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A Uni�ed Framework for Multipath Routing for
UnicastandMulticast Traf�c

TunaGüveny, RichardJ. Lay, Mark A. Shayman,y andBobby Bhattacharjeez

Abstract— We study the problem of load balancing the traf�c
fr om a set of unicast and multicast sessions.The problem is
formulated as an optimization problem. However, we assume
that the gradient of the network cost function is not available
and needsto be estimated.Multiple paths are provided between
a source and a destination using application-layer overlay. We
proposea novel algorithm that is based on what is known as
simultaneousperturbation stochasticapproximation and utilizes
only noisy measurementscollected and reported to the sources,
using an overlay architecture.

We consider thr ee network models that re�ect different sets
of assumptionsregarding multicast capabilities of the network.
Using an analytical model we �rst prove the almost sure conver-
genceof the algorithm to a correspondingoptimal solution under
eachnetwork model considered in this paper with decreasingstep
sizes.Then, we establish the weak convergence(or convergence
in distrib ution) with a �xed step size.In addition, we investigate
the bene�ts acquired fr om implementing additional multicast
capabilitiesby studying the relativeperformanceof our algorithm
under the thr ee network models.

I . INTRODUCTION

Multicast traf�c over the Internet is growing steadilywith
increasingnumber of demandingapplicationsincluding In-
ternetbroadcasting,video conferencing,datastreamapplica-
tions, web-contentdistributions, and exchangeof large data
sets by geographicallydistributed scientistsand researchers
working in collaboration.Ideally many of theseapplications
requirecertainrateguarantees,andproviding suchguarantees
demandsthat the network be utilized more ef�ciently than
with currentapproachesto satisfytheraterequirements.Traf�c
mapping (or load balancing) is one particular method to
carry out traf�c engineering,which dealswith the problem
of assigningtraf�c load onto pre-establishedpaths to meet
certainrequirements[3].

Many major Internet ServiceProviders (ISPs) are in var-
ious stagesof increasingtheir network capacity and node
connectivity [27]. A higher level of network connectivity
typically provides multiple pathsbetweensource-destination
pairs, and offers an opportunity to better utilize network
resourcesthroughload balancing.The focus of this paperis
to investigate the potential bene�ts of load balancingboth
unicastand multicast traf�c within a single domain and to
proposea practical routing algorithm for carrying out such
load balancing,usingonly noisy network measurements.
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There is a limited amountof existing work on multipath
multicast routing. Park and Shin [23] propose a scheme
that createsmultiple trees betweena source and a set of
destinationsand splits the traf�c optimally amongthe trees.
However, the proposedsolution covers only a single source
case.In addition, it assumesthe existenceof the gradientof
ananalyticalcostfunctionandthat thecostfunction is strictly
convex and continuouslydifferentiable.As discussedin [7],
in practiceit may be dif�cult, if not impossible,to precisely
de�ne accurateanalyticalcost functionsdue to the dynamic
nature of networks. Further, even when an analytical cost
function exists, it may not be differentiableeverywhere.As
we will show in this paper, theseassumptionscanbe relaxed
considerably.

In anothersetof work [22], [29] solutionsbasedon network
coding (see [1], [15], [18] for details) are proposed.Even
though they approachthe problem under a more general
architecture,thesesolutionssuffer from the limitations inher-
ited from network coding.First, network coding relies on an
unrealisticassumptionthat the network is losslessas long as
theaverage link ratesdonotexceedthelink capacities.In fact,
a packet losscanbe muchmorecostly whennetwork coding
is employed becauseit can potentially affect the decoding
of a large number of other packets. In addition, any event
that changesthe min-cut max-�ow value betweena source
and a receiver requiresthe codeto be updatedat every node
simultaneously. Thisbringsaboutconsiderablecomplexity and
demandsa high level of coordinationandsynchronismamong
the nodes.Moreover, similar to earlierefforts, thesesolutions
also assumethat there is only one multicast sessionin the
network.

In this paper we proposea distributed optimal routing
algorithm that balancesthe load along multiple paths for
multiple unicast and multicast sessions.Our measurement-
basedalgorithmdoesnot assumetheexistenceof thegradient
of an analyticalcost function and is a naturalgeneralization
of theunicastroutingalgorithmsproposedin [7], [10]. To the
bestof our knowledgethis is the �rst attemptto addressthe
issueof (optimal) multipath routing with multiple multicast
sessionsin a distributedmanner, while relying only on (local)
network measurements.

In orderto studytheperformanceof theproposedalgorithm
and to understandand quantify the bene�ts of implementing
additionalmulticastcapabilitiesin the underlyingIP network,
we consider three different network models with gradually
increasingnetwork capabilities;�rst, we look at the problem
underthe traditionalnetwork modelwithout any IP multicast
functionality. In this modelmultiple pathsareprovided using
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a limited number of (application-layer)overlay nodes that
are usedas relay nodes.In the secondmodel, we allow IP
multicast and load balancingof multicast traf�c is carried
out utilizing multiple multicasttreesavailablefor eachsource.
Thesetreesare rootedeither at the sourceor at the overlay
nodesthat act as surrogate sourcesfor traf�c forwardedby
the source.The routersareassumedto be capableof copying
and forwarding multicastpackets onto downstreambranches.
Finally, in the third model we replace the routers in the
secondmodel with “smart” routers capableof forwarding
multicastpacketsonto eachdownstreambranchat a different
rate.Thismodelenablesouralgorithmto exercise�ner control
over rate allocationthan in the secondmodel.Thesemodels
togetherprovide us with a generalframework that helps us
identify functionalitiesbeyond basic operations(e.g., store-
and-forward) that areessentialfor the performancegain from
load balancing.

It is worth noting that the �ner controlavailablein the third
modelcomesat the price of additionalintelligenceneededat
the routers.This is due to the fact that in order to ensurethe
delivery of distinct packets to the receiversa sourceneedsto
maintaincarefulbookkeepingof all the packets forwardedto
eachreceiversothateverypacket is forwardedto eachreceiver
anddelivery of duplicatepackets is minimized.For the same
reasons,an intermediateIP routermustbeableto identify the
set of intendedreceivers for each multicast packet. We will
show thatthisproblemof potentiallycomplicatedbookkeeping
at the multicast sourcesand the core overlay nodescan be
avoidedby employing a family of sourcecodescalledDigital
Fountaincodes[20] (subsectionII-B).

Our proposedalgorithm is basedon simultaneouspertur-
bation stochastic approximation (SPSA). We consider two
scenarios:We �rst considerthe caseof decreasingstepsizes.
We show that under a set of mild conditionsthe algorithm
convergeswith probability 1 (w. p. 1) to an optimal solution
thatminimizesthenetwork costwith decreasingstepsizes.In
practice,a policy that employs decreasingstepsizesmay lose
the ability to reactin a timely mannerto changesin network
conditionsoncethe stepsizesbecomesmall. As a result, the
stepsizesneedto bereset,for exampleafteracertainperiodof
time, to ensurethat the algorithmstaysresponsive to network
changes.An alternative to this is to usea constantor �x edstep
size.Although we arenot ableto prove the samealmostsure
(a.s.)convergencewith a �x ed stepsize,we show that when
the stepsize is suf�ciently small, the algorithm convergesto
a small neighborhoodaround the set of optimal points. In
subsectionVI-B we demonstrateusingsimulationresultsthat
theperformanceof a �x edstepsizealgorithmis comparableto
that of a policy with decreasingstepsizes.Somepreliminary
resultsof this paperhave beenreportedin [11].

The restof the paperis organizedasfollows: In SectionII
we introducethe basicsetupof the problemand the Digital
FountainCodesthat areusedto solve the bookkeepingprob-
lem mentionedearlier. SectionIII describesthe threenetwork
modelsusedfor analysisand performanceevaluation,which
is followed by a descriptionof the optimization framework
and the proposedalgorithm in SectionIV. We establishthe
convergencepropertiesof the proposedalgorithm in Section

V. Simulationresultsareprovidedin SectionVI. We conclude
in SectionVII.

I I . BACKGROUND & SET-UP

Considera network that consistsof a set of unidirectional
links L = f 1; : : : ; Lg. Let S = f 1; : : : ; Sg bethesetof source
nodes.Eachsourcenodeis associatedwith a sessionthat can
beeitheraunicastor amulticastsession.1 WeuseD s to denote
thesetof destinationnodesfor thesources 2 S. Eachsource
needsto deliver packetsto every destinationd 2 D s at a �x ed
rater s. In this paperwe studythe scenariowherethe sources
canmake useof pre-installedapplication-layeroverlay nodes
that can be usedto provide the sourceswith alternatepaths
in addition to the default path provided by the underlyingIP
routing protocol.

We are interestedin designinga load balancingalgorithm
that can utilize multiple paths available between sources
anddestinationnodesandoptimize the network performance
according to a given network cost function. In order to
capturethe performanceimprovementvs. cost trade-off with
increasingnetwork capabilities,we consider three different
network models(describedin SectionIII). Thesemodelsdiffer
in the set of assumptionswe impose on the capability of
the underlying network. We study the relative performance
of thesesystemsandsomeof thepropertiesof their operating
points.

In the remainderof this sectionwe �rst explain the overlay
architecturethat is usedto createmultiple pathsbetweena
sourcenodeand a destinationnode.Here a destinationnode
refers to a unicast destinationnode or a multicast receiver
node.Then,we explain how someof the bookkeepingissues
thatarisein our problemcanbehandledusinga specialfamily
of codes,calledDigital Fountaincodes.

A. General routing framework - overlay architecture

In standard application-layer overlay networks overlay
nodes are selectedamong the end-hoststhat are possibly
locatedunder different administrative domains(see [6]). In
this paperwe only considerthecaseof a singleadministrative
domain. An overlay node in our architectureis a router or
an end host with a simple device (e.g.,a network processor)
attachedto it. We call a network router with such a device
a core overlay node and an end host overlay node an edge
overlay node.In this paperwe assumethat all sourcenodes
areedgeoverlay nodes.

A sourcenodecancreatean alternatepathto a destination
nodeusingoneof coreoverlay nodesas follows: The source
node�rst attachesan additionalIP headerto the packet with
the IP addressof the selectedoverlay nodeasthe destination
addressand then forwards the packet to the overlay node
usingthe underlyingroutingprotocol.Whenthe overlaynode
receivesthe packet, it �rst strips from the packet the extra IP
headerusedby theapplicationoverlayandthenforwardsit to
the destinationnodeutilizing the underlyingrouting protocol.

1For simplicity eachsourceis assumedto have a singlesession.However,
the results also apply to the case where there may be multiple sessions
originatingat a singlesourcenode.
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Fig. 1. Proposedoverlay architecturefor multipath routing.

This is shown in Fig. 1. This canbeviewedasa form of loose
sourcerouting in the sensethat the sourcenodecanexercise
a certainlevel of routeselectionfor individual packets.Also,
we assumethat at most one overlay node is usedalong any
path. In principle a sourcenodecan forward any fraction of
packetsto a destinationnodethroughany of theavailablecore
overlaynodes,creatingmultiple pathsto thedestinationnode.
Note that this approachdoesnot requireany changesto the
underlyingIP routing protocol.

We denotethesetof core overlaynodesby O andthesetof
overlay nodesin O usedto createalternativepathsbetween
a sources 2 S andits destinationnode(s)in D s by Os

c � O.
Sinceevery sourcenode is also an (edge)overlay node,the
set of overlay nodesutilized by a sources 2 S is given by
Os := Os

c [ f sg, and thereareNs := jOs j pathsavailable to
eachdestinationnode,where jOs j denotesthe cardinality of
Os. De�ne N =

P
s2S (Ns � jD s j).

B. Digital Fountaincodes

As discussedin SectionI, whena sources forwardspackets
to a destinationd, without any specialcoding it must ensure
that the destinationreceivesall distinct packetsnecessaryfor
recovering the message.When different setsof packets are
forwardedto differentdestinationsusingtwo or moreoverlay
nodes,the sourcemust keep track of the packets forwarded
along different paths so that every destinationreceives all
necessarypackets.As a result,this requirescomplicatedbook-
keepingat themulticastsourcesandthecoreoverlaynodes.In
this paperwe proposethe adoptionof Digital Fountaincodes
to solve this problem.

Theoriginal applicationareaof Digital Fountaincodes[20],
[25] is the reliable transmissionof dataover the Internetas
analternative to theunicastTCP/IPretransmissions.Sincethe
Internetcanbe modeledasan erasurechannel,the idea is to

usean erasure-correctingcodethat will eliminateretransmis-
sions. Classicblock codesfor erasurecorrectionare called
Reed-Solomoncodes.An (N ;K ) Reed-Solomoncodehasthe
idealpropertythat if any K of theN transmittedsymbolsare
receivedthentheoriginal K sourcesymbolscanberecovered.
However, whenusingaReed-Solomoncode,aswith any block
code,onemustestimatetheerasureprobabilityandchoosethe
coderate R = K =N beforetransmission.In addition,Reed-
Solomoncodesarepracticalonly for small K ; N .

Fountaincodesareratelessin the sensethat the numberof
encodedpackets that can be generatedfrom the sourcemes-
sageis potentiallylimitless; thenumberof encodedpacketsto
be generatedcan be determinedon the �y . Regardlessof the
statisticsof the erasureeventson the channel,one can send
as many encodedpackets as neededin order for the decoder
to recover the sourcedata.The input andoutputsymbolscan
be bits or more generallybinary vectorsof arbitrary length.
Each output symbol is generatedby a (binary) addition of
somerandomlyselectedinput symbols.The numberof input
symbolsto be addedis determinedaccordingto some�x ed
degreedistribution. It is assumedthat eachoutput symbol is
taggedwith information describingwhich input symbolsare
usedto generateit, for example,in the packet header.

A decodingalgorithm for a Fountaincodeis an algorithm
that recovers the original K input symbolsfrom any set of
M outputsymbolswith a high probability. For goodFountain
codesthevalueof M is very closeto K andthedecodingtime
is approximatelylinear in K . Raptorcodes[25] areexamples
of such Digital Fountain codes with linear time encoders
and decodersfor which the probability of decodingfailure
converges to zero polynomially fast in the numberof input
symbols.For instance,for K = 64,536andM = 65,552,i.e.,
with a redundancy of 1.5 percent,it is shown in [25] that the
errorprobabilityis upperboundedby 1:71� 10� 14. In practice,
however, Digital Fountain codesintroduce approximately5
percentoverheads.

Raptor codeshave been used in commercialsystemsby
the Digital Fountain startup company. Their Raptor code
implementationcan encodepackets at the speedof several
gigabits per secondon a 2.4 Ghz Intel Xeon processorwith
a fairly small upperboundon the decodingerror probability
even for a small numberof input symbols.

In our formulationwe assumethata source�rst dividesthe
traf�c into blocks of, say, K symbolsand appliesa form of
Digital Fountaincode(e.g,.Raptorcode)to generateencoded
output symbolsthat are forwardedto the destinations.Here
the block size will be constrainedby the buffer size at the
source.Since a receiver can recover the K sourcesymbols
in each block from any M encodedsymbols, the source
node doesnot require any bookkeepingas long as it sends
distinctpacketsalongeachpath.This will guaranteethateach
receiver successfullyreceives the whole multicast streamas
long as eachuser receives packets at a suf�cient rate. This
allows us to formulateour problemasoneof assigningpacket
forwardingratesto availablepathsfor eachdestination,subject
to a constraintthat the aggregaterateat which the destination
receives packets exceeds certain threshold. This threshold
dependson the demandrate r s as well as the ef�ciency of
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Fig. 2. Network model-I (NM-I). Each dotted line representsa unicast
session.

the codingscheme.

I I I . NETWORK MODELS

In this sectionwe describethreedifferent modelsthat we
consider for performanceevaluation. For each s 2 S and
d 2 D s let xs

o;d be the rateat which the sourcenodes sends
packets to destinationd through an overlay node o 2 Os.2

Also, de�ne xs
o to be the total rateat which anoverlaynodeo

receivespacketsfrom sources. In a unicastcasethis is simply
the rate at which packets are forwarded to the destination
through the overlay node, while in the caseof a multicast
session,it dependson thecapabilityof theunderlyingnetwork
and the implementationaswill be explainedshortly.

As mentionedin the previous subsection,the adoptionof
a Digital Fountaincode reducesour problemto that of rate
assignmentx = (xs

o;d ; s 2 S; o 2 Os; d 2 D s), which is
the focusof the remainderof this paper. We assumethat the
overlay nodescan copy packets. Hence,the sourcesneedto
deliver only a singlecopy of the packets to an overlay node,
and the overlay node acts as a surrogate source for these
packets. Under this assumption,the rate xs

o to an overlay
node o is given by xs

o = maxd2 D s xs
o;d , and dependingon

the assumednetwork model and the assignedrates,someor
all of the packets forwardedto the overlay nodeare relayed
to the destinations.

We now describethemodelsin increasingorderof network
capabilities.

A. NetworkModel-I

The �rst network model we considerrepresentsan unicast
only IP network, where routersdo not possessIP multicast
functionality. We assumethat packets are encodedusing a
Digital Fountain code at the source. A source node �rst

2Whena sources usesa default pathor a multicasttreerootedat itself to
deliversomeof packetsto thereceivers,wesaythatthesourceusesitself asan
overlaynodeto forward thepackets,althoughstrictly speakingno processing
by any overlay nodeis involved for thesepackets.

forwardstheencodedpacketsto overlaynodesat the required
rate,and the overlay nodescreatea unicastsessionfor each
destinationand forward packets at the speci�ed rate x s

o;d .
Hence,a sourcenode and overlay nodesneed to maintain
multiple unicastsessionsin caseof a multicastsessionwith
more thanonedestination.This is shown in Fig. 2.

Let V n 1
n 2

� L be the set of links in the default path from
noden1 to noden2. Givena rateassignmentx , the link loads
x l ; l 2 L ; underthis network modelaregiven by

x l =
X

s2 S

0

@
X

o2 O s
c :l 2 V s

o

xs
o +

X

o2 O s

� X

d2 D s :l 2 V o
d

xs
o;d

�
1

A (1)

We refer to this modelasNM-I.

B. NetworkModel-II

Under Network Model-II the routersare IP multicast ca-
pable.We assumethat eachoverlay node o 2 Os createsa
separatemulticast tree MT s

o rooted at itself for forwarding
packets from the sources, using an intradomainmulticast
algorithm (e.g., DVMRP [28]). However, we assumethat IP
multicastroutersareonly capableof copying andforwarding
packets. Hence,every packet forwardedto an overlay node
by a sourcenode s is relayedto all destinationsin D s. As
a result, the rate at which destinationnodesreceive packets
from anoverlaynodeis thesame(assumingno packet losses)
andis given by xs

o = maxd2 D s xs
o;d . This is shown in Fig. 3.

Clearly, this may causea receiver to receive packetsat a rate
largerthantheintendedrate.However, aswewill show shortly,
ouralgorithmexploits thispropertythroughmeasurementsand
attemptsto eliminatesuchredundancy. In fact, at the optimal
operatingpoint x ? we have xs

o;d
? = xs

o
? for all d 2 D s.

Under this model the load of link l canbe written as

x l =
X

s2S

0

@
X

o2 O s
c :l 2 V s

o

xs
o +

X

o2 O s :l 2 T s
o

xs
o

1

A (2)

whereT s
o is the setof links in the multicasttreeMT s

o in the
caseof amulticastsessionor thesetof links in thedefaultpath
in the caseof a unicastsession,i.e., T s

o = V o
d . This model is

referredto asNM-II.

C. NetworkModel-III

In this model, in additionto the IP multicastcapabilitywe
alsoassumethat eachrouter is capableof forwardingpackets
onto eachbranchat a differentrate.We refer to theserouters
as“smart” routersto distinguishthemfrom theroutersusedin
NM-II. This is shown in Fig. 4. Under this modela sources
canselecttheindividual ratesxs

o;d independentlyfor eachdes-
tination,andpacketswill beforwardedto adestinationd 2 D s

at the intendedratexs
o;d (asopposedto maxd02 D s xs

o;d0 under
NM-II). 3 This allows thenetwork operatormore�e xibility and
�ne-grained control in rate assignmentand to better exploit
the existenceof multiple pathsthroughoverlay nodes,while
makinguseof multicastnatureof the traf�c at the sametime.

3This assumesthat thereareno packet lossesalong the path.
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Fig. 3. Network model-II (NM-II).

The link ratesunderthis modelaregiven by

x l =
X

s2 S

0

@
X

o2 O s
c :l 2 V s

o

xs
o +

X

o2 O s

max
d2 D s :l 2 V̂ o

d

xs
o;d

1

A : (3)

HereV̂ o
d denotesthe setof links alongthe pathfrom overlay

node o to destinationd. In the caseof a multicast session,
this is the set of links in the multicast tree, which may be
different from the default path provided by the underlying
routing protocol.We will refer to this modelasNM-III.

Due to the large gap betweenthe level of intelligencecur-
rently availableat the IP routersandthe requiredintelligence
assumedin this model,it is unlikely that this type of network
will beavailablein thenearfuture.However, we considerthis
modelfor comparisonpurposes,andcomparetheperformance
of theothermodelsagainstthatof this somewhat idealmodel.

Note thatunderthesemodels,overlaynodescanbe viewed
ascontentdelivery servers that storea portion of the original
content to be distributed. Our goal is to design a uni�ed
load balancingalgorithm that minimizes the total network
cost by distributing the traf�c load amongmultiple available
paths,under all three network models.However, since the
link loadsdependon the assumednetwork model,the desired
operatingpoint aswell asthe aggregatenetwork costarealso
determinedby the assumednetwork model. This will allow
us to quantify the additionalnet bene�t we canacquirefrom
placing increasingnetwork capabilitiesand to carry out the
performancevs. cost trade-off analysis.

IV. OPTIMIZATION FRAMEWORK AND THE PROPOSED

ALGORITHM

We formulate the problem of rate assignmentas an opti-
mization problem, where the objective function is the sum
of link costs. A link cost is a function of the total rate
traversing the link x l and is given by Cl (x l ); l 2 L . These
link cost functions are assumedto be convex but neednot

Fig. 4. Network model-III (NM-III).

be differentiable.The optimizationproblemcan be statedas
follows:

minx C(x ) =
P

l 2L Cl (x l ) (4)

s.t.
P

o2 Os
xs

o;d = r s + � s; 8s 2 S; d 2 D s (5)

xs
o;d � � ; 8s 2 S; o 2 Os; d 2 D s (6)

where r s is the assumedtraf�c rate of sources, � is an
arbitrarilysmallpositiveconstant,4 and� s is theadditionalrate
requiredby the coding schemefor a receiver to successfully
decodethe incomingencodeddata.

Ourproblemin (4) canbeviewedasanaturalgeneralization
of the problem studied in [7], [10]. Indeed, the algorithm
proposedin [10] is a specialcaseof the algorithm described
in this paperwith only unicastsessionsunderNM-I described
in subsectionIII-A. Thereare two major differencesbetween
the current problem and that investigated in [7], [10]. First,
in this paperthe resultinglink loadsx l ; l 2 L , from the rate
assignmentandhencethe overall network costdependon the
adoptednetwork model.Consequently, theperformanceof the
systemdependson the assumedcapability of the underlying
network. Second, the lack of differentiability of the cost
function with respectto the rate assignmentx raisessome
technicalissuesaswill be clear in the analysis.

A. Simultaneousperturbationstochasticapproximation

The optimization problem in (4) can be solved using a
StochasticApproximation(SA) technique.SA is a recursive
procedurefor �nding the root(s) of equationsusing noisy
measurements,and is useful for �nding extremaof functions
[5], [14], [26]. The generalconstrainedSA is similar to the
well-known gradientprojection algorithm, in which at each
iteration k = 0; 1; : : :, the variablesare updatedbasedon
the gradient. In SA, however, the gradient vector r C(k)
is replacedby its approximationĝ(k). The approximationis

4For instance,someof the control packets may be routedalong different
pathsavailablebetweenthe sourceanddestinationnodes.
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oftenobtainedthroughmeasurementsof thecostC(x ) around
x (k). Under appropriateconditions,x (k) can be shown to
converge to a solution of (4) almost surely (a.s.) as will be
shown in subsectionV-B.

Oneparticularmethodusedfor gradientestimationis called
SimultaneousPerturbation (SP). When SP is employed, all
elementsof x (k) are randomly perturbedsimultaneouslyto
obtaintwo measurements,y(x (k) + � (k)� (k)) andy(x (k) �
� (k)� (k)) [26]. Here � (k) is some positive scalar, and
� (k) = (� 1(k); : : : ; � m (k)) is a randomperturbationvector
generatedby the SP method and needsto satisfy certain
conditions.The i -th componentof the gradientapproximation
ĝ(k) is computedfrom thesetwo measurementsaccordingto

ĝi (k) =
y(x (k) + � (k)� (k)) � y(x (k) � � (k)� (k))

2� (k)� i (k)
;

i = 1; : : : ; m: (7)

SA algorithmsthat useSP for gradientestimationare called
SimultaneousPerturbationStochasticApproximation(SPSA).
As shown in [10], [26], SPSA has signi�cant advantages
over SA algorithmsemploying traditionalgradientestimation
methodssuchasFinite Difference(FD).

B. Proposedrouting algorithm

Onething to notein theoptimizationproblemin (4) - (6) is
that thedecisionvariablex is a collectionof rateassignments
of the sourcesxs; s 2 S, and the constraintsgiven in (5)
and(6) compriseseparateconstraintsfor eachsourcethat are
independentof others.Therefore,theproblemcanbenaturally
decomposedinto several coupledsubproblems,one for each
source.

Let � s denotethesetof feasiblerateassignmentsfor source
s that satisfy the constraintsin (5) - (6) and � � s [� ] the
projection of a vector � onto the feasibleset � s using the
Euclideannorm.We denotethe setof links utilized by source
s's packetsby L s. Clearly, this setL s dependson theassumed
network modeland is given by f V s

o [ V o
d : o 2 Os; d 2 D sg

for NM-I and f V s
o [ T s

o : o 2 Osg for NM-II andNM-III.
In order to �nd a solution to (4) we proposethe following

SPSA-basedalgorithm to be run at each sourcenode in a
distributed manner: At time k = 0; 1; : : :, each source s
updatesits ratevectorx s (k) accordingto

x s (k + 1) = � � s [x s (k) � as(k)ĝs (k)] (8)

where as(k) > 0 is the step size, and ĝs (k) is an
approximation to either the gradient vector r Cs(k) =
(@C(x (k))=@xs

o;d ; o 2 Os; d 2 D s) if C(x(k)) is differen-
tiable or a subgradientvectorsg(x) otherwise[12].

In our proposedalgorithmwe computeĝs (k) accordingto

ĝs;i (k) =
Ns

Ns � 1
ys(� � [x (k) + �( k)� (k)]) � ys(x (k))

� s(k)� s;i (k)

=
Ns

Ns � 1
(C+

s (k) + � +
s (k)) � (C �

s (k) + � �
s (k))

� s(k)� s;i (k)
;

i = 1; : : : ; Ns � jD s j; (9)

where� (k) = (� s (k); s 2 S) is an N � 1 vector, � s (k) is
the randomperturbationvectorgeneratedby sources at itera-
tion k, �( k) is an N � N diagonalmatrix composedof block

diagonalentriesf � s(k) := � s(k) � I s; s 2 Sg with � s(k) > 0
and I s being the (Ns � jD s j) � (Ns � jD s j) identity matrix.
We denoteby ys(x ) the noisy measurementsof the partial
network cost � s(x ) :=

P
l 2 L s Cl (x l ) obtainedwith a given

rate assignmentvector x . The variablesC �
s (k) and C+

s (k)
denote� s(x (k)) and� s(� � [x (k)+ �( k)� (k)]) , respectively,
and � +

s (k) and � �
s (k) representthe measurementnoisesdue

to stochasticnatureof traf�c and/orpotentiallack of synchro-
nizationof the algorithmsat the sourcesandwill be modeled
as randomvariables(rvs). For the simplicity of analysis,we
assumethat the distribution of the noise � +

s (k ) � � �
s (k )

� s;i (k ) in the
approximationis conditionallyindependentof theperturbation
vector � s(k) selectedby the sourcethroughoutthis paper.
In addition, we assumethat a sourcekeepsdrawing a new
perturbationvectoruntil � � s [x s (k) + � s(k)� s (k)] 6= x s (k).

There are several differencesbetweenour proposedalgo-
rithm and a standardSPSA algorithm. First, the gradient
approximationin (9) differsfrom thestandardSA; eachsource
usesonly partial costinformation(i.e., summationof thecosts
of the links in L s) asopposedto thetotal network cost,which
is the summationof the costsof all the links in the network.
This is to minimize the communicationoverheadstemming
from the exchangeof link cost informationto the sources.In
addition,the noisetermsobserved by the sourcesareallowed
to be different. Second,while � (k) is a positive scalar in
standardSA, in our case�( k) is an N � N diagonalmatrix.
This allows the possibility of having different � s(k) valuesat
differentsources.Third, thereis an extra multiplicative factor

N s
N s � 1 in (9) comparedto the standardSA. This is due to the
projectionof the perturbedrate vector x s (k) + � s(k)� s (k)
onto the feasibleset � s for all s 2 S using L 2 projection
when calculatingĝs (k). This is explained in more detail in
Appendix III of the supplementarydocument.

Our algorithmin (8) doesnot assumethat the sourceshave
the samestep sizesas(k) at each iteration. This permits a
certain level of asynchronousoperationamong the sources.
For example,this allows a scenariowherethesourcesstartthe
algorithm at different times (without losing the convergence
propertyshown in thefollowing section).However, we assume
that sourcesupdatetheir ratesonceevery iteration after they
startthealgorithm.This assumptionis reasonablein our case,
for at eachiterationsourcesshouldmake useof the collected
information that is alreadyavailable.This is, however, not to
saythat theupdatestake placesimultaneously. Theerrorsdue
to this lack of synchronizationareassumedto be includedin
the measurementerrors� �

s (k) in (9).

V. CONVERGENCE OF THE PROPOSED ALGORITHM

In this sectionwe establishtheconvergenceof theproposed
algorithmin (8) and(9). We �rst considerthe casewherethe
stepsizesf as(k); k = 1; 2; : : :g are decreasingand establish
the a.s. convergenceof the algorithm to a solution of the
optimization problem in (4) - (6). Then, we study the case
of a �x ed or constantstepsize, i.e., as(k) = a for all s 2 S
and k = 0; 1; : : :, and demonstratethe weak convergenceof
the algorithmto a neighborhoodof a solution.
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A. Decreasingstepsizecase

In this subsectionwe establishthe a.s. convergence (or
convergencew. p. 1) of (8) under all three network models
describedin SectionIII.

The following de�nition is borrowed from convex analysis
[12], and further detailscanbe found in [24].

De�nition 1: Supposethat h is a real-valuedconvex func-
tion on IRr . A vector sg(x ) is said to be a subgradientof
h at a point x if h(z) � h(x ) + (z � x )T sg(x ) for all
z 2 IRr . The set of all subgradientsof h at x is called the
subdifferentialof h at x and is denotedby @h(x ).

In orderto establishtheconvergenceof our algorithmbased
on SPSA,we assumethat the following conditionshold:

A1. The link costfunctionsCl
�
x l

�
areconvex for all l 2 L ,

but arenot necessarilydifferentiable.Thesubdifferential
of C at x is denotedby @C(x ) and is boundedfor all
x 2 � , where� is the feasiblesetof x , i.e., x s 2 � s

for all s 2 S.

A2. Theperturbationterms� s;i (k) are(i) mutuallyindepen-
dentwith zeromeanfor all s 2 S andi 2 f 1; 2; � � � ; N s �
jD s jg, (ii) uniformly boundedby someconstant� < 1
with support on �nite discretesets, (iii) independent
of (x (n); n = 0; 1; � � � ; k), and (iv) E

�
(� s;i (k)) � 1

�
,

E
�
(� s;i (k)) � 2

�
areboundedfor all k.

A3. E
h
� ( � )2

s (k)j� (k); F k

i
are bounded and

E [� +
s (k) � � �

s (k)j� (k); F k ] = 0 a.s. for all k,
whereF k is the � -�eld generatedby f x (0); � � � ; x (k)g.

A4. (i)
P 1

k=0 as(k) = 1 , (ii) as(k) ! 0 as k ! 1 , (iii)
P 1

k=0

�
as (k )
� s (k )

� 2
< 1 , (iv) � s(k) ! 0 as k ! 1 , and

(v) lim k !1

�
� s (k )
� s 0(k )

�
= 1 for all s; s0 2 S.

A5. De�ne â(k) := maxs2 S as(k). (i)
P 1

k=0 (â(k) �
as(k)) < 1 for all s 2 S, and(ii) lim k !1

as (k )
â(k ) = 1.

Themain resultof this subsectionis givenby the following
theorem.

Theorem1: Under AssumptionsA1 - A5, the sequence
x (k) = (x s (k); s 2 S) generatedby the algorithm given
by (8) convergesto a point in the setof solutionsof (4) - (6)
w. p. 1 undereachof thethreenetwork modelswith link loads
de�ned by (1) - (3), startingfrom any initial rateassignment
(x s (0); s 2 S) 2 � .

Proof: We provide a proof only underNM-I with link
loadsgiven by (1) in AppendixI. The proof for the othertwo
modelsfollows from the fact that the necessaryconvexity of
the objective function canbe establishedin a similar manner.

One thing to note here is that the proposedalgorithm
doesnot requireany modi�cations for its convergenceunder
differentnetwork models.This allows us to comparedifferent
network models using the same optimal routing algorithm
and quantify the bene�ts obtainedfrom increasingmulticast
capabilities.For the samereasonthe underlying IP network
can be upgradedgraduallywithout requiring any changesto

our algorithm.
1) A propertyof NM-II: As mentionedin subsectionIII-B,

underNM-II all destinationsreceive packetsat the samerate
maxd2 D s xs

o;d = xs
o from overlay nodeo 2 Os becausethe

multicastroutersare assumedto be capableonly of copying
and forwarding packets. Basedon this observation one can
trivially prove the following corollary.

Corollary 1: Let x ? be a feasiblesolutionof (4) to which
the a.s. convergencein Theorem1 takes placeunderNM-II
with link loadsde�ned by (2). Then,for all s 2 S ando 2 Os,
we have

xs?
o;d = xs?

o for all d 2 D s:

This simpleresulttells usthatunderNM-II theoptimization
problem in (4) - (6) can be reducedto that of �nding the
optimal rate assignments(xs?

o ; s 2 S; o 2 Os) to the overlay
nodes.This is becausetheratesto individual receiversfrom an
overlaynodearethe sameasthe ratefrom the sourcenodeto
the overlay node.Therefore,the optimizationproblemin (4)
- (6) can be rewritten as the following simpler optimization
problemunderNM-II.

min
x

C(x ) = min
x

X

l 2L

Cl (x l ) (10)

s. t.
X

o2 Os

xs
o = r s; 8 s 2 S (11)

where,with a little abuseof notation,x = (xs
o; s 2 S; o 2 Os).

When the numberof receivers is large, this leads to much
lower computationalrequirementat the sourcesand faster
convergenceaswill be demonstratedin SectionVI.

Note that in (11) the term � s is removed from (5). This is
due to the fact that, at a feasiblesolution,a sourcenodecan
deliver packets to the overlay nodesthat simply forward the
packets to all destinations.As a result, there is no issueof
bookkeepingat the sourceand� s canbe setto zero.We refer
to this variationof NM-II asNM-IIb in the restof the paper.

B. Constantstepsizecase

In the previous subsectionwe have assumeddecreasing
stepsizesf as(k); k = 1; 2; : : :g that satisfy the conditionsin
AssumptionA4. Although it is possibleto adoptdecreasing
stepsizesat thesources,a constantstepsizemaybepreferred
for practicalreasons.For instance,whendecreasingstepsizes
areemployed,oncethe stepsizesbecomesmall, the response
of the algorithm to a suddennetwork statechangebecomes
slow, which is undesirable,andthestepsizesneedto bereset.
This will require additional mechanismand decisionmaker
that monitor the network for any signi�cant changeandreset
the stepsizesat the sourceswhennecessary.

In this subsectionwe considerthecasewherethestepsizes
at the sourcesare �x ed at as(k) = a > 0 and � s(k) = �
for all s 2 S and k = 1; 2; : : :. Throughoutthis subsection
we assumethat � := a��

2� , where � is the uniform bound
on the perturbationterms� s;i in AssumptionA2. Although
we are not able to establishthe samea.s. convergence to
a solution with constantstep sizes,as shown in [17] under
certainconditionsconstantstepsizeSA algorithmscanachieve
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weakconvergenceto a neighborhoodof thesolutionset.Since
theperformancenearthesetof solutionsis comparableto that
of a solution in our problem,a constantstep size policy is
expectedto perform reasonablywell, which is supportedby
our simulationresultsin SectionVI.

In this subsectionwe are interestedin the systembehavior
when the step size is suf�ciently small. To this end, we
consider the following parametricscenario:Let f an ; n =
1; 2; : : :g and f qn ; n = 1; 2; : : :g be a decreasingsequence
of positive real numberswith an ! 0 and a nondecreasing
sequenceof non-negative integers,respectively.

Fix n = 1; 2; : : :. We rewrite the updaterule in (8) for all
sourcesin the following compactform:

x n (k + 1) = � � [x n (k) � an ĝn (k)]

= x n (k) � an ĝn (k) + � n (k) ;

where� n (k) is the re�ection term to keepx n (k + 1) in the
feasibleset � .5

Let usde�ne the following piece-wiseconstantcontinuous-
time processes:

X n (t) =

(
an

P bt=a n c+ qn � 1
i = qn

x n (i ) ; for t � 0
� an

P qn � 1
i = bt=a n c+ qn

x n (i ) ; for t < 0

The process� n (t) is de�ned similarly with � n (k) in place
of x n (k).

Beforewestatethemainresultof thissubsectionwe impose
the following additionalassumptionon ĝ(k); k = 0; 1; : : :.

A6. f ĝn (k); n; kg is uniformly integrable.

The main result of this subsectionis now given by the
following theorem.

Theorem2: SupposethatAssumptionsA1-A3 andA6 hold.
Then, for eachsubsequenceof f X n (an qn + �); � n (an qn +
�); n 2 IN := f 1; 2; : : :gg, thereexistsa furthersubsequence
f X n (an qn + �); � n (an qn + �); n 2 K g and a process
(X (�); � (�)) such that the following distributional conver-
gence(denotedby ) n ) takesplace:

(X n (an qn + �); � n (an qn + �)) ) n (X (�); � (�)) ;

where
_X 2 @C(X ) + � ; � 2 � V (X (t))

for almost all ! (in the samplespace
 of the underlying
probability space)andt. HereV (x ) denotesthe convex cone
generatedby the setof outward normalsde�ned in Appendix
I.

Furthermore,for any � > 0, the fraction of time that
X n (an qn + �) spendsin N � (S� ) on [0, T] goesto one (in
probability) as n ! 0 and T ! 1 , whereS� is the set of
stationarypointsde�ned in AppendixI andN � (S� ) := f x 2
� : inf x ? 2 S� jjx � x ? jj � � g.

Proof: The proof of Theorem2 is given in Appendix II
of the supplementarydocument.

Theorem2 statesthat for suf�ciently small stepsizesa, as
k ! 1 , the rate assignmentx (k) oscillatesarounda small
neighborhoodof the setof optimal solutions.

5We usea superscriptn to denotethe dependency on the stepsizean .

C. Traf�c Filtering

In a scenariowhere a multicast sourcedoes not employ
Digital Fountain coding, (e.g., NM-IIb algorithm) one has
to give specialcare while splitting the traf�c at the source
nodeto avoid the well-known reorderingproblem,especially
for the TCP traf�c. The algorithm proposedin this paper
calculatesthe rates at which traf�c should be distributed
amongthealternativepathswithout requiringor specifyingthe
exact pathsthat a particularpacket shouldfollow. Therefore,
any existing �ltering schemethat minimizes the reordering
problem can be used for this purpose.A possiblesolution
basedon hashfunctionsis presentedin [7].

VI . SIMULATION RESULTS

In this sectionwe evaluatetheperformanceof our proposed
algorithm under various network conditionsand validate its
convergence.In addition, we also comparethe performance
of our algorithm underthe threenetwork modelsto quantify
thebene�ts with increasinglevel of intelligenceat therouters,
aswell as that of DVMRP for comparison.

We developeda packet level discrete-eventsimulatorfor our
study. For the optimization problem, the link cost function
is selectedto be

�
x l =cl

� 2
, where cl is the link capacity

and x l is the link rate as de�ned in Section III. In all
simulations,themeasurementor samplingperiodis setto one
second.Therefore,sourcenodescanupdatetheir ratesat most
approximatelyevery two secondssincetwo measurementsare
neededfor estimatingthe(sub)gradientvectoraccordingto (9).
For simplicity we set the sourcecodingoverhead/redundancy
� s to zero. Experimentsare conductedwith two different
intradomainnetwork topologies.

A. First topology

 2
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Fig. 5. Network topology1

The �rst topologyis shown in Fig. 5. This topologyis also
used in [2], [21] and closely resemblesthe MCI backbone
topology reported in [19]. Each link has a capacity of 20
Mbps. Packet size is selectedto be 500 bytes. Nodes 1
and 5 are selectedas multicast sources.In the �rst set of
simulations,each source has 6 receivers. For each source
we selecta set of receivers spatially distributed throughout
the network. In this example,D 1 = f 4; 7; 8; 11; 13; 16g and
D 5 = f 1; 8; 9; 12; 15; 17g. Nodes9 and17 areselectedto be
coreoverlay nodesand,hence,therearethreeavailablepaths
to reacheachdestination.For the simulationswe attemptto
selectnodeswith a higherdegreeascoreoverlaynodes.Each



9

sourcegeneratesPoissontraf�c with an averagerate of 11.5
Mbps.6 Under all network models the rates along alternate
routesthroughcoreoverlaynodesareinitially setto zero,i.e.,
xs

o;d (0) = 0 if o 6= s and xs
s;d (0) = r s. Hence,underNM-

I model, the algorithm startswith traditional unicastrouting
to eachdestination,while underNM-II, NM-IIb and NM-III
all the traf�c is initially routed through the multicast tree
rooted at the sourceand is gradually shifted to alternative
treesrootedat coreoverlay nodes9 and17 whendesired.In
this simulationa decreasingstepsizepolicy is adopted,which
satis�es the conditionsin AssumptionsA3-A5. In particular,
as(k) = 20=(k + 100)0:602 and � s(k) = 50=(k0:101).
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Fig. 6. Network costsandpacket losseswith 6 receivers.(a) Network cost,
(b) packet losses.

Fig. 6 shows the evolution of total network costandpacket
lossrateunderdifferentnetwork models.Throughoutthis sec-
tion we only plot a singlesamplepathout of ten independent
runs startingwith different randomseeds.The other sample
pathsare similar. We also computethe optimal cost values

6Since we focus on intradomain routing, this rate may representan
aggregaterateof multiple multicastsourceshaving thesamereceiver setD s .

under NM-II and NM-III, using a MATLAB optimization
package.The optimal values under NM-II and NM-III are
4.7979and4.3548,respectively. As expectedtheoptimalvalue
under NM-III is smaller than under NM-II due to assumed
additional capabilitiesof the routers.However, interestingly
the difference is rather small in this example. Hence, the
additional complexity of having smart routers capable of
forwardingpacketsonto eachbranchat a differentrateoffers
only a marginal bene�t in this case.7 Also, it is clearfrom the
achieved network costandpacket lossratethat our algorithm
considerablyoutperformsDVMRP underbothNM-II andNM-
III by distributing the traf�c amongthreeavailable multicast
trees.

As shown in the �gures, while our algorithm can reduce
the network cost to a certain level under NM-I, it can-
not completely eliminate packet lossesand incurs a much
higher overall cost comparedto DVMRP. (The cost of NM-
I model decreasesto around14.197while it is around7.45
for DVMRP.) The reasonfor this rather poor performance
under NM-I is the lack of multicast functionality. Since we
cannot create multicast trees, independentunicast sessions
needto be set up to eachdestinationfrom the sourcesand
overlaynodes,ignoringthemulticastnatureof thetraf�c. This
requiresproducinga separatecopy of thesamepacket for each
destination,even when thesepackets traversemany common
links, and leadsto severe link stressin the network.

It is clear from Fig. 6 that our algorithm convergesfaster
under NM-IIb than under any other model. This is due to
the fact that we only needto optimize the overlay ratesx s

o
insteadof individual receiver ratesxs

o;d . Hence,thenumberof
parametersthat needto be updatedin eachiteration is much
smallerthan the othercases(6 versus36).

In order to better understandthe convergencerate of our
algorithm under different network modelswe also simulate
a scenariowith 11 receivers for each source.The receiver
sets are given by D 1 = f 3; 4; 7; 8; 9; 10; 11; 12; 13; 16; 17g
andD 5 = f 1; 2; 3; 4; 8; 9; 10; 12; 15; 16; 17g. The evolution of
network cost and packet lossesis plotted in Fig. 7. We do
not plot theperformanceof our algorithmunderNM-I for the
easeof illustration (asit is not comparableto that underNM-
II or NM-III). Clearly, as the numberof receivers increases,
the convergenceof the algorithm under NM-II and NM-III
becomessomewhat slower. StandardSPSA theory suggests
that the convergenceof an SPSAalgorithm doesnot change
signi�cantly with the numberof parameters.However, in our
casesourcesperturb the systemindependentlyof othersand
they observe only partial network informationas opposedto
global informationassumedin the standardSPSAmodel.We
suspectthat theseare the main reasonsfor the slight perfor-
mancedegradationwith increasingnumberof parametersin
our case.Also, note that the algorithm doesnot suffer from
slower convergenceunderNM-IIb with increasingnumberof
receivers becausethe overlay node ratesdo not dependon

7This is not to saythatthesameholdsin all casesasthedifferencedepends
on the topologyandsource-destinationpair selectionsaswell as their traf�c
demand.Indeed,we suspectthat when there is a severe bottleneckalong a
pathfrom anoverlaynodeto a destinationthatcanbecongestedunderNM-II,
then the optimal costunderNM-II canbe larger than that underNM-III.



10

600 1200 1800 2400 3000
6

7

8

9

10

11
Variation of Network Cost - Number of receivers = 11

T
ot

al
 C

os
t

Time (sec)

NM-II
NM-IIb
NM-III
DVMRP
Optimal Cost for NM-II
Optimal Cost for NM-III

DVMRP

NM-II

NM-III
NM-IIb

Optimal Cost for NM-III
Optimal Cost for NM-II

(a)

600 1200 1800 2400 3000
0

400

800

1200

1600

1900

Variation of Packet Loss

(P
ac

ke
t L

os
s)

/s
ec

Time (sec)

NM-II
NM-IIb
NM-III
DVMRP

DVMRP

NM-II

NM-III

NM-IIb

(b)

Fig. 7. Network costsandpacket losseswith 11 receivers.(a) Network cost,
(b) packet losses.

the numberof receivers.This points at anotheradvantageof
NM-IIb and suggeststhe robustnessof its performancewith
respectto the numberof receivers.

We note that in this scenarioour algorithm effectively
distributesthe network load and eliminatesthe packet losses
(except for under NM-I) with only three paths.We suspect
that in many casesa small number of paths are suf�cient
to substantiallyimprove the network performance,suggesting
that only a limited number of core overlay nodesmay be
requiredin practice.

B. Secondtopology

Fig. 8 shows the secondtopologywe consider. It is a close
approximationof Sprintbackbonetopologyasreportedin [27].
Comparedto the �rst topology with an averagenodedegree
of 3.1667, the secondtopology is more denselyconnected
and hasan averagenodedegreeof 5.0769.As mentionedin
SectionI, recent�ndings suggestthat many ISPsare in the
processof increasingthe nodeconnectivity of their networks.
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Fig. 8. Network topology2

In thissubsectionweareinterestedin understandingtheeffects
of the densityof the network on the relative performanceof
our algorithm.

Thecapacityof a link is 20 Mbps.Therearethreemulticast
sourcesandS = f 1; 9; 22g. Eachsourcehas18 receivers.The
receiver setsaregivenby D 1 = f 2, 3, 4, 5, 6, 8, 9, 10, 11, 13,
15, 16, 19, 20, 21, 22, 23, 25g, D 9 = f 1, 2, 3, 4, 6, 7, 8, 10,
11,13,15,16,17,18,21,22,23,24g andD 22 = f 1, 2, 3, 4, 6,
8, 9, 10, 11, 12, 14, 15, 16, 17, 20, 21, 23, 26g. Nodes10 and
23 are selectedas additionalcore overlay nodes.8 This gives
O1 = f 1; 10; 23g, O9 = f 9; 10; 23g and O22 = f 22; 10; 23g,
andeachsource-destinationpair hasthreepaths.Eachsource
generatesPoissontraf�c with an averagerateof 10 Mbps.

1) Decreasingstepsizes: In this subsectionwe adopt the
samedecreasingstepsizesusedin theprevioussubsectionand
comparetheir relative performance.Fig. 9 shows theevolution
of network cost and packet loss rate.Similar to the previous
case,our algorithm underNM-I experienceshigh link stress
due to the lack of multicast capability and performsworse
thanDVMRP. Also, it is worth noting that theconvergenceof
the algorithm underboth NM-II and NM-III is considerably
slower than under NM-IIb due to a relatively large number
of receivers.The optimal cost valuesunderNM-II and NM-
III modelsare 12.5875and 11.7612,respectively, and hence
are close as in the previous case.This again suggeststhat
much of the bene�ts can be obtainedwith the simpler NM-
II (or NM-IIb) without the needto implementsmartrouters.
Finally, we again seethat threepathsper receiver is suf�cient
to successfullydistribute the traf�c even when the DVMRP
algorithmcannoteliminatethe packet losses.

2) Constantstep size: In this subsectionwe �x the step
size as(k) = a for all s 2 S and k = 0; 1; : : :, and compare
the systemperformancefor different valuesof a and against
the decreasingstep size case.Fig. 10 plots the evolution of
network cost and packet lossesunder NM-IIb for different
valuesof stepsizes.Thevaluesin parenthesesdenotethestep
size.The �gure clearly shows that whenthe stepsizeis �x ed
the network cost oscillatesslightly above the optimal value.
Moreover, the initial convergencerate is better for several
valuesof the �x edstepsizeasthealgorithmis ableto reacha

8Since both of the core nodesare also destinationnodes for all three
sources,underNM-I thereareonly two pathsfrom thesourcesto thesenodes.
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Fig. 9. Network costsandpacket losses- Poissontraf�c source.(a) Network
cost,(b) packet losses.

smallneighborhoodof theoptimaloperatingpointsfasterthan
with decreasingstepsizes.Since this neighborhoodis small
anda constantstepsizepolicy is morerobust in the presence
of network �uctuations and can track dynamicalchangesin
thenetwork, this resultsuggeststhat thealgorithmwith a well
chosen�x ed stepsizemay be preferredin practice.

3) MMPP sources: In the last setof experimentswe adopt
a differentsourcemodel to simulateVBR video traf�c. 9 It is
shown in [13] thatlong-rangedependenceis notacrucialprop-
erty in determiningthe buffer behavior of VBR video traf�c
anda Markov chaintraf�c modelcanbe usedto estimatethe
buffer occupancy well. Following this observation,we selecta
Markov ModulatedPoissonProcess(MMPP) asanalternative
sourcemodel. We assumethat eachMMPP sourcewith an
averagerateof 10Mbpsconsistsof 128ON-OFFmini-sources
with a meanON period of 350 ms and a meanOFF period
of 650 ms. We employ a decreasingstepsize policy for the

9Due to sourceencoding,it is possibleto shapethe incoming multicast
traf�c at the sourcenodes.However, this issueis ignored in the simulation
studies.
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Fig. 10. Network costandpacket dropswith �x edstepsizesanddecreasing
stepsizes.

simulationas in subsectionVI-B.1.
From Fig. 11 we seethat the performanceof the algorithm

in eachnetwork model is similar to the Poissontraf�c source
caseexceptfor the highervarianceobserved aroundthe mean
values.This is expectedsincethe packet ratesat the sources
�uctuate around some mean value from the adoptedtraf�c
model.

VI I . CONCLUSION

We studiedthe issueof multipath routing of both unicast
andmulticasttraf�c wherethe gradientof network costis not
availableandneedsto beestimatedusingnoisymeasurements.
We proposedan optimal routing algorithm based on the
idea of simultaneousperturbationstochasticapproximation
with provableconvergenceproperties.Threedifferentnetwork
models (NM-I, II, and III) were consideredto evaluate its
performanceand to quantify the bene�ts of additional func-
tionality/intelligencein the underlying IP network. In NM-
III we establisheda routing framework that generalizesthe
multiple distribution trees to a more generalmultiple path
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Fig. 11. Network costandpacket losses- MMPP source.(a) Network cost,
(b) packet losses.

scenario where each destination can receive packets at a
differentratefrom a multicasttree.The needfor complicated
bookkeeping at the sourcesand intermediateIP routers is
handledby employing Digital Fountaincoding.We provedthe
convergencepropertiesof the proposedalgorithm both with
decreasingstepsizesand with a �x ed stepsize.Further, our
simulation studiesshow that while basic IP multicast func-
tionality in NM-II is crucial for betterperformance,additional
functionalities introduced in NM-III provide only marginal
bene�ts in relation to requiredcomplexity.

Theproposedalgorithmrelieson periodicmeasurementsof
local stateinformation.More speci�cally, eachsourceobtains
thecostof eachlink in L s. This traf�c monitoringprocesscan
behandledby anoverlayarchitecturedescribedin [16]. Under
the proposedarchitectureeachlink in the network is mapped
to theclosestoverlaynodewith a certaintie-breakingrule that
givesa uniquemapping[16]. Overlay nodesperiodicallypoll
the links for which they areresponsible,processthe data,and
forward necessaryinformation to the sourcenodesutilizing
the correspondinglinks in a coordinatedway. Note that by

having theoverlaynodesprobethelinks only onceduringeach
measurementperiod before processingand forwarding the
information,we can avoid the needfor eachsourceto probe
every relevant link individually. In addition,while forwarding
the information to a sourcenode,the overlay nodescan also
aggregate the information from different links, exploiting the
additive natureof the cost function in (4). As a consequence,
the overheadincurred by the distribution of the link state
information is minimized.
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APPENDIX I
PROOF OF THEOREM 1

The basic approachwe follow in the proof is similar to
that in [17, pp. 127-131]and[10]. A maindifferencebetween
the proof in [10] and the current proof stemsfrom the fact
that the cost function is no longercontinuouslydifferentiable
with respectto the rate assignmentalthough the convexity
is preserved. This is becauseof the max operator in the
link cost functions in (1) - (3). Here we will show that the
sameconvergenceholds even when the cost function is not
differentiable,borrowing tools from the convex analysisand
the conceptof subgradient.

Collecting the terms of (8) for all sources,we have the
following updaterule for the system:

x (k + 1) = � � [x (k) � A (k)ĝ(k)] ; (12)

whereĝ(k) := (ĝs (k); s 2 S), A (k) is an N � N diagonal
matrix with the diagonal entries A ii (k) given by the step
sizesas(k) of correspondingsources.This is different from
the standardstochasticapproximationalgorithmsthat have a
scalarstepsize.

In the restof the proof we closely follow the sameoutline
in [17] with the gradientr C(x ) replacedby a subgradient
sg(x ). Unless stated otherwise E k (�) representsE [�jF k ].
Rewrite (12) in the following form

x (k + 1) = � � [x (k) � A (k)ĝ(k)]

= x (k) + A (k)[� sg(x (k)) + %(k) + b(k)] + � (k) + � (k);

= v(k) + � (k) + � (k) (13)

where

v(k) = x (k) + A (k)[� sg(x (k)) + %(k) + b(k)];

%(k) = E k (ĝ(k)) � ĝ(k); b(k) = sg(x (k)) � E k (ĝ(k)) ;

� (k) = � � [v 
 (k)] � v 
 (k);

v 
 (k) = x (k) + A (k)[� sg(x (k)) + %(k) + b(k)]I (k);

� (k) = v 
 (k) � v(k) +
�
� � [v(k)] � x (k)

� �
1 � I (k)

�
;

I (k) is an indicator function of the event fj jA (k)%(k)jj �

 (k)=2g, and f 
 (k); k = 0; 1; : : :g is a sequenceof positive
real numberssuchthat (i) 
 (k) ! 0 and (ii) jjA (k)%(k)jj �

 (k)=2 for all but a �nite numberof k w. p. 1. The following
lemmais usedto show the existenceof sucha sequence.

Lemma1: UnderAssumptionsA1 - A5, the biasanderror
termsgivenby b(k) and%(k), respectively, satisfythefollow-
ing:

(a) b(k) ! 0 w. p. 1 , and
(b)

P 1
k=0 E k (jjA (k)%(k)jj2) < 1 w. p. 1.

Proof: Pleasesee Appendix III in the supplementary
documentfor a proof.

Now we prove the existence of the sequence
f 
 (k); k = 0; 1; : : :g that satis�es the given conditions.
Since

P j
i = k A (i )%(i ), j � k, is a martingale andP 1

i = k E i (jjA (i )%(i )jj2) < 1 from Lemma 1, by the
Doob-Kolmogorov inequality ([9, p. 309]), for every � > 0,
we have

P
�

sup
j � k

�
�
�
�
�
�

jX

i = k

A (i )%(i )
�
�
�
�
�
� � �

�
�

1
� 2

1X

i = k

E i (jjA (i )%(i )jj2) :

Sincethe right-handsideof the equationgoesto zeroask !
1 , it follows that

lim
k !1

P
�

sup
j � k

�
�
�
�
�
�

jX

i = k

A (i )%(i )
�
�
�
�
�
� � �

�
= 0 ;

and the existenceof the sequencef 
 (k); k = 0; 1; : : :g is
guaranteed.

Let X 0 (t) be the following continuoustime interpolation
of x (k).

X 0 (t) :=
tk+1 � t

â(k)
x (k) +

t � tk

â(k)
x (k + 1) ; t 2 [tk ; tk+1 )

(14)
where tk =

P k � 1
i =0 â(i ).10 We will show that the trajectory

of this continuoustime processfollows that of the differential
inclusionto bede�ned shortly, andthepathof this differential
inclusion will be shown to converge to a point in the set of
solutionsof the optimizationproblemwe consider.

Let

B 0 (tk ) :=
k � 1X

i =0

A (i )b(i ); M 0 (tk ) :=
k � 1X

i =0

A (i )%(i );

T 0 (tk ) :=
k � 1X

i =0

� (i ); � 0 (tk ) :=
k � 1X

i =0

� (i )

and the correspondingpiecewise linear interpolationsfor t 2
(tk ; tk+1 ) arede�ned similarly as in (14).

We rewrite X 0 (t) using the relation(13) as follows.

X 0 (t)

=
tk+1 � t

â(k)
x (k) +

t � tk

â(k)

�
x (k) + A (k)[� sg(x (k))

+ %(k) + b(k)] + � (k) + � (k)
�

= x (k) +
t � tk

â(k)

�
A (k)

�
� sg(x (k))

+ %(k) + b(k)
�

+ � (k) + � (k)
�

= x (0) +
k � 1X

i =0

�
A (i )[� sg(x (i )) + b(i ) + %(i )]

+ � (i ) + � (i )
�

+
t � tk

â(k)

�
A (k)[� sg(x (k)) + %(k)

+ b(k)] + � (k) + � (k)
�

10Recall that â(k) = maxs2S as (k).
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= x (0) + B 0 (t) + M 0 (t) �
k � 1X

i =0

â(i )sg(x (i ))

� (t � tk )sg(x (k)) + Z 0 (t) + T 0 (t) + � 0 (t)

= x (0) + B 0 (t) + M 0 (t) + H 0 (t) + Z 0 (t)

+ T 0 (t) + � 0 (t) ;

where

Z 0 (t) =
k � 1X

i =0

�
â(i ) � A (i )

�
sg(x (i ))

+
t � tk

â(k)

�
â(i ) � A (i )

�
sg(x (k)) ;

H 0 (t) = �
Z t

0
sg( �x (s))ds ; and

�x (s) = x (k) ; s 2 [tk ; tk+1 ) :

We are interestedin the tail propertiesof the interpolated
processes.To this endwe introducethe following time shifted
andcenteredprocesses.

X k (t) := x (k) + B k (t) + M k (t) + H k (t) + Z k (t)

+ T k (t) + � k (t) ; (15)

whereB k (t) = B 0 (tk + t) � B 0 (tk ), M k (t), T k (t), � k (t)
andZ k (t) arede�ned similarly, andH k (t) = �

Rt
0 sg( �x (tk +

s))ds.
We now show thatevery processon theright handof (15) is

equicontinuousandhenceX k (t) is alsoequicontinuous.First,
from Lemma1 andthe de�nition of f I (k); k = 0; 1; : : :g one
canshow thatthereis a null set
 0 suchthatfor eachoutcome
! =2 
 0, the processesB k (t), M k (t) and� k (t) converge to
zero uniformly on �nite intervals as k ! 1 . Second,under
AssumptionsA5 andA1 (in particular, @C(x ) is boundedfor
all x 2 � , which implies that thereexists a �nite boundB
on sg(x (k)) ) it is easyto verify that Z k (t) ! 0 ask ! 1 .
Hence,B k (t), M k (t), � k (t), and Z k (t) converge to zero
uniformly on eachboundedinterval in (�1 , 1 ) ask ! 1 ,
and thus are equicontinuous[17, p. 101]. The equicontinuity
of H k (t) follows from the sameargument in the proof of
Proposition1 in [12] becauseof theexistenceof a �nite bound
B on sg(x ) mentionedbefore.The equicontinuityof T k (t)
can shown by the sameargument in the proof of Theorem
5.2.1 in [17, p. 128].

Since the processeson the right-hand side of (15) are
equicontinuous,so is X k (t). Therefore,Arzela-Ascoli The-
orem [8, p. 13] tells us that, for every ! =2 
 0, there
exists a subsequencef kj ; j = 1; 2; : : :g suchthat f X k j (! ; :),
H k j (! ; :), T k j (! ; :)g convergesto somef X (! ; :), H (! ; :),
T (! ; :)g uniformly and, following the sameargumentin the
proof of Proposition1 in [12], we canwrite

X (! ; t) = X (! ; 0) + H (! ; t) + T (! ; t) : (16)

The second term on the right-hand side H (! ; t) =Rt
0

~h(! ; s)ds, where~h(! ; s) 2 � @C(X (! ; s)) [12]. Thethird
term T (! ; t) =

Rt
0 ~� (! ; s)ds with ~� (! ; s) 2 � V (X (! ; s))

for almostall s [17, pp. 128-129],whereV (x ) is the convex
cone generatedby the set of outward normals f y : y =

r qi (x ); s:t : qi (x ) = 0g and qi (�) are the constraintsof the
optimizationproblem.

From(16) it is plain thatthelimit X (! ; :) of any convergent
subsequencesatis�es the differential inclusion:

_X 2 � @C(X ) + T ; T (t) 2 � V (X (t)) : (17)

This tells us [12] that the limit X k (! ; �) converges to the
stationaryset of points of (17) in � w. p. 1. We denotethis
set of stationarypoints where 0 2 � @C(x ) + � by S� .
SinceC(�) is a convex function and� is a nonemptyconvex
set, any point in S� attainsthe minimum of C(�), and this
completesthe proof of the theorem.

APPENDIX I I
PROOF OF THEOREM 2

We use similar argumentsusedin the proof of Theorems
8.2.1and8.2.5of [17, pp. 251-254and261-262]in our proof.
First, the existenceof a convergentsubsequencefollows from
the fact that the uniform integrability of f ĝn (k); n; kg in As-
sumptionA6 implies tightnessof f X n (an qn + �); � n (an qn +
�)g [17, p. 253], which is a suf�cient condition for the
existenceof a convergentsubsequence.

Following the argument in the proof of Lemma 1, for
suf�ciently smallstepsizean we canreplacetheprojectionof
x n (k) + � n � (k) with the linear approximationin (18). Thus,
from (22) we have

E k (ĝn (k)) = sg(x n (k)) + O(an ) + � n (k)

First, from the argumentin the proof of Lemma1 (in partic-
ular, eq. (21)) onecanshow that � n (k) ! 0 asn ! 0 (hence
an ! 0). Second,

lim
m; m ;a

1
m

m + m � 1X

i = m

O(a) = 0

if we take m = m anda = m � 2 with m ! 1 .
Now sincethe mappingfrom x 2 � to the subdifferential

@C(x ) is uppersemicontinuous,from [17, pp. 261-262],the
limit processf X (�); � (�)g satis�es

_X 2 @C(X ) + � ; � (t) 2 � V (X (t))

for almostall ! and t :

Similarly as in the proof of Theorem1, this implies that the
limit X k (�) convergesto the stationaryset of points of (17)
in � . This completesthe proof.

APPENDIX I I I
PROOF OF LEMMA 1

Let �� s(k) be an N � 1 vector, where valuesof entries
correspondingto those of source s are � s;i (k) and zero
otherwise.Hence,� (k) =

P
s2 S

�� s(k) = (� s;i ; s 2 S; i 2
1; 2; � � � ; Ns � jD s j). Similarly, u s is an N � 1 vector, where
the valuesof entriescorrespondingto thoseof sources are
oneandzerootherwise.
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First, we show that thereexists a �nite K 1 suchthat for all
k � K 1 we canrewrite C �

s (k) as

C �
s (k) = � s(x (k)) and

C+
s (k) = � s

�
x (k) +

X

s02 S

� s0(k) ~� s0(k)
�

;

where

~� s0(k) = � s0(k) �

P N s 0

j =1 � s0;j (k)

Ns0
u s0 :

Given any Ns � 1 vector# , the solutionof the minimization
problem

min
�

jj# � � jj 2

s. t. � T u = r s

is given by

� i = #i +
r s �

P N s
j =1 #j

Ns
; (18)

whereu = [1; 1; � � � ; 1]T . Obviously, if � i � 0 for all i , thisso-
lution is equivalentto the L 2 projection.Herefor the purpose
of temporaryperturbationwe replace(6) with a non-negativity
constraint.Thus, the projectionof x s (k) + � s(k)� s (k) can
be calculatedusing(18) if

xs;i (k) + � s(k)

 

� s;i (k) �

P N s
j =1 (� s;j (k))

Ns

!

� 0 : (19)

Recall that � s;i (k) is boundedby � from AssumptionA2.
Hence,(19) holdsif � s(k) � min j f x s;j (k )g

2� . From(6) we know
min j f x s;j (k )g

2� � �
2� . Since � s(k) ! 0, thereexists �nite K 1

suchthat � s(k) � �
2� for all k � K 1. Therefore,(18) canbe

usedto computethe projection of x s (k) + � s(k)� s (k) for
suf�ciently large k � K 1.

De�ne for k � K 1

Gs
k :=

C+
s (k) � C �

s (k)
� s(k)

=
� s

�
x (k) +

P
s02 S � s0(k) ~� s0(k)

�
� � s(x (k))

� s(k)

=
� s

�
x (k) + � s(k) ^� (k)

�
� � s(x (k))

� s(k)
;

where

^� (k) =
X

s02 S

� s0(k)
� s(k)

~� s0(k)

De�nition 2 ([12]): Supposethat h : IRr ! IR is a real-
valued convex function on IRr . The one-sideddirectional
derivative of h at x with respectto a vectory is de�ned to be

h0(x ; y ) = lim
� #0

h(x + � y ) � h(x )
�

:

For eachvectory the directionalderivative satis�es

h0(x ; y ) = max
sg(x )2 @h(x )

sg(x )T y :

In other words, the directional derivative is the maxi-
mum of the inner products< sg(x ); y > over @h(x ).
We denote the set of subgradientsthat achieve the maxi-
mal inner product by @hy (x ) � @h(x ), i.e., @hy (x ) =
argmaxsg(x )2 @h(x ) sg(x )T y .

Let � 0
s(x (k) ; ^� (k)) (resp. C0(x (k) ; ^� (k)) ) be the one-

sided directional derivative of � s (resp. C) at x (k) with
respectto vector ^� (k). Since� s(�) is convex andcontinuous,
we can show using [12, Lemma1] that, for any � > 0, there
exists �nite K 2 suchthat, for all k � K 2,

j� 0
s(x (k); ^� (k)) � Gs

k j <
�
2

w. p. 1:

From above, for every sgs(x (k)) 2 @� s; ^� (k ) (x (k)) , we
have

� 0
s(x (k); ^� (k)) = sgs(x (k))T ^� (k)

= sgs(x (k))T
X

s02 S

� s0(k)
� s(k)

~� s0(k) : (20)

Since � s 0(k )
� s (k ) ! 1, thereexists �nite K 3 � max(K 1; K 2) such

that, for all � > 0 andk � K 3,
�
�
�
�
�
C+

s (k) � C �
s (k)

� s(k)
� sgs(x (k))T

X

s02 S

~� s0(k)

�
�
�
�
�

< �

w. p. 1. (21)

Consequentially, for all k � K 3,

E k (ĝs;m (k))

=
Ns

Ns � 1
E k

�
C+

s (k) � C �
s (k) + � +

s (k) � � �
s (k)

� s(k)� s;m (k)

�

=
Ns

Ns � 1
E k

 
sgs(x (k))T P

s02 S
~� s0(k) + � 1(k)

� s;m (k)

!

=
Ns

Ns � 1

�
Ns � 1

Ns
sgs;m (x (k)) + O(� s(k))

�
+ �� 1(k)

= sgs;m (x (k)) + O(� s(k)) + �� 1(k) (22)

wheresgs;m (x (k)) is the entry of sgs(x (k)) corresponding
to x s;m (k),

� 1(k) =
C+

s (k) � C �
s (k)

� s(k)
� sgs(x (k))T

X

s02 S

~� s0(k) ;

and

�� 1(k) =
Ns

Ns � 1
E k

�
� 1(k)

� s;m (k)

�
:

It is now plain to seethat lim k !1
�� 1(k) ! 0 w. p. 1 from

(21) andhence

E k (ĝs;m (k)) � sgs;m (x (k)) ! 0 w. p. 1. (23)

Accordingto [4, Proposition4.2.4,p. 232], if a real-valued
functionh is a sumof a setof convex functionsf h1; : : : ; hn g,
i.e., h(x ) =

P n
i =1 hi (x ), thesubdifferentialof h at x is given

by

@h(x ) =
nX

i =1

@hi (x )

:=

(
nX

i =1

sgi (x ) : sgi (x ) 2 @hi (x ) for all i 2 f 1; : : : ; ng

)

:
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This tells us that, for eachs 2 S, the subgradientsgs(x (k))
in (20) canbe written as

sgs(x (k)) =
X

l 2 L s

sg l (x (k)) ;

where sg l (x (k)) 2 @Cl ; ^� (k ) (x (k)) . In addition, this im-
plies that any summation

P
l 2L sg l (x (k)) with sg l (x (k)) 2

@Cl ; ^� (k ) (x (k)) for all l 2 L is a subgradient in
@C ^� (k ) (x (k)) .

For each l 2 L , choose a subgradientsg l ?(x (k)) 2
@Cl ; ^� (k ) (x (k)) and let sg?

s (x (k)) =
P

l 2 L s sg l ?(x (k)) , s 2
S, andsg?(x (k)) =

P
l 2L sg l ?(x (k)) . Then,from theabove

argument,it is clearthatsg?
s (x (k)) satis�es(20) for all s 2 S.

Moreover, if we denoteby s(m) the sourcecorrespondingto
the m-th entry of x , thenthe m-th entry of sg?(x (k)) equals
the m-th entry of sg?

s(m ) (x (k)) . Therefore,from (23) this
proves claim (i) of the lemma that there exists a sequence
of subgradientsf sg(x (k)) ; k = 0; 1; : : :g such that b(x (k))
:= sg(x (k)) � E k (ĝ(k)) goesto 0 w. p. 1.

From the assumptionthat E [� +
s (k) � � �

s (k)jF k ] = 0 and
using the independenceof � �

s (k) and � s (k), we can bound
the secondmomentof ĝs (k) as follows:

E k (( ĝs;i (k))2)

= E k

 �
C+ (k) � C � (k) + � +

s (k) � � �
s (k)

� s(k)� s;i (k)

� 2
!

(24)

= E k

 �
C+ (k) � C � (k)

� s(k)� s;i (k)

� 2

+
�

� +
s (k) � � �

s (k)
� s(k)� s;i (k)

� 2
!

After some algebra using the bounds on E
�
(� s (k))2

�
,

E
�
(� s (k)) � 2

�
, andE

�
(� �

s (k))2
�
, onecanshow thatthe�rst

termin (24) is O(1) andthesecondtermis O(� s(k) � 2). Note
that E k (%2(k)) = E k (ĝ(k)2) � (E k (ĝ(k))) 2. Hence,since
P 1

k=0

�
as (k )
� s (k )

� 2
< 1 from AssumptionA4, it is easyto see

that
P 1

i = k E k (jjA (k)%(k)jj 2) < 1 w. p. 1.


