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ABSTRACT

We first study the distribution of path
duration in multi-hop wireless
networks. We show that as the number
of hops along a path increases, the path
duration distribution can be accurately
approximated by an exponential
distribution under a set of mild
conditions, even when the link duration
distributions are not identical. Then, we
develop an approximate model for the
Random Waypoint (RW) mobility
model for computing the distribution of
link duration, and demonstrate that the
path duration distribution converges to
an exponential distribution with
increasing number of hops.

1. Introduction

Routing protocols for multi-hop wireless ad-hoc net-
works are classified as being either table-driven or on-
demand. Table-driven routing protocols attempt to main-
tain a path between any two nodes at all times, whereas
on-demand routing protocols establish a path between
two nodes only upon request. Due to node mobility,
links along provided paths may become unavailable in
an unpredictable manner, a situation which would trigger
path recovery. Thus, as the performance of various on-
demand routing protocols and their overheads are likely
to be shaped by the distribution of link and path durations,
there is a need to better understand their characteristics.
Indeed, accurate modeling of these link and path dura-
tions can help better evaluate the performance of current
and new on-demand routing protocols without having to
run time-consuming detailed simulations.

These distributions are expected to depend on the mo-
bility models used in the simulations as well as on the
range of node speeds. Along these lines, Sadagopan
etal. [8] have recently presented a numerical study of
the distribution of multi-hop path durations under vari-
ous mobility models. Their study shows that the distri-
bution of path duration can be accurately approximated
by an exponential distribution when the number of hops
is larger than 3 or 4 for all mobility models considered.
However, no explanation was offered for the emergence
of the exponential distribution. In this paper, we develop

an approximate framework for handling this issue and use
it to prove that under a set of mild conditions, when the
number of hops becomes large, the distribution of path
duration can indeed be accurately approximated by an ex-
ponential distribution. These results are simply another
incarnation of Palm’s Theorem [5, Thm. 5-14, p. 157],
the one-dimensional precursor of the celebrated Palm-
Khintchine Theorem [5, Thm. 5-15, p. 160] to the effect
that the superposition of a large number of independent
equilibrium renewal processes, each with a small inten-
sity, behaves asymptotically like a Poisson process. We
validate our results through an approximate model we de-
velop for Random Waypoint (RW) mobility model in or-
der to compute the distribution of link and path durations
with varying number of hops.

The paper is organized as follows. We describe the
model for studying a path duration in Section 2.. Sec-
tion 3. presents the convergence results of the path du-
ration distribution. A numerical example is provided in
Section 4. using a RW mobility model. Section 5. pro-
vides a justification for our assumption in Section 3..

A word on the notation and convention used through-
out: We find it convenient to define all the random vari-
ables (rvs) of interest on some common probability space
(Q, F,P). Two R-valued rvs X and Y are said to be
equal in law if they have the same distribution, a fact we
denote by X =,; Y. For any o > 0, we denote by &,
any rv that is exponentially distributed with parameter «,
i.e,

l—e™ ifx>0
All rvs will be R -valued rvs. If H is a probability distri-
bution on R, let m(H) denote its first moment which is
always assumed to be finite. Convergence in distribution
asn | oo is denoted by —>,,.

2. A basic framework

Consider a mobile ad-hoc network where a set of hodes
creates and maintains a network connectivity. The rout-
ing algorithm is assumed to be an on-demand algorithm,
i.e,a path between a source (node) and a destination
(node) is set up only when a request is made. A de-
tailed discussion of available on-demand routing proto-
cols is outside the scope of this paper, and we refer the
interested reader to the monographs [7, 9] for additional
information regarding these routing protocols.



Let V = {1, ..., I} denote the set of mobile commu-
nicating nodes. Each node moves across a domain D of
R? or R? according to some mobility model. Since there
is no fixed infrastructure and nodes are mobile, links be-
tween nodes are set up and torn down dynamically. We
assume that two nodes i and j become neighbors and es-
tablish a link between them when the distance becomes
smaller than some constant r,,,;,, > 0, and the link is torn
down when this distance becomes larger than r,,,;,,. The
link is said to be up in the former case, and down in the
latter.

The establishment of a path from a source node to a
destination node requires the simultaneous availability of
links that are up, one originating at the source node and
another ending at the destination node, together providing
connectivity between the source and the destination. The
path duration is then defined as the length of time that
elapses from the moment the path is established until that
time when one of the links along the path goes down, as
a result of mobility or interferences. For simplicity of
analysis we assume path setup delays to be negligible.

We model this situation as follows: To account for mo-
bility, for < and j distinct in V, we introduce a {0,1}-
valued reachability process {¢;;(¢), t > 0} with the in-
terpretation that &, (¢) = 1 (resp. &;;(¢) = 0) if the “link”
(i,4) is up (resp. down) at time ¢ > 0. The process
{&;(t), t > 0} is simply an alternating on-off process,
with successive up and down time durations given by the
rvs {U;;(k), k = 1,2,...} and {D;;(k),k = 1,2,...},
respectively. Since two nodes are neighbors of each other
when their distance is smaller than r,,;,, the links are
symmetric, i.e., &;;(t) = &, ().

Next we endow V' with a time-varying graph struc-
ture by introducing a time-varying set of directed edges
through the relation

Et):={(,j) eV xV:&t)=1}, t>0 (2
where by convention we have set &;;(t) = 0 for each i =
1,...,land all ¢t > 0. Thus, a path can be established (in
principle) between nodes ¢ and j at time ¢ > 0, if node j
is reachable from node ¢ in the undirected graph derived
from the directed graph (V, E(¢)). Let L,;(¢) denote a set
of links providing this reachability, i.e., a path from node
1 to node j. This set of links is empty when the nodes i
and j are not reachable from each other at time ¢. When
non-empty, this set L;;(¢) is not necessarily unique since
multiple paths may exist between the pair of nodes 7 and
4, in which case the routing protocol in use selects one of
the possible paths.

Consider the example in Figure 1. Assume that a
path is requested from node s to node d at some time
t > 0. A dotted line between two nodes i and j in-
dicates that the link between them is up, i.e, &;;(t) =
1. Since there exists more than one path from s to d,
eg., {(s,n2),(n2,d)} and {(s,n3), (n3,d)}, the under-
lying routing algorithm selects one of them. As there is
no dotted line between s and d, i.e., &54(t) = 0, no one-
hop path can be established at the time of path request.
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Figure 1: An example of a path and reachability.

For each link ¢ in L;;(t), let T;(t) denote the time-
to-live or excess life after time ¢, i.e, Ty(¢) is the time
that elapses from time ¢ onward until the first moment
link ¢ is down. The time-to-live or duration Z;;(t) of the
established path from node 7 to node j using the links in
L;;(t) is defined as the amount of time that elapses from
time ¢ until one of the links in L;;(¢) goes down. This
quantity is simply given by

Z;i(t) == min (Tp(t) : £ € L;;(t)), t>0. (3)

In the example in Figure 1, if the routing algo-
rithm were to select the path Lsq(t) = {(s,n2),
(n2,d)}, then its duration would be given by
min (T(s,n2)(t), Tin2,4)(t)) as depicted in Figure 2.
Since the excess life of link (n2,d) is smaller than that
of link (s,n2), the path duration is given by T',,2 q)(t).
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Figure 2: Link excess life and path duration.

As discussed in Section 1, the overall performance of
an on-demand routing protocol is determined by the over-



head it incurs, which in turn depends on the distribution
of path durations. Hence, there is a great deal of interest
in understanding the distributional properties of the rvs
defined through (3). In order to make progress, we shall
make several simplifying assumptions:

1. First we assume that the reachability processes
{&;®t), t > 0} (s # j € V), are mutually in-
dependent. Although this assumption is not true in
general, numerical studies show that the dependency
between two neighboring links is weak and that of
two links separated by one or more links in-between
is negligible. We refer the reader to Section 5 for
the computation of correlation coefficient of excess
lives of two neighboring links and to reference [4]
for links separated by one or more links in-between.

2. Next, as the system is expected to run for a long

time, we can expect steady state to be reached. We
model this by taking each reachability process to be
stationary, say with the rvs {(U;;(k), D;;(k)), k =
2,3,,...} forming a strictly stationary sequence
with generic marginals (U,;, D;;). We denote by
G;; the cumulative distribution function (CDF) of
Uij.
Well-known results for renewal processes and inde-
pendent on-off processes in equilibrium [5, Section
5-6] can be generalized as follows: With ¢ = (i, 7)
we have

P [T}(0) < 2[€i;(0) = 1] = Fe(z) ~ (4)
where Fy is the CDF given by

Fi(x)

_ { W Jo (L= Guly))dy ifz>0 )

ifz <0

In other words, F} is simply the distribution of the
forward recurrence time associated with D,. One
can immediately see from (5) the duration of an
one-hop path has a non-increasing probability den-
sity function (PDF). Throughout, let X, denote a rv
distributed according to F,. The relation (4) simply
states, with a little abuse of notation, that

[Te(0) < |£;5(0) = 1] = Xo.

The rest of this section and the next section are de-
voted to exploring the distributional properties of the rvs
defined through (3). In view of (4) this amounts to con-
sidering the rvs {Z;;,4 # j € V'} defined by

Z;; »=min (X, : € € L;;(0)), (6)

where the rvs {X,, ¢ € L;;(0)} are mutually indepen-
dent given L;;(0).

3. Applying Palm’s Theorem

Typically, the set L;; (0) will itself be random, depend-
ing on the relative locations of nodes ¢ and j in the net-
work and the underlying routing protocol. For example,
if nodes are uniformly distributed on the surface of a
sphere or on a disk, and the nodes 7 and j are selected
randomly, then E [|Z,;(0)|] oc /I, where 1 is the number
of nodes in the network [3]. As a result, evaluating the
exact distribution of (6) is difficult. Instead, we focus on
the situation where the number of nodes increases while
the area simultaneously increases, and study the distribu-
tional properties of the rv Z;; as the number of links in
L;;(0) increases.

Consider the following scenario. For each fixed n =
1,2,..., let V(") and D™ be the set of mobile nodes
and the domain across which the nodes move. We assume
that |V ()| and area(D (™) increase together with n.* For
eachn = 1,2,.. ., we select a pair of nodes ¢ and j such
that

|L§;7)|/n — Kk as n — oo for some positive constant .

Under this assumption we are now faced with the prob-
lem of exploring the distributional properties of the rvs
defined through

ZZ-(;.L) = min (Xén) = 1,...,\LZ(.;L)|> (7)

where the rvs le"),ﬁ =1,..., |L§;’)|, are mutually in-
dependent rvs distributed according to the distribution of
the forward recurrence time associated with ngn). We
are now ready to discuss the asymptotic behavior of (7)

as |L§?)| becomes large, and the emergence of the expo-
nential distribution in the limit.

As we focus on a particular pair of source and destina-
tion nodes, we drop the subscript 7; in the notation intro-

duced earlier. Thus, let {X\™, ¢ =1,...,[L™|; n =
1,2,...} be an array of independent R, -valued rvs. For
each ¢ = 1,...,[L(™), the rv X" is distributed ac-
cording to the distribution FZ(") associated by (5) with
some link duration distribution Gfgn). The distributions
(G, 0 =1,...,|[L™]; n = 1,2,...} are not neces-
sarily identical. Again we write

7™ .= min (le”), (=1,... |L<”>|) )

To state the requisite assumptions, we introduce the
quantities

A= @Myt =1, L™,
n=12....

We assume that the following conditions hold:
Assumption 1 Thereexists A > 0 such that

™)

lim > A = A 9)

n—oo

=1

IHere, | A| denotes the cardinality of the set A.



Assumption 2 For every z > 0,

lim ( max

n—oo Z:L»---,‘L("”

G§”>(x)> =0. (10)

A more concrete way to express Assumption 2 is as
follows: For every = > 0 and any given ¢ > 0, there
exists an integer n* = n*(x; ) such that

max  GM(z)<e foralln>n*.  (11)
£=1,...,|L(™)|
Theorem 3..1 Under Assumptions 1 and 2, it holds that
ZM =, &, ie,

Az :

The so-called homogeneous case assumes the exis-
tence of i.i.d. rvs {X, k = 1,2,...} distributed ac-
cording to some distribution F' given by (5) with another
distribution G on R (m(G) = 1/)), and takes

XM =L)Xy, £=1,...,|L™

foreachn = 1,2,. .., with corresponding distributions

X

AL

G (z) = G( ), x>0 0=1,..
Assumption 2 now reads lim,, Gé”) (x) = G(0) =0,
and the convergence (12) reads

|L(")| - min (Xz; l= 1:"'7|L(n)|> =n Ex -

Assumption 1 is automatically satisfied since
(m(GV)) ™t = oy foreach £ =1, |L®)].

Proof:  This result is a simple application of Palm’s
Theorem [5, Thm. 5-14, p. 157]: Fixn = 1,2,..., and
consider |L(™ | independent delayed renewal processes
{N{(t),t > 0}, £ = 1,...,|L™|, which are speci-
fied as follows. For each ¢ = 1,...,|L(™)|, the epoch
AE”) of the first arrival is distributed according to FZ("),
so that

A = x(™. (13)

Next, the time between the first and second renewal
epochs of the renewal processes {Né") (t),t > 0} is dis-
tributed according to GW. Consequently, the process
{Ne(")(t), t > 0} is a renewal process in equilibrium.

The aggregate point process {N (™) (¢),¢ > 0} is de-
fined by

||

Ny = Y N, t>o0.
(=1

We readily see that the first event in this aggregate point
process takes place at a time given by

inf{t >0 | N™()>1}= min AP,
0=1,..,|L("|

By Palm’s Theorem [5], the rv min,_; |z Aﬁn)
converges in distribution to an exponential rv with pa-
rameter A. Consequently, upon using (13), we find

lim P min Xé") <z
n—oo €:1,...,\L(")|

_ 1—e =
10

This completes the proof. [ ]

ifx>0
ifz<0

The results indicate that when the number of hops is
large, the distribution of path duration can be accurately
approximated by an exponential rv under a set of mild
conditions. In fact, in the i.i.d. case the only assumption
required for convergence is that the link duration satis-
fies G(0) = 0. In addition, as noted earlier, (5) tells us
that the PDF of the duration of an one-hop path is a non-
increasing function. This observation contrasts with the
numerical results (Figure 6) in [8], where the authors sug-
gest, based on simulation results, that the one-hop path
duration may not have a non-increasing PDF. We suspect
that this might be due to (i) the limited number of statis-
tics they collected from the simulation as a result of low
mobility or to (ii) the slightly different definition of path
duration used in the paper. Note that the PDF plots be-
come much smoother with increasing mobility or speed
of nodes in [8], thereby yielding a larger number of col-
lected samples (e.g., Figure 6 and 7 vs. Figure 8 - 10

in [8]).

4. A Simple Modé for Distribution of Link
and Path Durations Under the Random
Waypoint M obility M odel

In this section we first develop a simple model for com-
puting the distribution of link durations under the Ran-
dom Waypoint (RW) mobility model without pause. We
then use this model to compute the distribution of link
and path durations with a varying number of hops. We
show through a numerical example that the distribution
of a path duration does indeed converge to an exponen-
tial distribution with increasing hop count.

4.1. Fixed Area Case

Let us first present the model used for computing the
link and path duration distributions. Suppose that there
are N mobile nodes. Initially these nodes are placed on
a disk of radius a according to a uniform distribution in-
dependently of each other. Without loss of generality we
assume that this disk is centered at the origin. Although
here we use a disk, a similar model with a rectangular re-
gion can be used as well [1]. The transmission range 7 ,,,;,
of the nodes is assumed to be the same for all nodes.

Each node selects a destination uniformly on the
disk, and then, independently of the destination selected,
chooses the speed at which it will move towards the des-
tination along a straight line connecting the current loca-
tion and the chosen destination. When it reaches the des-
tination, the node repeats this procedure. We assume that
the nodes have been repeating the above many times so



that the system has reached steady state. From the circu-
lar symmetry, this stationary spatial distribution depends
only on the distance from the origin. The spatial distribu-
tion of a node at steady state on a line segment [0, a] is
given in [1], and can be well approximated by

2 (1.1 <r<
¢a(7') _ a2 (]- a2) 3 0 ST _ a (14)
0, otherwise

In other words, (14) satisfies the relationship

/OQﬂ/(Jarwéa(r)-dr-d@:l

and the PDF of the position of a node in polar coordinate

is given by
2 3
fr,@(rae) = a2 (7" - %)
=7 ¢a(r). (15)

Clearly, due to the boundary effects the spatial distribu-
tion of a node is not uniform on the disk and is decreasing
in the distance from the center of the disk.

4.2. Asymptotic Case

In this subsection we argue that, although (14) is not
uniform for any fixed radius a, for sufficiently large «,
given that node j is in the transmission range of another
node i, i.e, nodes ¢ and j are neighbors of each other at
some time ¢ > 0, the conditional distribution of the posi-
tion of node j can be approximated by a uniform distri-
bution on the disk centered at the position of node i with
radius 7, .

Let IV be the number of nodes in the system, and ini-
tially each of these nodes is placed on a disk of radius
ay according to a uniform distribution on the disk inde-
pendently of other nodes. Here the radius a depends
on the number of nodes in the system, and in order to
keep the density of the nodes, i.e., the number of nodes
per unit area, constant with varying N, we assume that
the radius is scaled according to any = « - v/N for some
positive constant «. The transmission range r,,,;, of the
nodes is assumed to be constant irrespective of N. We
denote by Dy the disk centered at the origin with radius
an. We assume that the nodes have repeated the pro-
cedure described in the previous subsection many times
and the system has reached steady state. For a fixed N,
in order to explicitly indicate the dependency on N the
probability of an event A is denoted by Py [A].

Denote the position of node i by X; = (v;,7;) and let
D(X;) be the disk centered at X; with radius r,,;,. We
will demonstrate that, given that node j is a neighbor of
node ¢, the conditional distribution of the position X ; =
(v;,m;) of node j can be well approximated by a uniform
distribution on the disk D(X;) as ax becomes large.

For a fixed N, let

Py [A] := /AfaN(X) dX forall A c R?

where

e X) { G (11D

)

if ||X]| <an
otherwise ’

and ||X|| = /v2+n2 If the value of X; € Dy is
known, the conditional PDF of X ; given {X; € D(X;)}
is given by

. (16)
0, otherwise

fa (X7)
7)) - { Bty X € Dy 0 DXy
so that for any B  R?, the conditional probability of
X; belonging to B is given by

Py [Xj €B | Xj S D(Xl)]

= / IR (X)) dX; . (17)
BND(X;)
For any ¢ > 0, define

Ay = {X e Dy | 1 (X)) - S (Xa)| < e

forall X;, X, € D(X)} .

Note that if X; € A%, then| & (X;)—1/(7r2,;,) | < e
for all X; € D(X;). In other words, for all X; € A%,
the deviation of the conditional PDF /' (X ;) from a uni-
form distribution is upper bounded by e. The following
proposition now tells us that as a5 increases, the proba-
bility that X; will belong to A5, at steady state goes to
one for all ¢ > 0. Since e can be selected arbitrarily
small, it implies that for sufficiently large N the condi-
tional distribution of X; given {X, € D(X;)} can be
approximated by a uniform distribution.

Proposition 1 For all e > 0, we have
]\}EanN [AN] =1.

Proof: Suppose that By, N > 1, is a sequence of pos-
itive constants in (0, 1) such that (i) limy_... By = 0,
and (i) limy .o By - an = co. Let D)y, be the disk cen-
tered at the origin with radius (1 — Sn)an. Then, from

(14) we have Py {DN} > (1 - fBn)? and

lim Py [DN} —1. (18)
For each N, we denote the conditional PDF of X;
given X; € D(X) for some X € Dy by f&(X;), and
the disk centered at X with radius 7.,,;,, by D(X).
In order to prove the proposition we now show that

limsup sup sup f)I(V(Xl) - f)Z(V(X2)
N—oo XGD;\, X1,X2€D(X)
=0. (19)

First, from the circular symmetry and (14), one can show
that the inner supremum in (19) is achieved by two points



on D(X) that are either the closest or farthest from the
origin. Second, from the monotonicity and concavity of
(14) over [0, a] and the definition of conditional PDF in
(16), the outer supremum is achieved by the boundary
points of D'y. Thus, we have

sup sup
XGD;\, Xq,Xo ED(X)

| R (%) = i (X))

[ (X1) = R (X)|

= sup
X1,Xo ED(Xi\]

= f;;viv((l — BN)aN — Tmin, 0)
— [y (1= Bn)ay +71min,0)  (20)

where XY = ((1 — Bn)an,0). Let 3% = 1 — G-

(20)

o faN (6]CV "N — T'min, 0) - faN (6]CV “aN + Tmin, 0)

a Py [D(XY)]

< Jon (BN - an = Tmin, 0) = fan (B - an + Tmin, 0)

- 7T7‘$nm . ianeD(Xf’) faN (X)

_ Jan (BN - an = Tmin, 0) = fax (B - an + Tmin, 0)
T in  fax (B% - an + Tmin, 0)

2 (1 _ (ﬁzpiz'aN*Tmm)Q)

2
9N
2 2 (8BS -an+Tmin)?
mre . - — (1 - 3
TI"aN aN

2 (1 _ (B}C\r'aNT'I""nlin)Z)

may aZ
_WT%M ) w»zf\, (1 _ (ﬂj‘\fazigrminy)
= 48X Tmin
w25 (20 - an = B - = 285 — )
_ 48N Tmin
B 2. (Bn-an(2—0n)—=T)"

where
r2.
an

Therefore, we have

limsup sup sup f)](V(Xl) - f)zcv(X2)
N—oco XED;\, X1,X2€D(X)

< limsu

= N T2 (B -an(2— fBn) —T)

=0, (21)

where the equality follows from the assumption that 3 -
a, — oo and By — 0as N — oo. Now, the proposition
follows from (18) and (21). ]

4.3. Distribution of Link and Path Duration

In this subsection, using the model described in the
previous subsections, we discuss how to approximate
the distribution of link durations under the RW mobility
model without pause. To do so, we focus on two nodes,
denoted by n; and ns, that become neighbors at some

time ¢ > 0 as shown in Figure 3, and find the distribu-
tion of the link duration between them. We assume that
the radius of the disk « is sufficiently large (a > 7.in)
so that the conditional distribution discussed in the pre-
vious subsection can be approximated by a uniform dis-
tribution. Without loss of generality we assume a = 1
and scale other parameters accordingly. This also implies
that the average distance between two consecutive desti-
nation locations selected by a node, is much larger than
the transmission range r,,;,. Therefore, in most cases
when two nodes become neighbors, with a high proba-
bility, neither of these two nodes will reach its current
destination location before the link between them is torn
down after they move out of the transmission range of
each other. In other words, the average travel time of a
node between two consecutive destination locations se-
lected by the node is much larger than the average link
duration between two nodes. Hence, for the simplicity
of analysis we assume that neither node reaches its des-
tination while they are neighbors, and truncate the link
duration to model the arrival of the nodes at the destina-
tion locations. Rather than modeling the mobility of both
nodes explicitly, we only model the net effects of mobil-
ity between the nodes by pretending that node n is fixed
and modeling the relative motion of node n with respect
to ny. This will be discussed in more details shortly.

Direction of Relative Mation of n

2
Ny X np
Y e
N e
N~ \Q ’
e
//nl
rmin

Figure 3: Link duration.

Let ¢ denote the distance between n; and n, when they
are closest to each other. The location of node n, when
the distance between them is ¢, is denoted by x as shown
in Figure 3. We draw a reference line which is perpen-
dicular to the arrow from n, to x and goes through nq,
which is shown as a long solid line in Figure 3. Note
that the relative motion of node ny with respect to node
ny is parallel to the reference line. Given that the rela-
tive motion of node n is parallel to this reference line
and they become neighbors at some point (before the an-
gle between the reference line and the arrow from n; to
no becomes 7), under the steady state assumption along
with the assumption r,,,;, < 1, the minimum distance
¢ is approximately uniformly distributed on the interval
[0, 7min ) from Proposition 1. Given the (relative) speed
of the node n4, denoted by S, and the angle of the arrow



from node n; to node ny makes with the reference line
when n,, first comes within the transmission range of n,
denoted by © in Figure 3, the duration of the link between
these two nodes is given by

27 i COS ©

S

Therefore, from the independence of mobility of nodes,
we can approximate the CDF of link duration D condi-
tional on the relative speed S as follows.

D(S,0) = (22)

P[D<d|S=s5s]
ZPEE@@£S4
S

=P cosO < d-s}

- T'min
2
Srmes 1_(d.s)] (23)
Tmin
2 -
~ e 1_(2;1—S> cu(d)  ifd < Hmin
! ifd>27‘¢in

:=g(d, s)

where u(-) is a unit step function.? The first equality fol-
lows from (22), and the last approximation follows from
the fact that r,,,;,, - sin © is the minimum distance ¢ be-
tween the nodes and hence sin © is approximately uni-
formly distributed in [0,1) as explained earlier. There-
fore, P [D < d] can be approximated using (23), and we
have

P[ng]:/P[ng\S:s]dH(s)

S

~ /g(d, s)dH(s) (24)

where H is the distribution of the relative speed S.

We now turn to the distribution H of S. Since the mo-
bility of a node is independent of that of the others, the
relative motion of node no from the perspective of node
ny is simply the difference V= V® — V(1) where
the vector V(¥ represents the velocity of the node n;
(¢ = 1,2). This is shown in Figure 4.

The relative speed S is given by /V;? + V2, where V;
and V5 are the vertical and horizontal components of V/,
respectively, in Figure 4. From the definition, the CDF of
S is given by

P[S<s|=P[VP+V7<s?]. (25)

One can simplify (25) as follows. For the simplicity of
analysis we assume that the angle ©" between V() and
—V ™ is uniformly distributed in [0, 277). Numerical ex-
amples obtained using ns-2 simulation [4] show that this

2Here P[D<d|S=s] denotes

lime g P[D<d|s<S<s+¢.

assumption introduces only a negligible amount of dis-
crepancy in link duration distribution. The speed of each
node, given by SV i = 1,2, does not depend on the an-
gle of its motion. Hence, the relative speed S between
the nodes can be approximated by

§ = /(S0 + 5@) . cos©')? + (5@ -5in©')? .
and, for all s > 0,
P[S <] (26)
=P [(S(l) + 5@ . cos @/)2 + (8@ . sin@/)2 < s,

Therefore, if we know the (stationary) distribution of
S, we can numerically compute the CDF of S from
(26).

o ) g
Ve O

Figure 4: Relative motion of nsy with respect to n;.

Consider the RW model where the speed is selected
uniformly from (s,nin, Smaz), WHhere s,,q. and s,,;, are
the maximum and minimum speed of a node. Then, the
PDF of the stationary distribution of node i’s speed, S(*),
under the above RW model is given by the following [6]:

1

(In Smae — 10 Spnin)

Fs) =+ (27)
Hence, from (26) and (27) one can numerically compute
the distribution H of S.

From the distribution of .S the distribution of a link du-
ration D can be computed using (24). Using the same
example above where the speed of a node is randomly se-
lected from the bounded interval (s.,in, Smaz), WE COM-
pute the distribution of D with the transmission range
Tmin = 250 m. The PDF of a link duration D trun-
cated at 200 seconds is shown in Figure 5(a). The PDF
in Figure 5(a) is very similar to the experimental results
provided in [8] (see Figure 3 in [8]), thereby confirming
the accuracy of the model presented in this section.

Now using the link duration distribution obtained
above we can calculate the distribution of an excess life
F from (5) and that of a path duration with » hops from

n

oo (@) = i (= P~ (1= G),

x>0,

where G is the link duration distribution, i.e, G(d) =
P [D < d]. These are plotted in Figures 5(b) and 6, re-
spectively, for the example in Figure 5(a). As one can
see, the PDF of the excess life is non-increasing and is
quite different from that of a link duration. Therefore, in
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Figure 5: The pdf of (a) link duration and (b) excess life
(Smin = 2MIS, Spaz = 30 M/s, and r,,,;,, = 250 m).

order to accurately model the path duration the excess life
needs to be used rather than the duration of a link. Fig-
ure 6 shows the distribution of a path duration with hop
counts n = 2, 4, and 7. It is easy to see that with the
increasing number of hops n, the distribution of the path
duration increasingly resembles an exponential distribu-
tion, validating our analytical results.

5. Correlation Between Neighboring Links

In this section we take a look at the independence as-
sumption of the excess lives of the links along a path and
attempt to provide some justification for the assumption.
If two links along a path are separated by at least one link
in-between, since no nodes are shared by the links, the ex-
cess lives of these links are expected to be at most weakly
dependent, if not independent. However, two neighbor-
ing links share a node. In the example shown in Figure 7,
node no is shared by links (n1,n9) and (nq, ns). Since
the excess lives of these two links depend on the mobil-
ity of node no, the independence assumption is clearly
not true in general in this case, and requires some justifi-
cation. Although, strictly speaking the independence as-
sumption does not hold between two neighboring links,

we demonstrate that the correlation coefficient between
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Figure 6: Plot of pdf and log of pdf of a path duration
With s,n = 2 M/IS, Sy = 30 M/s, and 7,5, = 250 m.

the excess lives of two neighboring links, which is a mea-

sure of dependency between them, is nontheless rather
small.

Without loss of generality we assume that the neigh-
boring links are given by (n1,n2) and (ns2,n3), which
we denote by ¢; and /5, respectively, and that packets
traverse nodes in the order n; — ny — ns. Here we
assume that the underlying routing protocol does not at-
tempt to optimize the selected path, and nodes n; and n3
are uniformly distributed within the transmission range
of node n, at the time of path selection. A more efficient
routing protocol should not select n5 as the next hop from
ny if ng is in the transmission range of n;. However, due
to the broadcast nature of a path request packet, node n3
may not receive the request message correctly from node
n1, and may reply only to the broadcast message by node
no. We denote the excess life of link ¢; by X; (i = 1, 2).

The correlation coefficient of X and X5 is defined [10]
to be

E[X1Xs]) — E[X1] E[X4]
VVar(X1)Var(Xs)

PX1,Xy =



Figure 7: Neighboring links.

 E[X:X,] - E[Xy]
Var(X1)

From the previous section we know how to compute
the distribution of the excess life, and hence we can com-
pute E [X;] and Var(X,) = E [(X1)?] — E[X1]*. The
correlation E'[X;X5] can be computed by conditioning
on the speed of node n., denoted by S, as follows:

E[X1Xs) = E {E [Xle | S(z)”

= /E |:X1X2 | 5@ = s} dF(s)

where F is the distribution of S(?) at steady state. If we
adopt the model in Section 4 and assume that the speed
of nodes is selected uniformly from (s,.in, Smaz), then
from (27) we find

E[X1X] (28)
Smax 1
_ / B [XiX, | $©) = 4 ds

s(In Spmae — 10 Spmin)

Smin

We now describe how to compute the conditional ex-
pected value E [ XX, | S = s]. This requires com-
puting the conditional distribution of the relative speed
between n, and its neighbors given the value of S,
which is different from the a priori distribution of the rel-
ative speed used in Section 4. However, the calculation of
this conditional distribution can be carried out in a sim-
ilar manner. Without loss of generality we take the link
Iy = (ni1,mns) to compute the link duration distribution
conditional on the value of S(®). Suppose that the mo-
bility of node n;,i = 1,2, is represented by V(¥ as be-
fore. The angle © between V() and —V' (2 is assumed
to be uniformly distributed in [0, 27). Hence, with a lit-
tle abuse of notation, the CDF of the relative speed S of
node n; with respect to node n, conditional on S is
given by

P[S§s|5’(2)252

- P [(5(1) 050 +82)% + (SV -5in©')? < &2
= Fs,(8) (29)

where S s the speed of node ni, and © ~
Unif[0, 2m). Once the conditional distribution of the
relative speed in (29) is obtained, we can compute the
conditional distribution of link duration from

P{D§d|S(2):52]

- /P [D <d|Ss® 252,5‘:8] dFs,(s)

:/P[ng\S:S]d}—SQ(S)

= Gy, (d) (30)

where F, is the conditional distribution in (29). Using
(30), the conditional excess life distribution given §(2) =
so can be computed from (5) as

F(z|S® =s5)

_ m fom(l — G, (y))dy ifx>0
0 ifz <0
= F, (2)

where m(Gs, ) is the mean of G, .

Since X7 and X> are conditionally independent given
the speed of node n, the correlation E [X;X5] can be
computed as

E[X1Xs]
—E [E {X1X2 | S(2>H

:/ E [Xng 1 S@ = 32} dF (s2)

-/ | ( / i (o) / . <x2>) 07 (1) (31)

The correlation coefficient p of X; and X5 in the ex-
ample used earlier where the node speed is randomly se-
lected from (2,30) m/s can be computed from (31) and
is approximately 0.0305. Hence, the correlation between
the neighboring links is rather weak, although they are
not independent.

6. Conclusions

We have studied the distributional properties of path
duration in multi-hop wireless networks. We have shown
that, under a set of mild conditions, the distribution of
path duration converges to an exponential distribution
with appropriate scaling as the number of hops increases.
We have verified our results using a simple model for RW
mobility model. Our model allows us to compute the dis-
tribution of a link duration given the distribution of speed
of a node and, hence, the distribution of excess life and
path duration.

For our analysis we have assumed that the link dura-
tions are mutually independent. Although this may not be
strictly true in general, we have shown that in the case of
RW mobility model the correlation of the excess life be-
tween two neighboring links along a path is rather weak.
We are currently investigating the correlation structure of



the link durations to understand the implications of de-
pendency of link durations on the on-demand routing pro-
tocols and distributional properties of a path duration.
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