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Abstract—We study the problem of load balancing the traf ¢
from a set of unicast and multicast sessions.The problem is
formulated as an optimization problem. However, we assume
that the gradient of the network cost function is not available
and needsto be estimated. Multiple paths are provided between
a source and a destination using application-layer overlay. We
propose a novel algorithm that is based on what is known as
simultaneousperturbation stochasticapproximation and utilizes
only noisy measuementscollected and reported to the sources,
using an overlay architecture.

We consider three network models that re ect different sets
of assumptionsregarding multicast capabilities of the network.
Using an analytical model we rst prove the almost sure corver-
genceof the algorithm to a correspondingoptimal solution under
eachnetwork model considerd in this paper with decreasingstep
sizes.Then, we establish the weak convergence(or corvergence
in distribution) with a xed stepsize.In addition, we investigate
the benets acquired from implementing additional multicast
capabilities by studying the relative performance of our algorithm
under the three network models.

|. INTRODUCTION

Multicast trafc over the Internetis growing steadily with
increasingnumber of demandingapplicationsincluding In-
ternetbroadcastingyideo conferencingdatastreamapplica-
tions, web-contentdistributions, and exchangeof large data
setsby geographicallydistributed scientistsand researchers
working in collaboration.ldeally mary of theseapplications
requirecertainrate guaranteesand providing suchguarantees
demandsthat the network be utilized more efciently than
with currentapproacheto satisfytheraterequirementsTraf ¢
mapping (or load balancing)is one particular method to
carry out trafc engineeringwhich dealswith the problem
of assigningtrafc load onto pre-establishegathsto meet
certainrequirementg3].

Many major Internet Service Providers (ISPs) are in var-
ious stagesof increasingtheir network capacity and node
connectvity [27]. A higher level of network connectvity
typically provides multiple pathsbetweensource-destination
pairs, and offers an opportunity to better utilize network
resourceghroughload balancing.The focus of this paperis
to investicate the potential bene ts of load balancingboth
unicastand multicasttrafc within a single domain and to
proposea practical routing algorithm for carrying out such
load balancing,using only noisy network measurements.
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Thereis a limited amountof existing work on multipath
multicast routing. Park and Shin [23] proposea scheme
that createsmultiple trees betweena sourceand a set of
destinationsand splits the trafc optimally amongthe trees.
However, the proposedsolution covers only a single source
case.In addition, it assumeghe existenceof the gradientof
ananalyticalcostfunction andthatthe costfunctionis strictly
convex and continuouslydifferentiable.As discussedn [7],
in practiceit may be dif cult, if notimpossible,to precisely
de ne accurateanalytical cost functions due to the dynamic
nature of networks. Further even when an analytical cost
function exists, it may not be differentiableeverywhere.As
we will show in this paper theseassumptiongan be relaxed
considerably

In anothersetof work [22], [29] solutionsbasedon network
coding (see[1], [15], [18] for details) are proposed.Even
though they approachthe problem under a more general
architecturethesesolutionssuffer from the limitations inher
ited from network coding. First, network coding relieson an
unrealisticassumptiorthat the network is losslessaslong as
theaverage link ratesdo not exceedthelink capacitiesin fact,
a paclet loss can be muchmore costly whennetwork coding
is employed becauseit can potentially affect the decoding
of a large number of other paclets. In addition, ary event
that changesthe min-cut max- ow value betweena source
and a recever requiresthe codeto be updatedat every node
simultaneouslyThis bringsaboutconsiderableompleity and
demands high level of coordinationandsynchronismamong
the nodes.Moreover, similar to earlier efforts, thesesolutions
also assumethat there is only one multicast sessionin the
network.

In this paper we proposea distributed optimal routing
algorithm that balancesthe load along multiple paths for
multiple unicast and multicast sessions.Our measuement-
basedalgorithmdoesnot assumehe existenceof the gradient
of an analytical cost function and is a naturalgeneralization
of the unicastrouting algorithmsproposedn [7], [10]. To the
bestof our knowledgethis is the rst attemptto addresshe
issueof (optimal) multipath routing with multiple multicast
sessionsn a distributed manneywhile relying only on (local)
network measurements.

In orderto studythe performancenf the proposedalgorithm
andto understandand quantify the bene ts of implementing
additionalmulticastcapabilitiesin the underlyingIP network,
we considerthree different network modelswith gradually
increasingnetwork capabilities; rst, we look at the problem
underthe traditional network modelwithout ary IP multicast
functionality In this modelmultiple pathsare provided using



a limited number of (application-layer)overlay nodesthat
are usedas relay nodes.In the secondmodel, we allow IP
multicast and load balancing of multicast trafc is carried
oututilizing multiple multicasttreesavailablefor eachsource.
Thesetreesare rooted either at the sourceor at the overlay
nodesthat act as surrogate sourcesfor trafc forwarded by
the source.The routersareassumedo be capableof copying

and forwarding multicastpaclets onto downstreambranches.

Finally, in the third model we replacethe routersin the
secondmodel with “smart” routers capableof forwarding
multicastpaclets onto eachdownstreambranchat a different
rate.This modelenablesour algorithmto exercise ner control
over rate allocationthanin the secondmodel. Thesemodels
togetherprovide us with a generalframeavork that helps us
identify functionalities beyond basic operations(e.g., store-
and-forward) that are essentiafor the performancegain from
load balancing.

It is worth notingthatthe ner controlavailablein the third
model comesat the price of additionalintelligenceneededat
the routers.This is dueto the factthatin orderto ensurethe
delivery of distinct pacletsto the receversa sourceneedsto
maintaincareful bookkeepingof all the paclets forwardedto
eachrecever sothatevery pacletis forwardedto eachrecever
and delivery of duplicatepacletsis minimized. For the same
reasonsan intermediatdP routermustbe ableto identify the
set of intendedrecevers for eacdh multicast paclet. We will
shaw thatthis problemof potentiallycomplicatedbookkeeping
at the multicast sourcesand the core overlay nodescan be
avoidedby emplgying a family of sourcecodescalledDigital
Fountaincodes[20] (subsectionl-B).

Our proposedalgorithm is basedon simultaneouspertur
bation stochastic approximation (SPSA). We consider two
scenariosWe rst considerthe caseof decreasingtepsizes.
We shav that undera set of mild conditionsthe algorithm
convergeswith probability 1 (w. p. 1) to an optimal solution
that minimizesthe network costwith decreasingtepsizes.In
practice,a policy thatemplo/s decreasingtepsizesmay lose
the ability to reactin a timely mannerto changesn network
conditionsoncethe stepsizesbecomesmall. As a result, the
stepsizesneedto beresetfor exampleaftera certainperiodof
time, to ensurethat the algorithm staysresponsie to network
changesAn alternatve to this is to usea constanr x edstep
size.Although we are not ableto prove the samealmostsure
(a.s.)corvergencewith a x ed stepsize,we shov that when
the stepsizeis sufciently small, the algorithm corvergesto
a small neighborhoodaround the set of optimal points. In
subsectior'VIl-B we demonstrataising simulationresultsthat
theperformancef a x edstepsizealgorithmis comparabldo
that of a policy with decreasingtepsizes.Somepreliminary
resultsof this paperhave beenreportedin [11].

The restof the paperis organizedasfollows: In Sectionll
we introducethe basic setupof the problemand the Digital
FountainCodesthat are usedto solve the bookkeepingprob-
lem mentionedearlier Sectionlll describeghe threenetwork
modelsusedfor analysisand performancesvaluation, which
is followed by a descriptionof the optimization framavork
and the proposedalgorithm in SectionlV. We establishthe
convergencepropertiesof the proposedalgorithmin Section

V. Simulationresultsareprovidedin SectionVI. We conclude
in SectionVII.

Il. BACKGROUND & SET-UP
Considera network that consistsof a setof unidirectional

nodes.Eachsourcenodeis associatedvith a sessiorthat can
beeitheraunicastor amulticastsession- We useD ® to denote
the setof destinatiomodesfor the sources 2 S. Eachsource
needso deliver pacletsto every destinatiord 2 D* ata x ed
raters. In this paperwe studythe scenariowherethe sources
canmale useof pre-installedapplication-layemverlay nodes
that can be usedto provide the sourceswith alternatepaths
in additionto the default path provided by the underlyingIP
routing protocol.

We are interestedin designinga load balancingalgorithm
that can utilize multiple paths available between sources
and destinationnodesand optimize the network performance
accordingto a given network cost function. In order to
capturethe performanceémprovementvs. costtrade-of with
increasingnetwork capabilities,we considerthree different
network models(describedn Sectionlll). Thesemodelsdiffer
in the set of assumptionswe impose on the capability of
the underlying network. We study the relative performance
of thesesystemsand someof the propertiesof their operating
points.

In the remainderof this sectionwe rst explain the overlay
architecturethat is usedto createmultiple pathsbetweena
sourcenode and a destinationnode.Here a destinationnode
refersto a unicastdestinationnode or a multicast recever
node.Then,we explain how someof the booklkeepingissues
thatarisein our problemcanbe handledusinga specialfamily
of codes,called Digital Fountaincodes.

A. Geneal routing framavork - overlay architectuie

In standard application-layer overlay networks overlay
nodes are selectedamong the end-hoststhat are possibly
located under different administratve domains(see[6]). In
this paperwe only considerthe caseof a singleadministratve
domain. An overlay node in our architectureis a router or
an end hostwith a simple device (e.g.,a network processor)
attachedto it. We call a network router with sucha device
a core overlay node and an end host overlay node an edge
overlay node.In this paperwe assumethat all sourcenodes
are edgeoverlay nodes.

A sourcenodecan createan alternatepathto a destination
nodeusingone of core overlay nodesas follows: The source
node rst attachesan additionallP headerto the paclet with
the IP addresof the selectedoverlay nodeasthe destination
addressand then forwards the paclet to the overlay node
usingthe underlyingrouting protocol. Whenthe overlay node
recevesthe paclet, it rst stripsfrom the paclet the extra IP
headerusedby the applicationoverlay andthenforwardsit to
the destinationnodeutilizing the underlyingrouting protocol.

1For simplicity eachsourceis assumedo have a single sessionHowever,
the results also apply to the case where there may be multiple sessions
originating at a single sourcenode.



Fig. 1. Proposedoverlay architecturefor multipath routing.

Thisis shavn in Fig. 1. This canbe viewed asa form of loose
sourcerouting in the sensethat the sourcenodecan exercise
a certainlevel of route selectionfor individual paclets. Also,
we assumethat at most one overlay nodeis usedalong ary
path. In principle a sourcenode can forward ary fraction of
pacletsto a destinatiomodethroughary of the availablecore
overlay nodes creatingmultiple pathsto the destinatiomnode.
Note that this approachdoesnot requireary changego the
underlyingIP routing protocol.

We denotethe setof core overlay nodesby O andthe setof
overlay nodesin O usedto createalternative pathsbetween
asources 2 S andits destinationnode(s)in D® by O  O.
Since every sourcenodeis also an (edge)overlay node, the
set of overlay nodesutilized by a sources 2 S is given by
O® := Og [ fsg, andthereareNs := jO%j pathsavailableto
eachdestinationgpde, wherejO®j denotesthe cardinality of
O°.Dene N = 5 (Ns jD%j).

B. Digital Fountaincodes

As discussedn Sectionl, whena sources forwardspaclets
to a destinationd, without ary specialcodingit mustensure
that the destinationreceves all distinct paclets necessaryor
recosering the messageWhen different sets of paclets are
forwardedto differentdestinationsisingtwo or more overlay
nodes,the sourcemust keeptrack of the paclets forwarded
along different paths so that every destinationreceves all
necessarpaclets.As aresult,this requirescomplicatedbook-
keepingat the multicastsourcesandthe coreoverlaynodesin
this paperwe proposethe adoptionof Digital Fountaincodes
to solwe this problem.

The original applicationareaof Digital Fountaincodeg20],
[25] is the reliable transmissionof dataover the Internetas
an alternatve to the unicastTCP/IPretransmissionsSincethe
Internetcan be modeledas an erasurechannel the ideais to

usean erasure-correctingodethat will eliminateretransmis-
sions. Classicblock codesfor erasurecorrectionare called
Reed-Solomorodes An (N ;K) Reed-Solomorcodehasthe
ideal propertythatif any K of theN transmittedsymbolsare
recevedthentheoriginal K sourcesymbolscanberecovered.
However, whenusinga Reed-Solomoicode,aswith ary block
code,onemustestimatehe erasurgrobabilityandchoosehe
coderate R = K=N beforetransmissionln addition, Reed-
Solomoncodesare practicalonly for small K ; N .

Fountaincodesare ratelessn the sensethat the numberof
encodedpaclets that can be generatedrom the sourcemes-
sageis potentiallylimitless; the numberof encodedacletsto
be generateccan be determinedon the y . Regardlessof the
statisticsof the erasureeventson the channel,one can send
as mary encodedpaclets as neededn orderfor the decoder
to recover the sourcedata. The input and outputsymbolscan
be bits or more generallybinary vectorsof arbitrary length.
Each output symbol is generatedby a (binary) addition of
somerandomlyselectednput symbols.The numberof input
symbolsto be addedis determinedaccordingto some x ed
degreedistribution. It is assumedhat eachoutput symbolis
taggedwith information describingwhich input symbolsare
usedto generatet, for example,in the paclet header

A decodingalgorithm for a Fountaincodeis an algorithm
that recovers the original K input symbolsfrom any set of
M outputsymbolswith a high probability For good Fountain
codeshevalueof M is very closeto K andthedecodingime
is approximatehinearin K . Raptorcodes[25] are examples
of such Digital Fountain codeswith linear time encoders
and decodersfor which the probability of decodingfailure
convergesto zero polynomially fastin the numberof input
symbols.For instancefor K = 64,536andM = 65,552,i.e.,
with a redundang of 1.5 percent,it is shavn in [25] that the
errorprobabilityis upperboundedoy 1:71 10 4. In practice,
however, Digital Fountain codesintroduce approximately5
percentoverheads.

Raptor codeshave beenusedin commercialsystemshy
the Digital Fountain startup compary. Their Raptor code
implementationcan encodepaclets at the speedof several
gigabits per secondon a 2.4 Ghz Intel Xeon processomwith
a fairly small upperboundon the decodingerror probability
even for a small numberof input symbols.

In our formulationwe assumehata sourcerst dividesthe
trafc into blocks of, say K symbolsand appliesa form of
Digital Fountaincode(e.g,.Raptorcode)to generateencoded
output symbolsthat are forwardedto the destinationsHere
the block size will be constrainedby the buffer size at the
source.Since a recever can recover the K sourcesymbols
in each block from ary M encodedsymbols, the source
node doesnot require ary bookkeepingas long as it sends
distinct pacletsalongeachpath. This will guaranteehateach
recever successfullyreceves the whole multicast streamas
long as eachuserreceves paclets at a sufcient rate. This
allows usto formulateour problemasone of assigningpaclet
forwardingratesto availablepathsfor eachdestinationsubject
to a constraintthat the aggreate rate at which the destination
receves paclets exceeds certain threshold. This threshold
dependson the demandrate r® as well as the efciency of



Fig. 2.
session.

Network model-I (NM-1). Each dotted line representsa unicast

the codingscheme.

I11. NETWORK MODELS

In this sectionwe describethree different modelsthat we
considerfor performanceevaluation. For eachs 2 S and
d2 D* let x3.4 betherateat which the sourcenodes sends
paclets to destinationd through an overlay nodeo 2 OS.2
Also, de ne xg to bethetotal rateat which an overlay nodeo
recevespacletsfrom sources. In a unicastcasethis is simply
the rate at which paclets are forwardedto the destination
through the overlay node, while in the caseof a multicast
sessionjt depend®n the capabilityof the underlyingnetwork
andthe implementationaswill be explainedshortly.

As mentionedin the previous subsectionthe adoption of
a Digital Fountain code reducesour problemto that of rate
assignmenix = (xg4;s 2 S;0 2 O°%d 2 D?®), which is
the focus of the remainderof this paper We assumethat the
overlay nodescan copy paclets. Hence,the sourcesneedto
deliver only a single copy of the pacletsto an overlay node,
and the overlay node acts as a surrogte sourcefor these
paclets. Under this assumptionthe rate x3 to an overlay
nodeo is given by X§ = maxq2ps X5.4, and dependingon
the assumechetwork model and the assignedrates,someor
all of the paclets forwardedto the overlay node are relayed
to the destinations.

We now describethe modelsin increasingorderof network
capabilities.

A. NetworkModel-I|

The rst network modelwe considerrepresent&n unicast
only IP network, where routersdo not possesdP multicast
functionality We assumethat paclets are encodedusing a
Digital Fountain code at the source.A source node rst

2Whena sources usesa default path or a multicasttree rootedat itself to
deliver someof pacletsto therecevers,we saythatthe sourceusestself asan
overlay nodeto forward the paclets,althoughstrictly speakingno processing
by ary overlay nodeis involved for thesepaclets.

forwardsthe encodedpacletsto overlay nodesat the required
rate, and the overlay nodescreatea unicastsessionfor eah
destinationand forward paclets at the speci ed rate x3.4.
Hence, a sourcenode and overlay nodesneedto maintain
multiple unicastsessiondn caseof a multicastsessionwith
more than one destination.This is shovn in Fig. 2.

Let Vit L bethe setof links in the default path from
noden; to noden,. Givena rateassignmenk, thelink loads

x';1 2 L; underthis network modelare given by
0
X X X X
xX'= @ xS + X5q A
$2S  020%:12Ve 020% d2Ds:2V

1)
We refer to this modelas NM-I.

B. NetworkModel-II

Under Network Model-1I the routersare IP multicast ca-
pable. We assumethat eachoverlay nodeo 2 O° createsa
separatemulticasttree MT § rooted at itself for forwarding
paclets from the sources, using an intradomain multicast
algorithm (e.g., DVMRP [28]). However, we assumethat IP
multicastroutersare only capableof copying and forwarding
paclets. Hence, every paclet forwardedto an overlay node
by a sourcenodes is relayedto all destinationsn DS. As
a result, the rate at which destinationnodesreceve paclets
from an overlay nodeis the same(assumingno paclet losses)
andis givenby X = maxgzps Xg,4- This is shavn in Fig. 3.
Clearly, this may causea recever to receve pacletsat a rate
largerthantheintendedrate.However, aswe will shaw shortly
our algorithmexploits this propertythroughmeasuremenisnd
attemptsto eliminatesuchredundang. In fact, at the optimal
operatingpoint x * we have x$.4” = x5 for all d 2 D*.

Underthis mo(()jelthe load of link | canbe V\iritten as

X X
@

0208:12V§

x' =

s2S

xS +

S
(o] XOA

0205:12T¢

)

whereT§ is the setof links in the multicasttreeMT ¢ in the
caseof amulticastsessioror the setof links in thedefault path
in the caseof a unicastsessionj.e., T3 = V{. This modelis
referredto as NM-I1.

C. NetworkModel-lI

In this model,in additionto the IP multicastcapability we
alsoassumehat eachrouteris capableof forwarding paclets
onto eachbranchat a differentrate. We refer to theserouters
as“smart” routersto distinguishthemfrom the routersusedin
NM-II. This is shavn in Fig. 4. Underthis modela sources
canselecttheindividual ratesxg,4 independentlyor eachdes-
tination,andpacletswill beforwardedto adestinatiord 2 D3
attheintendedratexg; (asopposedo maxy,ps X3 ;0 Under
NM-I1). 2 This allows the network operatomore e xibility and
ne-grained control in rate assignmentnd to better exploit
the existenceof multiple pathsthroughoverlay nodes,while
makinguseof multicastnatureof thetrafc at the sametime.

3This assumeshat thereare no paclet lossesalong the path.



Fig. 3. Network model-1l (NM-11).

The link ratesunderthis modelare given by
0 1
X X X
xS + X3.q4A

[0}
0208:12V§ 0205

max
d2Ds:29¢

®)

s2S

Here\’)d0 denoteshe setof links alongthe pathfrom overlay
node o to destinationd. In the caseof a multicast session,
this is the set of links in the multicasttree, which may be
different from the default path provided by the underlying
routing protocol. We will refer to this modelas NM-III.

Due to the large gap betweenthe level of intelligencecur
rently available at the IP routersandthe requiredintelligence
assumedn this model,it is unlikely thatthis type of network
will be availablein the nearfuture. However, we considerthis
modelfor comparisorpurposesandcomparethe performance
of the othermodelsagainstthat of this somevhatidealmodel.

Note that underthesemodels,overlay nodescanbe viewed
ascontentdelivery senersthat storea portion of the original
contentto be distributed. Our goal is to designa unied
load balancingalgorithm that minimizes the total network
cost by distributing the trafc load amongmultiple available
paths,under all three network models. However, since the
link loadsdependon the assumedhetwork model,the desired
operatingpoint aswell asthe aggreyate network costarealso
determinedby the assumedhetwork model. This will allow
us to quantify the additionalnet bene t we canacquirefrom
placing increasingnetwork capabilitiesand to carry out the
performancevs. costtrade-of analysis.

1V. OPTIMIZATION FRAMEWORK AND THE PROPOSED
ALGORITHM

We formulate the problem of rate assignments an opti-
mization problem, where the objective function is the sum
of link costs. A link costis a function of the total rate
traversing the link x' andis given by C;(x');l 2 L. These
link cost functions are assumedo be convex but neednot

Fig. 4. Network model-1ll (NM-I11).

be differentiable.The optimization problem can be statedas
follows:

P
10 Ci(x")

P miny C(x) = 4)

St 0, Xoa =%+ °/8528S;d2D* (5)

X5:d ; 852 S;02 0%,d2 D3 (6)

where r® is the assumedtrafc rate of sources, is an

arbitrarily small positive constantt and S is theadditionalrate
requiredby the coding schemefor a recever to successfully
decodethe incoming encodeddata.

Our problemin (4) canbeviewedasa naturalgeneralization
of the problem studiedin [7], [10]. Indeed, the algorithm
proposedn [10] is a specialcaseof the algorithm described
in this paperwith only unicastsessionsinderNM-I described
in subsectionll-A. Therearetwo major differenceshetween
the current problem and that investicatedin [7], [10]. First,
in this paperthe resultinglink loadsx';l 2 L, from the rate
assignmenand hencethe overall network costdependon the
adoptednetwork model. Consequentlythe performanceof the
systemdependson the assumedtapability of the underlying
network. Second,the lack of differentiability of the cost
function with respectto the rate assignmenix raisessome
technicalissuesaswill be clearin the analysis.

A. Simultaneougperturbationstodastic approximation

The optimization problem in (4) can be solved using a
StochasticApproximation (SA) technique.SA is a recursve
procedurefor nding the root(s) of equationsusing noisy
measurementgndis usefulfor nding extremaof functions
[5], [14], [26]. The generalconstrainedSA is similar to the
well-known gradientprojection algorithm, in which at each
iteration k = 0;1;:::, the variablesare updatedbasedon
the gradient. In SA, however, the gradient vector r C(k)
is replacedby its approximation§(k). The approximationis

“4For instance,someof the control paclets may be routed along different
pathsavailable betweenthe sourceand destinationnodes.



often obtainedthroughmeasurementsf the costC(x) around
x (k). Under appropriateconditions,x (k) can be shawvn to
converge to a solution of (4) almostsurely (a.s.)as will be
shawn in subsectioriV-B.

Oneparticularmethodusedfor gradientestimationis called
SimultaneousPerturbation (SP). When SP is employed, all
elementsof x (k) are randomly perturbedsimultaneouslyto
obtaintwo measurementy(x (k) + (k) (k)) andy(x (k)

(k) (K)) [26]. Here (k) is some positive scalar and
m(K)) is arandomperturbatiorvector
generatedby the SP method and needsto satisfy certain
conditions.Thei-th componenbf the gradientapproximation
0(k) is computedfrom thesetwo measurementaccordingto

ok = YR+ () () yex(k) (k) (k) .
| 2.0 (K ’
= 1m @)

SA algorithmsthat use SP for gradientestimationare called

SimultaneoudPerturbatiorStochasticApproximation(SPSA).

As showvn in [10], [26], SPSA has signi cant adwantages
over SA algorithmsemploying traditional gradientestimation
methodssuchas Finite Difference(FD).

B. Proposedrouting algorithm

Onething to notein the optimizationproblemin (4) - (6) is
thatthe decisionvariablex is a collectionof rateassignments
of the sourcesx®;s 2 S, and the constraintsgiven in (5)
and (6) compriseseparateonstraint§or eachsourcethat are
independenotf others.Therefore the problemcanbe naturally
decomposednto several coupledsubproblemspne for each
source.

Let s denotethesetof feasiblerateassignmentfor source
s that satisfy the constraintsin (5) - (6) and  _[ ] the
projection of a vector onto the feasibleset ¢ using the
Euclideannorm. We denotethe setof links utilized by source
s'spacletsby L 5. Clearly, this setL ® dependon theassumed
network modelandis givenby fV3 [ V{ :02 O%;d2 D3g
for NM-1 andfV$ [ T35 : 02 O°g for NM-II and NM-III.

In orderto nd a solutionto (4) we proposethe following
SPSA-basedlgorithm to be run at each sourcenodein a
distributed manner: At time k 0;1;:::, eachsources
updatests rate vectorx (k) accordingto

xs(k+1)= [[xs(k) as(k)gs(K)] (8)

where ag(k) > 0 is the step size, and §s(k) is an
approximation to either the gradient vector r Cs(k)
(@(x(k)=@354;0 2 O°%d 2 D®) if C(x(k)) is differen-
tiable or a subgradienvectorsg(x) otherwise[12].

In our proposedalgorithmwe compute@s(k) accordingto

6. (K) = Ns ys( [x(k)+ (k) (K] ys(x(k))
> Ns 1 s(k) sii (k)
_ Ns (Ci(k)+ (k) (Cs(k)+ (k) |
Ng 1 s(k) ;i (k) ,
i=1:::;Ng jDS; 9)
where (k) = ( s(k); s2 S)isanN 1vector (k) is

the randomperturbationvectorgeneratedy sources at itera-
tionk, ( k) isanN N diagonalmatrix composedf block

diagonalentriesf (k) := s(k) ls;s2 Sgwith (k) > 0
and |l beingthe (Ns jD%j)) (Ng jDS3j) identity matrix.
We denoteby ys(x) thtfg,noisy measurementsf the partial
network cost s(x) := |, sCi (x') obtainedwith a given
rate assignmentvector x. The variablesC (k) and C{ (k)
denote (x(k)) and s( [x(k)+ ( k) (K)]), respectiely,
and (k) and (k) representhe measuremennoisesdue
to stochastimatureof traf c and/orpotentiallack of synchro-
nization of the algorithmsat the sourcesandwill be modeled
as randomvariables(rvs). For the simplicity of analysis,we

assumethat the distribution of the noise M

in the
approximatioris conditionallyindependenof the |[k)erturbati0n
vector (k) selectedby the sourcethroughoutthis paper
In addition, we assumethat a sourcekeepsdrawing a new
perturbationvectoruntil  _[xs(k) + s(k) (k)] 6 xs(k).
There are several differencesbetweenour proposedalgo-
rithm and a standard SPSA algorithm. First, the gradient
approximatiorin (9) differsfrom the standardSA; eachsource
usesonly partial costinformation(i.e., summatiorof the costs
of thelinks in L®) asopposedo the total network cost,which
is the summationof the costsof all the links in the network.
This is to minimize the communicationoverheadstemming
from the exchangeof link costinformationto the sourcesin
addition,the noisetermsobsenred by the sourcesare allowed
to be different. Second,while (k) is a positive scalarin
standardSA, in our case ( k) isanN N diagonalmatrix.
This allows the possibility of having different ¢(k) valuesat
differentsourcesThird, thereis an extra multiplicative factor
Ns _ in (9) comparedo the standardSA. This is dueto the

Ns 1
projection of the perturbedrate vector x5 (k) + (k) s(k)
s for all s 2 S using L, projection

onto the feasible set
when calculating s (k). This is explainedin more detail in
Appendix Il of the supplementarglocument.

Our algorithmin (8) doesnot assumehat the sourceshave
the samestep sizesas(k) at eachiteration. This permits a
certain level of asynchronousperationamongthe sources.
For examplethis allows a scenariovherethe sourcesstartthe
algorithm at different times (without losing the corvergence
propertyshavn in thefollowing section).However, we assume
that sourcesupdatetheir ratesonce every iteration after they
startthe algorithm. This assumptioris reasonablén our case,
for at eachiteration sourcesshouldmalke useof the collected
informationthat is alreadyavailable. This is, however, not to
saythatthe updatedake placesimultaneouslyThe errorsdue
to this lack of synchronizatiorare assumedo be includedin
the measuremengrrors ¢ (k) in (9).

V. CONVERGENCE OF THE PROPOSED ALGORITHM

In this sectionwe establishthe convergenceof the proposed
algorithmin (8) and(9). We rst considerthe casewherethe
stepsizesfag(k); k = 1;2;:::9 are decreasingand establish
the a.s. corvergenceof the algorithm to a solution of the
optimization problemin (4) - (6). Then, we study the case
of a x ed or constantstepsize,i.e.,as(k) = aforalls2 S
andk = 0;1;:::, and demonstratehe weak corvergenceof
the algorithmto a neighborhoodf a solution.



A. Decreasingstepsizecase

In this subsectionwe establishthe a.s. corvergence (or
convergencew. p. 1) of (8) underall three network models
describedn Sectionlll.

The following de nition is borrowved from corvex analysis
[12], and further detailscan be found in [24].

De nition 1: Supposehath is a real-valuedcorvex func-
tion on R". A vector sg(x) is said to be a subgradientof
h at a point x if h(z) h(x)+ (z x)Tsg(x) for all
z 2 R". The setof all subgradient®f h at x is calledthe
subdiferentialof h atx andis denotedby @ (x).

In orderto establishthe corvergenceof our algorithmbased
on SPSA,we assumehat the following conditionshold:

Al. Thelink costfunctionsC, x' areconvexforalll 2 L,
but arenot necessarilgifferentiable The subdiferential
of C at x is denotedby @ (x) andis boundedfor all
x 2 ,where s thefeasiblesetof x, i.e.,Xxs 2 5

foralls2 S.

A2. Theperturbatiorterms s, (k) are(i) mutuallyindepen-
dentwith zeromeanforalls 2 Sandi 2 f1;2; ;Ng
jD3jg, (i) uniformly boundedoy someconstant < 1
with supporton nite discrete sets, (iii) independent
of (x(n);n = 0;1; ;k), and(iv) E ( (k) ',
E ( si(k)) ? areboundedfor all k.

h i

A3. E (K] (K):Fk are  bounded  and
E[f(kk) <(K)j (kK);F = 0 as. for all k,
whereFy isthe -eld generatedy fx(0); ;x(k)g.

P
A4. g) L oas(k) =1, (i) as(k) ! Oask! 1, (i)
2
o =0 <1,(v) s(k)! Oask! 1,and
(v) limyn 50(('7()) = 1foralls;s°2 S.
P

A5. Dene &(k) := maxs2sas(k). (i) i:o (a(k)

as(k)) < 1 foralls2 S, and(ii) limgy, 2% =1

a(k)

The mainresultof this subsectioris given by the following
theorem.

Theoem1: Under AssumptionsAl - A5, the sequence
x(k) = (xs(k); s 2 S) generatedby the algorithm given
by (8) corvergesto a pointin the setof solutionsof (4) - (6)
w. p. 1 undereachof the threenetwork modelswith link loads
de ned by (1) - (3), startingfrom ary initial rate assignment
(xs(0);82 ) 2

Proof: We provide a proof only underNM-I with link
loadsgiven by (1) in Appendix|. The proof for the othertwo
modelsfollows from the fact that the necessargonvexity of
the objective function canbe establishedn a similar manner

[ |

One thing to note here is that the proposedalgorithm
doesnot requireary modi cations for its corvergenceunder
differentnetwork models.This allows us to comparedifferent
network models using the same optimal routing algorithm
and quantify the bene ts obtainedfrom increasingmulticast
capabilities.For the samereasonthe underlying IP network
can be upgradedgradually without requiring ary changesto

our algorithm.

1) A propertyof NM-II: As mentionedn subsectiorill-B,
underNM-II all destinationgeceve paclets at the samerate
MaXg2ps Xg.4 = Xp from overlay nodeo 2 O° becausethe
multicastroutersare assumedo be capableonly of copying
and forwarding paclets. Basedon this obsenation one can
trivially prove the following corollary.

Corollary 1: Let x? be a feasiblesolution of (4) to which
the a.s.cornvergencein Theorem1l takes place under NM-I
with link loadsde ned by (2). Then,for alls 2 S ando 2 OS,
we have

s? _—

x5y = x5’ forall d2 D*:

This simpleresulttells usthatunderNM-I1 the optimization
problemin (4) - (6) can be reducedto that of nding the
optimal rate assignmentgx$?;s 2 S; 02 O%) to the overlay
nodesThisis becauséheratesto individual receversfrom an
overlay nodearethe sameasthe ratefrom the sourcenodeto
the overlay node. Therefore,the optimizationproblemin (4)
- (6) can be rewritten as the following simpler optimization
problemunderNM-II.

minC(x) = min  C;(x") (10)

X X X 12L

s.t. X;=1r%8s28S (11)
02 0g

where,with alittle aluseof notationx = (x3;s2 S;02 O3).
When the number of recevers is large, this leadsto much
lower computationalrequirementat the sourcesand faster
convergenceaswill be demonstratedh SectionVI.

Note thatin (11) the term ° is removed from (5). This is
dueto the fact that, at a feasiblesolution, a sourcenodecan
deliver paclets to the overlay nodesthat simply forward the
paclets to all destinationsAs a result, thereis no issue of
bookkeepingat the sourceand © canbe setto zero.We refer
to this variation of NM-II asNM-IIb in the restof the paper

B. Constantstepsizecase

In the previous subsectionwe have assumeddecreasing
stepsizesfag(k); k = 1;2;:::g that satisfy the conditionsin
AssumptionA4. Although it is possibleto adoptdecreasing
stepsizesat the sourcesa constanstepsizemay be preferred
for practicalreasonsFor instancewhendecreasingtepsizes
areemployed, oncethe stepsizeshecomesmall, the response
of the algorithmto a suddennetwork statechangebecomes
slow, which is undesirableandthe stepsizesneedto bereset.
This will require additional mechanismand decision maker
that monitor the network for ary signi cant changeand reset
the stepsizesat the sourceswhennecessary

In this subsectiorwe considerthe casewherethe stepsizes
at the sourcesare xed at ag(k) = a > 0 and (k) =
for all s 2 S andk = 1,;2;:::. Throughoutthis subsection
we assumethat := —, where is the uniform bound
on the perturbationterms ¢ in AssumptionA2. Although
we are not able to establishthe samea.s. corvemgenceto
a solution with constantstep sizes,as shavn in [17] under
certainconditionsconstanstepsize SA algorithmscanachieve



weakcorvergenceto a neighborhooaf the solutionset.Since
the performancenearthe setof solutionsis comparabldo that
of a solutionin our problem, a constantstep size policy is
expectedto perform reasonablywell, which is supportedby
our simulationresultsin SectionVI.

In this subsectiorwe areinterestedn the systembehaior
when the step size is sufciently small. To this end, we
consider the following parametricscenario:Let fa,;n =
1;2;:::g andfqg,;n = 1;2;:::9 be a decreasingsequence
of positive real numberswith a, ! 0 anda nondecreasing
sequencef non-ngative integers,respectiely.

Fix n = 1;2;:::. We rewrite the updaterule in (8) for all
sourcesn the following compactform:

x"(k+1) = [x"(k) ag" (k)]
=x"(k) ang"(k)+ "(k);
where "(Kk) is there ection termto keepx"(k + 1) in the
feasibleset .5

Let usde ne the following piece-wiseconstantcontinuous-
time processes:

P bt=anct+qgn 1

neiy -
X"= P, X (nl)_, fort 0
i btzanctq, X ()5 fort<O
The process "(t) is de ned similarly with " (k) in place
of x" (k).

Beforewe statethe mainresultof this subsectiorwe impose
the following additionalassumptioron §(k);k = 0;1;:::.

A6. f@§"(k); n; kg is uniformly integrable.

The main result of this subsectionis nowv given by the
following theorem.

Theoem2: SupposehatAssumptionsA1-A3 andA6 hold.
Then, for eachsubsequencef fX "(a,q, + ); "(anth +
); n2 N:=f1;2;:::99 thereexistsa further subsequence
fX"anth + ); "(angy + ); n 2 Kg and a process
(X (); () such that the following distributional corver-
gence(denotedby ) ,) takesplace:

X M@t + ); "(@th+ ))) n (X();

where

Q)

X-2@X)+ 2 V(X (1)

for almostall ! (in the samplespace of the underlying
probability space)andt. HereV (x) denotesthe corvex cone
generatedy the setof outward normalsde ned in Appendix
l.

Furthermore,for ary > 0, the fraction of time that
X "(ahgy + ) spendsin N (S ) on [0, T] goesto one (in
probability)asn! OandT ! 1, whereS is the setof
stationarypointsde ned in Appendix| andN (S ) := fx 2

tinfyoas jixo X7 g

Proof: The proof of Theorem2 is givenin Appendix|
of the supplementarglocument. ]

Theorem? statesthat for sufciently small stepsizesa, as
k! 1, therateassignmenk (k) oscillatesarounda small
neighborhoof the setof optimal solutions.

5We usea superscripin to denotethe dependeng on the stepsize an, .

C. Trafc Filtering

In a scenariowhere a multicast sourcedoes not employ
Digital Fountain coding, (e.g., NM-lIb algorithm) one has
to give special care while splitting the trafc at the source
nodeto avoid the well-known reorderingproblem, especially
for the TCP trafc. The algorithm proposedin this paper
calculatesthe rates at which trafc should be distributed
amongthealternatve pathswithout requiringor specifyingthe
exact pathsthat a particular packet shouldfollow. Therefore,
ary existing ltering schemethat minimizes the reordering
problem can be usedfor this purpose.A possiblesolution
basedon hashfunctionsis presentedn [7].

V1. SIMULATION RESULTS

In this sectionwe evaluatethe performanceof our proposed
algorithm under various network conditionsand validate its
corvergence.In addition, we also comparethe performance
of our algorithm underthe three network modelsto quantify
the bene tswith increasindevel of intelligenceat the routers,
aswell asthat of DVMRP for comparison.

We developeda paclet level discrete-gentsimulatorfor our
study For the optimization problem, the link cost function
is selectedto be x'=d °, where ¢ is the link capacity
and x' is the link rate as de ned in Section lIl. In all
simulationsthe measuremerr samplingperiodis setto one
second.Therefore sourcenodescanupdatetheir ratesat most
approximatelyevery two secondsincetwo measurementsare
neededor estimatinghe (sub)gradientectoraccordingo (9).
For simplicity we setthe sourcecoding overhead/redundagic

S to zero. Experimentsare conductedwith two different
intradomainnetwork topologies.

A. Firsttopolagy

Fig. 5. Network topology 1

The rst topologyis shavn in Fig. 5. This topologyis also
usedin [2], [21] and closely resembleshe MCI backbone
topology reportedin [19]. Eachlink has a capacity of 20
Mbps. Paclet size is selectedto be 500 bytes. Nodes 1
and 5 are selectedas multicast sources.In the rst set of
simulations, each source has 6 recevers. For each source
we selecta set of recevers spatially distributed throughout
the network. In this example,D! = 4;7;8;11;13;16g and
D% = 11,8;9;12;15,17g. Nodes9 and 17 are selectedo be
coreoverlay nodesand, hence therearethreeavailable paths
to reacheachdestination.For the simulationswe attemptto
selectnodeswith a higherdegreeascore overlay nodes.Each



sourcegenerates?oissontraf ¢ with an averagerate of 11.5
Mbps® Under all network models the rates along alternate
routesthroughcoreoverlay nodesareinitially setto zero,i.e.,
x5.4(0) = 0if 0 & s andxg4(0) = r®. Hence,underNM-
I model, the algorithm startswith traditional unicastrouting
to eachdestinationwhile underNM-II, NM-Illb and NM-IlI
all the trafc is initially routed through the multicast tree
rooted at the sourceand is gradually shifted to alternatve
treesrootedat core overlay nodes9 and 17 whendesired.In
this simulationa decreasingtepsizepolicy is adoptedwhich
satis es the conditionsin AssumptionsA3-A5. In particulay
as(k) = 20=(k + 100)*6%2 and (k) = 50=(k%101),
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Fig. 6. Network costsand paclet losseswith 6 recevers.(a) Network cost,
(b) paclet losses.

600

3000

Fig. 6 shavs the evolution of total network costand paclet
lossrateunderdifferentnetwork models.Throughoutthis sec-
tion we only plot a single samplepathout of tenindependent
runs startingwith different randomseeds.The other sample
pathsare similar. We also computethe optimal cost values

6Since we focus on intradomain routing, this rate may representan
aggreyaterate of multiple multicastsourceshaving the samereceier setD S.

under NM-II and NM-Ill, using a MATLAB optimization
package.The optimal valuesunder NM-Il and NM-Ill are
4.7979and4.3548 respectiely. As expectedhe optimalvalue
under NM-III is smallerthan under NM-II due to assumed
additional capabilitiesof the routers. However, interestingly
the differenceis rather small in this example. Hence, the

additional complity of having smart routers capable of

forwarding paclets onto eachbranchat a differentrate offers

only amamginal bene t in this case! Also, it is clearfrom the
achieved network costand paclet lossrate that our algorithm
considerablyutperformdDVMRP underbothNM-II andNM-

[l by distributing the trafc amongthree available multicast
trees.

As shown in the gures, while our algorithm can reduce
the network cost to a certain level under NM-I, it can-
not completely eliminate paclet lossesand incurs a much
higher overall cost comparedto DVMRP. (The cost of NM-
I model decreases$o around14.197 while it is around7.45
for DVMRP.) The reasonfor this rather poor performance
under NM-I is the lack of multicastfunctionality Since we
cannot create multicast trees, independentunicast sessions
needto be setup to eachdestinationfrom the sourcesand
overlaynodesjgnoringthe multicastnatureof thetrafc. This
requiresproducinga separateopy of the samepacletfor each
destination,even when thesepaclets traversemary common
links, andleadsto severelink stressin the network.

It is clear from Fig. 6 that our algorithm corvemgesfaster
under NM-1lb than under ary other model. This is due to
the fact that we only needto optimize the overlay ratesx?
insteadof individual recever ratesxg. 4. Hence,the numberof
parameterghat needto be updatedin eachiterationis much
smallerthanthe othercasedq6 versus36).

In order to better understandhe convergencerate of our
algorithm under different network modelswe also simulate
a scenariowith 11 recevers for each source.The recever
setsare given by D! = 3;4;7;8,9;10;11;12,13,16,17g
andD® = f1;2;3;4;8;9;10; 12, 15; 16; 17g. The evolution of
network cost and paclet lossesis plotted in Fig. 7. We do
not plot the performanceof our algorithmunderNM-I for the
easeof illustration (asit is not comparableo that underNM-
II or NM-III). Clearly, asthe numberof recevers increases,
the convergenceof the algorithm under NM-11 and NM-I11I
becomessomeavhat slover. StandardSPSA theory suggests
that the corvergenceof an SPSAalgorithm doesnot change
signi cantly with the numberof parametersHowever, in our
casesourcesperturbthe systemindependentlyof othersand
they obsene only partial network information as opposedo
globalinformationassumedn the standardSPSAmodel. We
suspectthat theseare the main reasondor the slight perfor
mancedegradationwith increasingnumberof parametersn
our case.Also, note that the algorithm doesnot suffer from
slower corvergenceunderNM-Ilb with increasingnumberof
recevers becausethe overlay node ratesdo not dependon

"Thisis notto saythatthe sameholdsin all casesasthe differencedepends
on the topology and source-destinatiopair selectionsas well astheir traf ¢
demand.Indeed,we suspectthat when thereis a severe bottleneckalong a
pathfrom anoverlay nodeto a destinatiorthatcanbe congestedinderNM-II,
thenthe optimal costunderNM-II canbe larger thanthat underNM-III.
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Fig. 7. Network costsandpacletlosseswith 11 recevers.(a) Network cost,
(b) paclet losses.

the numberof recevers. This points at anotheradwantageof
NM-1Ib and suggestdhe robustnessof its performancewith
respectto the numberof recevers.

We note that in this scenarioour algorithm effectively
distributesthe network load and eliminatesthe paclet losses
(except for under NM-1) with only three paths.We suspect
that in mary casesa small number of pathsare sufcient
to substantiallimprove the network performancesuggesting
that only a limited numberof core overlay nodesmay be
requiredin practice.

B. Secondopolayy

Fig. 8 shows the secondiopologywe considerlt is a close
approximatiorof Sprintbackbondopologyasreportedn [27].
Comparedto the rst topology with an averagenode degree
of 3.1667,the secondtopology is more denselyconnected
and hasan averagenode degree of 5.0769.As mentionedin
Sectionl, recent ndings suggestthat mary ISPsare in the
procesof increasingthe nodeconnecwity of their networks.

10

Fig. 8. Network topology 2

In this subsectionve areinterestedn understandinghe effects
of the density of the network on the relative performanceof
our algorithm.

The capacityof alink is 20 Mbps. Therearethreemulticast
sourcesandS = f 1;9; 22g. Eachsourcehas18 recevers.The
recever setsaregivenby D! =12, 3,4,5,6,8,9,10,11, 13,
15,16, 19, 20,21, 22, 23,259, D® =1, 2, 3, 4,6, 7, 8, 10,
11,13,15,16,17,18,21,22,23,24gandD? =11, 2, 3,4, 6,
8,9,10,11,12,14,15, 16,17, 20, 21, 23, 26g. Nodes10 and
23 are selectedas additional core overlay nodes? This gives
O! = £1;10;23y, O° = 9;10;23g and 0% = f22;10; 23y,
and eachsource-destinatiopair hasthreepaths.Eachsource
generates’oissontraf ¢ with an averagerate of 10 Mbps.

1) Decreasingstepsizes: In this subsectionwe adoptthe
samedecreasingtepsizesusedin the previous subsectiorand
compareheir relative performanceFig. 9 shawvs the evolution
of network costand paclet loss rate. Similar to the previous
case,our algorithm underNM-I experienceshigh link stress
due to the lack of multicast capability and performsworse
thanDVMRP. Also, it is worth noting that the convergenceof
the algorithm underboth NM-II and NM-IlI is considerably
slower than under NM-llb due to a relatively large number
of recevers. The optimal cost valuesunderNM-1I and NM-
[l modelsare 12.5875and 11.7612,respectrely, and hence
are close as in the previous case.This again suggeststhat
much of the bene ts can be obtainedwith the simpler NM-
II (or NM-llb) without the needto implementsmartrouters.
Finally, we again seethatthreepathsperrecever is sufcient
to successfullydistribute the trafc even when the DVMRP
algorithm cannoteliminatethe paclet losses.

2) Constantstep size: In this subsectionwe x the step
sizeas(k) = aforalls2 S andk = 0;1;:::, andcompare
the systemperformanceor differentvaluesof a and against
the decreasingstep size case.Fig. 10 plots the evolution of
network cost and paclet lossesunder NM-Ilb for different
valuesof stepsizes.The valuesin parenthesedenotethe step
size.The gure clearly shows thatwhenthe stepsizeis x ed
the network cost oscillatesslightly aborve the optimal value.
Moreover, the initial corvergencerate is better for sereral
valuesof the x ed stepsizeasthe algorithmis ableto reacha

8Since both of the core nodesare also destinationnodesfor all three
sourcespunderNM-I thereareonly two pathsfrom the sourcedo thesenodes.
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Fig. 9. Network costsandpacletlosses Poissortrafc source(a) Network
cost, (b) paclet losses.

smallneighborhoodf the optimal operatingpointsfasterthan
with decreasingstep sizes.Since this neighborhoods small
anda constantstepsize policy is morerobustin the presence
of network uctuations and can track dynamicalchangesin
the network, this resultsuggestshatthe algorithmwith awell
chosenx ed stepsize may be preferredin practice.

3) MMPP sources: In the last setof experimentswve adopt
a differentsourcemodelto simulateVBR videotrafc. ° It is
shavn in [13] thatlong-rangedependencis notacrucial prop-
erty in determiningthe buffer behaior of VBR video trafc
anda Markov chaintraf c modelcanbe usedto estimatethe
buffer occupang well. Following this obsenation, we selecta
Markov ModulatedPoissonProces§MMPP) asan alternatve
sourcemodel. We assumethat eachMMPP sourcewith an
averagerateof 10 Mbpsconsistof 128 ON-OFFmini-sources
with a meanON period of 350 ms and a meanOFF period
of 650 ms. We emplgy a decreasingstep size policy for the

9Due to sourceencoding,it is possibleto shapethe incoming multicast
trafc at the sourcenodes.However, this issueis ignoredin the simulation
studies.
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simulationasin subsectiorvI-B.1.

From Fig. 11 we seethat the performanceof the algorithm
in eachnetwork modelis similar to the Poissontraf ¢ source
caseexceptfor the highervarianceobsened aroundthe mean
values.This is expectedsincethe paclet ratesat the sources

uctuate around some mean value from the adoptedtrafc
model.

VIlI. CONCLUSION

We studiedthe issue of multipath routing of both unicast
andmulticasttrafc wherethe gradientof network costis not
availableandneeddo be estimatedisingnoisy measurements.
We proposedan optimal routing algorithm basedon the
idea of simultaneousperturbationstochasticapproximation
with provableconvergencepropertiesThreedifferentnetwork
models (NM-I, II, and Ill) were consideredto evaluate its
performanceand to quantify the bene ts of additionalfunc-
tionality/intelligencein the underlying IP network. In NM-
Il we establisheda routing framevork that generalizeghe
multiple distribution treesto a more generalmultiple path
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scenariowhere each destination can receve paclets at a
differentrate from a multicasttree. The needfor complicated
booklkeeping at the sourcesand intermediatelP routers is
handledby emplgying Digital Fountaincoding.We provedthe
convergencepropertiesof the proposedalgorithm both with
decreasingstepsizesand with a x ed stepsize. Further our
simulation studiesshav that while basic IP multicast func-
tionality in NM-11 is crucialfor betterperformanceadditional
functionalities introducedin NM-IlIl provide only maginal
bene tsin relationto requiredcompleity.

The proposedalgorithmrelieson periodicmeasurementsf
local stateinformation.More speci cally, eachsourceobtains
the costof eachlink in L3. Thistrafc monitoringprocessan
be handledby anoverlayarchitecturedescribedn [16]. Under
the proposedarchitecturesachlink in the network is mapped
to the closestoverlay nodewith a certaintie-breakingrule that
givesa uniquemapping[16]. Overlay nodesperiodically poll
thelinks for which they areresponsibleprocesghe data,and
forward necessanjinformation to the sourcenodesutilizing
the correspondindinks in a coordinatedway. Note that by

12

having the overlaynodesprobethelinks only onceduringeach
measuremenperiod before processingand forwarding the
information, we can avoid the needfor eachsourceto probe
every relevantlink individually. In addition,while forwarding
the informationto a sourcenode,the overlay nodescan also
aggreate the information from differentlinks, exploiting the
additive natureof the costfunctionin (4). As a consequence,
the overheadincurred by the distribution of the link state
informationis minimized.
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APPENDIX |
PROOF OF THEOREM 1

The basic approachwe follow in the proof is similar to
thatin [17, pp. 127-131]Jand[10]. A maindifferencebetween
the proof in [10] and the current proof stemsfrom the fact
that the costfunction is no longer continuouslydifferentiable
with respectto the rate assignmentalthough the corvexity
is presered. This is becauseof the max operatorin the
link costfunctionsin (1) - (3). Here we will showv that the
samecorvergenceholds even when the cost function is not
differentiable,borraving tools from the corvex analysisand
the conceptof subgradient.

Collecting the terms of (8) for all sources,we have the

following updaterule for the system:
x(k+ )= [x(k) AK)GK)] ; 12)
whereg(k) := (gs(k);s 2 S), A(k) isanN N diagonal

matrix with the diagonal entries A (k) given by the step
sizesag(k) of correspondingsources.This is different from
the standardstochasticapproximationalgorithmsthat have a
scalarstepsize.

In the restof the proof we closely follow the sameoutline
in [17] with the gradientr C(x) replacedby a subgradient
sg(x). Unless stated otherwise E () representsE [ jF k].
Rewrite (12) in the following form

x(k+1)= [x(k) A(KG(K)I

= x(k) + A(K)[ sg(x(k)) + %k) + b(k)] + (k) + (Kk);
=v(k)+ (k)+ (k) (13)
where

v(k) = x(k) + A(K)[ sg(x(k)) + %k) + b(k)];

%K) = Ex(9(k)) 9(k); b(k) = sg(x(k)) Ek(a(k));

K= v &l v K;
v (k) = x(k) + A(K)[ sg(x(k)) + %K) + b(k)]I (k);
K=v (k) v+ K] x(k) 1 1(k);

I (k) is an indicator function of the event fj JA (k) %{k)jj
(k)=2g, andf (k);k = 0;1;:::g is a sequencef positive
real numberssuchthat (i) (k) ! 0 and(ii) jjA (K)%Kk)jj
(k)=2 for all but a nite numberof k w. p. 1. The following
lemmais usedto shav the existenceof sucha sequence.
Lemmal: UnderAssumptionsAl - A5, the biasanderror
termsgivenby b(k) and%{k), respectrely, satisfythe follow-
ing:
(a) B(k) ! Ow.p.1,and
(B) o Ex(iA %K) < 1 w.p. 1.
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Proof: Pleasesee Appendix Il in the supplementary
documentfor a proof. ]
Now we prove the existence of the sequence
f (k);lﬁ, = 0;1;:::g that satis es the given conditions.
ince {:kA(i)%{i), ] k, is a martingale and
1 .. . )
-« Ei(IA(D%0)jj") < 1 from Lemma 1, by the
Doob-Kolmogorw inequality ([9, p. 309)), for every > 0,
we have

%

N‘H

Ei(iA ()%0)ii%) :
i=k

A(1)%i)

P sup
K=k

I
Sincethe right-handside of the equationgoesto zeroask !
1, it follows that
0;

X
lim P sup A (I)%i) =
ki1 ik K

i=
and the existenceof the sequencef (k);k = 0;1;:::g is
guaranteed.

Let X 9(t) be the following continuoustime interpolation
of x (k).

tker € oty
X O(t) := k) + K+ 1); t2 [ty tes
(0= L5 X0+ g XK+ D5 12 i ten)
Py (14)
wherety = [, &(i).1° We will shav that the trajectory

of this continuougtime procesdollows that of the differential
inclusionto be de ned shortly, andthe pathof this differential
inclusion will be shavn to cornverge to a point in the set of
solutionsof the optimizationproblemwe consider

Let

K1 K1
BOty) :=  A()b(i); MOtk):=  A(>)%i);
. 1 "1
TO(t) = (i); O(ty) =
i=0 i=0

()

and the correspondingpiecavise linear interpolationsfor t 2
(tk; tk+1 ) arede ned similarly asin (14).
We rewrite X ©(t) usingthe relation (13) asfollows.

X °(1)
otk t tx
= Hx 0+ S x(0 + AL sg(x(K)
+%k) + b(k)]+ (k) + (k)
= x(0)+ ot AG) sgx(k)
+9k) + b(k) + (K)+ (K)
1
=x@+  AGL sgx() + b() + %)
i=0
£+ )+ gag AR sg() + %K
b+ () + (K

10Recallthata(k) = maxsss as(K).



1

a(i)sg(x (i)
i=0

(t t)sg(x (k) + Z°(t)+ TO(t) +
x(0)+ BO(t) + M °(t) + HO(t) + Z°(t)

x(0)+ BO(t) + M °(t)

°(t)

+TO) + °(t)
where

b(l

ZoM = &) A() sg(x(i)
i=0
+% a) A(i) sg(x(k) ;
Zt

HOo(t) =

sg(x(s))ds ; and
0
X(s) = x(k) ; s2 [ty;tk+1) :

We are interestedin the tail propertiesof the interpolated
processeslo this endwe introducethe following time shifted
and centeredprocesses.

X K@) = x(k)+BK@E)+ MK@)+ HK@)+ Z4()

+TH) + K1) ; (15)

whereBK(t) = BO(t, + t) B O(ty), M X(1), E“(t), K(t)
andZz ¥ (t) arede ned similarly, andH  (t) = S sg(x (ty+
s))ds.

We now shaw thatevery processon theright handof (15) is
equicontinuousndhenceX K (t) is alsoequicontinuousFirst,
from Lemmal andthe de nition of fl (k);k = 0;1;:::g one
canshawv thatthereis anull set o suchthatfor eachoutcome
I 2 ,, theprocesse® “(t), M X(t) and Kk(t) convergeto
zerouniformly on nite intervalsask ! 1 . Second,under
AssumptionsA5 and Al (in particular @C(x) is boundedfor
all x 2, which implies that there exists a nite boundB
on sg(x(k))) it is easyto verify thatZ*(t) ! Oask! 1.
Hence,Bk(t), M K(t), Kk(t), and Z¥(t) converge to zero
uniformly on eachboundedinterval in (1 ,1 )ask! 1,
andthus are equicontinuoug17, p. 101]. The equicontinuity
of Hk(t) follows from the sameargumentin the proof of
Propositionl in [12] becaus®f the existenceof a nite bound
B on sg(x) mentionedbefore. The equicontinuityof T ¥ (t)
can shavn by the sameargumentin the proof of Theorem
5.2.1in [17, p. 128].

Since the processeson the right-hand side of (15) are
equicontinuousso is X X(t). Therefore,Arzela-Ascoli The-
orem [8, p. 13] tells us that, for every ! 2 , there
exists a subsequencek; ;j = 1;2;:::g suchthatf X Ki(1:),
Hki(1;), Tk (';)g corvergesto somef X (! ;:), H (! ;3),
T (! ;:)g uniformly and, following the sameargumentin the
proof of Propositionl in [12], we canwrite

XM0)=X{0;0+H(;0)+T(0;t): (16)

he second term on the right-hand side H (! ;t) =
Sﬁ(! ; S)ds, Whg{teh(! ;8)2  @(X (!;9s) [12]. Thethird
term T(!;t) = , ~(';s)ds with ~(!;s) 2 V(X (!;9))
for almostall s [17, pp. 128-129],whereV (x) is the corvex
cone generatedby the set of outward normalsfy : y =

14

r gi(x); st:qgi(x) = Og andq; () arethe constraintsof the
optimizationproblem.

From(16)it is plainthatthelimit X (! ;:) of ary corvergent
subsequencsatis esthe differentialinclusion:

X2 @X)+T,; T(@t)2 VX(@): 17)

This tells us [12] that the limit X k(! ; ) corverges to the
stationaryset of pointsof (17)in  w. p. 1. We denotethis
set of stationarypoints where0 2 @(x)+ by S .
SinceC( ) is a corvex functionand is a nonemptycorvex
set,ary pointin S attainsthe minimum of C(), and this
completeghe proof of the theorem.

APPENDIX |1
PROOF OF THEOREM 2

We use similar agumentsusedin the proof of Theorems
8.2.1and8.2.50f [17, pp. 251-254and261-262]in our proof.
First, the existenceof a corvergentsubsequenctllows from
the fact that the uniform integrability of f §" (k); n; kg in As-
sumptionA6 impliestightnessof f X "(angh + ); "(anph +
)g [17, p. 253], which is a sufcient condition for the
existenceof a corvergentsubsequence.

Following the amgumentin the proof of Lemma 1, for
sufciently smallstepsizea, we canreplacethe projectionof
x"(k)+ " (k) with thelinear approximationin (18). Thus,
from (22) we have

Ew(9"(k)) = 5g(x"(K)) + O(an) + "(k)

First, from the algumentin the proof of Lemmal (in partic-

ular, eg.(21)) onecanshav that "(k) ! Oasn! 0 (hence
a, ! 0). Second,
1 M 1
lim — O(a)=0
m;ma M

i=m

if wetakem=manda=m 2withm! 1.

Now sincethe mappingfrom x 2 to the subdiferential
@C(x) is uppersemicontinuousfrom [17, pp. 261-262],the
limit proces§ X (); ()g satises

(t)2 V(X (1)
for almostall ! andt :

X2@xX)+ ;

Similarly asin the proof of Theorem1, this implies that the
limit X k() corvemesto the stationaryset of points of (17)
in . This completeshe proof.

APPENDIX Il
PROOF OF LEMMA 1

Let (k) bean N 1 vector where valuesof entries
correspondingto those of sources are ; (k) and zero
otherwise.Hence, (k) = 5 s(k)=( si;S2S;i2
1,2; ;Ng jDSj). Similarly, ug isanN 1 vector where
the valuesof entriescorrespondingo thoseof sources are
one and zero otherwise.



First, we shav thatthereexistsa nite K ; suchthatfor all
k K1 we canrewrite C; (k) as

Cs (k) = s(x(k)) and
X

Ci(k)= s x(k)+ so(K) Tso(k)
s02s
where
PN
Ns0 i (K
= sy 0
N 5o
Givenary Ng 1 vector#, the solution of the minimization
problem
min - ji# jj2
s.t Tu=rg
is given by
P NS
SRR R (18)
- | Ns )

whereu = [1;1; ;1]".Obviously,if ; Oforalli, thisso-
lution is equivalentto the L , projection.Herefor the purpose
of temporaryperturbationwve replace(6) with a non-ngativity

constraint.Thus, the projectionof xs(k) + <(k) (k) can
be calculatedusing (18) if |

"N G0
Xsi()+ s(k)  si(k) —F———  0:  (19)

Ns

Recall that s (k) is boundedby from AssumptionA2.
Hence,(19) holdsif (k) w.From(B)weknoN
w . Since s(k) ! 0, thereexists nite K
suchthat (k) o forallk Kj. Therefore,(18) canbe

usedto computethe projectionof xg(k) + (k) s(k) for
sufciently largek Kj.
Dene fork K;
o = S Gk
X s(K)
s XK+ s so(K) Tso(k) s(x(k))
B s(K)
s x(0F S0 s(x(K)
B s(K) ’
where
X o(k
"= = -
szs (K
De nition 2 ([12]): Supposethath : R" ! R is a real-
valued corvex function on R'. The one-sideddirectional
deriative of h atx with respecto a vectory is de ned to be
nox;y) = fim MOCE V) R0
For eachvectory the directionalderivative satis es
h%x;y)= max sg(x)'y :

sg(x)2 @n(x)
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In other words, the directional derivative is the maxi-
mum of the inner products< sg(x); y > over @(x).
We denotethe set of subgradientsthat achieve the maxi-
mal inner product by @y (x) @(x), ie., @y(x) =
arg maxsg(x)Z @(x) SQ(X)Ty-

Let 2(x(k); " (k)) (resp.CYx(k); " (k))) be the one-
sided directional derivative of ¢ (resp.C) at x(k) with
respecto vector " (k). Since ¢() is corvex andcontinuous,
we canshav using[12, Lemmal] that, for ary > 0, there
exists nite K, suchthat,for all k K,

i dx (k) " (k)

From above, for every sgs(x(K)) 2 @ g ~ iy (x(K)), we
have

3x(k); " (k)

i< = . p. 1
Kl 5 wW. p

s5T.(x (K) " " (k)

- X wo(k) - o
= SgS(X(k))Tsozs ) so(k) 1 (20)
Since%! 1, thereexists nite K3 max(K1;K;) such
that, for afl > 0andk Ka,
+ X
CS (k) CS (k) ws(x(k))T —-so(k) <
s(k) s02s
w. p. 1. (21)
Consequentiallyfor all k K3,
Ek(gs:m(k))
= Ns o0 Gk G+ (k) (K
Ns 1" 509 sm (9 !
_ Ns o ST s Ts(k) + a(K)
TNe 1K sm (K)
S ST (<) + O( (k) + (9
= S0sm (X (K)) + O( s(K)) + 1(k) (22)

wheresgy., (X (k)) is the entry of sgs(x (k)) corresponding
to X s:m (K),

Ci(k) C.(k X
o= S0 S0 o )T T~
s(K) s02S
and
_ Ns l(k)
1(k) = N. 15k (0
It is now plain to seethat limy; 1(k)! Ow. p.1from
(21) and hence
Ek(0sm (K)) SOsm(x(k) ! O  wp. 1 (23)

Accordingto [4, Propositiond.2.4,p. 232], if a real-walued
functionh isl_f',l sumof a setof corvex functionsfhq;:::;h,g,

i.e.,h(x) = in:1 hi (x), the subdiferentialof h atx is given
by
X
@(x) = @i (x)
i=1
(s )

= sg(x): sg(x)2 @;(x) foralli2fl;:::;ng

i=1



This tells us that, for eachs 2 S, the subgradiensg,(x (k))
in (20) canbe written as

X
5gs(x (k) = 7' (x(K)) ;
12Ls
where 5g' (x (k)) 2 @Z,PA(k)(x(k)). In addition, this im-
plies thatary summation |, sg'(x(k)) with 5g'(x (K)) 2
@~y (x(k)) for all I 2 L is a subgradientin
@"(k)(x(k))-

For eachl 2 L, choosea subg,radientsg'?(x(k)) 2
@~ 4 (X(K)) andlgt STZ(x(K) = |, 59" (x(K)), 5 2
S, andsg?(x(K)) = |5 sg'?(x(k)). Then,from the above
argumentit is clearthatsg? (x (k)) satis es(20)foralls 2 S.
Moreover, if we denoteby s(m) the sourcecorrespondingo
the m-th entry of x, thenthe m-th entry of sg”(x (k)) equals
the m-th entry of ﬁz(m)(x(k)). Therefore,from (23) this
proves claim (i) of the lemma that there exists a sequence
of subgradientd sg(x (k));k = 0;1;:::g suchthat b(x (k))
= sg(x(k)) Ex(§(k)) goesto O w. p. 1.

From the assumptiorthat E [ { (k) s (K)jFk] = 0 and
using the independencef . (k) and s(k), we canbound
the secondmomentof §s(k) asfollows:

E((0si (K)?) :
C'(k) C (W+ ik (K *

T S0 =M 9
_ Cr(k) C (k) > (kN Sk *
= Ex -7 = 7 + =’ S/

s(K) 51 () (k) 51 (K)

After some algebra using the boundson E ( (k))?,

E ( s(k) 2,andE ( (k))?,onecanshaw thatthe rst

termin (24)is O(1) andthe secondermis O( s(k) 2). Note

thatEk((V&(k))2 = Ex(0(k)?) (Ex(6(K))) 2. Hence,since
1 as (k)

k=p () < 1 from AssumptionA4, it is easyto see
that =, Ex(jA(K)%K)ji2) < 1 w.p.1.
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