved at the equilibrium between
the end users and resources. Based on this observation re-
searchers have proposed various end user congestion con-
trol algorithms, e.g., proportional-fair congestion-controller
(PFCC), in conjunction with a variety of forms of active
queue management (AQM) mechanisms, e.g., Random Early
Marking (REM) and Adaptive Virtual Queue (AVQ). They
solve either the system optimization problem or its relax-
ation [1, 13, 15].

A network with an AQM mechanism can be viewed as a
feedback system, where end users adjust their transmission
rates based on the feedback from the AQM mechanism in the
form of dropped or marked packets [6]. Existing literatures
on probabilistic AQM traffic modeling typically focus on de-
veloping a detailed model for the interaction between the
Transmission Control Protocol (TCP) [9] and Random Early
Detection (RED), as they are the most deployed congestion-
control mechanism and AQM in the Internet [2, 22]. How-
ever, to the best of our knowledge, the interaction of other
newly proposed end-user algorithms and AQM mechanisms
has been studied mostly in a control-theoretic framework,
using a deterministic model [8, 15, 17]. In addition, most
of the efforts were focused on the stability analysis of the
deterministic model or the convergence of user rates to a
desired equilibrium point.

Many of these AQM mechanisms, however, adopt a proba-
bilistic marking mechanism, in which the marking probabil-
ity of a packet depends on the current estimate of congestion
level at the bottleneck link. Although the previously studied
deterministic models may be a reasonable approximation of
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tic model for studying the interaction of an AQM mecha-
nism with a generic end-user congestion-control mechanism.
In contrast to the existing models, our model captures the
detailed packet-level dynamics of the interaction and the
probabilistic nature of the marking mechanism. We use this
model to investigate the behavior of the queue size at a bot-
tleneck link and to identify the sources of queue fluctuations
as the number of flows in the system becomes large. In gen-
eral, the traffic modeling and resource allocation problems
are more interesting when the resource is shared by many
users.

It is worth noting that accurate modeling of a large num-
ber of flows requires modeling of complex dynamics rising
from the details of protocols and the interaction of the end-
user algorithms and the network layer, i.e., AQM mecha-
nisms. As the size of the state space required to model the
system explodes with the number of flows, this represents a
major obstacle to modeling the interaction of many flows in
a realistic setting. For the same reason even numerical ex-
periments become computationally prohibitive, and fail to
provide an insight into the complex dynamics.

We will show that as the number of flows becomes large,
the AQM queue dynamics can be accurately approximated
by a sum of a deterministic process and a stochastic pro-
cess. Here the deterministic process represents the average
or expected behavior of the queue, while the stochastic pro-
cess captures the random fluctuations in the queue size. We
demonstrate that the recursion of the deterministic process
depends only on the capacity of the bottleneck link and the
expected traffic arrival. Moreover, this average traffic arrival
rate (with a large number of flows) is closely related to the
average arrival rate of a single flow utilizing the same (and
properly scaled) congestion-control mechanism. This jus-
tifies the use of a deterministic feedback system model to
study the expected queue behavior. The fluctuation of the
deterministic queue process can be predicted and analyzed
using a control-theoretic approach (see [8] for example).

The characterization of the random fluctuation in the
queue size, which cannot be captured by any of the deter-
ministic models, reveals several interesting points. In con-
trast to the claim made in [17], although the stability of
the deterministic system representing the deterministic pro-
cess of the queue behavior does not depend on the details of
the end user protocol, the magnitude of the random queue
oscillation does depend on the details of the protocol. In ad-
dition, some of the variables used for computing the packet
marking probability affect both the fluctuation of the deter-
ministic process and the random fluctuation in queue size.

This random fluctuation, which can be well-approximated
by a Gaussian random variable (rv) except in some rare
cases, originates from the random marking mechanism in
a probabilistic AQM and can be attributed to the follow-
ing causes. The first cause is the nature of the feedback
information; since the feedback information from the AQM
mechanism is piggybacked in the packets/acknowledgements
and the number of transmitted packets is finite over a mea-
surement period, e.g., a round-trip time (RTT), the granu-
larity of the feedback information is limited by the number
of packets acknowledged during the measurement period.
The effects of this limitation cannot be investigated in the
model without detailed packet level operation. To the best
of our knowledge, this is the first analysis that captures such
a fluctuation. The second major cause is the discrepancy of

the actual feedback information and the limiting feedback
information determined by the deterministic queue process.
The magnitude of this fluctuation is influenced by the sensi-
tivity of the marking probability function to the variations
in the parameters on which the function depends.

This paper is organized as follows: First, Section 1 de-
scribes the generic models for end-user algorithms and AQM
mechanisms in this framework. Section 2 presents our re-
sults on the behavior of the average queue size per flow,
which is followed by the description of the random fluctu-
ations in queue size in Section 3. Section 4 describes three
main sources of the random fluctuations in queue size and
their implications. We give an example of TCP-RED in Sec-
tion 5 and also explain our results in the context. The paper
then concludes in Section 6.

Some words on the notation in use: Equivalence in law or
in distribution between random variables (rvs) is denoted
by =st. The indicator function of an event A is given by

1[A], and we use L (resp. =) to denote convergence
in probability (resp. weak convergence or convergence in
distribution) with n going to infinity. We write X) to
indicate the explicit dependence of the quantity X on the
number N of flows. An expectation of a rv X is given by
E [X]. For simplicity, we introduce the notation 1x [z] and
Px [z] for 1[X = z] and P [X = z], respectively. For some
positive integers n,m, y = [y1...ys]T € R™ and a mapping
g:R* = R™, ie, g(y) =[91(y) - .. gm(y)], denote

991(y) 991 (y)
Oy1 U Oyn
dg(y)/oy" = | : : ,
9gm (y) 9gm (y)
Oy1 T Oyn

given that all the partial derivatives exist. The term dg(y)/dy”
is the Jacobian matrix representing the sensitivity of g to its
parameters in the neighborhood of y.

1. THE MODEL

Time is assumed to be discrete and slotted into contigu-
ous timeslots. While we assume in this paper that connec-
tions have the same RTT and a timeslot equals the RTT of
the connections for simplicity of presentation, it is possible
to extend the model and analysis to incorporate heteroge-
neous round-trip delays of connections into the model (see
the approach taken in [21], for example). However, our pre-
vious work in [21] suggested that, in the case of TCP-RED,
the heterogeneous delays of connections do not significantly
change the qualitative results compared to the case with ho-
mogeneous round-trip delays discussed in [22]. This will be
discussed in more details in Section 5.

We consider a simple network with a single bottleneck
AQM gateway and N traffic flows. Each of these N traf-
fic sources utilizes the same congestion-control mechanism
(to be specified later). The congestion-control mechanism
is assumed to be window-based and ECN-capable, i.e., the
transmission rate is controlled by the congestion window
size which reacts to the ECN marks received in each round-
trip. A rate-based congestion-control algorithm typically
can also be approximated by a window-based algorithm and
vice versa [14]. The capacity of this bottleneck link is NC
packets/slot for some positive constant C.! The AQM buffer

'Notice that we are interested in the queue dynamics when



is modeled as an infinite queue, so that no packet losses oc-
cur due to buffer overflow, and congestion-control is achieved
solely through the random marking algorithm at the AQM
gateway.

1.1 Congestion-Control Mechanisms

The congestion window size of a connection can take val-
ues in a finite set W := {w1, w2, ..., Wmas} where the
elements w; € [1,Wmax], # = 1,2,..., are not necessarily
integers. The constant Whax is a finite integer representing
the maximum window size (in packets) of the connection.
Here the maximum window size could, for instance, rep-
resent the receiver’s buffer size and is independent of the
congestion-control mechanism.

Fixi=1,...,N. Let a W-valued rv WZ.(N)(t) encode the
congestion window size of connection i at the beginning of
timeslot [t,t 4+ 1) and let YZ(N)(t) be a vector of the state
variables of connection 4 (including Wi(N)(t)) at the begin-
ning of the timeslot [¢t,t41). We assume that Y§N) (t) takes
a value in a discrete, finite state space ).

We assume that the congestion window size and other
state variables are updated once at the end of every round-
trip. Consequently, YEN) (t+1) evolves according to a map-
ping 2: Y x{0,1,..., Wnax} — Y, t.e.,

where Mi(N) (t+ 1) represents the number of marks received
in the acknowledgments during the timeslot [¢,t+1). The rv
Mi(N)(t + 1) depends on the AQM mechanism implemented
at the gateway (to be specified in Section 1.3).

For example, in the case of TCP Reno congestion-control
mechanism [9], the state variable YEN)(t) consists only of
the congestion window size Wi(N)(t). 2 Therefore, Yrep =
Wrep = {1,2,..., Wmax} and YV (1) = w™M (@), i =
1,...,N, t=0,1,.... TCP Reno congestion-control mecha-
nism can be described by the following window size updating
rule

Ercp(w,m)

=min (0 + 1, Winax) 1 [m = 0] + [%11[m> 0, (2

for any w € Wrep and m=0,1,..., w.

Equation (2) emulates the TCP congestion-control mech-
anism as follows: If no packet from source ¢ is marked in
the timeslot [t,t+ 1) then the congestion window size in the
next timeslot is increased by one packet. On the other hand,
if one or more packets are marked in the timeslot [¢, ¢ + 1),
then the congestion window size in the next timeslot is re-
duced by half. The size of the congestion window is limited
by the maximum window size Wiax.

Another example of a popular congestion-control mecha-
nism is the proportional-fair congestion-controller (PFCC)
considered by Kelly [12] and later by Low [16] and Kun-
niyur and Srikant [14]. In this type of congestion-control
mechanism, the size of the window in the next timeslot also

there exists N flows in the system and does not imply that
the capacity of the bottleneck router changes with the num-
ber of flows.

2This ignores the session-level dynamics. See [21] for model
of TCP with slow-start/congestion avoidance

depends on the actual number of marks received. A pseudo-

code for such an algorithm is given by
every ACK do

W<=W+5kx* U (W)
every ECN mark do

W<-W-k
where U’(W) is the derivative of the user’s utility function
that represents the utility the user receives as a function
of its rate. The corresponding mapping for the PFCC is
approximately

Eprcc(w,m)=argminiewp oo (|l<:wU'(w) — km — l|) ,(3)

for any w € Wprcc and m =0,1,..., |w]|. For instance, w
here represent the window size (in bytes) normalized by the
packet size (in bytes).

Each connection transmits the data packets into the net-
work at the beginning of timeslots. The number of packets
connection ¢ transmits at the beginning of timeslot [¢,¢ +

1), denoted by A§N>(t)7 is a function of the state variables

YEN) (t) and is determined by a mapping A : ¥ — {0,1,..., Wiax},

ANV @ =A (Y ©) . (@)

In the case of TCP, for example, a connection transmits as
many packets as allowed by its congestion window provided
that it has enough data to transmit, i.e.,

AN @) = (WM @) (5)

1.2 Network Dynamics

In this subsection we explain how packets are marked to
provide the congestion notification to the connections. Let
QW )(t) denote the number of packets queued in the buffer
at the beginning of timeslot [¢t,¢ + 1). Each connection ¢
injects A (t) packets into the network, and they are put
in the buffer at the beginning of timeslot [t,¢ + 1). Let the
v

N
AN () = Z AN (1) (6)

denote the aggregate number of packets offered to the net-
work by the N sessions at the beginning of timeslot [¢,t+1).
Hence, Q™) (t) + AN (t) packets are available for transmis-
sion during that timeslot. Since the bottleneck link has a ca-

+
pacity of NC' packets/timeslot, [Q(N) () + AN () — NC]

packets will not be served during timeslot [¢,¢+ 1), and will
remain in the buffer. Hence, their transmission is deferred to
subsequent timeslots. The number of packets in the buffer
at the beginning of timeslot [t + 1,t + 2), QWM (t + 1), is
therefore given by

QM +1) = [V W -NC+AMW]" .

Each incoming packet into the bottleneck gateway is marked
according to a marking mechanism depending on the AQM
mechanism implemented at the gateway. This mechanism
will be specified in the next section. We represent the pos-
sibility of a packet being marked by the {0, 1}-valued rvs
ijjv)(t +1)(G=1,.., AEN)(t)) with the interpretation that
MZ(]JV)(t +1) =1 (resp. Mi(,];’)(t + 1) = 0) if the jth packet
from source ¢ is marked (resp. not marked) in the AQM



buffer. The number of marks connection i receives in the
timeslot can now be written as

AN @) (v N
MM E4+1)={ 2t Mi(,j '(t+1), A >(t)_ >0
0, otherwise.
(8)
This information will be available to the sender in the next
timeslot.

1.3 AQM Mechanism

AQM gateways control their congestion level by randomly
marking incoming packets to signal the traffic sources of the
congestion level. In order to do so, an AQM mechanism
calculates a marking probability in each timeslot depending
on the current and past values of the queue and average
queue sizes and the arrival rates. The average queue size in
an AQM mechanism is assumed to be given by

QM(t+1) =1 -)Q™ ) +aQ™(+1), (9

where 0 < a < 11is the parameter of the exponential weighted
moving average (EWMA) mechanism.

The computation of the marking probability might in-
volve some internal state variables which are updated recur-
sively (see for example Random Early Marking mechanism
(REM) [1]). To facilitate this, we introduce an R"B-valued
v B(N>(t) for some positive integer np to represent this in-
ternal state variable. Its recursion is given by a R — R"B
mapping ‘IJ(M, i.e.,

BM(t+1) = ¥ (RV 1)), (10)

where RV (t) denote a vector of variables used for comput-
ing the marking probability which is assumed to be

RN (t) =
(B (1),Q™ (), (5), AN (s), t =7 <5 < 1],

for some constant positive integer 7,. For each t, R%™)(¢)
takes a value in the state space R = R"2 xR} xR}" xZ1“.
Here we implictly assume that the marking function depends
on the past queue and average queue sizes and packet arrival
rates over a finite horizon determined by 7,,. For instance,
if 7, = 0, then the marking function would depend only on
the current values.

The probability that the AQM marks an incoming packet
in a timeslot is assumed to depend on RV (t) at the begin-
ning of the timeslot. We represent this dependence through
a mapping f®) : R — [0, 1].

In order to define the events of packet marking by the
AQM mechanism we introduce a collection of i.i.d. [0,1]-
uniform rvs {V;;(t + 1), 4,j = 1,---; t = 0,1,---} that
are assumed to be independent of other rvs. The process
by which packets are marked is as follows. For each i =
1,...,N and j = 1,2, ..., we define the marking rvs

M+ = 1[Vist+1) < FVERM )],

so that the rv MY

i (t=+1) is the indicator function of the
event that the jth packet from source i is marked in timeslot
[t,t+1).

In the case of RED the marking probability is computed
based on the current average queue size, i.e.,

MEE+1) = 1V + D) < QM ®)] 1)

. N
for some mapping fI(?E)D : R4+ — [0, 1].

For REM, the marking probability depends on the aggre-
gate arrival rate of flows and can be calculated from the
following equations:

BM(t11) = [BM@)+sa™ ) - NO)| T (12)

M (E+1) = 1[Vist+ 1) < FR BV 0)]

where £ > 0 is a constant parameter and f}(é?M(x) =1-
e /N,

2. THE AVERAGE QUEUE DYNAMICS

The first main result of the paper consists of the asymp-
totics for the normalized buffer content as the number of
flows becomes large. This result is discussed under the fol-
lowing Assumptions (A1)-(A2):

(A1) There exist a continuous functions f : R — [0, 1] and
¥ : R — R"B such that for each N =1,2,... and x € R:

f N (z) = f(N"'z) and ¥ (2) = (N 'a)

(A2) For each N = 1,2,..., the initial conditions of rvs in
(1), (7), (9) and (10) are given by

QM (s)=Q"(s) =0, s<0,
YM0)=y, i=1,...,N and B™(0) = v (0),

for some constant y € ).

Assumption (Al) is a structural condition. Since we are
interested in the the dynamics when there exists N flows
in the system, then f is just a surrogate function repre-
senting the average contribution that each flow has on the
marking probability. More specifically, we scale other sys-
tem parameters, e.g., bottleneck link capacity, with N the
congestion level at the bottleneck gateway, e.g., queueing
delay, should be measured as a function of R (t) normal-
ized by the number of flows N. For instance, in the case
of REM, the congestion level is measured by the queueing
delay at the gateway. Hence, if the link capacity scales with
N, then the correct measure of the congestion level is the
queue size per flow in our model.

Assumption (A2) is made essentially for technical conve-

nience as it implies that for each N and allt =0,1,---, the
random vectors Y§N>(t), e 7YE\,N)(t) are exchangeable. As-

sumption (A2) can be omitted but at the expense of a more
cumbersome discussion.
Our results are summarized by the following theorem:

THEOREM 1. Assume (A1l)-(A2) to hold. Then, for each
t =0,1,..., there exist a (non-random) constant q(t), §(t),
R-valued vector r(t), R"5 -constant b(t), and a Y-valued rv
Y (t) such that the following holds:

(i) The convergence results

QO 2 g, L0 2, g,
R(T\;(t) 2o ey, B B
and
YN () =~ Y(1) (13)
take place;



(ii) For any bounded function g : Y — R,
¥ ELg(YM ) Sn Blg(Y®)].  (14)

(iii) For any integer I = 1,2,..., the rvs {YgN)(t), i =
1,...,I} become asymptotically independent as N be-
comes large, with

lim P [Y§N>(t) —y;, Q= 1,...,1]

=TIPY@® =vi (15)

for any y1,...,yr in Y
Moreover, with initial conditions q(s) = 4(s) =0, s <0,

b(0) = ¥(0), and Y (0) = YN)(0), it holds that, for t > 0,

rt+1) = [b(t),q(s),q(s), E[A(s)], t+1—70 < s <t+1],

(
(
qt+1) = (1-0a)q(t) +aq(t+1),
(
(

bt+1) = ¥(r()),
where A(t) = A (Y (t)) and
Y(t+1)=aZ=(Y(),M(t+1)). (17)

The limiting rv M (t + 1) is given by

S Myt +1), A(t) >0

18
, otherwise. (18)

M(t+1):{

and
Mj(t+1) =1 [‘/J(t + 1) < f(?”(t))], j=1.. '7A(t)a (19)

for i.i.d. [0, 1]-uniform rvs {V;(t+1), t=0,1,...
1,2,...}.

, and j =

The proof of Theorem 1 is omitted here for the brevity of
the presentation. It generalizes the proof of Theorem 1 in
[22]. Here we only discuss the implication of the results in
Theorem 1.

The recursion of the asymptotic queue ¢(t) depends only
on the capacity of the queue and the expected amount of traf-
fic injected into the network in each timeslot, i.e., E[A(t)].
The latter can be determined from the limiting rv Y (¢),
whose distributional recursion in (17) closely resembles the
recursion formula of a single user in (1). Therefore, one
can see that the average amount of traffic injected into the
network in timeslot [t + 1,¢ + 2) from (17) and (1) is the
same if the limiting rv Y (¢) and YgN)(t) are in the same
state and the marking probability in timeslot [¢,¢+4 1) is the
same. This observation justifies the use of single flow model,
where the aggregate behavior of a large set of flows is mod-
eled using a deterministic model of a single flow (see [8] and
subsequent work, for example).

Much of the research effort along this control-theoretic
direction has been focused on studying the local or global
stability of the controlled queue. This line of research effort
has led to a set of sufficient conditions for the queue to be
either locally or globally (asymptotically) stable, i.e., the
queue eventually settles to an equilibrium value. However,
very little emphasis has been placed on understanding the
queue behavior during a transient period. Our results sug-
gest that, under a large number of flows, the same control-
theoretic approach used in [8] provides reasonable prediction

t+1) = (a(t) - C+E[AQ)]T, (16)

to the oscillatory behavior of the queue size during a tran-
sient period and also provides insights into how one may be
able to control such queue fluctuations. For example, one
can show that the slope of the feedback probability func-
tion in RED, which can be viewed as a feedback gain, can
have a significant effect on both transient and steady-state
behavior of the asymptotic queue g(t).

3. THERANDOM QUEUE FLUCTUATIONS

In this section, we complement the results in Theorem 1
with a Central Limit Theorem (CLT) result. While the lim-
iting recursion in Theorem 1 captures the expected behavior
of the systems, the Central Limit analysis captures the er-
rors/uncertainty due to the randomness in the system. This
uncertainty appears as a fluctuation in the queue and is ab-
sent from the deterministic models. The analysis is carried
out under the same model. However, we need a strengthened
Assumption (Al):

(A1bis) Assumption (A1) holds with mapping f : R — [0, 1]
and ¥ : R — R"F that are (totally) differentiable.?

Fix t = 0,1,.... The following quantity plays a crucial
role in the analysis:

K(t) = C - q(t) - BIA®)]. (20)

We can interpret K(t) as the asymptotic residual capacity
per user in the timeslot [¢,¢ 4 1).

Now define a collection of rvs that are integral to our
analysis. For each N =1,2,3,... and y € ), set

(N)
1§90 = S 400,
2490 =50 (21)

. H(N)
1§90 = S50 o),

and
LY () =5 X, Ly Y= Py [y]
L (@)= [L57(0), L6V (), L6V (), L9V (9);
yeV,s=0,... 4"

THEOREM 2. Assume (Albis)-(A2) hold. Then, for each
t=0,1,..., there exists an RIPYIT2-+D4n5_yalyed rv
L(1) = [L6(), Lo(s), Lo(s), Ly (s); y € ¥,s=0.1,...1]
such that the convergence

VNLMN (1) = n L(t) (22)
holds. Moreover, the distributional recurrence

0 ~ K(t) >0
Lo(t+1)=s < Lo(t)+ L(t) K({t) <0 (23)
(Lo(t) + L(t)) " K()=0
)

Lo(t+1)=s (1 —a)Lo(t) + aLo(t +1 (24)
and
Lp(t+1) =4 %LR@) (25)

3A sufficient condition for f to be totally differentiable at
r € R is that all partial derivatives f/OR; exist and are
continuous in a neighborhood of r. Also note that any real-
valued function on R can be approximated with arbitrary
small error by a totally differentiable function.



hold, where
L(t) =Y Ay)Ly(t) , (26)

yeY

and
Lr(t) = [LB(t),Lo(s),ﬁo(s),io(s), Tw—1<s< t]T. (27)

The distribution of the rv Ly (t), y € Y, t =0,1,..., can
be calculated recursively starting with t = 0.

Finally, for any t = 1,2, ..., if K(s) # 0 for all s < t, then
the rv Lo(t + 1) is Gaussian.

A proof of Theorem 2 is provided in the appendix.

From the last statement of Theorem 2, a necessary con-
dition for Lo(t) not to be Gaussian is K(s) = 0 for some
s < t. This is, however, a technical artifact of the limiting
regime as in practice it is unlikely that the real-valued resid-
ual capacity would attain the value zero exactly. Therefore,
in practice with a large number of flows the queue size dis-
tribution at any fixed time t can be well approximated by a
Gaussian rv with a mean N - ¢(t).

4. DISCUSSION

Our results in Sections 2 and 3 tell us that when the num-
ber of flows N is large, the queue size can be approximated
by Q™) (t) ~ N-q(t)4++v/N Lo(t) in some distributional sense.
Both the deterministic process ¢(¢) and the distribution of
the rv Lo(t) can be computed recursively. In addition, the
recursional formulas do not depend on the number of flows
N.

The CLT analysis reveals the sources of random fluctu-
ations in the queue size which cannot be captured by the
limiting model of the system described in Section 2. It is
shown in the proof of Theorem 2 that the queue fluctuation
Lo(t + 1) consists of three components :

(i) Fluctuation caused by the discrepancy between the
limiting feedback information f(r(t)) and the feedback
information f)(R™Y)(t)) from the AQM to the end
user congestion-control mechanism: This uncertainty
in feedback information can be explained by the fol-
lowing lemma (also known as the Delta Method) [23,
Thm. 3.1, p. 26].

LEmMMA 1. If f : R — R™ is (totally) differen-
tiable in the neighborhood of r(t), then the conver-

gence VN (% - r(t)) =N Lr(t) implies

VR (1 (M) ~ 1)) = R 28)

N ORT

The vector % represents the sensitivity of the
probability function f to the fluctuations around the
limiting parameter r(t). For example, this term corre-
sponds to the slope of the marking probability function
in the case of RED. Note that as the slope of the feed-
back function increases, the magnitude of fluctuation
due to this component increases as well. This verifies
the observation that the magnitude of queue size os-
cillation at RED gateways increases with the slope of
marking probability function of RED mechanism [5].

In case of REM (in the regime where the mapping (12)
is linear), it is easy to see that this random fluctuations

component is proportional to £L(t). In other words,
the random fluctuations in the queue originate from
the fluctuations in the arrival rates amplified by the
gain K.

(ii) The granularity of feedback information: The conges-
tion control mechanism at the end users estimates the
marking probability f)(R™)(t)) from the number of
marks received during an RTT. However, the number
of marks is limited by the number of packets transmit-
ted. This nature of feedback information poses limited
feedback information granularity, and causes a fluctu-
ation in the queue size. This fluctuation can be well-
approximated by a Gaussian rv and cannot be cap-
tured without taking into account the detailed packet
level operations of the congestion-control mechanism.

(iii) Fluctuation caused by the structure of protocols: The
protocols adopted by the end users and gateway deter-
mine the mappings used for update rules and marking
mechanism, and hence the evolution of the state vari-
ables of the connections and queue dynamics. It turns
out the magnitude of the random queue oscillation de-
pends on the detailed interaction of the end user proto-
col and AQM mechanism. This observation indicates
that although the stability of the deterministic process
may not depend on the details of end user algorithm as
suggested in [17], the magnitude of the random queue
oscillation does. Hence, in order to accurately model
the queue dynamics and use it for, for instance, net-
work provisioning, modeling the detailed dynamics of
the interaction may be required.

Components (ii) and (iii) are due to the protocols and
cannot be mitigated without protocol modifications. Thus,
network designers can only manipulate the sensitivity of the
feedback function, e.g., its slope, to reduce oscillation of
queue size. Although reducing the sensitivity of the feed-
back function can decrease the magnitude of fluctuation, it
also typically results in an increase of the average queue size
and/or a slower response time.

It is notable from the Central Limit analysis that a ran-
dom marking mechanism in AQM always introduces random
fluctuations in the queue. This is an intrinsic behavior of
a random marking mechanism due to the limited granular-
ity in the feedback information. Such a fluctuation can be
reduced by increasing the quality of the feedback informa-
tion either through an increase in the number of ECN bits
or through an in-band signaling mechanism as suggested in
[18]. Also, the granularity of the feedback information im-
proves as the size of the window becomes large. There are,
however, other means to alleviate such fluctuations. For ex-
ample, TCP Vegas [3] and its variants such as TCP FAST
[10] use delay information instead of marks to adjust their
congestion window sizes. Given accurate timestamps in the
packets, each flow can calculate the appropriate adjustment
to its congestion window size, thus mitigating the uncer-
tainty from the randomness in the marks.

It is worth noting that some of the system parameters
affect both deterministic and random fluctuations. For in-
stance, the slope of the marking probability function not
only affects the magnitude of random queue size fluctua-
tion, but also influences the settling time of the deterministic
queue process during a transient period.



5. EXAMPLE OF TCP/RED

In this section, we provide an example of Random Early
Detection [7] as AQM mechanism and TCP Reno [9] as the
congestion-control mechanism. This example is the most
widely studied case [8, 17]. A system comprised of persis-
tent TCP flows with a homogeneous RTT can be described
using (2) and (11). This model is similar to the model in
[22]. Both the Monte-Carlo simulations and the NS-2 sim-
ulations in [22] suggest that the limiting behavior of the
queue follows the results in Theorem 1. Furthermore, the
rate of decrease of the standard deviation of the normalized
queue size appears to be consistent with the prediction of
the Central Limit Theorem, i.e., the standard deviation at
the steady-state decreases according to ﬁ

In the case of TCP-RED with session-layer dynamics and
variable RTTs, similar results are derived in [20, 21]. It
shows that there are additional sources of queue fluctua-
tions in the system. These are the fluctuations caused by
the arrivals of new TCP connections and the random idle
periods: The larger the file size, i.e., workload of a new TCP
connection, and waiting time variances are, the larger the
magnitude of this fluctuation is. This part of the fluctua-
tion can also be described by a Gaussian rv. Furthermore,
there are also fluctuations introduced by the heterogeneous
nature of the round-trip delays of the connections. The mag-
nitude of these fluctuations varies with the variance of the
round-trip delays among the connections.

One thing to note in the case of TCP-RED is that the
granularity of the information used for window size update
is very coarse ; connections only check whether packets are
marked or not using ECN ECHO option at the TCP re-
ceivers [6].* Therefore, TCP-RED does not take full advan-
tage of the improvement in feedback information granularity
when the window size increases. One simple scheme to im-
prove the feedback information granularity in TCP-RED is
to increase the number of feedback information bits in the
ECN mechanism. If the improved feedback information is
properly utilized, the magnitude of queue fluctuation can be
reduced. Multi-level ECN (MECN) [4] is an example of such
a scheme.

6. CONCLUSIONS

In this paper, we have developed a stochastic model with
detailed packet level operations of a probabilistic Active
Queue Management scheme and generic end-user congestion-
control mechanism. We classify the queue fluctuations in
such system with a large number of flows into two distinct
components, i.e., the deterministic queue fluctuations and
the random queue fluctuations. The deterministic queue
fluctuation can be effectively modeled in a deterministic sys-
tem and is predictable by control-theoretic analysis. On the
other hand, the random queue fluctuations, which are well
approximated by Gaussian processes, originate from the ran-
dom marking mechanism in probabilistic AQM.

We are working on extending our model to cases where
there are multiple bottlenecks in the network. We expect
that similar results in such cases will provide us with ad-
ditional insights into how different sets of flows traversing
different bottlenecks affect the transient behavior of queue
dynamics as well as steady-state queue sizes.

4Recall that throughout the paper we assume that connec-
tions are ECN capable.
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APPENDIX
A. PROOF OF THEOREM 2

The proof of Theorem 2 is carried out by the induction
on t of the following statement.

[E:t] The convergence (22) holds for some R+ (tFD+ns_
valued rv

L(t) = (LB(t),Lo(s),io(s),Ly(s), yEY,s=0,1,...,1)

The main induction argument from [E:t] to [E:t+1] is
established by the following proposition:

PROPOSITION 1. Under (Albis) and (A2), if [E:t] holds
for some t = 0,1,..., then [E:t+1] also holds.

The distributional recurrence in (23) follows from the fol-
lowing result:

PROPOSITION 2. Under (Albis) and (A2), if [E:t] holds

for some t =0,1,..., then
Mt +1
VN (7Q ](V+ )—q(t—i—l))

=N Lo(t + 1) (29)

for some R-valued rv Lo(t + 1) that satisfies the distribu-
tional relation in (23).

VNLM(t+1) =

We will return to the proofs of Propositions 2 and 1 in
Appendices B and D, respectively. Before doing so, we con-
clude this section with a proof of Theorem 2.

A.1 A Proof of Theorem 2

Fort = 0and y € ), L%N)(t) = L(()N)(t) = LM@) =
L§,N)(t) = 0. Hence, the statement [E:0] holds trivially. Eq.
(22) and (23) then hold for all ¢ from the induction on ¢ by
Propositions 1 and 2.

The distributional recursion in (24) and the distributional
recursion of Lg(t), Ly(t), y € Y are established as byprod-
ucts in the proof of Proposition 1.

It will be evident in the proof of Proposition 1 that the
rvs involved in the distributional recursions up to time ¢

are either Gaussian or constant except when there exists
K(s) = 0 for some s < t. In that case, Lo(s + 1) will be
truncated Gaussian from (23). The last statement in the
Theorem 2 follows from this observation.

B. A PROOF OF PROPOSITION 2

The proof of Proposition 2 relies on two important steps.
First, we rewrite Lém(t +1) in terms of continuous maps of
LM (t), where the maps depend on the residual capacity per
user K (¢). Equation (23) then follows from the continuous
mapping theorem and [E:t].

Fixt=0,1,...and N = 1,2,.... We rewrite the limiting
recursion in (16) in the following form:

g(t+1) = (9(t) = C+E[AQ)])" = (-K@)" (30

with K (t) given by (20). Combining this observation with
the queue dynamics (30), let

LY@ = F2L,AN @) - EA@)
= L3N AN @) - EAY )]
= 25D A) (Tyeog, ¥ = Py ¥1)

yey
= S AWMLY@ . (31)
yey
Then, we have
LML) = QM (t) o4t NA(N)t ' KN+
o (t+1)= N *+ﬁ;¢() - (=K(1))

= max (LgN)(t) + % S AN () - BIA®)] ,K(t)) —K@t)*

= max (L (6) + LV (1), K() - K(1)" (32)
and
VNLM (t +1) (33)
= max (\/N (LgN>(t) + E(N)(t)) , \/NK(t)) ~VNK(#)".

Under [E:t] and decomposition (31), we can invoke the Con-
tinuous Mapping Theorem to conclude that

VN (LgN>(t) + E<N>(t)) =~ Lo(t)+ L(t).  (34)

Three cases emerge depending on the sign of K(t). If
K (t) = 0, then Equation (33) reduces to

VNI @) = (VN (L(()N)(t)+E(N)(t)))+.(35)

Again by the Continuous Mapping Theorem and (34), Equa-
tion (35) yields

VNLIM(t+1) =~ (Lo(t) + L))"
If K(t) < 0, then Equation (33) reduces to
VNLEY (t41) = max (VN (LY () + L™ @), ~VNIK(1)])
and the convergence (34) gives us
VNLEM (t+1) = n Lo(t) + L(t)
since |K (t)| > 0 guarantees limy—oo vV N|K(t)| = oco.



Finally, if K(t) > 0, then Equation (33) reduces to

VNLM (t41) = max (\/N (LgN>(t) + E<N>(t)) —VNK(1), o)

and the convergence (34) yields vV NLSY (t+1) =y 0 since
lImy oo \/NK(t) = 00. This completes the proof of Propo-
sition 2.

C. SOME USEFUL FACTS AND RESULTS

In this appendix, we present some useful facts and results
that will facilitate the presentation of the proof of Propo-
sition 1. In Appendix C.1, we present simple facts on the
conditional distributions of the number of marks received in
timeslot [t + 1,¢ + 2), given the complete history of events
up to [t,t + 1). We then show in Appendix C.2 that for
any y € Y, L§,N)(t + 1) can be written in terms of Lg,N)(t)
and rvs representing random fluctuations corresponding to
components (i)-(ii) in the discussion in Section 4. Finally in
Appendix C.3, we present the marginal convergences of the
aforementioned fluctuations, and subsequently, show their
joint convergence which is essential in establishing Proposi-
tion 1.

C.1 Simple Facts
Let F: be a o-field generated by

{Q™(0), YNM(0), Vi s (s), V;(s), Y (0);

i

iaj:1,2,..., SZO,...,t}.

Then QW) (¢) and YEN)(t) are Fi-measurable, i.e., Q™) (¢)
and YgN)(t) can be completely determined given the past
history up until time ¢t. As a result, for m < A(YgN)(t)),
and A(YZ(N)(t)) > 1, we have under Assumption (Al):

P [M™ (¢4 1) = mlF] = ( A(Yé:)(t)) > / (R“V)(t))m

N
R (1) AN (1)) —m
(- ("))
N
RM(1
=Xy ™ (1) m < N( )) ; (36)

where the mapping xz,y(z) : Y X Z4 x Ry — [0,1] is given
by

(M) s a- e v <a@),
Xay(2) = Az) >1
0 otherwise

Similarly, we also have for A(Y(¢)) > 1 and m < A(Y(t))
P[M(t+1) =m|F)
(M) s a - e

= Xy@.m (r(t)). (37)

C.2 A Key Decomposition

Foranyy e Y, N =1,2,..

1Y§N)(t+1) [y]= Z 1Y§N)(t) 1] (38)
Y1€YVy,1
W[Ilax

DI

m=0 Y2€yy,2,7n

st=1,...,Nandt=0,1,...

1ny) (i) [yQ} 1M,i(N)(t+1) [m] ?

where Vy,1 C )Y is the set of states from which a connection
will always transition to the state y in the next timeslot, and
Vy2,m C Y is the set of states from which a connection
will transition to the state y in the next timeslot only upon
receiving exactly m marks in this timeslot.

The decomposition (38) leads to

=y it D Ly bl =Py ]
Y1€Vy,1 ‘
Wmax

oD DY

m=0 y2€Vy 2,m
—E [1y ) [y2] Lt [m]] - (39)
Note that
E [1y ) [y2] 1mesn) [m]] = Py [y2] xya.m(r(t).  (40)

Therefore, simple manipulations with (39) yields

Ly B2l 100 ) M

LMt +1)

Wmax

oo+ Y {FZNiiym, bl

Y1€Vy 1 m=0 y2€Vy 2,m
RM(¢
109 1 = ()
RM(t
a5 = om0

+x 2L, (1Y§N>(t) [y2] = Py [yz]) Xyz,m(T(t))}
Winax

= > o+ > > o

Y1€Vy.1 m=0 y2€Vy 2m
Yo (8) + Xyam (r(£)) LS (1), (41)
where we define
vy () (42)
RN (¢
= 4 1y ] (s (57 = xente)
and
W) (43)

RM (¢
= Zﬁ\;llYi’\”(t) ] (1M§N>(t+1> [m] = Xy.m ( N( ))> '

The collection of triangular arrays {vS¥)(t); y € Y, m =
0,..., Wmax} represents component (i) in the discussion in
Section 4, while {’y({vn)L(t); y € Yym = 0,...,Wnax} rep-
resents component (ii). The sets Vy1 and Vyom, m =
0,1,..., Wnax are specified according the structure of the



protocols, i.e., component (iii). In order to establish Propo-
sition 1, the next subsection gives results on necessary con-
vergences of the triangular arrays as N become large. These
convergences can be established independently of the sets
Yy and Vy2m, m=0,1,..., Wnax.

C.3 Auxiliary Results

We first show the marginal convergence of the triangular
arrays

T
TN (1) = [v;{“ t); yey, m=0,1,..., Wmax]
and

T
F(N)( ) |:fY}(1],V)(t)7 y e y7 m = 071,~~~7Wmax]

from the following results.

PROPOSITION 3. Under the conditions of Theorem 2, for
any fixed t, the following convergence

VNI (1) = T(1) (44)

holds, where T'(t) = [vy.m(t); y €V, m =0,..., Wiax]” is
a |Y| - (Wmax + 1)-dimensional (0, S(t))-Gaussian random
vector.

The covariance matrix

s(t) = [S(X,m),(y,n)(t)7 X,y € y7 m,n = 03 17 sy

is given by

Wmax]

Sx,m), (y,m) (1) (45)

E [,m (£) 7y, (¢)]

—Py ) [y] xoem (r()) Xty (r(2)),
0, X#£Yy.

Moreover, T'(t) is independent of F;.

We now show the convergence of vV NY®)(¢) in distribu-
tion.

LEMMA 2. Assume (Albis), (A2), and [E:t], then
VNTM(8) =5 J(8) Ly (8), (46)

where

m

300 = [( M9 ) Priy W0 ¥ € Vo =0, W

The constants Jy,m(t) are given by

(1= f(r@) (y)=m-1 m=1,...,A(y) — 1,
= Aly)>1
—AY)(1 = Fr®)) 7 m=0,A(y) > 1
(/)\(y)f(r(t A, m= Aly) > 1
{ O, otherwise

and Ly, (t) is the limiting rv from the following convergence

v (1 (51 - 1000 = Lt = 20

where a,;(];(t)) represents the sensitivity of the marking func-

tion to the fluctuations in the parameters around the point

r(t).

Py Y] Xym(r@)(1 = xy.m(r(t))), x=y,m=n
t X=y,m#n

anr Lr(),

The following lemma establishes the joint convergence
that is essential for the proof of Proposition 1.

LEMMA 3. Under Assumption (Albis), (A2), and [E:t],
we have the following convergence:
VN (L(N)(t +1), LMY #), ™ 1), r<N>(t))
N (Lo(t + 1), L(#), J(t) Lsg (1), (1)) , (47)
where I'(t) and J(t)L¢,(t) are given in Proposition 3 and

Lemma 2, respectively.

The proofs of Propositions 3, Lemma 2 and 3 are given in
Section E.

D. APROOF OF PROPOSITION 1

The proof of Proposition 1 is established with the help
of the decomposition in Appendix C.2 and the convergence
results in Appendix C.3.

By the decomposition in (41), for any given y € ) we

have
N N
L+ =Y L)
Y1€YVy,1
Wmax

+ 30 3T ol ® A @) + xyem (D) LS (1),

m=0 y2E€YVy 2,m

Thus, the joint convergence
VN (L6V ¢+ 1, 1§00+ 1), LV 0), y € V)
N (Lo(t+1)7LY(t+1)7L(t)7 yey) (48)

is established through Lemma 3, [E : t], and the continuous
mapping theorem.
To establish [E : t + 1], observe that

ov(r(t
=N % - Lr(¢), (49)
from the Delta Method (Lemma 1), where Lg(t) is given in
(27) and its elements can be written as a linear combination
of the elements in L(t). Therefore, Lr(t) jointly converges
with the rvs in (48). A closer inspection at the proof of the
delta method (see Section 7.4 in [19] for example) reveals
that the limiting rv in (49) is also jointly convergence in law

VNLY (¢ 4 1)

" with the limiting rvs in (48).

Meanwhile, L(N)( t+ 1) is just a convex combination of

LSN)( t) and LéN)(t + 1). Therefore, [E:t+41] follows from
the continuous mapping theorem and these observations.

The distributional recursion of Ly(t + 1), y € ), is now
easily established from (41), i.e.,

VNLOt+1) = Y
Y1€Vy .1
Wrnax

HDDNDY

m=0 y2€Vy 2 m

E. PROOF OF AUXILIARY RESULTS
E.1 Proof of Proposition 3

The proof of Proposition 3 relies on the following three
technical lemmas, whose proofs can be easily obtained and
are omitted.

Vyo,m (t) + Vya,m(t) + Xyo,m (7(t)) Ly, (t).



LEMMA 4. For any x in R, the Taylor series expansion
2

T =1+ jz — % + R(z) (50)

holds, and the complex-valued remainder term R(x) satisfies
3
z
()| < 1 (51)
LEMMA 5. [11, Thm. 5.20, p. 146] (Slutsky’s theorem)

If Xy =N X and Yy =~ y € R, then XnYNn =N y- X
and Xy + Yn :>NX+y.

LEMMA 6. Consider the array of complex-valued rvs {Cn,; , i =

1,...,N; N=1,2,...} with |Oni| <1 fori=1,...,N. If
max;=1,..~ |Cn,:| =~ 0 a.s. and vazl Cn,i LN A, then

N

[1(t-Cni) Sn e (52)

i=1

We now proceed with the proof of Proposition 3: Fix

N=12,...and Oy, € R, y € Yym =0,..., Wnax. It
suffices to show that
exp (J\FZ% mYya(t )) Ift]
5]\7 efﬁ@gs(t)er, (53)

for Or = [y, m, y€Y,m=0,...
independence, we find that
)) |ft]

exp (]fzey,m’YB(/Nﬂ)L
N . (N)
j R7V(1)
:Hexp - Zey,ml ™),y Y] Xy.m (
11 ( VN ~ YY) N

xE

) Wmax]T. By conditional

J
exp (\/N ;ney,legN)(t) [y] 1M§N) (t+1) [m]> |]:t:|

(54)

N . (N)
j RU7V(t)
:Hexp i — E Oy,m1 (N) [Y] Xy,m ( >)
i=1 ( VN y,m Yow N

RM (¢ oy,
1+21Y§N>(t) [Y]Xy,m( N())(e\/ﬁ T =1)
y.m

N .
- H [1 - ﬁc&(t; 0) — %Ci(t; 0)? + rfff’(t;o)]
I rthpy
X [1 + ﬁCz(t, 0)

by Taylor series expansion (Lemma 4), where

RNt
Zay, Y(N>(f) ¥l Xy.m (T()>

RM(1
Zai,mlygl\’)(t) [y] XY7'm ( N( )>

y.m

R NP
S Cilt6%) + i3 (t,@)} , (55)

Ci(t; 0)

Ci(t;0%) =

and

max(rY (¢, 0)], |73 (¢, 6)])

< Z |9y,m|

Oy ml|?
< (Wanax +1) V] max % . (56)
It is easy to see that (55) can be rewritten as
H[l — o (G0 = Ci(5:0) + €V (1:0)]
H C(N)
where we set
O (1) = 530 (Ci(t:6%) = Ci(:0)°) — € (1:0)

and the remainder term §£N)(t; #) can be shown to satisfy
. N
Jim LM (56 =0 as. (57)

as a consequence of (56).

The desired result (53) is now a simple consequence of
Lemma 6 provided that the required conditions can be shown
to hold, i.e.,

lim max \C(N)()|:0 a.s. (58)
N—ooi=1,.
and
al 1
SV L EGES(t)@F. (59)
=1

Condition (58) trivially holds while Condition (59) can be
established from
N

> M)

i=1

z

= o (G0 - it 0))

i=1

= %ZZL{(M( " [y]

=1

[ (5) (- (5)

R™M) (¢ RM)(¢
- Zey,kgy,an,k < N( )> Xy,n ( N( ))
k#n
1 X
_ (V) ;.
N ;a (t:0)

SN 5 Z Py ly (Z 03 Xy (r (1) (1 = Xy, ((1)))

2NZ§<N’ (:6)

z

| —

- Z 9y,k9y,an,k(7'(t))Xym(T(t))) ) (60)

k#n

where the convergence follows from Theorem 1, Slutsky’s
Theorem (Lemma 5), and (57).



E.2 Proof of Lemma 2

Lemma 2 is a corollary of the Delta Method (Lemma 1).
For y € Y such that A(y) > 1 and m =0,1,...,A(y):

VNI = VN (Xy,m<%> - xy,m<r<t>>)
¥ Zf‘illygm(t) [v]
= ( it ) VNDZL(®) - Ty, ], (61)
where we let
DY@ = 1 (ROW)" (1 5™ (R )"

—fr@)™ (1= fr@) 7. (62)

The desired result follows directly by applying Slutsky’s
Theorem (Lemma 5) and the Delta Method (Lemma 1) to
(61).

E.3 A Proof of Lemma 3

To establish the joint convergence of the random vectors,
we rely on the following lemma:

LEMMA 7. [11, p. 150] (Cramer-Wold device) Let

0oL (t +1) + ©{ L™ (1)
+0ETM (1) + 0fr ™M (1),

ASKI0)

for constant 0y € R and real-valued vectors (of appropriate
dimension) O, Oy, Or.

The convergence in (47) holds if and only if for all choices
of 6y, 0L, O~,Or, we have

VNZM(t) =N 6OoLo(t+ 1)+ OLL(t)
+OYI(t) Ly, (t) + OFT(2).

By Cramer-Wold device (Lemma 7), it suffices to show

that

E I:ej\/ﬁZ(N>(t):| -teflser

—N e

E [ej(eoLo(t+1)+c—){L(t)+c—)§J(t)LfR(t))] . (63)

First note that
E [6j\/ﬁz<N>(t)]

—E[ W(90L< )(t+1)+®TL(N>(z)+®TT<N>(t))

E [ej\/WGITF(N)(t)L}-t]]

1T
iy e 36fswer

B i /8701010500
N—o0

where the convergence follows from Proposition 3. The de-
sired result (63) follows if we can establish the following joint
convergence from Cramer-Wold device

VN (aoLgM(t +

= (BoLo(t + 1) + OLL(1) + ©FI(H) Ly, (1) . (64)

1) +6LL™M () + 651N (1))

From the proof of Proposition 2, we see that v/ NLéN) (t+1)
can be written as a continuous map of

o5 (5707 5 )

yeY

regardless of the value of the residual capacity K(t). Also
note that Lg(¢) comprises only of components in L(t), and
hence Ly, (t) is jointly convergence in law with L(¢) by ar-
guments similar to the one following (49). It is then easy to
show that (64) holds from the continuous mapping theorem.



