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Utility-Based Rate Control in the Internet
for Elastic Traffic

Richard J. La and Venkat AnantharaRellow, IEEE

Abstract—in a communication network, a good rate allocation possible market structures for network pricing, such as a com-
algorithm should reflect the utilities of the users while being fair. petitive market and monopoly, and provide insight as to how

We investigate this fundamental problem of achieving the system j¢ing schemes should be designed based on the market struc-
optimal rates in the sense of maximizing aggregate utility, in a ture

distributed manner, using only the information available at the
end hosts of the network. This is done by decomposing the overall  Recently, Kelly [9] has suggested that the problem of rate al-
system problem into subproblems for the network and for the indi-  location should be posed as one of achieving maximum aggre-
vidual users by introducing a pricing scheme. The users are to solve gate utility for the users. These users are assumed to be of elastic
the problem of maximizing individual net utility, which is the utility traffic, and can adjust their rates based on the feedback from
less the amount they pay. We provide algorithms for the network ' . .

to adjust its prices and the users to adjust their window sizes such the_network as TCP dqes. S'nce the soIgUon needs to be decen-
that at an equi”brium the System optimum is achieved. Further’ tralized and should be incentive Compatlble in that users should
the equilibrium prices are such that the system optimum achieves have no incentive to lie about their true utilities, Kelly proposes
weighted proportional fairess. It is notable that the update algo- ysing pricing to decompose the overall system problem into
rithms of the users do not require any explicit feedback from the - g,1,5-0hlems for the network and for the individual users, with
network, rendering them easily deployable over the Internet. Our . . "
scheme is incentive compatible in that there is no benefit to the _the 993' of designing algorlt_hms such that a system_ optimum
users to lie about their utilities. is achieved when users’ choices of rates they are willing to pay
for and the network’s choice of allocated rate are in equilibrium.
Kelly et al.[10] have proposed two classes of algorithms which
can be used to implement proportionally fair pricing and solve

|. INTRODUCTION arelaxationof system optimum problem.
S THE Internet explodes in size and in the number of The algorithm in [10] requires explicit feedback from the

users, one of the challenging questions network designé?#'tc.r:ﬁs Ths'?e thg network.tDug to thedil_zetpf the [gtetrrl;net, aﬁ[n
face is how to provide a fair and efficient allocation of the avaif gokrl m at rsquwg;s;n ?X e;snl/e mo Itlclg 'Otﬂ Inside the net-
able bandwidth. To this end, researchers have proposed miy< may hot be suitable for deployment. Further, many con-

different rate allocation mechanisms. In the current Interndcctions in the Internet use TCP to control their transmission

most connections use variants of the Transmission Control PF3LES: In this paper, we investigate the fundamental problem of

tocol (TCP), which is a window-based congestion control mecﬂgmevmg the system optimum that maximizes the aggregate

anism. It is widely recognized, however, that TCP does not gelljlt-'l'ty of the users, using only the information avaﬂgble at_ the
nd hosts. We assume that the users are of elastic traffic and

erally lead to a fair or efficient allocation of bandwidth amon diust their rates based on their estimat f network
the connections [3], [18], [5]. The fact that the Internetis now i an adjust tneir rates based on their estimates ot network con-
stion level. One example of such traffic is FTP users that can

the public domain, and thus in a potentially noncooperative e . . .
vironment, has stimulated much work on pricing mechanisms apt to the network congestion. Since the total transfer time or

ensure that users do not misbehave and to provide quality of s%(?[—transfer delay is determined by the rate the user receives, the

vice in accordance with users’ willingness to pay. Researchéﬁsser,s utility function can be defined as a function of the rate.

in this area have proposed different schemes based on time éﬂgther exgmple may be web browsing, where users QOwnload
set of objects within a page. For these web browsing users,

volume measurements [11] or on per-packet charges [20]. FUr . . .
thermore, research has shown that flat rate charging leadd 1Y May have certain ut|I|_ty ba_sed on how qt_uckly they can

inefficiency, where a large number of low-usage users end i nsfer_a page and- fche ObJe.CtS In the page. Itis well known |’n
subsidizing a small number of high-usage users [4]. This arglf'e onomics that a utility function can be used to capture a user’s
that usage-based pricing is desirable. A good discussion on m%{/erences.

market structures is given in [16]. They present several different e mtrqduce tvyo gl'gorlthms t'h'at can bE,’ d'eployed over the
Internet without significant modification within the network.

These algorithms can be thought of as a natural extension of
an algorithm introduced in [19]. These algorithms effectively

Index Terms—Efficiency, fairness, rate allocation.
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problem on a smaller time scale. The second algorithm does Boffers from a high packet loss rate and a delay bias [13], [18],
require users to solve the user optimization problem. Insteadd}. The high packet loss rate is a consequence of periodic 0s-
incorporates the user optimization problem into the window sizdlation of the window sizes and aggressive slow start, while
updating rules. The unique fixed point of the mapping defindtie delay bias is the result of a discrepancy in window update
from these algorithms is proven to result in the system optimates among different connections. In order to address these is-
rates. Further, the price a user pays equals the delay cost it sues, Brakmet al.[2] have introduced another version of TCP,
poses on the other usersVe show that our algorithms do not re-named TCP Vegas, with a fundamentally different bandwidth
quire any explicit feedback from the network, and can be eas#égtimation scheme. They have demonstrated that TCP Vegas re-
deployed in the current Internet. We also demonstrate that thesidts in a lower packet loss rate, which in turn leads to higher
algorithms are incentive compatible: it is always in users’ owefficiency, and have suggested that TCP Vegas does not suffer
interest to tell the truth about their utility functions. We preseritom a delay bias, which leads to a more fair rate allocatian
the simulation results obtained using the well known ns-2 simthe bandwidth. This was later proved by Mbal.[18] in the
lator and demonstrate the convergence of our algorithms to ttese that there is a single bottleneck in the network.
optimal rates. Mo and Walrand [19] have proposed and studied another
The rest of the paper is organized as follows. We first mdair window-based end-to-end congestion control mechanism,
tivate the problem and describe the model used in the analysisich is similar to TCP Vegas but has a more sophisticated
and the methodology adopted, followed by some related workindow updating rule. They have shown that proportional
Section IV explains the pricing scheme, which is followed bfairnes¢ can be achieved by theip,( 1)-proportionally fair
the algorithms in Sections V and VI. We present two numericalgorithm and that max—min fairness can be achieved as a limit
examples in Section VII. We briefly discuss how the backlogf (p, «)-proportionally fair algorithms as goes toxo [19].
in the network can be controlled using our pricing scheme in Clearly, fairness is a desirable property for a rate allocation
Section VIII, and finish by drawing some conclusions and indimechanism. There is, however, another aspect of a rate alloca-
cating some directions for future research in Section IX. tion problem that has not been addressed by the previous mecha-
nisms. Due to the various requirements of different applications,
Il. MOTIVATION, BACKGROUND, AND MODEL it is likely that the users will have different utility functions. As

In this section, we first motivate our problem by describinénentloned in Section |, users’ preferences can be captured by

some of the most popular congestion control mechanisms usggropnate utility functions. This suggests that although fair-

inthe Internet. We discuss some of the problems with the curret ' @ desirable property, fairmess alone may not be a good
: . objective. We suggest that a good rate allocation mechanism
congestion control mechanisms. We then formulate our proble : .
S . ; Should not only be fair, but should also allocate the available
of maximizing the total utility of the users and describe th

. Bandwidth in such a way that the overall utility of the users

model we use to present our congestion control proposal. . - . . L :
is maximized. In this paper, we describe a pricing mechanism
that achieves these goals without requiring knowledge of the

) ) users’ utility functions and without requiring any explicit feed-
From its advent, the Internet has been decentralized, relyiggck from the network.

on disciplined behavior from the users. Without a centralized
authority, the network users have a great deal of freedom asz{o\10del and Background
how they share the available bandwidth in the network. The in- ] ) )
creasing complexity and size of the Internet renders centralized/€ consider a network with a sgt of resources or links and
rate allocation control impractical. In view of these constraint& S€Z Of users. LeC; denote the finite capacity of link € 7.
researchers have proposed many rate allocation algorithms t&5h User has a fixed routg, which is a nonempty subset of
implemented at the end hosts in a decentralized manner [1g]] Ve define a zero-one matrid, where4;, ; = 1 if link

[19], [14], [8]. These algorithms can be roughly categorizeli 'S in User’s route 7; and 4; ; = 0 otherwise. When the
into two classes: rate-based algorithms and window-based Bfoughput of user s x;, user: receives utilityU;(; ). For ex-
gorithms. A rate-based algorithm directly controls the tran&MPI€, suppose thata user is transferring a file. The per-transfer

mission rate of the connection, based on either feedback frél§aY is inversely proportional to the rate it receives. Hence, the
the network [10] or on measurements taken at the end hostUility Of the user may be measured as a function of its rate. We

window-based algorithm adjusts the congestion window siZ&SSUMe that the utility’;(x;) is an increasing, strictly concave
d continuously differentiable function af over the range

which is the maximum number of outstanding packets, in ord@f . e ”
to control the transmission rate and backlog inside the netwdfk = 0-° Furthermore, we assume that the utilities are additive
associated to the connection. so that the aggregate utility of rate allocatior= (z;, ¢ € 7) is

The most widely deployed flow/congestion control mecha,zicz Ui(;). Th!s is a reasonable assumption since the‘se utili-
nism in the current Internet is TCP, which is a window-baséifS e those ofindependent network userstLet (U;(-), ¢ €
Con_geStion contrql mechfinism. TCP, howgver, does nOt_ NECESEairness refers to max—min fairness, discussed in Section I1-B.
sarily lead to a fair or efficient rate allocation of the available 4proportional fairness is introduced by Kelly in [9], and is discussed in the

bandwidth. Itis well known that TGRas currently implemented next subsection.
SWe assume that there is a routing mechanism and do not discuss the issue of
IThis can be also interpreted as an externality cost imposed on the networ&uting in this paper.

2The most popular versions of TCP in the Internet are TCP Tahoe and Rend®Such a user is said to have elastic traffic.

A. Motivation
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I)andC = (C;, j € J). In this paper, we study the feasi- User 1 User 2
bility of achieving the maximum total utility of the users in a
distributed environment, using only the information available at
the end hosts. Under our model, this problem can be formulated
as follows.

User 3
SYSTEM(U, A, C):
maximize ZUi(wi)

Fig. 1. Max—min and proportional fairness.

it 1) allocation is max—min fair if a user’s rate cannot be increased
subjectto ATz <O without decreasing the rate of another user who is already re-
over 7> 0. ceiving a smaller rate. In this sense, max—min fairness gives an

] o absolute priority to the users with smaller rates. However, often
The first constraint in the problem says that the total rafg order to achieve a max—min fair allocation, the optimality of

through a resource cannot be larger than the capacity of {g network needs to be sacrificed, as discussed in [17]. In order
resource. Given that the system knows the utility functibns 5 nandie this tradeoff between fairness and optimality, Kelly

of the users, this optimization problem may be mathematicafly) has proposed another definition of fairmess. A vector of rates
tractable. However, in practice not only is the system notlikely — (;/ ; € T)is said to baveighted proportionally farwith
to knowU, but also it is impractical for a centralized system tqyeight \Z/ectom if o/ is feasible, i.e4’ > 0 andAZz’ < C, and

compute and allocate the users’ rates due to the large scal@oq;fany other feasible vectar, the following holds:
the network. Hence, Kelly in [9] has proposed to consider the
following two simpler problems. Zp‘ z; — <0
Suppose that each useis given the price per unit flow;. oo T
Given )\;, useri selects an amount to pay per unit tippe, and

i€l

receives a flowr; = p;/\;.7 Then, the user's optimization Note that a rate allocation solvesN ETWORK (A, C; p) if
problem becomes the following [9]: and only if it is weighted proportionally fair with weight vector
P
USER;(Ui; Ai): Let us demonstrate the differences between max—min
maximize U, <&) _p; and proportipnal fair_ness by an example. C_Iearly, max—min
Ai (2) and proportional fairness are the same in a single-link
over p; >0. case. Thus, we consider a multiple-link case. Consider

. the example in Fig. 1. There are three users that share
The network, on the other hand, given the amounts the USers@ie atwork with two links. One can easily see that

willing to pay,p = (p;, i € ), attempts to maximize the SUMy,o - nique max—min fair allocation in this example is
of weighted log function , _; p; log(z;). Then the network’s (21, 22, 73) = (1/2,1/2, 1/2), and every user receives the

optimization problem can be written as follows [9]. same rate. By solvingd ETWORK (A, C; 1), wherel is a
NETWORK(A,C;p): vector, whose elements are all 1, one can show that the pro-
o portionally fair allocation is(z1, z2, z3) = (2/3, 2/3, 1/3).
maximize pr, log(:) Note that the sum of rates received from all links is the same
er ©) for all users under the proportionally fair allocation.
subjectto ATz < C
over z > 0. I1l. RELATED WORK

Note that the network does not require the true utility functions In this section, we briefly describe some of the past work
(Ui(+), i € T), and pretends that usés utility function isp; - We draw upon and discuss how it is related to the problem we
log(x;) to carry out the computation. It is shown in [9] that on@ddress in this paper.
can always find vectora* = (A}, i € 7), p* = (p}, i € 1), )
andz* = (af,i € T) such that! solvesUSER;(U;; Af) A Rate-Based Algorithms
forall i € 7, z* solvesNETWORK(A,C; p*), andp! = Based on the idea of proportional fairness, Kedtyal. [10]
z7 - Af for all ¢ € Z. Further, the rate allocatiari” is also the have proposed two classesrate-basedalgorithms that solve
unique solution t&Y STEM (U, A, C). This suggests that thea relaxation of thesY STEM (U, A, C) problem. These algo-
problem of solvingSY STEM (IJ, A,C) can be achieved by rithms are based on the idea of shadow price charged at a re-
an algorithm that solve ETW ORK (A, C; p(t)) for a given source, which is a function of the total rate going through the
p(t) attimet on a smaller time scale, and driveg) top* ona resource. We describe one of the algorithms, which they call
larger time scale. the primal algorithm,in this subsection.

Another important aspect of a rate allocation mechanism isSuppose that every user adopts a rate-based flow control. Let
fairness. There are many different definitions for fairness, the andz;(¢) denote usei’s willingness to pay per unit time
most commonly accepted one being max—min fairness. A rated its rate at time, respectively. Now suppose that at tithe

"This is equivalent to selecting its rate and agreeing to pay; = =; - A;. 8This is calledrates per unit charge are proportionally fain [9].
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each resourcg € 7 charges a price per unit flow @f;(¢) = exhibit several undesirable characteristics such as a delay
bj(zi:j€$ x;(t)), whereb;(-) is an increasing function of the bias and a high packet loss rate [5], [6], [18]. In order to deal
total rate going through it. Consider the system of differentialith these issues, Mo and Walrand [19] have investigated
equations the existence of a fair window-based end-to-end congestion
control algorithm that updates the congestion window size
d more intelligently.
pr zi(t) =k | pi — 2i(t) Z 115 (1) (4)  We first present a fluid model of the network that describes
iCT the relationship between the window sizes, rates, and queue
sizes. Throughout the paper, we assume that the switches exer-
cise the first-in—first-out (FIFO) service discipline. This model
can be represented by the following equations:

where

pi) =05 | D wi(t)

ijed: Atz —C <0 (6)

T —
These equations can be motivated as follows. Each user first sets QA 77 — ) =0 (7)
a price per unit time it is willing to pay. Then, every user ad- X(ACq+d) =w 8)
justs its rate based on the feedback provided by the resources x>0, qg>0 9)

in the network in such a way that at an equilibrium the price it
is willing to pay equals its aggregate cost. The feedback fronwdere
resourcej € 7 can be thought of as a congestion indicator, re-

quiring a reduction in the flow rates going through the resources = (¢4, ..., €)Y,  q=(q, ..., q1)¥
Kelly et al. show that, for fixedy;, under some conditions on — =T T
b s . . . dI(d1, .,d[) 5 wz(wl,...,wf)
;(-), 7 € J, the above system of differential equations con- : _ _
i oo i - X =diag(z), ' =diag(C{?, ..., 07, Q= diag(q)
verges to a point that maximizes the following expression glx), I R e AL B\q

Disen w; is the congestion window size of usey d; is the propaga-
U(z) = pi-logz; — Z/ b;(y) dy. tion delay of route7; not including the queueing delay, ang
i i 70 denotes the backlog at linkbuffer. For simplicity of analysis,
we assume that the buffer sizes are infinite. The first condition
in (6) represents the capacity constraint. The second constraint
says that there is backlogged fluid at a resource only if the total
pi(t) = z:(t) - Ulz;(1)) rate through it equals the capacity. The third constraint follows
from the fact that the window size of connectioshould equal
while z;(t) evolves according to (4), ther(t) converges to a the sum of the amount of fluid in transmit and the backlogged
unique stable point that maximizes the following revised expreftdid in the buffers, i.e.
sion

Further, if the users update their willingness to pagt) ac-
cording to

wf,:a?f,'ari-qi

whereq’ denotes connectiois total backlog in the buffers.

Let W = [07 wl,ma.x] X X [07 wy, max]u Wherewi,max
Note that the first term in (5) is the objective function in ouis connectiori’s maximum congestion window size announced
SYSTEM(U, A, C) problem. Thus, the algorithm proposedy the receiver and is assumed to be sufficiently large /nrd
by Kelly et al. solves a relaxation of th&Y STEM(I/,A,C) [0, min;e 5 C;] x --- x [0, min;e 7 C;]. It has been shown
problem. in [19] that the rate vectar: is a well-defined function of the

window sizesw, and we can define a functiar/’ that maps a
B. TCP and a Fair End-to-End Congestion Control Algorithmwyindow size vectoiw € W to a rate vector: € X.

Unlike a connection with a rate-based congestion controlUnder the §, 1)-proportionally fair algorithm by Mo and
algorithm, a TCP connection adjusts its rate by updating i¥¥alrand [19], each connection has a target queue jsize
window size, based on the estimated congestion state of thand attempts to keep; packets at the switch buffers. Let
network. There are several different versions of TCP, whichi(?), wi(t), andz;(¢)1° denote the round-trip delay, the con-
can be categorized into two classes, based on their bandwidg$tion window size, and the rate of connectioat time,
estimation schemes. TCP Tahoe and Reno use packet lossé§%ectively. Suppose that each connectibas a fixed target
an indication of congestion in the network, while TCP Vegs@ueue sizg;. Connection updates its window size;(t) ac-
[2] and the algorithm proposed by Mo and Walrand [19] usefrding to the following differential equation
the estimated queue size to adjust the congestion window size. _

Over the years, researchers have observed that the most a. - i 5i(t)
widely used versions of TCP, which are TCP Tahoe and Reno, dt

Ei:je.]i Ti
) =S U -3 | b ds O

SWe call these loss-based and queue-based TCP, respectively. 10we usex;(t) to denoter; (w(t)) when there is no confusion.
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wherex is some positive constant, arg(t) = w;(¢) — x;(¢) - A. Pricing Scheme
d; — p;. Under this algorithm, the window sizes converge to a From Section I1I-B, we know that, givefy;, i € Z), the

unique pointw™ such that for ali € 7 users can reach a solution S ETWORK (A, C; p) using

a window-based congestion control mechanism, namely the
(p, 1)-proportionally fair algorithm of Mo and Walrand.
wherez;(w*) is connectiore’s throughput when the window The challenge now is to design a mechanism that drives the
sizes arew*. They show that at the unique stable pairit of users to the righp* where the resulting rate allocation solves
the algorithm the resulting allocation(w*) is weighted pro- SYSTEM(U, A, C). In this subsection, we describe a simple

wi —zi(w") - di = p;

portionally fair. pricing mechanism that can achieve this. We show that the
Suppose that users update their window sizes according to piice a user pays can be directly computed by the user without
following system of differential equations: any feedback from the network, by using the same mechanism
d already built into TCP.
—w;(t) = —kra; (t)s; (H)u; () When the total rate through a link is strictly smaller than its
dt capacity, there is no congestion, as each user receives its de-
where sired rate without contention from other users. However, when
i the total rate reaches the link capacity, any increase in a con-

si(t) = wi(t) — @i(t) - di — (z:(t) + 1)o—1 gestion window size by a userin an attempt to increase its

own rate results in increased backlog at the resource. This leads

and to higher queueing delay at the resource. If the users are delay
wi(t) =d; — (a—1) DPi ) _sensiti_ve, t_hi_s increase in queueing delay represents an increase
(zi(t) + 1)~ in the implicitt cost the users pay through larger delay. From

This algorithm is called &p, «)-proportionally fair algorithm. the pgrspectwe ofdthe network, th|s.|ncredasg mb:qugulemg del?y
They prove that the above algorithm converges to a unique stat Y et mterlpre:ﬁ as ag |ntcr:1rease N un O?Sllra €de SybCOSt or
point of the system for all fixed: and the max—min fair allo- € system. In other words, Ine queueing deldy caused by a user
cation is achieved as a limit as — oo. However. since their €&" be interpreted as the delay cost it imposes on other users

work is motivated by the fundamental question of the existenge6]'

of a fair end-to-end congestion control mechanism, they haveSuppose that the network attempts to recover the increase in

not considered the problem of maximizing the aggregate ut”@/stem cost due to‘queuelng delay through a pricing mechanlsm
of the users while maintaining fairness. s follows. Letg;,j € J, denote the backlog at resourge

When the total rate through the resource is strictly smaller than
its capacity, we assume that there is no backlog, from (7). When
resourceg € J is congested, i.e., the total rate through it equals
The algorithms suggested in [10], [7] are based on the agscapacity, the resource charges a price, where the price per unit
sumptions that the network can provide the necessary feedbgsts per unit time2 g; is the queueing delay at the resource, i.e.,
to the users, and users adjust thalesbased on the feedbackgj = ¢,;/C;. Hence, the total price per unit flow per unit time
information. However, in the current Internet, many, if not mosfgr a user with route7; c 7 is Ejex- g;, and the total price

connections use TCP, which is a window-based congestion c@@r unit time usef pays isz; - > .c7. 9i- Then, the net benefit
trol mechanism, to control their rates. Thus, users control tBethe objective function of the ljjse} is given by

rates only through the window sizes.

There are several arguments for a window-based congestion jr/,..y_ ... . Ul — s - 4
control algorithm in the Internet over a rate-based algorithm. Vi) =@ Z 9; = Uilw:) — i Z C;’ (10)
One of the arguments is the stability of the Internet. Suppose
that users use a rate-based congestion control algorithm. If theg have, however, claimed that no information is explicitly fed
have incorrect estimates of the available bandwidth and rele@sek to the end hosts from the network. Hence, the switches are
packets into the network at a rate that is much higher than thegt allowed to send any information regarding the current price
should, the network could temporarily experience an extremedgr unit flow back to the end users.
high packet loss rate due to buffer overflows and may take a longin order to maximize the objective function in (10) given the
time to recover from it. A window-based congestion control akurrent prices per unit flona user only needs to know the total
gorithm not only controls the transmission rate, but also limitsrice per unit flow of its route, but not the price at each re-
the maximum number of outstanding packets according to theurce. We now show that users using thel)-proportionally
congestion window size. This helps alleviate the long term efir algorithm can compute their prices per unit flow without
fect of the inaccurate estimation of the available bandwidth lany help from the network. Suppose that each connection knows
the users. This is an important advantage of a window-baséeé propagation delay of its route. In practice, this is done by
algorithm. In an open system such as the Internet, it is impor-

tant to control the number of packets the connections can keei;}We say the cost is implicit because the users do not necessarily have to pay

within the network for stability and to ensure that no users c4honetar form.
2Throughout the rest of the paper, we refer to the price per unit flow per unit

arb'trar'l_y pena.hze other u§ers by mcre.asmg their rates du”ﬂrge and price per unit time as the price per unit flow and price, respectively,
congestion periods due to incorrect estimates. when there is no confusion.

IV. PRICING SCHEME FOR THEPROPOSEDALGORITHMS

JET: jeg; Y
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keeping track of the minimum round-trip time of the packetfuture, the users may be able to vary the parameitgrsc 7,
[2], [18]. Suppose that the target queue sizes of the users renaximize their net utility given by (10). In this section, we
given byp = (p;, ¢ € T), and the users’ window sizes converg@ropose a user algorithm and show that this algorithm has a
to the stable point of thep( 1)-proportionally fair algorithm, unique equilibrium, at which ityields the optimal rates that solve
where the resulting rates are weighted proportionally fair withY STEM (U, A, C).
the weight vectop. Then, the price (per unit time) usepays, The assumptions we make on the utility functions throughout
h;, can be computed as follows: the rest of paper are given in Appendix |. These assumptions
are satisfied by the most commonly used utility functions such
hi=zi- Y 4 _ R Li_ Y gi=p (1) asU(z) = a-log(z +b) andU(z) = c - z*, wherea > 0,
JET; i JeT; G JET; 0<b<1,¢>0,and0 < d < 1 are arbitrary constants.
Suppose that is some small positive constant and users up-
Whereqj iS connectiori’s queue size at resourge Here, we date their willingness to pay or target queue gize € Z, at
have implicitly assumed that the queue size of each connéite ¢ according to
tion at a congested resource is proportional to its rate, which . L
is a consequence of the assumption that the switches exercise ()= {pi(&(t_)% if pi(N(t7)) > ¢ 12)
FIFO service discipline. Therefore, at the stable point of the ( €, otherwise
1)-proportionally fair algorithm for a fixed, the price of a user
equals its target queue size, and the user can infer its own pri#@ere;(¢ ™) is the price per unit flow along uséis route at
h;, from its target queue size. Hence, a user can use its targeime ¢~ resulting at the unique stable point of tie {)-propor-
queue size to indicate or implicitly communicate its willingnesgonally fair algorithm andp;(\) = argmax;,, U;(pi/A) — pi.
to pay!® The fact that users can estimate their own prices elimiVe assume that the target queue size updates take place on a
nates the need for any explicit feedback from the network. ORguch larger time scale, while users allow their window sizes to
thing to note is that the rate of a user depends not only on §nverge to a point close to the unique stable point of the (
own target queue size, but also on those of other users. Herdgeproportionally fair algorithm for fixed(;(¢), i € 7). This is
the prices per unit flow at the resources depend on the cong@gatural assumption, since the window sizes typically take only
tion level in the network. seconds to converge and users are not likely to keep changing
One important aspect of a pricing scheme is fairness. THeir parameters before estimating the current throughput. The
price a connection pays for using resouyc@ J should be intuition behind the updating rule is as follows. At timé)ased
proportional to its rate. In other words, the price per unit flol@n the price per unit flow at time~, A;(¢), useri computes its
for each connection at a resource should be the same. Thi@R§mal target queue size that maximizes its net utility. If the
obviously the case with the above pricing scheme. MoreoverCHIrent price per unit flow is too high, useprefers to wait till
is easy to see that when a new user comes into the network, ¥t price per unit flow is lower. In such a case, usaeeeds to
price the new user pays is exactly the increase in the total systeffbe the network for the available bandwidth and price per unit
Cost, i_e_, the increase in the total queueing de]ay experiencedlgw along its route. In order to measure the residual bandwidth
the packets. This can be seen from the fact that the priceius8Pt used by the other users, if there is any, and the price per
pays per unit time equals its target queue sizand the total unit flow, user:i needs to set its window size large enough so

system cost per unit time is given by that it utilizes all residual capacity not taken by the other users.
Hence, we assume that ugesets the target queue size to some
_ 4G _ _ small positive constart that is arbitrarily small, so that each
Ciogi=) Ci-=-=) @G=)_pi . : . i '
Z s Z e Z ! Z ‘ user can estimate its well-defined price per unit flow along the

jeg jeg ieg =

route, which is strictly positive. We now consider the limit as
Therefore, the fairness of the pricing scheme is automaticatlyl 0, where (12) can be written as
guaranteed.
In the following two sections, based on this pricing mech- . (#) — argmax U; < Di ) —

anism, we propose two algorithms that can be deployed over pi Ai(t™)
the current Internet without an extensive modification inside the 0, if \(t7) > U/(0)
network. All that is required is a modification of the already ’
existing TCP at the end hosts. We demonstrate, using a fluid p;  such that/! < Di ) = \(t7),
model, that at an equilibrium of the algorithm the resulting rates = Ai(t7)
are the optimal rates that soh#&” ST EM (U, A, C). if 0 < A\(t7) < U/(0)
Ki, if )\i(t_) =0
V. ALGORITHM | (13)

In the previous section, we have analyzed the case where ) ) . }
users have fixed their target queue siges (p;, i € 7). How- whereUj(.) = 9U;(-)/0x; andK; = limy o p;(A). This allows

ever, as more intelligence is embedded in end systems in H&t0 Pretend that users whasg¢t) = 0, continue to probe the
network and are able to estimatg(¢~), for example, through

13 the following sections, we use the termdlingness to payandtarget & mOd.iﬁed “_KEEPALIV_E" me.Chanism in TCP [21]. From As-
queue sizénterchangeably. sumption 1 in Appendix 1K; is well defined and greater than



278 IEEE TRANSACTIONS ON NETWORKING, VOL. 10, NO. 2, APRIL 2002

0. We assume thak; < oo for all = € Z. This is a reason- 1
able assumption, becauseaty, high rates users’ marginal 5
utility is likely to be very small and users are not likely to pay a

price larger than a certain limit, for instance, given by a budget
constraint4 The updating rule in (13) can be motivated as fol-

lows. If the price per unit flow); is larger than or equal to

U!(0), then uset receives a negative net utility from any pos- I
itive p;. Thus, user should wait till the price per unit flow
is smaller thanl’/(0). If the price per unit flow); is strictly
smaller thanU7{(0), then there exists a unique solution to the _ _ _

USER;(Us; \;) problem in (2). This solution is the uniqye the price per unit flow is same for all users. Hence, (_aach user
such that7/(p; /\;) = A;, which maximizes usei's net utility. updates its target queue size based on the current price per unit

Fig. 2. Single bottleneck case.

Hence, usef should set its target queue size to speh flow of the system. Suppose that the current target queue size is
Equation (13) implicitly assumes that a user does not antié@-# 0 andp* = 3=, p;. Let

pate the effect of its own action on prices per unit flow [10] and o, ;

updates its parameter in a myopic manner. This is a reasonable pi(p) = arg max U; (—) —pi

assumption when the size of the network is large and each user
occupies at most a small fraction of a resource in the networkwhere\ = p'/C, C is the capacity of the bottleneck link, and
when a user cannot correctly compute the price per unitflow & = [0, Pi_.]. Here Pi . represents users budget con-

a function of its owrp;. In some simple cases, however, userstraint, which is assumed to be sufficiently large so that the con-
may be able to correctly estimate the effect of their own actiostraint is not active at the equilibrium. We assume that there ex-

on the prices per unit flow. This is discussed in [12]. ists at least oné € Z such that/(0) > Apax = >, iy /C
Let us define a mapping: P — P to be and that the initial target queue size vector is such#h@) =
>, pi(0) > 0. This ensures that(n) # 0 for all n > 1.
. Di . Consider the following update scheme. We first assume that
7;(p) = argmax U; — P 14 ! :
(p) = arg e <)\i(p)> P (14) all users are synchronized and model the user updates with a

discrete-time model. At each peried> 1, every usef updates
where the right-hand side is given by (18)= R, andA(p) is  its target queue size based on its ratén — 1) and previous
the price per unit flow vector at the unique stable point of fhe (target queue sizg; (n — 1) as follows:
1)-proportionally fair algorithm with target queue size vegtor
A fixed point p* of the mappingZ is a vector inP such that pi(n) = pi(n — 1) + pi(n) — pi(n — 1) (15)
7 (p*) = p*. Note from (13) that at any such fixed poimtwe M+1
have);(p) > 0foralli € Z. This implies that ifp; = 0 for user

i € Z, thenxz;(p) = 0. t t
) - . . pt(n—1)/C,andp’(n — 1) =3, p;(n — 1). Once every user
The_orem_ L Suppo_se that the utility _funct|on_s sat_|sfy AS.'finishes updating its target queue size, they wait long enough
sumption 1in Appendix . Then, there exisis a unique fixed po'ﬂh the window sizes converge. After window sizes converge

ﬁ; of tf:g m;':lp;zlngﬁ, antq thftrk]eiultl?g 2;&;;%;;05 f;qug's the users repeat the above update procedure, based on the new
€ optimafrate aflocation” that Solve (U, 4,0). rate allocation and target queue size&). This is called the

ThProof: 'Iihte Illaroof !; gt|ve2 in f\hppendlx II.d e al .tﬁlacobi update scheme.
_rheorem - s us that when the users adopt the algori n.'Thefollowing theorem tells us that the user target queue sizes
given in this section, at an equilibrium where no usehanges (n) converge tg* under the Jacobi update scheme

its parametem;, the resulting rate allocation coincides with’ Theorem 2: Suppose that the utility functions satisfy As-
the system optimal rate allocation. This demonstrates thsa

solving SY STEM (U, A,C) could be accomplished using a Ls}gptg?; est%qig(uj eZ é?z';gf)eid(lzll(:{; a.s.,lhglli(t;o)t)tlggs\;:: rg]aest?), the
simple window-based flow control algorithm in a distributeé{l* . Lo

wherep,;(n) = arg maxy, cp, U;y(p;/A(n—1))—p;, A(n—1) =

! ) " =(p},...,p}) as under the Jacobi update scheme,
environment with no additional feedback from the network. (P, - pp)asn — o P
A natural question that arises now is whether or not the user
target queue sizas, ¢ € Z, converge to the unigue fixed point lim p(n) = p*.
of the mappingZ. Due to the complex relationship between n—o0
the target queue size vector and the resulting rate allocation, prgof: The proof is given in Appendix 1. -

showing the convergence of user target queue sizes in a genergj practice, however, the network users are almost never syn-
network is a challenging problem. In this section, we only shoy,ronized. Hence, it is important to show the convergence of
the convergence of user target queue sizes in the case of a sifglg target queue sizes under an asynchronous update scheme
bottleneck link, i.e., every user has only one and the same bgji, possibly delayed information. In other words, users do not
tieneck link, shown in Fig. 2. In such a single bottleneck casgecessarily update their target queue sizes simultaneously and

_ _some users may not have an access to the most recent value of
14These very high rates are assumed to be much larger than the capacﬂm

of . : . . . .
the routes. Since the rates of the users are constrained by the capacity of tht price per unit fIQW (possibly due to St'”.ﬂucmatmg window
respective routes, these very high rates are not of real importance. size) and may decide to use an old value instead.
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Let 7" be the set of periods at which usespdates its target U/(-) = dU;(-)/dxz;, U/’ (-) = d*U;(-)/d=?, d; is useri’s prop-
gueue size, and agation delayd;(t) = w;(t)/x:(t) = di + ;¢ 7, 4;(1)/Cy,
g,(t) is the backlog at resourgeat timet, and
piA(7i(n))) = pi(n)

pi(n+1) = pi(n)+ Mol ,  foralln €T, ri(t) = w;i(t) — zi(H)d; — zi(HU] (x;(2))
‘ A wi(t
where0 < 7;(n) < n. We assume that the séf¥, i € Z, are ® ,
infinite, and if {n;.} is a sequence of elementsii that tends —1_ zi(t)di xi(t)Ui(xi(t)). (18)
to infinity, then w;(t) w;(t)

Note that uset’s utility function appears in bott/;(¢) and
7‘i(t).

) ) The following theorem states that the algorithm given by
The update scheme described here is call@dtally asyn- 16y (18) converges to the unique stable point, where the

chronous update schenf}. - _ _ resulting rates solve th8Y STEM (U, A, C') problem.
Theorem 3: Suppose that the utility functions satisty AS- theorem 4: Suppose that the utility functions satisfy As-

sumptions 1 and 2 in Appendix I. In a single bottleneck Casgumption 3in Appendix I. LeV (w) = 3, (ri(w))?/2. ThenV’
the usertarget queue Siz@8:) = (p1(n), ..., pr(n)) CONVEIge g 4| yanunov function for the system of differential equations
top" = (pi,...,p7) asn — oo under the totally asynchronous 1 g\_(18) The unique value minimizirig is a stable point of

update scheme. o _ this system, to which all trajectories converge.
Proof: The proof is given in Appendix IV. Proof: The proof is given in Appendix V. n

_Anumerical example of the convergence of user target queu§y, gections v and VI, for the purpose of analysis, we have
sizes to the unique fixed point of the mappiigwith utility 555 med that users are delay insensitive and their utilities de-
functions ofU/(z;) = a; - log(w; + b;),a; > 0@nd0 < b; <1 pang only on the rates they receive. This is a reasonable as-
Is given in Section VII. sumption since the users are concerned mostly with the overall

(per-transfer) delay rather than the delay of individual packets.
VI. ALGORITHM Il However, if it turns out that the network users are sensitive to

The algorithm described in Section V assumes that the isefi£lay and the cost due to queueing delay is given.in (11),
explicitly compute the optimal target queue sizes based on #€n the algorithm does not require any pricing mechanism. Re-
current prices per unit flow and use the {)-proportionally fair Ccall that the purpose of the pricing mechanism is to impose the
algorithm to solve theV ETWORK (A, C; p) problem with System cost due to queueing delay on the (noncooperative) users
the given target queue sizps= (p;, i € Z). In other words, in an incentive-compatible way. In this case when users maxi-
the problem is formulated as a discrete model where, given théze their utility functions witrexplicitdelay cost, the resulting
prices per unit flow from the previous periad— 1, users solve rate allocation at an equilibrium is the optimal rate allocation.
USER(U;; Ai(n — 1)) for periodn. Then the g, 1)-propor-
tionally fair algorithm is used to drive the users to the solution VII. NUMERICAL EXAMPLES
of NETWORK(A, C; p(n)). However, there are a few im- |, hjs section, we give a numerical example of a simple net-

plementation issues that need to be addressed. First, $iNC&fork for each algorithm and demonstrate the convergence of
1)-proportionally fair algorithm converges asymptotically, thgsers parameters through simulations. The simulations are run
users need to know how long they should wait before updatifging the ns-2 simulator developed at Lawrence Berkeley Lab-

their target queue sizes again or how often they should updgig;ory (LBL) and the University of California at Berkeley.
their target queue sizes. Second, even with increasing computa-

tional power, it may still require a nonnegligible amount of CPU Algorithm |
time to solvel/SER(U;; \;) frequently. i ,
In this section, we introduce an algorithm that does not re- Although the convergence results for the first algorithm have

quire a computation of the optimal target queue sizes, but thgen_prqved only for single bottleneck cases, the simulation_ re-
users’ preferences are implicitly reflected in the window siZHlts indicate that the user rates converge to the system optimal

updating rule. Suppose that the users update their window siZ&€S €ven in general networks with the utility functions satis-
according to the following system of differential equations: [Ying Assumptions 1 and 2 in Appendix |, and an appropriate
damping constant/.

lim 7 (ng) = oo.
k—oo

duw;(t) The topology of the simulated network is shown in Fig. 3.
a7 My(t) - ri(?) (16) ' There are eleven users that share the network. The source—desti-
nation pairs of the users are given in the figure, and the capacities
where and the delays of the links are indicated by the numbers next to

‘ " AT the links. The utility functions of the users are given in Table I.
= di + Uilwi(t)) + 2:(t) - U7 (2:(t) (17) Each connection updates its target queue size after it receives
di(t) the acknowledgment for thigth packet after the previous up-

191 practice, an agent at the end host may carry out the computation on beﬁje@rte' He.nce' the target queue size updates_are ”Qt synchronized
of the user. due to different round-trip delays. For the simulation, we have

M;(t)
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Fig. 3. Topology of the simulated network and the users’ routes.
TABLE | 1 ‘ . . (I'Jonverger:ce of ralels . . . .
UTILITY FUNCTIONS OF THEUSERS AND THEOPTIMAL RATES AND PRICES ol — Ez:g
——————————— —+— user.
user Ui(z;) ! (Mbps) | p! N - zggfo
1 5 log(z + 1) 0.584 4.932 =08 ]
2 7log(z + 1) 0.283 6.808 R I e ey PP ey o
3 |l 9log(z +1) | 0521 | 8.864 .l ]
4 6 log(z + 1) 0.724 5.934 '0 . ) ) ) ) ) . . )
5 8 log(a: + 1) 1.076 7.941 0 10 20 30 40 “me(ssfconds) 60 70 80 20 100
6 10 log(z + 1) 0.424 9.815 Convergence of prices
7 4 log(z + 1) 0.459 3.931 —
8 7 log(x + 1) 1.500 6.963 o userd
9 |1 10log(z + 1) 1.175 9.932 - user?
10 12 log(z + 1) 0.492 11.808
11 9log(z + 1) 0.521 8.864 1

W )
setk; :_25, k= 0.1, arld the damping constaid = 5 for all T S T
connections. Packet sizes are fixed at 1000 bytes. time (seconds)

The target queue sizes and rates of some of the users Iéliée4 Convergence of user target queue sizes and rates.
plotted in Fig. 4. The dotted lines in the plots represent the op-
timal rates and unique equilibrium prices, respectively. These
plots clearly demonstrate the convergence of the users’ targéthe users are as listed in Fig. 5. The capacities and delays of
queue sizes and, thus, the rates to the system optimum. the links are given next to the links in the figure. Table Il has

the utility functions, optimal rates, and equilibrium prices (or
B. Algorithm II target queue sizes in packets) of the useis. this simulation,

_The topology of the second simulated network is given iNisrhe ratesy in U;(x) are in packets per second, whiles are given in
Fig. 5. There are 18 users that share the network, and the routegabits per second (Mbps).
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Fig. 5. Topology of the simulated network and the users’ routes.

TABLE I
UTILITY FUNCTIONS OF THEUSERS
user | Ufz) |zt (Mbps) | pf
1 24107 0.121 11.25
2 0.92%7 0.497 11.34
3 0.92%7 0.750 15.13
4 1.22%7 0.180 7.43
5 0.92%7 0.497 11.34
6 1.52%7 | | 0.380 15.66
7 0.62°7 1.500 16.38
8 2.5207 0.138 12.85
9 24207 0.121 11.25
10 | 2.42°7 0.706 16.11
11 | 0.92°7 0.750 15.16
12 | 0.92%7 0.500 15.18
13 | 1.22%7 0.500 11.39
14 | 0.95%7 0.380 15.66
15 | 1.5z°%7 0.180 7.43
16 | 0.6z°7 0.380 15.66
17 | 252°7( 0121 | 11.25
18 | 2.42°%7 0.500 11.39

each connection measures its rate, compie&) andr;(¢),

10: ¢2-B2-B9-B10-B6-¢c6
1t: el-B1-B9-B11-B5-e5
12: e4-B4-B5-B6-B7-¢7
13: e4-B4-B11-B10-B8-e8
14: e2-B2-B1-B8-B7-¢7
15: ¢1-B1-B8-B7-e7

16: 3~B3--B2-B1-B8-¢c8
17: e3-B3-B4-B5-B6—-e6
18: e4-B4-B11-B10-B8-e8

round-trip time. The parameteris set to 0.1 for all connections.
Packet sizes are fixed at 1000 bytes. The simulation is run for
20 s.

The evolution of the rates and target queue sizes of users 1,
3,5, 7, and 11 are plotted in Fig. 6. Theaxis is the time in
seconds in both plots. One can see that users’ rates converge
within seconds to aregion around the optimal rates and the target
queue sizes converge to the unique equilibrium. Since the users
use instantaneous values of the rates and the queueing delays
their rates oscillate slightly around the optimal rates.

The convergence rate of the algorithm obviously depends on
the parameters such as Further, simulation results indicate
that the convergence rate of the algorithm decreases with the
round-trip delays of the users as expected. This is because the
window sizes of the users are updated only once per round-trip
time. Suppose that a user enters a network with many users that
is already in an equilibrium with the existing users. Then, the
simulation results suggest that with a wide range of round-trip
delays and a reasonable choice for the value,ahe system
takes no more than a few seconds to converge to a small neigh-
borhood of the new equilibrium. This fast convergence can be

and updates its window size according to (16)—(18) once pexplained from the fact that the arrival of a new user does not
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Fig. 6. Convergence of user target queue sizes and rates.

2

perturb the existing users too much, and this allows the ne
user to quickly estimate the price per unit flow of its route an
reach the equilibrium. Due to the size of the Internet and a Iar% !
number of users, if the arrivals and departures of the users %0
reasonably frequent, we expect the system to remain close tc
equilibrium at any given time. 0 : ; : : ' : : , .

time

.5

target queue sizes {y = 0.3)

VIIl. CONTROLLING THE BACKLOG AND QUEUEING DELAY 70 ' ' ' ' : ' i ' »

IN THE NETWORK &0
50

In the previous sections, for simplicity of analysis, we hav gaof | """ "7"7~~--~-----~- ___ . ___ - -
assumed that the buffer sizes at the resources are infinite. 23
the real network, however, the buffer sizes are finite and the 2
may be packet losses due to temporary buffer overflows. In tt 1 - user?
section, we discuss how our pricing scheme and algorithms ¢ % 5 4 & & 10 12w —w s 2
be extended to cope with these packet losses.

In our pricing scheme, we have assumed that the price per ()
unit flow charged by a resourcgeis the queueing delay at theFig. 7. Convergence of user target queue sizes and rates with vanailises.
resource. Suppose that the price per unit flow at a resourcédg = 30 0)7 =03,
proportional to the queueing delay, i.g;,= ~ - ¢;/C;, where
v > 0, but not necessarily equal to the queueing delay. In thiseans in practice is thatcan be chosen to ensure that packet
case, the users face the same user optimization problem, ex¢esdes are negligible even when the buffer sizes are finite.
that now the target queue size should be set to its willingness tane demonstrate this through simulation. Simulations are run
pay divided byy. More specifically,l/; (x;(¢)) and U’ (z;(t)) with the same network topology and set of users as in Sec-
in (17) and (18) need to be replaced by® - U/(z;(t)) tion VII-B. We sety to 3 and 0.3 in the first and second simula-
and~~! - U(x;(t)), respectively. One can show that undefion, respectively. The simulations are run for 20 s. Fig. 7 shows
this more general pricing scheme and modified algorithmge rates and target queue sizes of the users zTénds is the
there exists a unique equilibrium of the algorithms, and @e in seconds as before. One can easily see that users’ rates
the equilibrium the resulting rates are the optimal rates thednverge to similar values, while the target queue sizes are in-
solve SY STEM(U,A,C). In other words, the equilibrium versely proportional te, i.e., the product of and target queue

prices and resulting rates are invariant under change @ne size of each user remains constant. This is consistent with the
consequence of this is the following. Because the equilibriugtaim made above.

prices are the same for all > 0, the target queue sizes of the
users are inversely proportional 4o Therefore, by increasing

~, we can arbitrarily reduce the target queue sizes of the users
and, hence, the backlog inside the network. Furthet; gees In this paper, we have investigated the fundamental problem
to oo, one can see that the queueing delay goes to O for all usefsthe existence of an algorithm that achieves the system
because the target queue sizes of the users go to 0. What ¢ipmum in a distributed network without any explicit feedback

~— usert
—*— user3
— - users

IX. CONCLUSION
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vt Assumption 3:Utility functions of the users satisfy the fol-
lowing:

Ul(z)) +x; - U'(z;) >0,  z; €[0, C]
whereCt = minge 7, Cj.

APPENDIX I
PROOF OFTHEOREM 1

At an equilibriump* of the algorithm, where users’ willing-
p‘ ness to pay stays constant, we have the following:
pr 1) p; = =7 - A7, wherez™ andX* are the resulting weighted
Fig. 8. Assumption 2. proportionally fair allocation with weight vectgr* and
the price per unit flow vector, which is strictly positive as

from the network elements to the end hosts. We have described st*ated in Section V, I.e* > 0, rispectlvely.
a pricing scheme and two algorithms that solve the systemz) x* soIvesNETWORKEA, C; p.)'
problem at the unique equilibrium point of the algorithms. We ) Pi SOVeSUSER;(U; Af) forall i € 7.
have demonstrated that our algorithms are incentive compatiblél) follows trivially from the fact thap} = =7 - A7 by defi-
and do not require any feedback from the network, makiryition. 2) holds at the unique stable point of tie 1)-propor-
them easy to deploy. Moreover, they achieve weighted propd@nally fair algorithm with fixedp™ [19]. 3) is true by the con-
tional fairness. We have proved the convergence of the figéfuction of the algorithm. Furthermore, apy with its corre-
algorithm to the optimal rates in a single bottleneck case unddonding\* andz*, that satisfies 1)-3) is an equilibrium of the
both synchronous and asynchronous update schemes u@d@@rithm. By Theorem 2in [9], the existence of sychs guar-
some mild technical assumptions on the utility functions. THnteed and the resulting rate allocatioris the unique solution
second algorithm is proven to converge to the system optimdghSY STEM(U, A, ©).
in any general network. A few numerical examples are given The uniqueness of equilibrium point can be shown as
to demonstrate the convergence of the algorithms in simpflows. First, recall that there exists unique that solves
networks. SYSTEM(U, A, C), from the strict concavity of the utility

In this paper, we have assumed that the routes of the usersfifgtions. From the Kuhn—Tucker conditions, which are the
fixed. However, if the network charges the users based on ficessary and sufficient conditioig,solvesU S ER;(Us; AT)
congestion level along the route of the connection, the netwdftand only if it satisfies
should ensure that no users get preferential treatment or penal-

ized through the selection of the routes. For instance, the routing . , { Di v
has to be done in such a way that no user is routed through a pi>0 = U <,\_j> =X (19)
path that has the highest price per unit flow among the available =0 = U/0) <.
paths, while other connections are routed through the cheapest R
path. Hence, at any equilibrium* one can see that

We are currently attempting to design a mechanism that uses
measured packet loss rates to solve $HeSTEM (U, A, C) o
problem, instead of the queueing delays. We are also working on x>0 = Ul <)\—;> =Ul(z})= X! 20
how one can solve a system problem with a different objective i (20)
function, such as the total revenue, using a distributed window- zf=0 = Uj0) <AL

based algorithm. Another interesting question that remains_ljﬁ. . . : . . .
. . X . is immediately tells us that there exists a unique fixed point
how the algorithm described in this paper can be extendedfrt(c))m

provide different quality of service.

af -Ul(z?) ifxr >0
pr=af AF =
APPENDIX | g v 0 if 2f =
ASSUMPTIONS ON THEUTILITY FUNCTIONS
Assumption 1:5;(};) is decreasing if\; > 0, whereg,; (\;)
= argmax,, U;(p;/\i) — pi. APPENDIX I

Assumption 2:There existd\/ > 0 such that PROOF OFTHEOREM 2

1) for a”P: < P*:! 15:(17:) - P: < M(P*: - P:) Note that, in a single bottleneck case, updating the scheme
2) forallp® > p*, p'(p") — p* > M(p™* —p') of the users depends only on the current target queue size and

wherep’ = > .pi,p™" = >, pf PP = X, p(p'), and price per unit flowA(n) = p;(n)/zi(n) = p'(n)/C, where
pi(p*) = argmax, U;(p; - C/p") — p;. Thisis shown in Fig. 8. C'is the bottleneck link capacity. Hence, in order to show the
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convergence ofp(n), it suffices to show the convergence of From the assumption, there exists at leastioa€ such that
pi(n) = >, pi(n) top** = 3. pt. UN0) > Amax = 2; Plax/C. Thus, we know thap’ (k) > 0
Since we have assumed tHaf(-), ¢ € Z, are continuously for all & > 1.
differentiable, one can see thit(p?) is a continuous function  Let P(0) = [min{p;(0), Hi(Amax)}, Piaxl- Define for all
of p'. Thus, it suffices to show that jf(n — 1) # p* n>1,P(n)={T"(p)p € P(n— 1)}, where
t *t t *t 5 (mtY — n-
Ip*(n) —p*| < |p'(n—1) —p™| foralln > 1. (21) ﬂ(p)zpi-i‘ng@)_'_lpz

This can be easily shown as follows. Let us discuss two separate o
cases. Take the projection for eache Z

1) Mn) < A%, ie,p'(n) < p™. P;(n) = {p;|p; is theith element ofp € P’
In this case we have from (15) itn) = Apilps ' b ()}

=t t
pn+1)—p'(n
( M) . ( ) >pt(7’L)
* P(n) = XiczPi(n).
where the last inequality follows from Assumption 1. , ,
Now we show that Then,P’'(n) C P'(n — 1) and, her_lce?(n) C P(n —1). Fur-
ther, one can show tha(n) satisfies thesynchronous conver-
pi(n) < plin+1) < p* gence conditionFrom its constructionP(n) satisfies thebox
condition.The theorem follows from [1].

and define
P(n+1)=p'(n)+

as follows.
5 APPENDIX V
pi(n+1) —pi(n
Prin+1)=) pin)+ ( M)Jr 1 ) PROOF OF THEOREM 4
© We first define interior and boundary points. An interior point
— p'(n) + P (n+1) is defined to be a window size vector, around which we can find
M+1 M+1 an open ball such that all the points in the ball have the same set
" 1 ot w4 of bottlenecks. A window size vector for which we cannot find
M+1? (n) + M1 ™+ M@ =P (1) sychan open ball is said to be a boundary point. One can show

*t (22) thatthe boundary regions are linear and divide the window size
space into a finite number of convex regions. Hence;(if) is
where the inequality in (22) follows from Assumption 2.an interior point, then for sufficiently smadl> 0, w(t+¢) isin

2) A(n) > A, i.e.,p'(n) > p*. the same region as(?). If w(t) is a boundary point, then for any
Using a similar argument, one can show that sufficiently smalle > 0, w(t + €) is in one of the neighboring
» . . regions of the boundary point.
pr<p(n+1)<pin) Recall thatV(¢) = >_.(r:i(t))?, where
The convergence gf(n) follows from the fact thag®(p) wi(t) — x; (1) (d; + Ul(xi(t)))
is a continuous function gf and Assumption 2. ri(t) = wi () :
APPENDIX IV We show that for smalt > 0

PROOF OFTHEOREM 3
_ . Vt+e)= V() =rT () J.()(w(t + €) —w(t)) + o(e) (23)
We first show that there is a sequence of nonempty sets

{P(n)} with whereJ,.(t) is the partial derivative
- CPn+1)CcPn)C---PO)CP J,,(t):{aal,i,jeI}

"

whereP? =P, x --- x Py, satisfying the following two condi- ’

tions. which depends on the region in whiaf{(¢ + €) is.

1) Synchronous convergence condition: we have We first state a claim that will be used in the proof, which is
proved in [19].
T(p) e P(n+1) for all n andp € P(n). Claim 1: At an interior pointw, the partial derivative/, =

Ox;/0w;, i, 5 € Z] isgiven b
Furthermore, if{p*} is a sequence such thglt € P(k) O/ Oy &, J € s 9 d
for everyk, then every limit point of{p*} is the unique =1 T 1 -1 or=-1
fixed point of the mapping’ . ' Jo=D <I - X4s (ABXD AB) ApD ) (24)
2) Box condition: for every:, there exist set®;(n) C P; _
such that whereX = diag(z(¢)), D = diag(di(¢),...,d;(t)), and Ap
is the submatrix ofA with columns corresponding to bottle-
P(n) =Pi(n) x - x Pr(n). necks atw(t).
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If w(t) is an interior point, then from the algorithm and thaHence, from (27) ifr(¢) # 0
z(w) is differentiable at interior points from the above claim,

we have
J.=DXW 2 DWW L) + XU'W?
- WU + XU,
=DXW™ 2 _DW™'D
+DW D X Ap (AﬁXﬁ_lAB)i ALD
—1

1

+ XUW 2w YU +XU"D
WL+ XU“)ﬁ‘l)(AB

x (Agxﬁ‘lAB) LAz (25)
=-WXU"D '+ (D+ U + XU"D *Ap
- -1 —

x (A’—g,XD 1AB) ALD (26)
where W = diag(w(t)), D = diag(dy, ..., dy),
U = diag(U(zi(t), ..., Ui(zr(t), and U =
diag(U7 (z1(£)), ..., U'(z7(£)))47 If w(t) is a boundary

point, thenAg is the submatrix of4 with columns that corre-
spond to bottlenecks ai(t + ¢). The second inequality in (25)

follows from.J, = D (I-XAp(A5XD ' Ap) tAED ).

Fix ¢ > 0. Defineéw(t, €) = (w(t+¢)—w(t))/e. Then, since

Jr(-) is well defined inf¢, ¢ + €] if the pathw(¢') follows the

straight line between(t+¢) andw(¢) andV (-) is a continuous

function of window sizes, one can see that
V(t+¢e) —V(t)
t+e¢
- / 7T (s)Ju(s)ou(t, € ds
t

t+e
_ /t (1(8) + Ar()) T [u(t) + AT (8)|Sw(t, €) ds

whereAr(s) = r(s) — 7(t), A (s) = Ju(s) — J.(¥), s €
[, t + €], andJ..(-) is defined as described above. Then

V(t+e) - V(t)
_ / 6wt O ds
+ /H—6 L () AT (s)6w(t, ¢) ds
tt—l—F
+/ ArT(s) . (t)6w(t, €) ds
tt-i—e
+/ ArT(8)AT,(5)b6w(t, ¢) ds
= 7‘T(t)J (&) (w (t+6) w(t))
+ 7 / AJ.(s)ds - dw(t, €)
/ Art s - Jn(t) - bwl(t, €)

/,l ArT ($)AT,(s) ds - bw(t, €)
= 7T () J.(t) (w(t + €) — w(t)) + ofe). (27)

17For sufficiently smalk > 0, w(t + €) has the same bottleneckswaét).

V(t+e) —V(t)

lim
€l0 €
o T OLO @ )~ w(t)
€l0 €
+ lim ﬂ
€l0 €

= —wrT(t)J. ()M (t)r(t) <0 (28)

whereM(¢) = D (D + U + X - U"). The last inequality
follows from thatJ,.(¢)M (¢) is a positive definite matrix for
(25). Note that for a boundary poimt(t) such thati(¢) lies
along a boundary regiorf (¢)J,.(t)1(¢) is the same for alf,.(¢)
with different Ag of the neighboring regions. Hence, the limit
is well defined. Since (28) is true for allunlessr;(t) = 0 for

all ¢ € Z, the convergence follows from an argument similar to
that of Lyapunov stability theorem [15].
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