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Abstract

We study the issue of convergence of user rates and resorices pnder a family of rate control
schemes called dual algorithms with arbitrary communicatielays. We first consider a case where a
single resource is shared by many users. Then, we study aagemeéwork shared by heterogeneous
users and derive sufficient conditions for convergence. Miggvghat in the case of a single user utilizing
a single resource, our condition is also necessary. Usingesults we derive a sufficient condition
for convergence with a family of popular utility and rescaifgrice functions. We present numerical
examples to validate our analysis.

1 Introduction

A communication network, e.g., the Internet or a telephaetevark, comprises networking equipments that
enable exchange of information between multiple partiesnoruser equipments (e.g., personal computers
or laptops). Networking equipments include switches,emiaind links (e.qg., fiber optics or twisted copper
wires) that connect switches and routers and have finitevindtiu or capacity, i.e., the number of bits that
can be transmitted by a link per unit time. These networkimgiments, which we call network elements
in this paper, communicate with each other using a set of mddednetwork protocols

Since the links in the Internet have finite capacity, exeesdemands brought on by the users can cause
severe congestion or even a collapse of the Internet (Begygangestion collapse of 1986). Hence, in order
to prevent any unexpected collapse of the Internet fromreesengestion, it is imperative to control the
congestion level inside the network by regulating the rateshich packets are injected into the network
by the users, called the packet transmission rates or sirap#g of the users. With the increasing size and
complexity of the Internet, the problem of computing a fdiaie of network bandwidth for every user and
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allocating their rates is becoming a challenging task. T®ehd, in his seminal work [13] Kelly suggested
that the problem of allocating fair shares of available mekbandwidth to elastic traffic usétswvhich we
call arate allocationproblem, can be posed as an optimization problem.

Under the proposed optimization framework each user resawitility as a function of its rate, i.e., its
share of bandwidth. The utility of a user can represent eitetrue utility or benefit the user receives or
a utility function enforced by the end user protocol thatuatlj the packet transmission rate on behalf of
the user. An example of such a protocol is Transmission @bRtotocol (TCP), which is the most popular
congestion or rate control protocol in the Internet todayhk latter case the selection of the utility function
determines the behavior of the end user protocol and theediesite allocation [14, 17, 19]. The objective
of the optimization problem is to maximize the aggregatétyti.e., the sum of the utilities of the users,
subject to the link capacity constraints. Using the progdsamework Kelly and his colleagues proposed
two classes ddlistributedrate control algorithms - primal and dual algorithms [144gdribed in subsections
2.1 and 2.2) - and established their convergence to theedesite allocation in the absence of delays.

In reality signals take time to travel from one end of a linkigecting two network elements to the other
end. This introduces a communication delay, which equadehgth of the link divided by the speed at
which the signal travels the medium, when a signal is tratisthiover a link. Modeling communication
delays over links between network elements is importantrvthe delays are non-negligible (e.g., inter-
continental links) or widely varying with uncertainty, .i.¢he delays are not known in advance. An example
of such an environment is multi-hop wireless networks, Whire wireless networks formed and maintained
by (mobile) users without any infrastructure including piowl links [26].

Recently, the convergence of user rates to the desirechéibocunder the primal algorithm in the pres-
ence of communication delays has been studied extensielb?2] 23, 29, 32]. The authors of [4, 12, 23]
provided sufficient conditions on the gain parameters ofuberé and communication delays for con-
vergence, whereas Ranjan et al. [29] studied the case wittraay communication delays and provided
sufficient conditions on user utility functions and res@upcice functions for convergence. Throughout this
paper a resource refers to a link that connects two netwerkets. In addition, the authors of [29, 32]
provided sufficient conditions for convergence with popuiglity and resource price functions [2].

The convergence of user rates and resource prices undendhaldorithm in the presence of commu-
nication delays, however, has not been studied as much.lddg@2] studied the local convergence of the
dual algorithm using a linearized model and provided swfiticonditions on the delay and resource gain
parameters for local convergence. Low et al. introducedralyeof dual algorithms, which are variants of
those proposed by Kelly et al. [14], and studied the convargén the presence of communication delays
[1, 25].

A user or a connection created by the user for informatiotamnge is said to belasticif its packet transmission rate can be

adjusted based on feedback from the network (e.g., packst$).
2The gain parameter of a user or a resource determines hothésser changes its rate or the resource updates its price in

response to a change in network congestion level and isiagplén subsections 2.1 and 2.2.



In this paper we study the convergence property of the dgmlrithm proposed by Kelly et al. [14]
and derive sufficient conditions for convergence vathitrary communication delays. We use the same
technique we employed in [29] for the primal algorithm andndestrate that the same framework can be
used to investigate both the primal algorithm and the dugdrighm. We first consider a simpler scenario
where a single resource is shared by a large number of ustrshaterogeneous round-trip delays. We
model the dispersion or spread of heterogeneous roundiigys of many users utilizing the resource
using a family of probability distributions known as gammn@nels. This family of distributions has been
used to model delay dispersion in other disciplines (e3).3L]). Then, using the MacDonald’s linear
chain technique [20] we write the system dynamics as higtagrdifferential equations [7]. We derive a
sufficient condition for convergence of user rates and nesoprices. We also study the case where the users
have the same round-trip delay (i.e., a discrete delay). W shat when the derived sufficient condition is
violated, the system becomes unstable for sufficientlyelagjays and exhibits oscillatory behavior. Using
a linear analysis we provide an upper bound on the delay éai lkmonvergence.

We extend the above results to general network cases whetefresources is shared by heterogeneous
users, and derive sufficient conditions for convergencéénpresence of arbitrary communication delays.
These sufficient conditions are derived based on a simpteedéstime map that emerges from the intrinsic
market structure that underlies the rate control systencaptires the interaction between the demands of
the users and supplies of the network resources. We note $ivailar approach has been used in [10, 11, 21]
in the past to study the behavior of delay-differential eyst. We apply our results to derive (necessary and)
sufficient conditions with the same utility and resource@ifunctions studied in [29, 32]. We show that the
derived conditions for the dual algorithm are less restcthan those for the primal algorithm in [29, 32].
In other words, for some choices of users’ utility and reseuprice functions the dual algorithm converges
irrespective of the communication delays, while the cogeace of the primal algorithm with the same
utility and resource price functions can be ensured onlgifioall delays.

The main contributions of this paper can be briefly summdrazfollows:

e We provide sufficient conditions for convergence of the dalgbrithm, which are robust against the
variations in the communication delays and resource gaianpeters. This result can be used to provide a
guideline and to simplify the design of the rate control egsfor a communication network that constantly
evolves and changes (e.g., the Internet).

e We demonstrate that when the dispersion of round-trip detay be modeled by a gamma kernel, the
effects of the heterogeneous delays can be studied usimyatiel of Hale and Ivanov [7] and are similar to
those of introducing low pass filters in the feedback coritrop [18].

This paper is organized as follows: Section 2 describes phienzation framework for rate allocation
and the primal and dual algorithms proposed by Kelly et &, [4]. We study the simpler case of a single
resource in Section 3. This is followed by a study of geneedlvork cases in Section 4. We apply our



results to example utility and resource price functions dedve (necessary and) sufficient conditions for
convergence with arbitrary communication delays in SedioSimulation results are provided in Section 6.
We conclude in Section 7.

2 Background

In this section we briefly describe the rate allocation peablin the proposed optimization framework.
Consider a network with a set of resources and a s&tof users. LetC; denote the finite capacity of
resourcel € L. Each usei € 7 has a fixed route;, which is a set of resources traversed by u&er
packets. We define a zero-one matfixwhereA;; = 1if [ € r; andA4;; = 0 otherwise. When its rate is
x;, useri receives utilitylU; (x;). We take the view that the utility functions of the users aedito select the
desired rate allocation among the users. The ufiliyr; ) is an increasing, strictly concave and continuously
differentiable function of; over the range:; > 0. Under this setting, the rate allocation problem of irdere
can be formulated as the following optimization problem]{13

SYSTEM(U,A,C):

maximize Y Ui(;) (1)
ie1
subjectto ATz <C, x>0

whereC = (C},1 € £).2 The first constraint is the capacity constraint which stitasthe sum of the rates
of all users utilizing resourceshould not exceed its capacity.

With the goal of solving this optimization problem indéstributedmanner, Kelly et al. proposed two
classes of rate-based algorithms [14]: Suppose that eweryadopts rate-based congestion control in that
it adjusts its rate based on the feedback from the netwotkeirfidrm of resource prices. Let;(t) andz;(t)
denote the amount uséis willing to pay, which we call its willingness to pay, periutime and its rate at
time ¢, respectively. At time ¢ each resourcéc £ charges a price per unit flow of (¢).

2.1 Primal algorithm

In a primal algorithm the end users adjust their rates basethe® (shadow) prices per unit time of the
resources given by

m(t) =p( X @), 1L, )

i:ler;

3All vectors are assumed to be column vectors.
“Throughout the rest of the paper we refer to the willingnessaty per unit time as simply willingness to pay.



wherep,(-) is an increasing function of the aggregate rate of the useirggghrough it. Based on the
resource prices, each ugeadjusts its rate according to the following differentialiaton.

%xi(t) = ki (wi(t) — wi(t) l; w(t), i€t 3)
wherew;(t) = x;(t) - U, (z;(t)) and the user gain parameter > 0. The basic idea in (3) is to pro-
vide a market based rate control mechanism; eachiusmrstantly attempts to reach a market equilibrium
where its willingness to paw;(t) equals its total price per unit time charged by the resougbesn by
z;(t) Xe,, ta(t). Note that the prices charged by the resources in (2) deperttieorates of the users,
which can be viewed as users’ current demands.

Under (3) one can see that both users’ utility functions asurce price functions can be utilized to
decide a desired allocation of network bandwidth to the esetau Therefore, the design of rate control
algorithms is equivalent to selecting users’ utility fupas and the price functions of the resources that
appear in (2) and (3).

Kelly et al. [14] have shown that, under some conditiong@n),! € L, the user rates(t) = (z;(t),i €
7) converge to a rate vector that maximizes the following eggpion:

i

U =Y vitn) - Y [ et )y (4)
i ;70

Note that the first term in (4) is the aggregate utility of tleens in ourSYSTEM(U, A, Cproblem in (1)
which we want to maximize. Thus, the primal algorithm pragbby Kelly et al. in (3) solves a variation
of the SYSTEM(U,A,Cproblem in that it maximizes (4) instead of the aggregatktyin the original
SYSTEM(U, A, Cyroblem.

2.2 Dual algorithm

In a dual algorithm each resourte L updates its pricey;(t), based on the difference between the observed
aggregate rate of the users andeixpectedateq;(y;(¢)) according to

d
Zu® = m( X @) - aGu) (5)
j:leTj
where the resource gain parameter> 0. The user rates are set to
w;(t)
zi(t) = == =Dj( > m), (6)
! Zlérj Nl(t) ! ( lezr] )

whereD; () is the solution to\ = Uj(z) with D;(A) = 0if A > U}(0) andD;(\) = oo if A < UJ’»(oo).S
In other words,D;(\) denotes the demand of usgls a function of the price per unit flow, which is
the solution to the user optimization problemax,>o U;(z) — z - A (called USERU}; \) problem [13]).

®One should interpret’/ (co) to belim, . Uj(x).



We call D; the demand function of usgrthroughout the paper. It is easy to see th&f/ij)‘l exists, then
D;i(A) = (U}) (V).

Here, the functiony; can be viewed as the inverse function of the resource priwgifun p; in the primal
algorithm. Henceg; (1 (t)) gives the expected rate of resoutagven its current price;(¢). From (5) - (6)
one can see that each resource adjusts its price accordihg tlifference between the user demand (given
by aggregate ratgjj:lETj x;(t)) and its desired supply at the current price (giverylgy,(t))) [14, 30].

Kelly et al. [14] have proved that under mild technical cdiwtis on the functiong;, ! € £, the expres-
sion

V) = % /OZ’G”‘”D,-@ &~ [" atnyan @

i€l lel

provides a Lyapunov function for the system of differentiguations (5) - (6). We call a resource price
vector i, that maximizes (7) a solution to (7) in the rest of the pap@mil&rly, we call a rate vectos: that
maximizes (4) a solution to (4).

It is a simple exercise to show thatg{-) = p, ' (-), at the solution to (7) denoted iy = (},1 € L),
(i) the solutions to USER(;; >, 1) problems are the solution to (4 = (x7,i € L), and (ii)
P1(Xiuer, x7) = py forall I € L. In other words, the user rates and resource prices at thibeigm are
the same under both the dual algorithm and the primal algurit

3 Single-Resource Case

In this section we first study a simpler case where a singlaures is shared by users with the same utility
function. This is similar to the model used in [9] for studyithe interaction of TCP connections with a
Random Early Detection (RED) gatew&yHowever, unlike in [9] we do not assume that the round-trip
delays of the users are the same. General network caseswsiililied in the following section.

no forward path delay

Senderi Resource Receiveri

reverse path delay

Figure 1: Network model for a single resource case.

®A RED gateway is a queue management scheme that attemptutateethe rates of the users by either dropping or marking
packets with some probability to signal to the users impgmdbngestion. The drop or mark probability is a functionhef average
number of packets queued at the gateway over a period.



We assume that there is no forward delay from senders to sweiree, and all of usei's round-trip
delay, denoted b¥;, lies in the reverse path from the resource back to the sefties is shown in Fig. 1.
Under this assumption the resource price update rule irs(&iven by

G0 = (0 aue) ®)

iz H
We first focus on the case where users’ willingness to payeslfike.w;(t) = w,w > 0, foralli € Z. The
case with user adaptation is discussed in subsection 3.3.

Here we are interested in the case where the resource igddshyara large number of users, e.g., an
inter-continental link. In order to facilitate the anakysve assume that we can model the dispersion of
heterogeneous round-trip delays of the users using sonmibdion functionk as follows: Supposé > 0
is the minimum round-trip delay of the users. For every [0, c), let K (u) be thefraction of users whose
round-trip delays are less than or equalteT. We assumé is differentiable and yields a density function
K,i.e,K(u) = K" (u). This is reasonable when the number of users is large. Uhideassumption, we
can approximate thaveragerate of the users seen at the resource at tiongng

mz el Al s O ®)

where|Z]| is the cardinality off.

In the rest of this section we normalize both the aggregat aghithe users at the resource and the
expected rate of the resource in (8) by the number of ugérsand replace these terms with (9) and the
expected rate per user of the resource, respectively.

Gt = w ([ K9 ds — a(ue)
= K (/OOO fpt—T—=13s)) K(s)ds— qN(,u(t))) ; (10)

wheres = & - |Z|, qn (1) = q(u)

(n) = % Hence, the resource adjusts its price based on the
average rate of the users and its expected (average) usd&ased on the current priggt).

In this paper we consider the case where the delay densitfidun/’ can be modeled by a family of
generic delay kernels also known as gamma kernels, whiah thavfollowing form:

K(u) = (11)

711 exp(—au) ifu>0
0 otherwise

wherea > 0 is a constant, and € {0, 1,2, ...}. The kernelK with different parameters is plotted in Fig. 2.
The parameter is called the order of gamma kern&l[20], and the mean oK for fixed (o, ) is given

by

0o r+1,r 1
E[K] = /0 uZ Nu exp(—ozu)duzrz .



Plot of gamma kernels
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Figure 2: Gamma kernels for different parameters.

The kernelK with » = 0 andr = 1 is called the weak and strong kernel, respectively, anceiguiently
used to model distributed delay in different disciplinesliiling population biology [3, 31]. These gamma
kernels can be used to model a whole class of delay diswitit{e.g., Fig. 2), including an exponential
distribution (i.e., the weak kernel). The case of discrettayl can be realized by letting and o go to
infinity simultaneously while keeping the mean de@l fixed.

In the remainder of this section we study the asymptotic Wehaf the system in (10) under a set of
reasonable assumptions on functiprin particular, we adopt the gamma kernels in (11) and ag@ac-
Donald’s linear chain techniquto derive sufficient conditions for convergence of the digdbathm [20].

DefineR. := (0, ) andRR;. := [0, 00). The resource price functignis a strictly increasing function
that mapsR., to R... We first introduce the following assumption.

Assumption 1 (i) The functiong : R, — R is strictly increasing withy(0) = 0. (ii) The functiong
is Lipschitz continuous on any bounded intery@}.in, tmaz] C Ry. (ii) There exists a unique point
p* € Ry suchthatf (1) = q(u*)/|Z] = qn (1)

It is clear from (10) thaf.* is the unique equilibrium of the dual algorithm in (5), at winithe total
demand of the users equals the expected rate of the resduecely ¢(1.*). Note that under Assumption
1, if the initial function is non-negative, i.gu(s) > 0 for all s € (—o0,0), the resource pricg(t) remains
non-negative because whetx) = 0, the right-hand side of (10) is non-negative.ift’) > 0 for all ¢’ < t.

The existence of a unique solution of (10) is guaranteed ®pidm 2.3 in [8, p. 44] under Assumption 1
if there exist boundg, i, andtmaz, Whered < pimin < fmaz < 00, SUCh thag(t) remains in fimin, tmaz]
for all t > 0, starting with an appropriate initial function that lies[j#,.;., ftmae]- 1N the following section
we assume the existence of a unique positive solution of ébd)the boundsi,,,;,, and p,q.. such that



tmin < p(t) < fimae for all ¢ > 0. We will provide an assumption under which this is true insadtion
3.2.

3.1 MacDonald’s linear chain technique

Let (t) be a positive solution of (10) with some positive initial &tion . (s) for all s < 0. We define
0 w i
i(t) = —_ G
wi(t) /0 #(t_T_S)G(s)ds

_ /tfww-qjuﬁ@—mda P= 0.1, (12)

attlyt

wheref =t — 5, d§ = —ds andG"(u) = “—* exp(—au), u > 0. Note that for any € {1,2,...},

d _ i a _
%G (u) = —aG'(u)+ oG (u), and duGO(u) = —aG%u) . (13)

Suppose that the delay kernilis given byG™ for somea > 0 andr € {0,1,...}. From (13) we see
that (u(t), wr(t), wr—1(%), ..., wo(t)) satisfies

Sul) = R nlt) — an(u(9) (14
%wi(t) = —a(wi(t) —wi—1(t) ,i=1,...,r (15)
Don(t) = —alwo(t) ~ f(ult ~ 1) (16)

Definen(t) := gn(u(t)). We have
L4
gy (ay' (n(1))) dt
where the inversqg,1 exists from Assumption 1. Note that, from Assumption 14(f) is positive for all
t >0, so0isn(t).

We can rewrite (14) in terms of(¢) andw, (t) defined in (12).

d

Sn(t) = d(ax (1) u(t) and, hence, () =

7 n(t)

L
R d(ay (n(0) dt

Using the definition of)(¢), we can rewrite (16) as

(t) = we(t) —n(t) 17)

%WO(t) = — wo(t) + o f(qxfl(n(t - T)))
= —QWQ(t)—i-CYF(n(t_T)) :
where the mag : R, — R U {oo} is defined by

VneR,. (18)

F(n) = flay'(n) =

an'(n)’



Therefore, we have the following set of differential eqoas for describing the dynamics of the rate control

System.
1 d
7 -y (ay' (n(t))) 21 = —(t) + wi(t)
%wi(t) = —awi(t)+awi_i(t), i=1,...,r 19)
d

awO(t) = —« wo(t) + o F(T](t - T))

We note that the delay differential system in (19) is simitathat in [18] for a variant of the primal
algorithm where the price charged by a resource is a fundidhe averaged or low pass filtered version
of the aggregate rate of the users through the resource,pas@g to the users’ instantaneous rates in the
original primal algorithm. Hence, this suggests that theashgical effect of heterogeneous delays in the dual
algorithm, summarized by the averaging in (9) is similarhattof low pass filtering (or averaging) of the
rate seen by the resource in the primal algorithm [18].

In the rest of this section we will show that, similarly as e tprimal algorithm case [29], the conver-
gence of dual algorithm in (10) (or in (19)) can be studiechgshe mapF defined in (18).

3.2 Convergence

We denote byC'([-T,0], A) the Banach space of the continuous functions from the iatdrv7", O] to
some intervalA C R, with topology of uniform convergence [8]. Suppose that ¢hexists an interval
J := [a, b] C Ry, which is invariant under the ma, i.e., F(J) C J. LetY; := C([-T,0],J), and the
initial function ofn(s), s € [T, 0], is given byg.

Theorem 1 If the initial function¢ € Y; andw(0),...,w,.(0) € J, then for allt > 0 we have(n(t; ¢),
wo(t), ..., we(t)) € J T2,

Proof: A proof is provided in Appendix A. m

Theorem 1 implies that, under the assumption stated in #@r¢im, since)(¢; ¢) remains inJ, from
the definition ofp(¢) and Assumption 1 the resource prjeg) lies in a compact interval not including zero
and, hence, stays away from zero forialt 0. Therefore, the existence of a unique solution is guardntee
by Theorem 2.3 in [8, p. 44] under the assumption as mentieadder.

For any intervalA let int(A) denote its interior. We establish the convergence of (18guthe follow-
ing assumption.

Assumption 2 There is a sequence of closed intervdls ¢ R,k = 0,1,... such that (i)F(J,) C
int(Jiy1) C Jry1 Cint(Jg) forall k& = 0,1,..., and (i) Ng>0Jr = {gn(1*)}, wherep* is the unique
point that satisfie (1*) = gn(r*) in Assumption 1.

10



An example of utility and resource price functions thatsgtihis assumption will be given in Section 5.

Theorem 2 Suppose that Assumption 2 holds.¢lfe Y, andw;(0) € J, for all ¢ = 0,1,...,r, then
(m(t; 0), wo(t), - .., wp(t)) = (an (W), -, an(p*)) @st — oo.

Proof: A proof is given in Appendix B. m

3.3 User adaptation

In the previous subsection we have assumed that the wilisgyto pay of the users is fixedat This
describes a case where the users’ utility function is giverb log(x) [12, 14]. Suppose that the users’
utility function is not of the formw - log(x). If the user can accurately track the price per unit floit) and
solve the USER(; u(t)) problem, it should select a rate (u(t)) that satisfied/'(x) = u(t), and set its
willingness to pay tav(t) = u(t) - z*(w(t)). This ratex*(u(t)) is given by the demand functiob of the
user defined in subsection 2.2.

We assume that the demand functibns (i) strictly decreasing ip on the interval I’ (cc), U’(0)), (ii)
differentiable on{/’(cc), U’(0)), and (iii) Lipschitz continuous on every bounded intefV&l( .tz ), U’ (fmin )],
where[tmin, tmaz] € R4. An example of utility functions that satisfy these assuoi is provided in
Section 5. Under these assumptions one can show that iféRists a unique* such thatD (™) = gy (1)
and the mapF'(n) := D(qy'(n)) satisfies Assumption 2, then the theorems in subsection @vtith
the same proofs. Note that the functig) = w/u plays the role of the demand functidn when the
willingness to payw is constant.

3.4 Local stability with a homogeneous delay

In this subsection we consider the case where the resountiized by a single user with a fixed del&y.
This user can be viewed as the aggregate of many users wittathe round-trip dela¥’ [9]. Recall that
the case of discrete deldycan be modeled by gamma kernels by lettingnda go to oo simultaneously
with a fixed mean dela\}'g‘—l = T'. Using a linear analysis, we study the local stability of $getem around
the equilibriumg*.

When a single user utilizes the resource, the resource igrigedated according to

%u(t) = w(2) —qp®) = £ (Dt - T)) - qu®))) . (20)

We rewrite (20) in terms ofi(t) = q(u(t)) as

%mw = kg (g @) (Dt = 7)) = (1))

= o) (Fn(t = 1)) = n(®)) (21)

11



where¢(n(t)) := x - ¢'(¢"*(n(t))) andF(n) = D(¢~"(n)). Note that¢(n(t)) > 0 from the assumptions
on functionq. Following the similar steps in the proof of Theorem 2 one show that the resource price
generated by (21) converges if Assumption 2 holds amadYy, .

Assuming that the map' is locally smooth around* = ¢(p*), one can find the conditions for local
stability of the fixed point)* for the delay differential equation in (21). Propositiom424, p. 17] tells us
that the following linearized system

L2 = e -T)| _ 26-T)
+ (S [E(t =T)) =n(t)] =) | _ 2(1)
= COMF' ()2 —T) = () Z(t)
= —B-Z(t-T)—A-Z(t), (22)

whereA = ((n*) andB = —((n*)F'(n*),” is stableif and only if
(i) A+ B>0andA > |B|,or
(i) B> |AlandT < T*:=cos~'(~A/B) /B2 — A2,
Note that in our problem the above conditions tell us thatlitrearized system in (22) is stable if and
only if (i) the mapZ’ is locally stable, i.e.}F” (n*)| < 1, or (i) F'(n*) < —1 and

S Gl

Since local stability is required for global stability, #eeconditions tell us that the local stability of the map
F is bothnecessarandsufficientfor convergence of the dual algorithm in (20) with an arbitrdelay in the
neighborhood of the equilibrium poinpt*. We use these conditions to establishexessarandsufficient
condition for convergence with example utility and reseupcice functions in Section 5.

4 General Network Cases

In the previous section we studied the case where a singbeinas is shared by many users. Using the
MacDonald’s linear chain technique we demonstrated thexctffof heterogeneous delays of the users are
similar to introducing low pass filters in the feedback loeq.((19)). Then, we showed that the asymptotic
stability of the discrete time maP is sufficient for convergence of dual algorithm. In this g&tive extend
these results to the case of a general network shared bypfauitterogeneous users with different delays.
We first describe the model used for our analysis and theralstifficient conditions for convergence of
the resource prices and user rates with a general netwaoologpp

"This is becausg* is a fixed point of the map’, i.e., F(n*) = n*.
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4.1 General network model with delays

In this subsection we describe the network model that cagtilte communication delays between network
elements and end users under the assumption that the detagsrstant Recall from Section 2 that
Z ={1,...,N}is the set of users sharing a network consisting of aseft resources. Defing = {i

Z | I € ri} to be the set of users utilizing resourte= £. For alli € Z andl € r; let T, and TZ.’;
denote the delay of the feedback signal from resoltoesender and the delay from sendéto resourcé,
respectively. This is shown in Fig. 3. If usepackets do not traverse resouicee.,l € r;, we assume that

17, = Tifl = 0. Suppose that the resourcesin= {l; 1,...,l; g, } are arranged in the order usgpackets
visit, whereR; = |r;|. DefineT; = Tifli .+ T, . k=1,..., R to be the round-trip delay of usér
Forward Delay
——————————— >
Sender '@» @2 'Wo  Receiver

o O

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

D i)

Figure 3: Network model with delays.

Similarly as in the single resource case, we introduce thafng assumptions on the demand functions
D;(+) andgy(-).

Assumption 3 (i) The demand function®; () are strictly decreasing in price per unit flowon the inter-
val [U/(c0), U/(0)) and differentiable oriU; (o0), U/(0)). In addition, they are Lipschitz continuous on any
bounded intervald C (U/(o0),U/(0)). (ii) The functiong; : [0,00) — [0, 00) is strictly increasing with
¢(0) = 0forall I € £. Moreover, the functiog; is Lipschitz continuous on any bounded interlyal,,,,,
Himaz] C R

Assumption 3(ii) simply says that the equilibrium price afemource increases with the aggregate rate
traversing the resource, i.e., the total demand from thesudéote that Assumption 3(ii) also ensures that
the inverse functiong; ' exist.

With the communication delays defined above, under Assumj the differential equations in (5) and

13



(6) becomé@

%m(t) = (z Di( Y pylt = (T35 + T)) - ql<m<t>>) ViecL. (23)
i€l Jer]
The existence of a unique solution of (23) under Assumptiggaain guaranteed by Theorem 2.3 in [8,
p. 44]if, for all | € L, the resource pricg,(t) remains in some compact S@§ i, (41, maz) C R for all
t > 0. We will provide an assumption (Assumption 4) under whidh tiolds in the following subsection.
Similarly as in the previous section we defipét) := ¢;(1;(¢)). Recall thaty(¢) denotes the expected
rate of resourcé at timet as a function of its price; (¢). We rewrite (23) in terms of;(¢) as

Sty = watar on(0) (2 Di( > a it =TI~ TE))) ~ 771(75)> : (24)
S JET;
This can be put in the following matrix form.
S = TOFG) -7 (25

whereTj(t) = (m(t);1 € £), ((t) = diag(rs - g, (g (m(t)));L € L), 1(t) = (i (t);L € L,4 € 1)), and
nay(t) = (it =175 — Zfl);j € L). Thel-th element of the multi-dimensional mdp: Eff — ﬁi
wherez := 3, |[]] andR,; = R, U {00}, is defined by

FGi®) = S Di( Y a it - T~ T)))  le L. (26)

i€l; JET;

Note that Assumption 3 guarantees that the gain mattixis positive definite.

4.2 Convergence

In this subsection we investigate the convergence of resoprices and aggregate rates at the resources
generated by (25). More specifically, we will provide suffiti conditions for their convergence regardless
of the delaysri{j andTy ;.

Definition 1 A setD C IRi is said to be invariant under the map if F(77) € D for all 7 € D=, i.e.,
= (nun;l € L,i € I;) andn;y € Dforalll € £andi € I;. Avectorp* € ]Ri is said to be a fixed
point of F'if F'(77*,...,77") = 7".

The invariance of the map’ can be interpreted as follows. Suppose that expected Tatgof the
resources based on their current prices at tirae well as time delayed valueg ;(t), [ € £ andi € I;,
belong to the seD. Then, the invariance of the sétimplies thatF'(7(¢)) lies in the setD. Similarly, a

8As explained in the single resource case, under Assumptidhe3resource priceg;(t) remain non-negative if the initial
functions are non-negative.
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fixed point77* means that ify(t) = 7%, 1 (t) = 7" forall I € £ andi € I}, then F'(7(t)) = 77*. In other
words,7j(¢) and hence resource pricgét) remain constant. One can verify thatjif is a fixed point of
F, theng ' (7*) = (q;* (), ..., q; ' (n%)) is a solution to (7) from (25), i.e.,7* = g(7*) wherez* is a
solution to (7).

We now state the assumption under which the convergencépiq2stablished.

Assumption 4 Suppose thaf* € ]Ri is a fixed point of the multidimensional mép There is a sequence
of compact, convex sefs, ¢ R, k > 0, such thatF(EZ) C int(Egy1) C By C int(Ey) and
Nk>oBr = {7}

Define Thae = maxje jer, (maxjey, (17; + T7,)). We denote by (|~ Ty, 0], ) the Banach space
of continuous functions mapping the interyal7,,..., 0] into E with topology of uniform convergence [8].
LetYE, = C([—Tmaz, 0], Eo) be a subset of initial functions amgdt; ¢) a solution of (25) constructed using
an initial functiong € Yg,.

Theorem 3 All solutions7j(¢; ¢) starting with an initial functiony € Yz, remain inE, for all ¢ > 0, and

converge ta7* ast — oo for all Ti’;j,Ti{[j ceRy.

Proof: The basic idea of the proof of the theorem is similar to thafleforem 4 in [29], and a proof is
provided in Appendix F. n

Theorem 3 tells us that the attracting fixed point of the miajs stable in the seE,. Sincern(t) =
g 1(7(t)), this tells us thafi(t) — 7* ast — oc.

4.3 Comparison with a homogeneous delay system

In this subsection we investigate how the convergence afeth@urce prices under the general delay differ-
ential system in (25) is related to that of a much simpleraysivhere (i) there are no forward delays from
the senders to the resources and (ii) all users have the samegeneous round-trip delay. In other words,
Tl/fl = 0andZ], =T forall: € T and! € r;, whereT is some positive constant. Under this assumption the
delay differential equations in (24) simplify to

%m(t) = wma (g (m() (;ﬁ Di(y;m 0 (n;(t=T))) = m(t)) VieL, (27)
and the matrix form is given by

Sy = T [Fote 1) —7(0)
where the mag” : R — R is defined by

B = Y 0i(Y q'm)), lec. (28)

1€]; JET;
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Assumption 5 The multidimensional map' has a fixed poinf* € ]Ri. In addition, there is a sequence
of compact, convex sefs, ¢ RL, k > 0, such thatF(E},) C int(Epy1) C Epyy C int(Ey) and
NesoBy = {77}, i.e., the magF is stable with a domain of attractioR.

Theorem 4 All solutions7(t; ¢) of (27) starting with initial functionp € Y}, converge ta7* ast — oo for
all 7> 0.

Proof: The proof is provided in Appendix G. m

Theorem 4 tells us that i is a region of attraction of the mapin (28), then the resource prices under
the delay differential system in (27) with a homogeneousydebnverge, provided that the initial function
lies in Ey. Itis easy to show that the same sequence of closed, conigek;sé: > 0, in Assumption 5 also
satisfies Assumption 4. This follows from the assumed manioity properties of the functiong and D;
stated in Assumption 3. This in turn implies that the reseyndices under the delay differential system in
(25) converge if the initial function lies ifty. Hence, the stability of the mal is asufficientcondition for
convergence of resource prices under (25) with arbitrangroanication delays.

5 Example Utility and Resource Price Functions

In this section we adopt a family of well known users’ utilftynctions and resource price functions studied
in [29, 32], and derive a condition for convergence with @éy gainsk; and delays, making use of our
results in Sections 3 and 4. Users’ utility functions arehef following form:

1
~z*, —oo<a<l, 0
Uu(x) — ST 0o < a a # (29)
log(x), a=0
In particular,a = —1 has been found useful for modeling the utility function of H-Gke algorithms [15].

With the utility functions of the form in (29), uséls price elasticity of deman@is given by—1/(1 — a).
Thus, one can see that users become more elastic or regpaovitivincreasing value of [29], i.e., the
sensitivity of user demand,/(1 — a), increases witl. Since the utility functiori/, (z) is strictly concave
with lim o U/ (z) = oo andlimg;, U} (x) = 0, the demand functio®, (1) is well defined for al, € R
and is given by

Dy(p) = p~ /07 (30)

The class of resource price functions that we are interesteds the form

x

b
po)=a @) =e- (5) . weRy, (31)

°Price elasticity of demand measures the sensitivity of @sidemand to price changes and is defined teD—%% %ﬁf), where
D(p) is the demand of the user at the prjce
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whereb > 0, c is some positive constant, aidis the capacity of the resource. Howev@rcan be replaced

by a virtual capacity, typically smaller than the real cagyad he use of virtual capacity was first proposed

in [6] to reduce packet losses due to buffer overflow at highilyzed resources, at the expense of slightly
reduced utilization. Kunniyur and Srikant in [16] proposthamically adjusting the virtual capacity and
consequently the resource price function, based on thertLeiggregate rate seen at the resource. The value
of ¢ does not affect our convergence results and is assumed toebentess stated otherwise. From (31),
the functiong is given by

g(p) =C -’ peRy . (32)

The parameteb is used to change the shape of the price function. The ldargerthe more convex and
responsive the price function is. It is easy to verify thatrudemand functiorD,, in (30) and resource
expected rate functiogin (32) satisfy the assumptions in Sections 3 and 4.

5.1 A single user, single resource case

Suppose that the utility function of the user is givenlly(z), a < 1, andg(u) is of the form in (32) for
some parametér> 0.

Assumption 6 Suppose that + b < 1.

Let o be a constant that satisfi@éa < o < 1. Sincea + b < 1, it is easy to see that one can find such
o. Fixa > 1 and chooseg < 1 that satisfies

_(-a) b

a v <fB<a Ta. (33)

Again, the existence of sughis guaranteed from the assumption thiat 1 anleba <1.
Define a sequence of compact intervalsk > 0, given by

—ak k . .
*oa% ur if k& 1is even
Ik:{w p, @ ] i~

@ 5, 37 p#], if kis odd

wherey* is the unique solution to (7) and is given by *(1—@)/(1+b—a) "Note that sinc® < o < 1, 0% — 0
and the interval;, decreases tu*} ask — oc.

We define amag’ : Ry — Ry U {oo}, whereF (1) = ¢~ (Da(p)).
Lemma 1 If Assumption 6 holds, then we have

F(I) Cint(Igs1) C Ixyq Cint(Iy) forall k& > 0.

Proof: A proof is provided in Appendix C. m
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Theorem 5 Suppose that + b < 1 and the initial functionp € C([-T,0], Iy = [Bp*, au*]) with any
@ > 1andg < 1 satisfying (33). Then, the solutigr(t; ¢) of (20) converges tp* ast — co.

Proof: The theorem follows directly from Theorem 2 and Lemma 1. n

Note that ast T oo, 4 | 0. Since the above is true for any arbitrary> 1 and 3 that satisfies (33), the
resource priceu(t) converges tq.* starting from any arbitrary positive value becadge&an be made large
enough to contain the initial function.

We now show that if: + b > 1, then the system is unstable for sufficiently laeNote that the map

F(n) is given by
F(n) = Da(q™ ' () = C¥ =)yt (=)

Hence,

. —p.Cb/(1=a) b
F/(n)‘ = — (77*) +=)
n=n a

Here the fixed or equilibrium poinf* is given byC?/ (1+t=a)  Supstituting this for;* we obtain
. —b
()|

=1 l—a’
Therefore, ifu + b > 1, thenF’(n*) < —1 and the system is unstable for sufficiently lafgéom the linear
stability analysis in subsection 3.4. A numerical examlilstrating this is provided in subsection 6.2.

5.2 General network with multiple heterogeneous users case

Suppose that the utility functions of the users are of thmfgiven by (29) and the resource price functions
are of the type described by (31). The utility function of uses parametrized by, € (—oc, 1), and the
price function of resourcé has parameteb; > 0. Making use of the fact stated in subsection 4.3 that
the stability of the mag” defined in (28) is sufficient for convergence with both a hoermys delay and
heterogenous delays, we only consider the case descrilsethsection 4.3 with a homogeneous défain

the reverse path only. In this case the niajs given by

T 1-a
N 77 b t
Fi(m) = Z(Z(g) ) , leL. (35)
; icr: J
i€l; \jEr;
Note thatZ] (7) is strictly decreasing in each of, j € Uy, 7;.
We defineb!,,,, = maxe,, b, for all i € Z. Fix some finite positive constantlarger than one. Suppose
that By = xec B}, whereE)l = (B, amf], with 3 being a positive constant that satisfies the following
component-wise inequalities

F@B-7")<a-7* and B-7* < F(@-7") . (36)
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Lemma 2 Suppose that; +b% < 1forall i € Z. Definec = — max;cr {bimﬂ”} — e, whereQ < e <

mazx I—a;
l{"_f;; Then, any3 such tha@'/? < § < a” satisfies (36).

1 — max;er

Proof: The proof is given in Appendix D. [

We assume that satisfies the condition in Lemma 2. Now, for= 1,2, - - -, we define

_OJC .
Ek,’ o HlGE[EOlel* ’ /8 77[] , k odd
— e .
[LeelB” nf . @ nf), keven

Lemma 3 Suppose thai; + b/, . < 1forall i € Z. Then,F(Ej_,) C int(E},) C Ey C int(Ex_1), and
MizoEr = {7}

Proof: The proof is provided in Appendix E. m

Theorem 6 Suppose that; + b¢,,, < 1 forall i € Z. If the initial function¢ lies in C([-T, 0], Ey), then

max

7(t; ¢) produced by (27) convergesio ast — oo forall 7> 0 andx; > 0,1 € L.

Proof: The theorem follows from Lemma 3 and Theorem 4. n

Now note that a& T oo, F(a-ﬁ*) — 0=10,...,0]”. Hence, we can see that starting from any positive
continuous initial function, the resource prices convergg* ast — oo from the above results because we
can select sufficiently largé, C ]Rf; that contains the initial function.

5.3 Comparison with the primal algorithm

In this subsection we comment on the difference in the camditfor convergence under the primal al-
gorithm [28, 29] and the dual algorithm studied in this pap&he convergence condition of the primal
algorithm with a single user and a single resource is firglistlin [28], and a necessary and sufficient con-
dition for convergence with an arbitrary delay using théitytand resource price functions of (29) and (31)
is provided. The derived convergence condition statesutbet rate converges if and onlydf+ b < —1.1°
Sinceb > 0, this implies that the parameter of the utility function dedo be strictly smaller than -1.
Clearly, this is a more restrictive condition than the onevjated for the dual algorithm in this paper (i.e.,
(a 4+ b < 1), which allows positive values af for b < 1).

Similarly, in a general network case the sufficient condiifor convergence under the primal algorithm
are given bya; + b, < —1foralli € Z [29, 32], whereas the conditions that+ v!,,, < 1foralli € 7

suffice in the dual algorithm. Hence, the derived sufficiariditions for the primal algorithm in [29, 32]
are more restrictive than those for the dual algorithm.

10n [28] we only considered the utility functions with < 0 because when > 0 the system is unstable for sufficiently large
delays.
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6 Numerical Result

In this section we present a numerical example to validateesults in the previous sections. We consider a
single user, single resource case with the utility and nesoprice functions given in Section 5 with= 0.5.
The capacity of the resource is seido= 5. We vary the resource price function parameétey create both

a stable scenario and an unstable scenario according t@odition in Theorem 5.

6.1 Stable system

In the first case we sét= 0.49. Sincea + b = 0.99 < 1, Theorem 5 tells us that the resource price and
user rate converge irrespective of the gaiand the delayl”. For the numerical example the delay is set to
T = 200 and the gain is set te = 1. The initial valuep(t) is set to 1.2 for alt € [T, 0]. The evolution

of u(t) andx(t) is plotted in Fig. 4. As one can see bgttr) andz(t) converge to their equilibrium values
of 0.6715 and 2.218, respectively.

evolution ofu() (a = 05, b= 0.48, T = 20) , evu\u(lu‘n of x() (a=‘05,b=0.48“ T=20)
T T T T

L L L L L L L L L L L L L L
500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
time

(a) (b)

Figure 4: evolution of:(t) andx(t) (a = 0.5,b = 0.49,T = 200). (a)u(t), (b) z(t).

6.2 Unstable system

In the second example we have increased the resource pricgoiu parameteb to 0.501. Sincer + b =
1.001 > 1, the system loses its stability for sufficiently large delayThe linear stability analysis provided
in subsection 3.4 tells us that the linearized system ini@4&fable if and only if

cos™ 1 ((F"(n*)) 1)
Cl )y (F (7))? =1
Figs. 5 and 6 plot the evolution ¢f(t) andx(t) for T = 6 andT" = 10, respectively, sampled at every

T =7.28.

20 unit times. As one can easily see, the system Witk 6 is stable and.(¢) andxz(t) converge to the
equilibrium points of 0.6685 and 2.2379, respectively. tdoar, when the dela¥’ is increased to 10, the
system loses stability and exhibits oscillatory behavioskown in Fig. 6.
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Evolution of x(t) (a = 0.5, b= 0.501, T = 6)
Evolution of () (a = 0.5, b =0.501, T = 6) 8 - b ;
T T T

time

(a) (b)
Figure 5: evolution ofi(t) andz(t) (e = 0.5,b = 0.501, 7 = 6). (a)u(t), (b) z(t).

Evolution of () (a = 0.5, b = 0.501, T = 10) Evolution of x(t) (a= 0.5, b = 0.501, T = 10)
T T T T T T T T T -

)
m

Figure 6: evolution ofi(t) andx(t) (a = 0.5,b = 0.501,7" = 10). (a)u(t), (b) z(t).

7 Conclusions

We studied the issue of convergence of user rates and resptices under a dual algorithm in the presence
of communication delays. Using the same framework first eggd in [29] for the primal algorithm,
we derived sufficient conditions for convergence with anit delays. In addition, we showed that these
sufficient conditions can be obtained from a simple undegyliscrete time system. We applied our result to
an example of popular utility and resource price functioms @erived sufficient conditions for convergence.
In the simpler case of a single user utilizing a resource, are/eld the necessary and sufficient condition
for convergence. In addition, we studied the case when theecgence condition is violated and, using a
linear stability analysis, provided an upper bound on tHayd&r convergence. Numerical examples are
presented to validate our analysis. We believe that thedwark used in this paper as well as in [29] is
quite general and will prove to be useful for studying thevewgence property of a variety of distributed
control systems, in particular in the context of networkémgl networked control systems.
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A Proof of Theorem 1

The proof of the theorem is based on the following Lemma 4.

Lemma 4 [7, p. 507] Suppose that* = [a*,b*] C R, wherea* < b*, is a compact interval ané : R, —
I* is a continuous function. i : R, — R, is a bounded, continuous, strictly positive function arft)
is a solution of following equation

o(t)a(t) +u(t) = £(t) , @37
with u(0) € I'*, thenu(t) € I* forall ¢ > 0.

Proof: The existence of a unique solution of (37) is guaranteed byttieorem in [27, p. 74]. We will
prove this lemma by contradiction. Suppose that the lemmatisrue. Define

to=inf{t >0 |u(t) ¢ I*}.

First, suppose that(ty) = b*. Then, every intervalty,to + 6),d > 0, contains a point- such that
u(r) > b* andu(r) > 0. However, ifu(r) > b*, (37) tells us thati(7) < 0 becaus€ (t) < b*, which is
a contradiction. The caseg(ty) = a* can be shown to lead to a similar contradiction. This conegléhe
proof. m

We proceed with the proof of Theorem 1. Apply Lemma 4%ay(t) = —awy(t) + aF(n(t — T)).
Clearly, ifwg(0) € J and initial function¢ € Y7, thenwy(t) € J forall 0 < ¢ < T. By applying Lemma 4
to %wl(t) = —awi (t) + awp(t), we can argue that, (t) € J for all 0 < ¢ < T'. Following this recursive
argument, we can show that(t) € Jfori = 0,...,randn(t) € Jforall 0 <t < T. Now by an
induction argument on time (called the method of steps [ig)dame can be argued for alt 0.

B Proof of Theorem 2

The proof of the theorem is a simple application of the follggdemma.

Lemma 5 Consider the same setup in Lemma 4. Assumefhat [a, b] is a compact interval whose

interior containsI*, i.e., I* C int(I). Then, for anyu(0) = ug € Ry, there exists finitey := tq(ug, 1)
such thatu(t) € I for all t > t.
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Proof:  First, note that ifu(t*) € I for somet* > 0, then from Lemma 4(t) € I for all t > t*. Thus,
we only need to show that there exists some fihitsuch thatu(tg) € I. Suppose that this is not true.
First, assume that(t) > b for all t > 0. Then, from (37) we haveé(t) = 5“3,?5(” = %; Sinceo(t) is

*
- O

bounded, we can find a positivesuch thati(t) < —e for all ¢ > 0. However, this implies thai(t) | —oo,
which contradicts the assumption thét) > b for all t > 0. The other case(t) < a for all t > 0 can be
shown to lead to a similar contradiction, and the lemma fadlo n

We now proceed with the proof of the theorem. First, sidtely) C int(.J;), we can find a set of
compact interval§Li,i = 0,...,r} such that

F(Jo) Cint(LY) ¢ LY Cint(Li) C --- Cint(L}) C L} Cint(J1) . (38)

Using the property in (38), we can repeatedly apply Lemmatdytisg with the third equation in (19)
for wo(t) and then the second equation with(t), i = 1,...,r, to find finitet,i = 0,...,r, where
0 <ty <tl<...<t, suchthaty(t) € L for all t > t%. Finally, applying Lemma 5 to the first equation
in (19) we can find finite} > ¢] such that)(t) € J; for all ¢ > ¢7.

Now, by an induction argument for eaégh= 2, 3,..., one can find an increasing sequengek =
1,2,..., such that, for alt > ¢, n(t) € Ji andw;(t) € Ji,i =0,1,...,r. Now the theorem follows from
the assumption that diamy) — 0 ask — oo andNy>1J, = {gn (")}

C Proofof Lemmal

In this proof we only consider the case of everProof for the case with odk follows in a similar manner.
From the monotonicity of the map () = C~°u~%/(1=9) it suffices to show thaF(BOkp*) € I41 and
F@ 1*) € Iyt

First,

k

F(ao N*) _ C—b(acrklu*)—b/(l—a) _ C—bu*—b/(l—a)acrk(—b/(l—a))

F(=b/(1~a)) * o

= wa’ > o ,

where the last equality follows from the fact thatis a fixed point of the magp’, and the inequality follows
S k+1
from the assumption that < & < o < 1 anda > 1. Clearly, *a”" (-/0-a) < ;* < 37 "

becauses < 1 < a.
Similarly,

- b= e b/ (1ot (—b/(1—a
FF ) = C'(F w0 = oty 0o )

=0k (—=b/(1—a s—ohktl
_ i) g

Therefore,F(I;) C int(I}1) and the lemma follows.
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D Proof of Lemma 2

From (35) we have

1

) - (S CE")

iel; \jer;

Thus,

A@-m) = Z(Z@bj(g—;)bj

i€l \jer; J
_pi 77; bj T
> oy (e ()
i€l; \jer; J
b UACATE
— a 1-e
st (2 (1))
15\ bj =
- s (S @)
i€l jery  J
1
GRS
= a° -
= (z @)
= a’n .

where the second inequality follows from the assumptioa —I;# for all i € Z. Therefore, if3 < @,

—a;

then3 satisfies the second condition in (36).
Similarly,

IN

icl; jer J
1
l—a;
<7 (ZE)
icl jeri
1
l—a
-7 (@)
i€l; \jEr; C]



<oz (s@r)

iel; \jer; 7
— *
= a-n,

where the first inequality follows from the assumptiBn< 1. Hence, if3° < @ (or § > @'/?), then
F(3-7*) < @-7*, and the first condition in (36) holds.

E Proof of Lemma 3

We first show thatF,, 1 C int(Ey), for all k = 0,1,---. This can be easily shown as follows. From the
assumption we havé < @’ and’ < @. Hence,E; C int(FEp). Now similarly as before, sincd < a°
-0 -0 —o2 .

we havea®” < £, and becausg < @, a’ < 4, which follows from the fact that-1 < ¢ < 0. By

. . . k+1 —o'k k —o'/lC+1 . —o'/lC+1 k —0']c k41
repeating thiswe get (" ' < ¢ anda’ < for odd £ and (i) 5 <a’ andg < a°®
for evenk, proving thatEy,; C int(Ey). The claim than® (Ej;, = {7*} follows trivially from the fact

_ok

thatlimy_., 0% = 0 becauséo| < 1. Hencelimy,_, a =1= limy_oo 8 .

Now we prove that'(Ey) C int(Ej;1),k = 0,1,---. Here we prove this only for the case wheiis
even. The other case can be proved similarly. Following #meesapproach in the proof of Lemma 2 we
have

1
. k Eakn*» bj 17%
R@ ) = Y [ X (ij)

i .ok
i€l 1@’ nr;

Sincea®” > 1 (becausé: is even),

AET) = Z(Z =) (%)l”)
JET; J

i€l
_ok bE 77; b, _1jai
> o> | Y (@) (2
el \Jjeri j
. b
_ok _% (U;) T—a;
= a - A
ZEZII( ) JET; Cj
_ Y
o * a;
> > (@) (Z (ﬂ))
i€l JET; J
b5
* T 1oqy
= §0k+1z (Z <g_]j>>
iel; \jeEr;
_ gkl
= a .
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where the strict inequality follows from the assumptionttha< — maw = for all 4 € Z, and the last equal-
ity follows from the assumption that* is the fixed point of the ma[F( -). Similarly one can show that
FZ(E ) < 5 771 This completes the proof of the lemma.

F Proof of Theorem 3
We first introduce a lemma that will be used in the proof of tieorem.

Lemma 6 (Invariance) Suppose thdl = x,;c.E; is a closed, convex set that is invariant under the map
F'. Then, if the initial functionp € C([—T1n4z,0], E) =: YE, thenf(t; ¢) € E forall ¢t > 0.

Proof:  We prove the lemma by contradiction. Suppose that the claifalse. Then, there exist some
initial function ¢ € Yp andt, t > 0, such thatj(t) ¢ E. Define

to = inf{t>0]| everyintervalt, t), t >t, 3¢, t <t; <t, suchthatj(t,) & E} .

Then, there ig € £ such that for all(to,t ), wheret' > tg, there existsy,ty < iy < t, such that
m(to) € E;. We assume thaj;(t) leaves through the right end, i.e(t,) = sup E;. Then, for all(to,t')
there exists, ty < ¢ < t', such thaiy(f) > sup E; and % n,(f) > 0. This, however, leads to a contradiction
as follows. From (24) we have

d

) = m ai(g; " (m(®)) (F(i(1)) = m(t) <0

becauses; - g,(g; *(m(t))) > 0 and Fi(7j(t)) € E; and, hence, is less than or equakte E; (< (1)),
which contradicts the earlier assumption tﬁgﬁl(f) > 0. The other case thaj(¢) leavesE; through the
left end, i.e.yy;(t9) = inf Ej, can be shown to lead to a similar contradiction. Therefibie|emma follows.
|

In the rest of the proof of Theorem 3 we omit the dependency since there is no confusion. Our
proof utilizes the following lemmas.

Lemma 7 Fix k,k > 0. LetE = x;cE; be an open, convex set that contaifi§E;) and whose closure
is contained inint(Ey), i.e.,cl(E) C int(Ey). Suppose that the initial functiop € C([~T}naz, 0], Ex).
Then, there exists a finite > 0, such that, for alk > ¢, 7(t) € E.

In order to prove the lemma, we first prove the following caoate-wise invariance
Lemma 8 (Coordinate-wise Invariance) () € E; for somet > 0, thens;(t) € E; for all t > 1.

Proof: Suppose that the lemma is not true, and there ekists at whichr; (£) = inf E; or () = sup Ej.
We assume thdtis the smallest such time angl(f) = sup E; > sup Fj(E}). Then, we can find, <
such that for alt € (#1,7), m(t) € E; \ Fy(EZ). This implies thatdn,(t) < 0 for all t € (1, %) from (24)
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because (7j(t)) < sup Fj(EY) and, thusy,(t) < sup Ej, leading to a contradiction. A similar argument
can be used for the caggt) = inf E. .

Now let us proceed with the proof of Lemma 7.

Proof: Suppose that the lemma is false. Then, from Lemma 8 thereséxis £ such that for alk > 0,
m(t) ¢ E;. We show that this leads to a contradiction. Supposefaj > sup £ for all ¢t > 0.
Then, one can see th%m(t) < 0 from (24). Combined with the assumption thaft) > sup E; for

all t > 0, this implies thaty(t) converges to somg > sup E;. Sincesup E; > sup Fj(EY) with

§ := sup Ej; —sup Fj(EY) > 0, there exists some positive constansuch thatgm(t) < —e-6 < 0

for all sufficiently larget from (24). This, however, implies thai(¢) | —oo ast T oo, contradicting the
assumption thaty(t) > sup El for all ¢ > 0. A similar contradiction can be shown when we assume
() <inf E, forall t > 0. This completes the proof of the lemma. n

Lemma9 Let E = x,c.E; be a closed set invariant undét and E = x,;c~E; an open, convex set that
containsF(E=) and whose closure is containedint(E), i.e.,cl(E) C int(F). Suppose that the initial
functioné € C([—Tinae, 0], E) and7j(t;) € E for somet; > 0. Thengj(t) € E forall t € [ty, t1 + Tax)-

Proof: The lemma follows directly from Lemma 8. m

Now we are ready to proceed with the proof of Theorem 3. Byatgmy applying Lemmas 7, 9 and
6 one can find a sequence of finite k£ = 1,2, ..., such thatj(t) € Ej for all t > t;. The theorem now
follows from the assumption that;® | £, = {77*}.

G Proof of Theorem 4

The proof of Theorem 4 is essentially identical to that of difeen 3: One can easily verify that the same
invariance properties in Lemmas 6 and 8 hold for (27) folluyvihe same arguments. Moreover, following
the same proof of Lemma 7, we can show that for every 0 and any initial functionp € C([-T,0], E}.),
there exists finité; . ; > 0 such that, foralt > 5.1, 7(t) € FE)..1. Therefore, as in the proof of Theorem 3,
we can find a sequence &f, k = 1,2, - - -, such thatj(t) € £, for all t > #;,, and the convergence gft)
under (27) follows from the assumption tha® | £, = {7*}.
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