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Abstract

We study the issue of convergence of user rates and resource prices under a family of rate control

schemes called dual algorithms with arbitrary communication delays. We first consider a case where a

single resource is shared by many users. Then, we study a general network shared by heterogeneous

users and derive sufficient conditions for convergence. We show that in the case of a single user utilizing

a single resource, our condition is also necessary. Using our results we derive a sufficient condition

for convergence with a family of popular utility and resource price functions. We present numerical

examples to validate our analysis.

1 Introduction

A communication network, e.g., the Internet or a telephone network, comprises networking equipments that

enable exchange of information between multiple parties orend user equipments (e.g., personal computers

or laptops). Networking equipments include switches, routers and links (e.g., fiber optics or twisted copper

wires) that connect switches and routers and have finite bandwidth or capacity, i.e., the number of bits that

can be transmitted by a link per unit time. These networking equipments, which we call network elements

in this paper, communicate with each other using a set of rules callednetwork protocols.

Since the links in the Internet have finite capacity, excessive demands brought on by the users can cause

severe congestion or even a collapse of the Internet (e.g., the congestion collapse of 1986). Hence, in order

to prevent any unexpected collapse of the Internet from severe congestion, it is imperative to control the

congestion level inside the network by regulating the ratesat which packets are injected into the network

by the users, called the packet transmission rates or simplyrates of the users. With the increasing size and

complexity of the Internet, the problem of computing a fair share of network bandwidth for every user and
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allocating their rates is becoming a challenging task. To this end, in his seminal work [13] Kelly suggested

that the problem of allocating fair shares of available network bandwidth to elastic traffic users1, which we

call arate allocationproblem, can be posed as an optimization problem.

Under the proposed optimization framework each user receives a utility as a function of its rate, i.e., its

share of bandwidth. The utility of a user can represent either the true utility or benefit the user receives or

a utility function enforced by the end user protocol that adjusts the packet transmission rate on behalf of

the user. An example of such a protocol is Transmission Control Protocol (TCP), which is the most popular

congestion or rate control protocol in the Internet today. In the latter case the selection of the utility function

determines the behavior of the end user protocol and the desired rate allocation [14, 17, 19]. The objective

of the optimization problem is to maximize the aggregate utility, i.e., the sum of the utilities of the users,

subject to the link capacity constraints. Using the proposed framework Kelly and his colleagues proposed

two classes ofdistributedrate control algorithms - primal and dual algorithms [14] (described in subsections

2.1 and 2.2) - and established their convergence to the desired rate allocation in the absence of delays.

In reality signals take time to travel from one end of a link connecting two network elements to the other

end. This introduces a communication delay, which equals the length of the link divided by the speed at

which the signal travels the medium, when a signal is transmitted over a link. Modeling communication

delays over links between network elements is important when the delays are non-negligible (e.g., inter-

continental links) or widely varying with uncertainty, i.e., the delays are not known in advance. An example

of such an environment is multi-hop wireless networks, which are wireless networks formed and maintained

by (mobile) users without any infrastructure including physical links [26].

Recently, the convergence of user rates to the desired allocation under the primal algorithm in the pres-

ence of communication delays has been studied extensively [4, 12, 23, 29, 32]. The authors of [4, 12, 23]

provided sufficient conditions on the gain parameters of theusers2 and communication delays for con-

vergence, whereas Ranjan et al. [29] studied the case with arbitrary communication delays and provided

sufficient conditions on user utility functions and resource price functions for convergence. Throughout this

paper a resource refers to a link that connects two network elements. In addition, the authors of [29, 32]

provided sufficient conditions for convergence with popular utility and resource price functions [2].

The convergence of user rates and resource prices under the dual algorithm in the presence of commu-

nication delays, however, has not been studied as much. Maulloo [22] studied the local convergence of the

dual algorithm using a linearized model and provided sufficient conditions on the delay and resource gain

parameters for local convergence. Low et al. introduced a family of dual algorithms, which are variants of

those proposed by Kelly et al. [14], and studied the convergence in the presence of communication delays

[1, 25].

1A user or a connection created by the user for information exchange is said to beelasticif its packet transmission rate can be

adjusted based on feedback from the network (e.g., packet losses).
2The gain parameter of a user or a resource determines how fastthe user changes its rate or the resource updates its price in

response to a change in network congestion level and is explained in subsections 2.1 and 2.2.
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In this paper we study the convergence property of the dual algorithm proposed by Kelly et al. [14]

and derive sufficient conditions for convergence witharbitrary communication delays. We use the same

technique we employed in [29] for the primal algorithm and demonstrate that the same framework can be

used to investigate both the primal algorithm and the dual algorithm. We first consider a simpler scenario

where a single resource is shared by a large number of users with heterogeneous round-trip delays. We

model the dispersion or spread of heterogeneous round-tripdelays of many users utilizing the resource

using a family of probability distributions known as gamma kernels. This family of distributions has been

used to model delay dispersion in other disciplines (e.g., [3, 31]). Then, using the MacDonald’s linear

chain technique [20] we write the system dynamics as higher order differential equations [7]. We derive a

sufficient condition for convergence of user rates and resource prices. We also study the case where the users

have the same round-trip delay (i.e., a discrete delay). We show that when the derived sufficient condition is

violated, the system becomes unstable for sufficiently large delays and exhibits oscillatory behavior. Using

a linear analysis we provide an upper bound on the delay for local convergence.

We extend the above results to general network cases where a set of resources is shared by heterogeneous

users, and derive sufficient conditions for convergence in the presence of arbitrary communication delays.

These sufficient conditions are derived based on a simple discrete time map that emerges from the intrinsic

market structure that underlies the rate control system andcaptures the interaction between the demands of

the users and supplies of the network resources. We note thata similar approach has been used in [10, 11, 21]

in the past to study the behavior of delay-differential systems. We apply our results to derive (necessary and)

sufficient conditions with the same utility and resource price functions studied in [29, 32]. We show that the

derived conditions for the dual algorithm are less restrictive than those for the primal algorithm in [29, 32].

In other words, for some choices of users’ utility and resource price functions the dual algorithm converges

irrespective of the communication delays, while the convergence of the primal algorithm with the same

utility and resource price functions can be ensured only forsmall delays.

The main contributions of this paper can be briefly summarized as follows:

• We provide sufficient conditions for convergence of the dualalgorithm, which are robust against the

variations in the communication delays and resource gain parameters. This result can be used to provide a

guideline and to simplify the design of the rate control system for a communication network that constantly

evolves and changes (e.g., the Internet).

• We demonstrate that when the dispersion of round-trip delays can be modeled by a gamma kernel, the

effects of the heterogeneous delays can be studied using themodel of Hale and Ivanov [7] and are similar to

those of introducing low pass filters in the feedback controlloop [18].

This paper is organized as follows: Section 2 describes the optimization framework for rate allocation

and the primal and dual algorithms proposed by Kelly et al. [13, 14]. We study the simpler case of a single

resource in Section 3. This is followed by a study of general network cases in Section 4. We apply our
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results to example utility and resource price functions andderive (necessary and) sufficient conditions for

convergence with arbitrary communication delays in Section 5. Simulation results are provided in Section 6.

We conclude in Section 7.

2 Background

In this section we briefly describe the rate allocation problem in the proposed optimization framework.

Consider a network with a setL of resources and a setI of users. LetCl denote the finite capacity of

resourcel ∈ L. Each useri ∈ I has a fixed routeri, which is a set of resources traversed by useri’s

packets. We define a zero-one matrixA, whereAi,l = 1 if l ∈ ri andAi,l = 0 otherwise. When its rate is

xi, useri receives utilityUi(xi). We take the view that the utility functions of the users are used to select the

desired rate allocation among the users. The utilityUi(xi) is an increasing, strictly concave and continuously

differentiable function ofxi over the rangexi ≥ 0. Under this setting, the rate allocation problem of interest

can be formulated as the following optimization problem [13]:

SYSTEM(U,A,C):

maximize
∑

i∈I

Ui(xi) (1)

subject to AT x ≤ C , x ≥ 0

whereC = (Cl, l ∈ L).3 The first constraint is the capacity constraint which statesthat the sum of the rates

of all users utilizing resourcel should not exceed its capacityCl.

With the goal of solving this optimization problem in adistributedmanner, Kelly et al. proposed two

classes of rate-based algorithms [14]: Suppose that every user adopts rate-based congestion control in that

it adjusts its rate based on the feedback from the network in the form of resource prices. Letwi(t) andxi(t)

denote the amount useri is willing to pay, which we call its willingness to pay, per unit time and its rate at

time t, respectively.4 At time t each resourcel ∈ L charges a price per unit flow ofµl(t).

2.1 Primal algorithm

In a primal algorithm the end users adjust their rates based on the (shadow) prices per unit time of the

resources given by

µl(t) = pl

(

∑

i:l∈ri

xi(t)
)

, l ∈ L, (2)

3All vectors are assumed to be column vectors.
4Throughout the rest of the paper we refer to the willingness to pay per unit time as simply willingness to pay.
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wherepl(·) is an increasing function of the aggregate rate of the users going through it. Based on the

resource prices, each useri adjusts its rate according to the following differential equation.

d

dt
xi(t) = κi

(

wi(t) − xi(t)
∑

l∈ri

µl(t)
)

, i ∈ I, (3)

wherewi(t) = xi(t) · U
′

i (xi(t)) and the user gain parameterκi > 0. The basic idea in (3) is to pro-

vide a market based rate control mechanism; each useri constantly attempts to reach a market equilibrium

where its willingness to paywi(t) equals its total price per unit time charged by the resourcesgiven by

xi(t)
∑

l∈ri
µl(t). Note that the prices charged by the resources in (2) depend on the rates of the users,

which can be viewed as users’ current demands.

Under (3) one can see that both users’ utility functions and resource price functions can be utilized to

decide a desired allocation of network bandwidth to the end users. Therefore, the design of rate control

algorithms is equivalent to selecting users’ utility functions and the price functions of the resources that

appear in (2) and (3).

Kelly et al. [14] have shown that, under some conditions onpl(·), l ∈ L, the user ratesx(t) = (xi(t), i ∈
I) converge to a rate vector that maximizes the following expression:

U(x ) =
∑

i

Ui(xi ) −
∑

l

∫

∑

i:l∈ri

xi

0

pl (y)dy (4)

Note that the first term in (4) is the aggregate utility of the users in ourSYSTEM(U, A, C)problem in (1)

which we want to maximize. Thus, the primal algorithm proposed by Kelly et al. in (3) solves a variation

of the SYSTEM(U,A,C)problem in that it maximizes (4) instead of the aggregate utility in the original

SYSTEM(U, A, C)problem.

2.2 Dual algorithm

In a dual algorithm each resourcel ∈ L updates its price,µl(t), based on the difference between the observed

aggregate rate of the users and itsexpectedrateql(µl(t)) according to

d

dt
µl(t) = κl

(

∑

j:l∈rj

xj(t) − ql(µl(t))
)

, (5)

where the resource gain parameterκl > 0. The user rates are set to

xj(t) =
wj(t)

∑

l∈rj
µl(t)

=: Dj

(

∑

l∈rj

µl(t)
)

, (6)

whereDj(λ) is the solution toλ = U ′
j(x) with Dj(λ) = 0 if λ ≥ U ′

j(0) andDj(λ) = ∞ if λ ≤ U ′
j(∞).5

In other words,Dj(λ) denotes the demand of userj as a function of the price per unit flowλ, which is

the solution to the user optimization problemmaxx≥0 Uj(x) − x · λ (called USER(Uj ; λ) problem [13]).

5One should interpretU ′
j(∞) to belimx→∞ U ′

j(x).
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We callDj the demand function of userj throughout the paper. It is easy to see that if(U ′
j)

−1 exists, then

Dj(λ) = (U ′
j)

−1(λ).

Here, the functionql can be viewed as the inverse function of the resource price functionpl in the primal

algorithm. Hence,ql(µl(t)) gives the expected rate of resourcel given its current priceµl(t). From (5) - (6)

one can see that each resource adjusts its price according tothe difference between the user demand (given

by aggregate rate
∑

j:l∈rj
xj(t)) and its desired supply at the current price (given byql(µl(t))) [14, 30].

Kelly et al. [14] have proved that under mild technical conditions on the functionsql, l ∈ L, the expres-

sion

V(µ) =
∑

i∈I

∫

∑

l∈ri
µl

0
Di(ξ) dξ −

∑

l∈L

∫ µl

0
ql(η) dη (7)

provides a Lyapunov function for the system of differentialequations (5) - (6). We call a resource price

vectorµ that maximizes (7) a solution to (7) in the rest of the paper. Similarly, we call a rate vectorx that

maximizes (4) a solution to (4).

It is a simple exercise to show that ifql(·) = p−1
l (·), at the solution to (7) denoted byµ⋆ = (µ⋆

l , l ∈ L),

(i) the solutions to USER(Ui ;
∑

l∈ri
µ⋆

l ) problems are the solution to (4)x⋆ = (x⋆
i , i ∈ L), and (ii)

pl(
∑

i:l∈ri
x⋆

i ) = µ⋆
l for all l ∈ L. In other words, the user rates and resource prices at the equilibrium are

the same under both the dual algorithm and the primal algorithm.

3 Single-Resource Case

In this section we first study a simpler case where a single resource is shared by users with the same utility

function. This is similar to the model used in [9] for studying the interaction of TCP connections with a

Random Early Detection (RED) gateway.6 However, unlike in [9] we do not assume that the round-trip

delays of the users are the same. General network cases will be studied in the following section.

T

Resource

µ  (t)x(t)

no forward path delay

reverse path delay

Sender i iReceiver

i

Figure 1: Network model for a single resource case.

6A RED gateway is a queue management scheme that attempts to regulate the rates of the users by either dropping or marking

packets with some probability to signal to the users impending congestion. The drop or mark probability is a function of the average

number of packets queued at the gateway over a period.
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We assume that there is no forward delay from senders to the resource, and all of useri’s round-trip

delay, denoted byTi, lies in the reverse path from the resource back to the sender. This is shown in Fig. 1.

Under this assumption the resource price update rule in (5) is given by

d

dt
µ(t) = κ

(

∑

i∈I

wi(t)

µ(t − Ti)
− q(µ(t))

)

. (8)

We first focus on the case where users’ willingness to pay is fixed, i.e.,wi(t) = w,w > 0, for all i ∈ I. The

case with user adaptation is discussed in subsection 3.3.

Here we are interested in the case where the resource is shared by a large number of users, e.g., an

inter-continental link. In order to facilitate the analysis we assume that we can model the dispersion of

heterogeneous round-trip delays of the users using some distribution functionK̄ as follows: SupposeT ≥ 0

is the minimum round-trip delay of the users. For everyu ∈ [0,∞), let K̄(u) be thefraction of users whose

round-trip delays are less than or equal tou+T . We assumēK is differentiable and yields a density function

K, i.e.,K(u) = K̄(1)(u). This is reasonable when the number of users is large. Under this assumption, we

can approximate theaveragerate of the users seen at the resource at timet using

1

|I|
∑

i∈I

w

µ(t − Ti)
≈
∫ ∞

0

w

µ(t − T − s)
K(s)ds , (9)

where|I| is the cardinality ofI.

In the rest of this section we normalize both the aggregate rate of the users at the resource and the

expected rate of the resource in (8) by the number of users|I|, and replace these terms with (9) and the

expected rate per user of the resource, respectively.

d

dt
µ(t) = κ

(∫ ∞

0

w

µ(t − T − s)
K(s) ds − qN (µ(t))

)

,

= κ

(∫ ∞

0
f(µ(t − T − s)) K(s) ds − qN(µ(t))

)

, (10)

whereκ = κ · |I|, qN (µ) = q(µ)/|I|, andf(µ) = w
µ . Hence, the resource adjusts its price based on the

average rate of the users and its expected (average) user rate based on the current priceµ(t).

In this paper we consider the case where the delay density function K can be modeled by a family of

generic delay kernels also known as gamma kernels, which have the following form:

K(u) =







αr+1ur

r! exp(−αu) if u ≥ 0

0 otherwise
, (11)

whereα > 0 is a constant, andr ∈ {0, 1, 2, . . .}. The kernelK with different parameters is plotted in Fig. 2.

The parameterr is called the order of gamma kernelK [20], and the mean ofK for fixed (α, r) is given

by

E [K] =

∫ ∞

0
u

αr+1ur

r!
exp(−αu) du =

r + 1

α
.
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Figure 2: Gamma kernels for different parameters.

The kernelK with r = 0 andr = 1 is called the weak and strong kernel, respectively, and is frequently

used to model distributed delay in different disciplines including population biology [3, 31]. These gamma

kernels can be used to model a whole class of delay distributions (e.g., Fig. 2), including an exponential

distribution (i.e., the weak kernel). The case of discrete delay can be realized by lettingr and α go to

infinity simultaneously while keeping the mean delayr+1
α fixed.

In the remainder of this section we study the asymptotic behavior of the system in (10) under a set of

reasonable assumptions on functionq. In particular, we adopt the gamma kernels in (11) and apply theMac-

Donald’s linear chain techniqueto derive sufficient conditions for convergence of the dual algorithm [20].

DefineIR+ := (0,∞) andIR+ := [0,∞). The resource price functionp is a strictly increasing function

that mapsIR+ to IR+. We first introduce the following assumption.

Assumption 1 (i) The functionq : IR+ → IR+ is strictly increasing withq(0) = 0. (ii) The functionq

is Lipschitz continuous on any bounded interval[µmin, µmax] ⊂ IR+. (iii) There exists a unique point

µ⋆ ∈ IR+ such thatf(µ⋆) = q(µ⋆)/|I| = qN (µ⋆).

It is clear from (10) thatµ⋆ is the unique equilibrium of the dual algorithm in (5), at which the total

demand of the users equals the expected rate of the resource given byq(µ⋆). Note that under Assumption

1, if the initial function is non-negative, i.e.,µ(s) ≥ 0 for all s ∈ (−∞, 0), the resource priceµ(t) remains

non-negative because whenµ(t) = 0, the right-hand side of (10) is non-negative ifµ(t′) ≥ 0 for all t′ < t.

The existence of a unique solution of (10) is guaranteed by Theorem 2.3 in [8, p. 44] under Assumption 1

if there exist boundsµmin andµmax, where0 < µmin < µmax < ∞, such thatµ(t) remains in [µmin, µmax]

for all t ≥ 0, starting with an appropriate initial function that lies in[µmin, µmax]. In the following section

we assume the existence of a unique positive solution of (10)and the boundsµmin andµmax such that
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µmin ≤ µ(t) ≤ µmax for all t ≥ 0. We will provide an assumption under which this is true in subsection

3.2.

3.1 MacDonald’s linear chain technique

Let µ(t) be a positive solution of (10) with some positive initial function µ(s) for all s < 0. We define

ωi(t) =

∫ ∞

0

w

µ(t − T − s)
Gi(s) ds

=

∫ t

−∞
f(µ(θ − T )) Gi(t − θ) dθ, i = 0, 1, . . . , r , (12)

whereθ = t − s, dθ = −ds andGi(u) = αi+1ui

i! exp(−αu), u ≥ 0. Note that for anyi ∈ {1, 2, . . .},

d

du
Gi(u) = −αGi(u) + αGi−1(u) , and

d

du
G0(u) = −αG0(u) . (13)

Suppose that the delay kernelK is given byGr for someα > 0 andr ∈ {0, 1, . . .}. From (13) we see

that(µ(t), ωr(t), ωr−1(t), . . ., ω0(t)) satisfies

d

dt
µ(t) = κ (ωr(t) − qN(µ(t))) (14)

d

dt
ωi(t) = −α (ωi(t) − ωi−1(t)) , i = 1, . . . , r (15)

d

dt
ω0(t) = −α (ω0(t) − f(µ(t − T ))) (16)

Defineη(t) := qN(µ(t)). We have

d

dt
η(t) = q′N (q−1

N (η(t)))
d

dt
µ(t) and, hence,

d

dt
µ(t) =

1

q′N(q−1
N (η(t)))

d

dt
η(t) ,

where the inverseq−1
N exists from Assumption 1. Note that, from Assumption 1, ifµ(t) is positive for all

t ≥ 0, so isη(t).

We can rewrite (14) in terms ofη(t) andωr(t) defined in (12).

1

κ · q′N (q−1
N (η(t)))

d

dt
η(t) = ωr(t) − η(t) (17)

Using the definition ofη(t), we can rewrite (16) as

d

dt
ω0(t) = −α ω0(t) + α f(q−1

N (η(t − T )))

= −α ω0(t) + α F̌ (η(t − T )) .

where the map̌F : IR+ → IR+ ∪ {∞} is defined by

F̌ (η) := f(q−1
N (η)) =

w

q−1
N (η)

, ∀ η ∈ IR+ . (18)
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Therefore, we have the following set of differential equations for describing the dynamics of the rate control

system.

1

κ · q′N (q−1
N (η(t)))

d

dt
η(t) = −η(t) + ωr(t)

d

dt
ωi(t) = −α ωi(t) + α ωi−1(t) , i = 1, . . . , r (19)

d

dt
ω0(t) = −α ω0(t) + α F̌ (η(t − T ))

We note that the delay differential system in (19) is similarto that in [18] for a variant of the primal

algorithm where the price charged by a resource is a functionof the averaged or low pass filtered version

of the aggregate rate of the users through the resource, as opposed to the users’ instantaneous rates in the

original primal algorithm. Hence, this suggests that the dynamical effect of heterogeneous delays in the dual

algorithm, summarized by the averaging in (9) is similar to that of low pass filtering (or averaging) of the

rate seen by the resource in the primal algorithm [18].

In the rest of this section we will show that, similarly as in the primal algorithm case [29], the conver-

gence of dual algorithm in (10) (or in (19)) can be studied using the mapF̌ defined in (18).

3.2 Convergence

We denote byC([−T, 0], A) the Banach space of the continuous functions from the interval [−T , 0] to

some intervalA ⊂ IR+ with topology of uniform convergence [8]. Suppose that there exists an interval

J := [a, b] ⊂ IR+, which is invariant under the map̌F , i.e., F̌ (J) ⊂ J . Let YJ := C([−T, 0], J), and the

initial function ofη(s), s ∈ [−T, 0], is given byφ.

Theorem 1 If the initial functionφ ∈ YJ andω0(0), . . . , ωr(0) ∈ J , then for allt ≥ 0 we have(η(t;φ),

ω0(t), . . ., ωr(t)) ∈ Jr+2.

Proof: A proof is provided in Appendix A.

Theorem 1 implies that, under the assumption stated in the theorem, sinceη(t;φ) remains inJ , from

the definition ofη(t) and Assumption 1 the resource priceµ(t) lies in a compact interval not including zero

and, hence, stays away from zero for allt ≥ 0. Therefore, the existence of a unique solution is guaranteed

by Theorem 2.3 in [8, p. 44] under the assumption as mentionedearlier.

For any intervalA let int(A) denote its interior. We establish the convergence of (19) under the follow-

ing assumption.

Assumption 2 There is a sequence of closed intervalsJk ⊂ IR+, k = 0, 1, . . . such that (i)F̌ (Jk) ⊂
int(Jk+1) ⊂ Jk+1 ⊂ int(Jk) for all k = 0, 1, . . ., and (ii) ∩k≥0Jk = {qN (µ⋆)}, whereµ⋆ is the unique

point that satisfiesf(µ⋆) = qN (µ⋆) in Assumption 1.
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An example of utility and resource price functions that satisfy this assumption will be given in Section 5.

Theorem 2 Suppose that Assumption 2 holds. Ifφ ∈ YJ0 and ωi(0) ∈ J0 for all i = 0, 1, . . . , r, then

(η(t;φ), ω0(t), . . . , ωr(t)) → (qN (µ⋆), . . . , qN (µ⋆)) ast → ∞.

Proof: A proof is given in Appendix B.

3.3 User adaptation

In the previous subsection we have assumed that the willingness to pay of the users is fixed atw. This

describes a case where the users’ utility function is given by w · log(x) [12, 14]. Suppose that the users’

utility function is not of the formw · log(x). If the user can accurately track the price per unit flowµ(t) and

solve the USER(U ; µ(t)) problem, it should select a ratex⋆(µ(t)) that satisfiesU ′(x) = µ(t), and set its

willingness to pay tow(t) = µ(t) · x⋆(µ(t)). This ratex⋆(µ(t)) is given by the demand functionD of the

user defined in subsection 2.2.

We assume that the demand functionD is (i) strictly decreasing inµ on the interval [U ′(∞), U ′(0)), (ii)

differentiable on (U ′(∞), U ′(0)), and (iii) Lipschitz continuous on every bounded interval[U ′(µmax), U ′(µmin)],

where[µmin, µmax] ⊂ IR+. An example of utility functions that satisfy these assumptions is provided in

Section 5. Under these assumptions one can show that if thereexists a uniqueµ⋆ such thatD(µ⋆) = qN (µ⋆)

and the mapF̌ (η) := D(q−1
N (η)) satisfies Assumption 2, then the theorems in subsection 3.2 hold with

the same proofs. Note that the functionf(µ) = w/µ plays the role of the demand functionD when the

willingness to payw is constant.

3.4 Local stability with a homogeneous delay

In this subsection we consider the case where the resource isutilized by a single user with a fixed delayT .

This user can be viewed as the aggregate of many users with thesame round-trip delayT [9]. Recall that

the case of discrete delayT can be modeled by gamma kernels by lettingr andα go to∞ simultaneously

with a fixed mean delayr+1
α = T . Using a linear analysis, we study the local stability of thesystem around

the equilibriumµ⋆.

When a single user utilizes the resource, the resource priceis updated according to

d

dt
µ(t) = κ (x(t) − q(µ(t))) = κ (D(µ(t − T )) − q(µ(t))) . (20)

We rewrite (20) in terms ofη(t) = q(µ(t)) as

d

dt
η(t) = κ · q′(q−1(η(t)))

(

D(q−1(η(t − T ))) − η(t)
)

= ζ(η(t))
(

F̌ (η(t − T )) − η(t)
)

(21)

11



whereζ(η(t)) := κ · q′(q−1(η(t))) andF̌ (η) = D(q−1(η)). Note thatζ(η(t)) > 0 from the assumptions

on functionq. Following the similar steps in the proof of Theorem 2 one canshow that the resource price

generated by (21) converges if Assumption 2 holds andφ ∈ YJ0.

Assuming that the map̌F is locally smooth aroundη⋆ = q(µ⋆), one can find the conditions for local

stability of the fixed pointη⋆ for the delay differential equation in (21). Proposition 4 in [24, p. 17] tells us

that the following linearized system

d

dt
Z(t) = ζ(η(t))F̌ ′(η(t − T ))

∣

∣

∣

η=η⋆
Z(t − T )

+
(

ζ ′(η(t))
[

F̌ (η(t − T )) − η(t)
]

− ζ(η(t))
) ∣

∣

∣

η=η⋆
Z(t)

= ζ(η⋆)F̌ ′(η⋆)Z(t − T ) − ζ(η⋆)Z(t)

:= −B · Z(t − T ) − A · Z(t) , (22)

whereA = ζ(η⋆) andB = −ζ(η⋆)F̌ ′(η⋆),7 is stableif and only if

(i) A + B > 0 andA ≥ |B|, or

(ii) B > |A| andT ≤ T ⋆ := cos−1 (−A/B) /
√

B2 − A2.

Note that in our problem the above conditions tell us that thelinearized system in (22) is stable if and

only if (i) the mapF̌ is locally stable, i.e.,|F̌ ′(η⋆)| < 1, or (ii) F̌ ′(η⋆) < −1 and

T ≤
cos−1

(

(F̌ ′(η⋆))−1
)

ζ(η⋆)

√

(

F̌ ′(η⋆)
)2

− 1

.

Since local stability is required for global stability, these conditions tell us that the local stability of the map

F̌ is bothnecessaryandsufficientfor convergence of the dual algorithm in (20) with an arbitrary delay in the

neighborhood of the equilibrium pointµ⋆. We use these conditions to establish anecessaryandsufficient

condition for convergence with example utility and resource price functions in Section 5.

4 General Network Cases

In the previous section we studied the case where a single resource is shared by many users. Using the

MacDonald’s linear chain technique we demonstrated the effects of heterogeneous delays of the users are

similar to introducing low pass filters in the feedback loop (eq. (19)). Then, we showed that the asymptotic

stability of the discrete time map̌F is sufficient for convergence of dual algorithm. In this section we extend

these results to the case of a general network shared by multiple heterogeneous users with different delays.

We first describe the model used for our analysis and then derive sufficient conditions for convergence of

the resource prices and user rates with a general network topology.

7This is becauseη⋆ is a fixed point of the map̌F , i.e.,F̌ (η⋆) = η⋆.
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4.1 General network model with delays

In this subsection we describe the network model that captures the communication delays between network

elements and end users under the assumption that the delays are constant. Recall from Section 2 that

I = {1, . . . , N} is the set of users sharing a network consisting of a setL of resources. DefineIl = {i ∈
I | l ∈ ri} to be the set of users utilizing resourcel ∈ L. For all i ∈ I and l ∈ ri let T r

i,l andT f
i,l

denote the delay of the feedback signal from resourcel to senderi and the delay from senderi to resourcel,

respectively. This is shown in Fig. 3. If useri packets do not traverse resourcel, i.e.,l 6∈ ri, we assume that

T r
i,l = T f

i,l = 0. Suppose that the resources inri = {li,1, . . . , li,Ri
} are arranged in the order useri packets

visit, whereRi = |ri|. DefineTi = T f
i,li,k

+ T r
i,li,k

, k = 1, . . . , Ri, to be the round-trip delay of useri.

. . . .

l l

l l

(i,1) (i,2) (i,k)
l

(i,k+1)(i,R   )i

ReceiverSender

. . . .

Reverse Delay

Forward Delay

Figure 3: Network model with delays.

Similarly as in the single resource case, we introduce the following assumptions on the demand functions

Di(·) andql(·).

Assumption 3 (i) The demand functionsDi(µ) are strictly decreasing in price per unit flowµ on the inter-

val [U ′
i(∞), U ′

i (0)) and differentiable on(U ′
i(∞), U ′

i(0)). In addition, they are Lipschitz continuous on any

bounded intervalA ⊂ (U ′
i(∞), U ′

i (0)). (ii) The functionql : [0,∞) → [0,∞) is strictly increasing with

ql(0) = 0 for all l ∈ L. Moreover, the functionql is Lipschitz continuous on any bounded interval[µl,min,

µl,max] ⊂ IR+.

Assumption 3(ii) simply says that the equilibrium price of aresource increases with the aggregate rate

traversing the resource, i.e., the total demand from the users. Note that Assumption 3(ii) also ensures that

the inverse functionsq−1
l exist.

With the communication delays defined above, under Assumption 3, the differential equations in (5) and

13



(6) become8

d

dt
µl(t) = κl





∑

i∈Il

Di

(

∑

j∈ri

µj(t − (T r
i,j + T f

i,l))
)

− ql(µl(t))



 ∀ l ∈ L . (23)

The existence of a unique solution of (23) under Assumption 3is again guaranteed by Theorem 2.3 in [8,

p. 44] if, for all l ∈ L, the resource priceµl(t) remains in some compact set[µl,min, µl,max] ⊂ IR+ for all

t ≥ 0. We will provide an assumption (Assumption 4) under which this holds in the following subsection.

Similarly as in the previous section we defineηl(t) := ql(µl(t)). Recall thatηl(t) denotes the expected

rate of resourcel at timet as a function of its priceµl(t). We rewrite (23) in terms ofηl(t) as

d

dt
ηl(t) = κlq

′

l(q
−1
l (ηl(t)))





∑

i∈Il

Di

(

∑

j∈ri

q−1
j (ηj(t − T r

i,j − T f
i,l))

)

− ηl(t)



 . (24)

This can be put in the following matrix form.

d

dt
η(t) = ζ(t) [F (η̃(t)) − η(t)] (25)

whereη(t) = (ηl(t); l ∈ L), ζ(t) = diag(κl · q
′

l(q
−1
l (ηl(t))); l ∈ L), η̃(t) = (η(i,l)(t); l ∈ L, i ∈ Il), and

η(i,l)(t) = (ηj(t − T r
i,j − T f

i,l); j ∈ L). Thel-th element of the multi-dimensional mapF : IR
L·Ξ
+ → −→

IR
L
+,

whereΞ :=
∑

l∈L |Il| and
−→
IR+ = IR+ ∪ {∞}, is defined by

Fl(η̃(t)) =
∑

i∈Il

Di

(

∑

j∈ri

q−1
j (ηj(t − T r

i,j − T f
i,l))

)

, l ∈ L . (26)

Note that Assumption 3 guarantees that the gain matrixζ(t) is positive definite.

4.2 Convergence

In this subsection we investigate the convergence of resource prices and aggregate rates at the resources

generated by (25). More specifically, we will provide sufficient conditions for their convergence regardless

of the delaysT f
i,j andT r

i,j .

Definition 1 A setD ⊂ IRL
+ is said to be invariant under the mapF if F (η̃) ∈ D for all η̃ ∈ DΞ, i.e.,

η̃ = (η(i,l); l ∈ L, i ∈ Il) andη(i,l) ∈ D for all l ∈ L and i ∈ Il. A vectorη⋆ ∈ IRL
+ is said to be a fixed

point ofF if F (η⋆, . . . , η⋆) = η⋆.

The invariance of the mapF can be interpreted as follows. Suppose that expected ratesη(t) of the

resources based on their current prices at timet as well as time delayed valuesη(i,l)(t), l ∈ L andi ∈ Il,

belong to the setD. Then, the invariance of the setD implies thatF (η̃(t)) lies in the setD. Similarly, a

8As explained in the single resource case, under Assumption 3, the resource pricesµl(t) remain non-negative if the initial

functions are non-negative.
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fixed pointη⋆ means that ifη(t) = η⋆, η(i,l)(t) = η⋆ for all l ∈ L andi ∈ Il, thenF (η̃(t)) = η⋆. In other

words,η(t) and hence resource pricesµ(t) remain constant. One can verify that ifη⋆ is a fixed point of

F , thenq−1(η⋆) = (q−1
1 (η⋆

1), . . . , q
−1
L (η⋆

L)) is a solution to (7) from (25), i.e., ,η⋆ = q(µ⋆) whereµ⋆ is a

solution to (7).

We now state the assumption under which the convergence of (25) is established.

Assumption 4 Suppose thatη⋆ ∈ IRL
+ is a fixed point of the multidimensional mapF . There is a sequence

of compact, convex setsEk ⊂ IRL
+, k ≥ 0, such thatF (EΞ

k ) ⊂ int(Ek+1) ⊂ Ek+1 ⊂ int(Ek) and

∩k≥0Ek = {η⋆}.

DefineTmax = maxl∈L,i∈Il
(maxj∈ri

(T r
i,j + T f

i,l)). We denote byC([−Tmax, 0], E) the Banach space

of continuous functions mapping the interval[−Tmax, 0] into E with topology of uniform convergence [8].

LetYE0 = C([−Tmax, 0], E0) be a subset of initial functions andη(t;φ) a solution of (25) constructed using

an initial functionφ ∈ YE0 .

Theorem 3 All solutionsη(t;φ) starting with an initial functionφ ∈ YE0 remain inE0 for all t ≥ 0, and

converge toη⋆ ast → ∞ for all T r
i,j, T

f
i,j ∈ IR+.

Proof: The basic idea of the proof of the theorem is similar to that ofTheorem 4 in [29], and a proof is

provided in Appendix F.

Theorem 3 tells us that the attracting fixed point of the mapF is stable in the setE0. Sinceµ(t) =

q−1(η(t)), this tells us thatµ(t) → µ⋆ ast → ∞.

4.3 Comparison with a homogeneous delay system

In this subsection we investigate how the convergence of theresource prices under the general delay differ-

ential system in (25) is related to that of a much simpler system where (i) there are no forward delays from

the senders to the resources and (ii) all users have the same homogeneous round-trip delay. In other words,

T f
i,l = 0 andT r

i,l = T for all i ∈ I andl ∈ ri, whereT is some positive constant. Under this assumption the

delay differential equations in (24) simplify to

d

dt
ηl(t) = κlq

′

l(q
−1
l (ηl(t)))





∑

i∈Il

Di

(

∑

j∈ri

q−1
j (ηj(t − T ))

)

− ηl(t)



 ∀ l ∈ L , (27)

and the matrix form is given by

d

dt
η(t) = ζ(t)

[

F̂ (η(t − T )) − η(t)
]

where the map̂F : IR
L
+ → −→

IR
L
+ is defined by

F̂l(η) =
∑

i∈Il

Di

(

∑

j∈ri

q−1
j (ηj)

)

, l ∈ L . (28)
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Assumption 5 The multidimensional map̂F has a fixed pointη⋆ ∈ IRL
+. In addition, there is a sequence

of compact, convex setšEk ⊂ IRL
+, k ≥ 0, such thatF̂ (Ěk) ⊂ int(Ěk+1) ⊂ Ěk+1 ⊂ int(Ěk) and

∩k≥0Ěk = {η⋆}, i.e., the map̂F is stable with a domain of attractioňE0.

Theorem 4 All solutionsη(t;φ) of (27) starting with initial functionφ ∈ YĚ0
converge toη⋆ ast → ∞ for

all T > 0.

Proof: The proof is provided in Appendix G.

Theorem 4 tells us that if̌E0 is a region of attraction of the map̂F in (28), then the resource prices under

the delay differential system in (27) with a homogeneous delay converge, provided that the initial function

lies in Ě0. It is easy to show that the same sequence of closed, convex sets Ěk, k ≥ 0, in Assumption 5 also

satisfies Assumption 4. This follows from the assumed monotonicity properties of the functionsql andDi

stated in Assumption 3. This in turn implies that the resource prices under the delay differential system in

(25) converge if the initial function lies iňE0. Hence, the stability of the map̂F is asufficientcondition for

convergence of resource prices under (25) with arbitrary communication delays.

5 Example Utility and Resource Price Functions

In this section we adopt a family of well known users’ utilityfunctions and resource price functions studied

in [29, 32], and derive a condition for convergence with arbitrary gainsκl and delays, making use of our

results in Sections 3 and 4. Users’ utility functions are of the following form:

Ua(x) =







1
axa , −∞ < a < 1, a 6= 0

log(x) , a = 0
(29)

In particular,a = −1 has been found useful for modeling the utility function of TCP-like algorithms [15].

With the utility functions of the form in (29), useri’s price elasticity of demand9 is given by−1/(1 − a).

Thus, one can see that users become more elastic or responsive with increasing value ofa [29], i.e., the

sensitivity of user demand,1/(1 − a), increases witha. Since the utility functionUa(x) is strictly concave

with limx↓0 U ′
a(x) = ∞ andlimx↑∞ U ′

a(x) = 0, the demand functionDa(µ) is well defined for allµ ∈ IR+

and is given by

Da(µ) = µ−1/(1−a) . (30)

The class of resource price functions that we are interestedin has the form

p(x) = q−1(x) = c ·
(

x

C

)b

, x ∈ IR+ , (31)

9Price elasticity of demand measures the sensitivity of a user’s demand to price changes and is defined to beµ

D(µ)
dD(µ)

dµ
, where

D(µ) is the demand of the user at the priceµ.
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whereb > 0, c is some positive constant, andC is the capacity of the resource. However,C can be replaced

by a virtual capacity, typically smaller than the real capacity. The use of virtual capacity was first proposed

in [6] to reduce packet losses due to buffer overflow at highlyutilized resources, at the expense of slightly

reduced utilization. Kunniyur and Srikant in [16] proposeddynamically adjusting the virtual capacity and

consequently the resource price function, based on the current aggregate rate seen at the resource. The value

of c does not affect our convergence results and is assumed to be one unless stated otherwise. From (31),

the functionq is given by

q(µ) = C · µ1/b , µ ∈ IR+ . (32)

The parameterb is used to change the shape of the price function. The largerb is, the more convex and

responsive the price function is. It is easy to verify that user demand functionDa in (30) and resource

expected rate functionq in (32) satisfy the assumptions in Sections 3 and 4.

5.1 A single user, single resource case

Suppose that the utility function of the user is given byUa(x), a < 1, andq(µ) is of the form in (32) for

some parameterb > 0.

Assumption 6 Suppose thata + b < 1.

Let σ be a constant that satisfiesb1−a < σ < 1. Sincea + b < 1, it is easy to see that one can find such

σ. Fix α > 1 and chooseβ < 1 that satisfies

α−
(1−a)

b < β < α− b
1−a . (33)

Again, the existence of suchβ is guaranteed from the assumption thatα > 1 and b
1−a < 1.

Define a sequence of compact intervalsIk, k ≥ 0, given by

Ik =







[β
σk

µ⋆, ασk

µ⋆] , if k is even

[α−σk
µ⋆, β

−σk

µ⋆] , if k is odd
(34)

whereµ⋆ is the unique solution to (7) and is given byC−b(1−a)/(1+b−a). Note that since0 < σ < 1, σk → 0

and the intervalIk decreases to{µ⋆} ask → ∞.

We define a mapF : IR+ → IR+ ∪ {∞}, whereF (µ) = q−1(Da(µ)).

Lemma 1 If Assumption 6 holds, then we have

F (Ik) ⊂ int(Ik+1) ⊂ Ik+1 ⊂ int(Ik) for all k ≥ 0.

Proof: A proof is provided in Appendix C.
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Theorem 5 Suppose thata + b < 1 and the initial functionφ ∈ C([−T, 0], I0 = [βµ⋆, αµ⋆]) with any

α > 1 andβ < 1 satisfying (33). Then, the solutionµ(t;φ) of (20) converges toµ⋆ ast → ∞.

Proof: The theorem follows directly from Theorem 2 and Lemma 1.

Note that asα ↑ ∞, β ↓ 0. Since the above is true for any arbitraryα > 1 andβ that satisfies (33), the

resource priceµ(t) converges toµ⋆ starting from any arbitrary positive value becauseI0 can be made large

enough to contain the initial function.

We now show that ifa + b > 1, then the system is unstable for sufficiently largeT . Note that the map

F̌ (η) is given by

F̌ (η) = Da(q
−1(η)) = Cb/(1−a)η−b/(1−a) .

Hence,

F̌ ′(η)
∣

∣

∣

η=η⋆
=

−b · Cb/(1−a)

1 − a
(η⋆)−(1+ b

1−a
) .

Here the fixed or equilibrium pointη⋆ is given byCb/(1+b−a). Substituting this forη⋆ we obtain

F̌ ′(η)
∣

∣

∣

η=η⋆
=

−b

1 − a
.

Therefore, ifa+ b > 1, thenF̌ ′(η⋆) < −1 and the system is unstable for sufficiently largeT from the linear

stability analysis in subsection 3.4. A numerical example illustrating this is provided in subsection 6.2.

5.2 General network with multiple heterogeneous users case

Suppose that the utility functions of the users are of the form given by (29) and the resource price functions

are of the type described by (31). The utility function of user i is parametrized byai ∈ (−∞, 1), and the

price function of resourcel has parameterbl > 0. Making use of the fact stated in subsection 4.3 that

the stability of the map̂F defined in (28) is sufficient for convergence with both a homogenous delay and

heterogenous delays, we only consider the case described insubsection 4.3 with a homogeneous delayT in

the reverse path only. In this case the mapF̂ is given by

F̂l(η) =
∑

i∈Il





∑

j∈ri

( ηj

Cj

)bj





− 1
1−ai

, l ∈ L . (35)

Note thatF̂l(η) is strictly decreasing in each ofηj , j ∈ ∪i∈Il
ri.

We definebi
max = maxl∈ri

bl for all i ∈ I. Fix some finite positive constantα larger than one. Suppose

thatE0 = ×l∈LEl
0, whereEl

0 = [βη⋆
l , αη⋆

l ], with β being a positive constant that satisfies the following

component-wise inequalities

F̂ (β · η⋆) < α · η⋆ and β · η⋆ < F̂ (α · η⋆) . (36)
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Lemma 2 Suppose thatai + bi
max < 1 for all i ∈ I. Defineσ = −maxi∈I

{

bi
max

1−ai

}

− ε, where0 < ε <

1 − maxi∈I
bi
max

1−ai
. Then, anyβ such thatα1/σ < β < ασ satisfies (36).

Proof: The proof is given in Appendix D.

We assume thatβ satisfies the condition in Lemma 2. Now, fork = 1, 2, · · ·, we define

Ek =







∏

l∈L[ασk

η⋆
l , β

σk

η⋆
l ] , k odd

∏

l∈L[β
σk

η⋆
i , ασk

η⋆
l ] , k even

.

Lemma 3 Suppose thatai + bi
max < 1 for all i ∈ I. Then,F̂ (Ek−1) ⊂ int(Ek) ⊂ Ek ⊂ int(Ek−1), and

∩∞
k=0Ek = {η⋆}.

Proof: The proof is provided in Appendix E.

Theorem 6 Suppose thatai + bi
max < 1 for all i ∈ I. If the initial functionφ lies in C([−T, 0], E0), then

η(t;φ) produced by (27) converges toη⋆ ast → ∞ for all T > 0 andκl > 0, l ∈ L.

Proof: The theorem follows from Lemma 3 and Theorem 4.

Now note that asα ↑ ∞, F̂ (α ·η⋆) → 0 = [0, . . . , 0]T . Hence, we can see that starting from any positive

continuous initial function, the resource prices convergeto µ⋆ ast → ∞ from the above results because we

can select sufficiently largeE0 ⊂ IRL
+ that contains the initial function.

5.3 Comparison with the primal algorithm

In this subsection we comment on the difference in the conditions for convergence under the primal al-

gorithm [28, 29] and the dual algorithm studied in this paper. The convergence condition of the primal

algorithm with a single user and a single resource is first studied in [28], and a necessary and sufficient con-

dition for convergence with an arbitrary delay using the utility and resource price functions of (29) and (31)

is provided. The derived convergence condition states thatuser rate converges if and only ifa + b < −1.10

Sinceb > 0, this implies that the parameter of the utility function needs to be strictly smaller than -1.

Clearly, this is a more restrictive condition than the one provided for the dual algorithm in this paper (i.e.,

(a + b < 1), which allows positive values ofa for b < 1).

Similarly, in a general network case the sufficient conditions for convergence under the primal algorithm

are given byai + bi
max < −1 for all i ∈ I [29, 32], whereas the conditions thatai + bi

max < 1 for all i ∈ I
suffice in the dual algorithm. Hence, the derived sufficient conditions for the primal algorithm in [29, 32]

are more restrictive than those for the dual algorithm.

10In [28] we only considered the utility functions witha < 0 because whena ≥ 0 the system is unstable for sufficiently large

delays.
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6 Numerical Result

In this section we present a numerical example to validate our results in the previous sections. We consider a

single user, single resource case with the utility and resource price functions given in Section 5 witha = 0.5.

The capacity of the resource is set toC = 5. We vary the resource price function parameterb to create both

a stable scenario and an unstable scenario according to our condition in Theorem 5.

6.1 Stable system

In the first case we setb = 0.49. Sincea + b = 0.99 < 1, Theorem 5 tells us that the resource price and

user rate converge irrespective of the gainκ and the delayT . For the numerical example the delay is set to

T = 200 and the gain is set toκ = 1. The initial valueµ(t) is set to 1.2 for allt ∈ [−T, 0]. The evolution

of µ(t) andx(t) is plotted in Fig. 4. As one can see bothµ(t) andx(t) converge to their equilibrium values

of 0.6715 and 2.218, respectively.
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Figure 4: evolution ofµ(t) andx(t) (a = 0.5,b = 0.49,T = 200). (a)µ(t), (b) x(t).

6.2 Unstable system

In the second example we have increased the resource price function parameterb to 0.501. Sincea + b =

1.001 > 1, the system loses its stability for sufficiently large delayT . The linear stability analysis provided

in subsection 3.4 tells us that the linearized system in (21)is stable if and only if

T ≤
cos−1

(

(F̌ ′(η⋆))−1
)

ζ(η⋆)
√

(F̌ ′(η⋆))2 − 1
= 7.28 .

Figs. 5 and 6 plot the evolution ofµ(t) andx(t) for T = 6 andT = 10, respectively, sampled at every

20 unit times. As one can easily see, the system withT = 6 is stable andµ(t) andx(t) converge to the

equilibrium points of 0.6685 and 2.2379, respectively. However, when the delayT is increased to 10, the

system loses stability and exhibits oscillatory behavior as shown in Fig. 6.
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7 Conclusions

We studied the issue of convergence of user rates and resource prices under a dual algorithm in the presence

of communication delays. Using the same framework first employed in [29] for the primal algorithm,

we derived sufficient conditions for convergence with arbitrary delays. In addition, we showed that these

sufficient conditions can be obtained from a simple underlying discrete time system. We applied our result to

an example of popular utility and resource price functions and derived sufficient conditions for convergence.

In the simpler case of a single user utilizing a resource, we derived the necessary and sufficient condition

for convergence. In addition, we studied the case when the convergence condition is violated and, using a

linear stability analysis, provided an upper bound on the delay for convergence. Numerical examples are

presented to validate our analysis. We believe that the framework used in this paper as well as in [29] is

quite general and will prove to be useful for studying the convergence property of a variety of distributed

control systems, in particular in the context of networkingand networked control systems.
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A Proof of Theorem 1

The proof of the theorem is based on the following Lemma 4.

Lemma 4 [7, p. 507] Suppose thatI⋆ = [a⋆, b⋆] ⊂ IR, wherea⋆ < b⋆, is a compact interval andξ : IR+ →
I⋆ is a continuous function. Ifσ : IR+ → IR+ is a bounded, continuous, strictly positive function andu(t)

is a solution of following equation

σ(t)u̇(t) + u(t) = ξ(t) , (37)

with u(0) ∈ I⋆, thenu(t) ∈ I⋆ for all t ≥ 0.

Proof: The existence of a unique solution of (37) is guaranteed by the theorem in [27, p. 74]. We will

prove this lemma by contradiction. Suppose that the lemma isnot true. Define

t0 = inf{t ≥ 0 | u(t) 6∈ I⋆} .

First, suppose thatu(t0) = b⋆. Then, every interval(t0, t0 + δ), δ > 0, contains a pointτ such that

u(τ) > b⋆ andu̇(τ) > 0. However, ifu(τ) > b⋆, (37) tells us thaṫu(τ) < 0 becauseξ(t) ≤ b⋆, which is

a contradiction. The caseu(t0) = a⋆ can be shown to lead to a similar contradiction. This completes the

proof.

We proceed with the proof of Theorem 1. Apply Lemma 4 tod
dtω0(t) = −αω0(t) + αF̌ (η(t − T )).

Clearly, if ω0(0) ∈ J and initial functionφ ∈ YJ , thenω0(t) ∈ J for all 0 ≤ t ≤ T . By applying Lemma 4

to d
dtω1(t) = −αω1(t) + αω0(t), we can argue thatω1(t) ∈ J for all 0 ≤ t ≤ T . Following this recursive

argument, we can show thatωi(t) ∈ J for i = 0, . . . , r andη(t) ∈ J for all 0 ≤ t ≤ T . Now by an

induction argument on time (called the method of steps [5]) the same can be argued for allt ≥ 0.

B Proof of Theorem 2

The proof of the theorem is a simple application of the following lemma.

Lemma 5 Consider the same setup in Lemma 4. Assume thatĪ = [ā, b̄] is a compact interval whose

interior containsI⋆, i.e., I⋆ ⊂ int(Ī). Then, for anyu(0) = u0 ∈ IR+, there exists finitet0 := t0(u0, Ī)

such thatu(t) ∈ Ī for all t ≥ t0.
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Proof: First, note that ifu(t∗) ∈ Ī for somet∗ ≥ 0, then from Lemma 4u(t) ∈ Ī for all t ≥ t∗. Thus,

we only need to show that there exists some finitet0 such thatu(t0) ∈ Ī. Suppose that this is not true.

First, assume thatu(t) > b̄ for all t ≥ 0. Then, from (37) we havėu(t) = ξ(t)−u(t)
σ(t) ≤ b⋆−b̄

σ(t) . Sinceσ(t) is

bounded, we can find a positiveε such thatu̇(t) ≤ −ε for all t ≥ 0. However, this implies thatu(t) ↓ −∞,

which contradicts the assumption thatu(t) > b̄ for all t ≥ 0. The other caseu(t) < ā for all t ≥ 0 can be

shown to lead to a similar contradiction, and the lemma follows.

We now proceed with the proof of the theorem. First, sinceF̌ (J0) ⊂ int(J1), we can find a set of

compact intervals{Li
1, i = 0, . . . , r} such that

F̌ (J0) ⊂ int(L0
1) ⊂ L0

1 ⊂ int(L1
1) ⊂ · · · ⊂ int(Lr

1) ⊂ Lr
1 ⊂ int(J1) . (38)

Using the property in (38), we can repeatedly apply Lemma 5, starting with the third equation in (19)

for ω0(t) and then the second equation withωi(t), i = 1, . . . , r, to find finite ti1, i = 0, . . . , r, where

0 ≤ t01 ≤ t11 ≤ . . . ≤ tr1, such thatωi(t) ∈ Li
1 for all t ≥ ti1. Finally, applying Lemma 5 to the first equation

in (19) we can find finitet⋆1 ≥ tr1 such thatη(t) ∈ J1 for all t ≥ t⋆1.

Now, by an induction argument for eachk = 2, 3, . . ., one can find an increasing sequencet⋆k, k =

1, 2, . . ., such that, for allt ≥ t⋆k, η(t) ∈ Jk andωi(t) ∈ Jk, i = 0, 1, . . . , r. Now the theorem follows from

the assumption that diam(Jk) → 0 ask → ∞ and∩k≥1Jk = {qN (µ⋆)}.

C Proof of Lemma 1

In this proof we only consider the case of evenk. Proof for the case with oddk follows in a similar manner.

From the monotonicity of the mapF (µ) = C−bµ−b/(1−a), it suffices to show thatF (β
σk

µ⋆) ∈ Ik+1 and

F (ασk

µ⋆) ∈ Ik+1.

First,

F (ασk

µ⋆) = C−b(ασk

µ⋆)−b/(1−a) = C−bµ⋆−b/(1−a)ασk(−b/(1−a))

= µ⋆ασk(−b/(1−a)) > µ⋆α−σk+1
,

where the last equality follows from the fact thatµ⋆ is a fixed point of the mapF , and the inequality follows

from the assumption that0 < b
1−a < σ < 1 andα > 1. Clearly, µ⋆ασk(−b/(1−a)) < µ⋆ < µ⋆β

−σk+1

becauseβ < 1 < α.

Similarly,

F (β
σk

µ⋆) = C−b(β
σk

µ⋆)−b/(1−a) = C−bµ⋆−b/(1−a)β
σk(−b/(1−a))

= µ⋆β
σk(−b/(1−a))

< µ⋆β
−σk+1

.

Therefore,F (Ik) ⊂ int(Ik+1) and the lemma follows.
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D Proof of Lemma 2

From (35) we have

F̌l(α · η⋆) =
∑

i∈Il





∑

j∈ri

(α · η⋆
j

Cj

)bj





− 1
1−ai

Thus,

F̌l(α · η⋆) =
∑

i∈Il





∑

j∈ri

αbj

( η⋆
j

Cj

)bj





− 1
1−ai

≥ b
∑

i∈Il





∑

j∈ri

αbi
max

( η⋆
j

Cj

)bj





− 1
1−ai

=
∑

i∈Il

α
−

bi
max
1−ai





∑

j∈ri

( η⋆
j

Cj

)bj





− 1
1−ai

>
∑

i∈Il

ασ





∑

j∈ri

( η⋆
j

Cj

)bj





− 1
1−ai

= ασ
∑

i∈Il





∑

j∈ri

( η⋆
j

Cj

)bj





− 1
1−ai

= αση⋆
l .

where the second inequality follows from the assumptionσ < − bi
max

1−ai
for all i ∈ I. Therefore, ifβ < ασ,

thenβ satisfies the second condition in (36).

Similarly,

F̌l(βη⋆) =
∑

i∈Il





∑

j∈ri

(β · η⋆
j

Cj

)bj





− 1
1−ai

≤
∑

i∈Il





∑

j∈ri

β
bi
max

( η⋆
j

Cj

)bj





− 1
1−ai

=
∑

i∈Il

β
−

bi
max
1−ai





∑

j∈ri

( η⋆
j

Cj

)bj





− 1
1−ai

<
∑

i∈Il

β
σ





∑

j∈ri

( η⋆
j

Cj

)bj





− 1
1−ai

= β
σ ∑

i∈Il





∑

j∈ri

( η⋆
j

Cj

)bj





− 1
1−ai
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< α
∑

i∈Il





∑

j∈ri

( η⋆
j

Cj

)bj





− 1
1−ai

= α · η⋆
l ,

where the first inequality follows from the assumptionβ < 1. Hence, ifβ
σ

< α (or β > α1/σ), then

F̌ (β · η⋆) < α · η⋆, and the first condition in (36) holds.

E Proof of Lemma 3

We first show thatEk+1 ⊂ int(Ek), for all k = 0, 1, · · ·. This can be easily shown as follows. From the

assumption we haveβ < ασ andβ
σ

< α. Hence,E1 ⊂ int(E0). Now similarly as before, sinceβ < ασ

we haveασ2
< β

σ
, and becauseβ

σ
< α, ασ < β

σ2

, which follows from the fact that−1 < σ < 0. By

repeating this we get (i)ασk+1
< β

σk

andασk
< β

σk+1

for oddk and (ii) β
σk+1

< ασk
andβ

σk

< ασk+1

for evenk, proving thatEk+1 ⊂ int(Ek). The claim that∩∞
k=0Ek = {η⋆} follows trivially from the fact

that limk→∞ σk = 0 because|σ| < 1. Hence,limk→∞ ασk

= 1 = limk→∞ β
σk

.

Now we prove thaťF (Ek) ⊂ int(Ek+1), k = 0, 1, · · ·. Here we prove this only for the case whenk is

even. The other case can be proved similarly. Following the same approach in the proof of Lemma 2 we

have

F̌l(α
σk

η⋆) =
∑

i∈Il







∑

jıασk
nri

(ασk

η⋆
j

Cj

)bj


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.

Sinceασk
> 1 (becausek is even),
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bj
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bj
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bj
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l .
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where the strict inequality follows from the assumption that σ < − bi
max

1−ai
for all i ∈ I, and the last equal-

ity follows from the assumption thatη⋆ is the fixed point of the map̌F (·). Similarly one can show that

F̌l(β
σk

η⋆) < β
σk+1

η⋆
l . This completes the proof of the lemma.

F Proof of Theorem 3

We first introduce a lemma that will be used in the proof of the theorem.

Lemma 6 (Invariance) Suppose thatE = ×l∈LEl is a closed, convex set that is invariant under the map

F . Then, if the initial functionφ ∈ C([−Tmax, 0], E) =: YE, thenη(t;φ) ∈ E for all t ≥ 0.

Proof: We prove the lemma by contradiction. Suppose that the claim is false. Then, there exist some

initial function φ ∈ YE andt, t ≥ 0, such thatη(t) 6∈ E. Define

t0 = inf{t ≥ 0 | every interval[t, t
′

), t
′

> t, ∃ t1, t < t1 < t
′

, such thatη(t1) 6∈ E} .

Then, there isl ∈ L such that for all(t0, t
′
), wheret

′
> t0, there exists̃t0, t0 < t̃0 < t

′
, such that

ηl(t̃0) 6∈ El. We assume thatηl(t) leaves through the right end, i.e.,ηl(t0) = sup El. Then, for all(t0, t
′
)

there exists̃t, t0 < t̃ < t
′
, such thatηl(t̃) > sup El and d

dtηl(t̃) > 0. This, however, leads to a contradiction

as follows. From (24) we have

d

dt
ηl(t) = κl · g

′

l(g
−1
l (ηl(t))) (Fl(η̃(t)) − ηl(t)) < 0

becauseκl · g
′

l(g
−1
l (ηl(t))) > 0 andFl(η̃(t)) ∈ El and, hence, is less than or equal tosupEl (< ηl(t̃)),

which contradicts the earlier assumption thatd
dtηl(t̃) > 0. The other case thatηl(t) leavesEl through the

left end, i.e.,ηl(t0) = inf El, can be shown to lead to a similar contradiction. Therefore,the lemma follows.

In the rest of the proof of Theorem 3 we omit the dependency onφ since there is no confusion. Our

proof utilizes the following lemmas.

Lemma 7 Fix k, k ≥ 0. Let Ẽ = ×l∈LẼl be an open, convex set that containsF (EΞ
k ) and whose closure

is contained inint(Ek), i.e., cl(Ẽ) ⊂ int(Ek). Suppose that the initial functionφ ∈ C([−Tmax, 0], Ek).

Then, there exists a finitẽt, t̃ ≥ 0, such that, for allt ≥ t̃, η(t) ∈ Ẽ.

In order to prove the lemma, we first prove the following coordinate-wise invariance

Lemma 8 (Coordinate-wise Invariance) Ifηl(t̃) ∈ Ẽl for somẽt ≥ 0, thenηl(t) ∈ Ẽl for all t ≥ t̃.

Proof: Suppose that the lemma is not true, and there existst̄ > t̃ at whichηl(t̄) = inf Ẽl or ηl(t̄) = sup Ẽl.

We assume that̄t is the smallest such time andηl(t̄) = sup Ẽl > sup Fl(E
Ξ
k ). Then, we can find̄t1 < t̄

such that for allt ∈ (t̄1, t̄), ηl(t) ∈ Ẽl \ Fl(E
Ξ
k ). This implies thatddtηl(t) < 0 for all t ∈ (t̄1, t̄) from (24)
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becauseFl(η̃(t)) ≤ sup Fl(E
Ξ
k ) and, thus,ηl(t̄) < sup Ẽl, leading to a contradiction. A similar argument

can be used for the caseηl(t̄) = inf Ẽl.

Now let us proceed with the proof of Lemma 7.

Proof: Suppose that the lemma is false. Then, from Lemma 8 there exists l ∈ L such that for allt ≥ 0,

ηl(t) 6∈ Ẽl. We show that this leads to a contradiction. Suppose thatηl(t) ≥ sup Ẽl for all t ≥ 0.

Then, one can see thatddtηl(t) < 0 from (24). Combined with the assumption thatηl(t) ≥ sup Ẽl for

all t ≥ 0, this implies thatηl(t) converges to somēηl ≥ sup Ẽl. Sincesup Ẽl > sup Fl(E
Ξ
k ) with

δ := sup Ẽl − sup Fl(E
Ξ
k ) > 0, there exists some positive constantε such that d

dtηl(t) ≤ −ε · δ < 0

for all sufficiently larget from (24). This, however, implies thatηl(t) ↓ −∞ ast ↑ ∞, contradicting the

assumption thatηl(t) ≥ sup Ẽl for all t ≥ 0. A similar contradiction can be shown when we assume

ηl(t) ≤ inf Ẽl for all t ≥ 0. This completes the proof of the lemma.

Lemma 9 Let E = ×l∈LEl be a closed set invariant underF and Ẽ = ×l∈LẼl an open, convex set that

containsF (EΞ) and whose closure is contained inint(E), i.e., cl(Ẽ) ⊂ int(E). Suppose that the initial

functionφ ∈ C([−Tmax, 0], E) andη(t1) ∈ Ẽ for somet1 ≥ 0. Then,η(t) ∈ Ẽ for all t ∈ [t1, t1 + Tmax].

Proof: The lemma follows directly from Lemma 8.

Now we are ready to proceed with the proof of Theorem 3. By repeatedly applying Lemmas 7, 9 and

6 one can find a sequence of finitetk, k = 1, 2, . . ., such thatη(t) ∈ Ek for all t ≥ tk. The theorem now

follows from the assumption that∩∞
k=1Ek = {η⋆}.

G Proof of Theorem 4

The proof of Theorem 4 is essentially identical to that of Theorem 3: One can easily verify that the same

invariance properties in Lemmas 6 and 8 hold for (27) following the same arguments. Moreover, following

the same proof of Lemma 7, we can show that for everyk ≥ 0 and any initial functionφ ∈ C([−T, 0], Ěk),

there exists finitētk+1 ≥ 0 such that, for allt ≥ t̄k+1, η(t) ∈ Ěk+1. Therefore, as in the proof of Theorem 3,

we can find a sequence oft̄k, k = 1, 2, · · ·, such thatη(t) ∈ Ěk for all t ≥ t̄k, and the convergence ofη(t)

under (27) follows from the assumption that∩∞
k=1Ěk = {η⋆}.
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