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Abstract— We examine the problem of designing an auction radio access (RA) technology based on the availability@nd/
mechanism for dynamic spectrum sharing when there are mul- performance of available networks. As a result, in prireipl
tiple sellers and multiple buyers. First, we study the inteaction a CR user can utilize any frequency band by adopting

among homogeneous buyers of spectrum as a noncooperative .
game and show the existence of a symmetric mixed-strategy a suitable RA technology. CR users, however, should not

Nash equilibrium (SMSNE). Second, we prove that there exist interfere withlicensedusers, also callegrimary users, that

an incentive for risk neutral sellers of the spectrum to coograte  paid for the spectrum.

to maximize their expected profits at the SMSNEs of buyers’  There are several proposed solutions to ensuring that CR
noncooperative game. Finally, we model the interaction am <o 46 not interfere with licensed users: Under a spectrum
the sellers as a cooperative game and demonstrate that thereo .

of the cooperative game is nonempty. This indicates that the rental protocol [15] the owner advertises the frequencydban
exists a way for the sellers to share the profits in a such manne for rent, and a renter (i.e., a CR user) may express interest.
that no subset of sellers will deviate from cooperating withthe  Another solution is spectrum sensing; CR users continually
remaining sellers. scan the spectrum to find an idle frequency band, called
spectrum holeThe CR users can utilize the idle frequency
band until an activity by a primary user is detected, at which
A. Background point the CR user must relinquish the band. A third approach

A conventional way of managing available frequencys based on an interference metric calieterference tem-
spectrum is a static allocation to a set of users, wheferature[2]. Under the proposed solution, a CR user can
each user receives dedicated spectrum. In many countriédake use of a frequency band as long as the interference
a government agency (e.g., the Federal Communicatiolgyel ateveryprimary user’s receiver remains below a certain
Commission (FCC) in the U.S. [1]) bears the responsibilityhreshold.
to plan, allocate, and manage the spectrum. Unfortunately, There are several existing studies on dynamic spectrum
this static assignment of available spectrum leads to aevesharing between primary users and unlicensed secondary
drawbacks. First, it hampers the entrance of a new servitsers: Mutlu et al. [16] investigated an efficient pricindipp
provider. Secondly, recent studies [2], [8], [9], [13], [20 of an MNO for secondary spectrum usage of MVNOs in
suggest that much of the assigned spectrum is under-utilizéhe presence of both primary and secondary users. Wang
in many places. Thus, a natural question that arises is: “Ho@f al. [21] proposed a novel joint power/channel allocation
can we increase the frequency usage efficiency?” scheme to improve the network’s performance by modeling

There are several new approaches put forth to addrei spectrum allocation problem as a noncooperative game
this issue. One approach to increasing the spectrum utilizamong the CR users. Etkin et al. suggested a repeated
tion in cellular frequency bands introduces a new class game approach to enforce an efficient and fair outcome
service providers called Mobile Virtual Network Operatorsand incentive compatible spectrum sharing [10]. In [18] the
(MVNOSs). An MVNO is an operator that provides mobile channel allocation problem in a CR network was formulated
communication services without its owitensedspectrum as a potential game that has provable convergence to a Nash
and necessary infrastructure. In order to provide the sesyi €equilibrium. The interference temperature model is applie
they have business agreements with Mobile Network Ogh an auction-based spectrum sharing mechanism in [12].
erators (MNOs) to use the frequency spectrum and sonf@e et al. [4] proposed a sequential auction mechanism for
of infrastructure owned by the MNOs. In the U.S., Virginsharing spectrum and power among competing transmitters.
Mobile has successfully launched its service with Sprint
Nextel as its MNO. B. Motivation

Another approach to more flexible use of spectrum is ) _
based on Cognitive Radio (CR) [14], which is being con- These recently proposed SO|l'Jt.I0nS have the poten't|al to
sidered as a candidate for a new frequency managemdRProve the spectrum usage by fllllng spectrum holes without
scheme by the FCC [3]. The CR is based on softwarddterfering with the services of primary users. However,

defined radio technology:; it allows a CR user to switch itheY also suffer from several drawbacks that have not been
addressed effectively. First, since the MVNOs share the in-
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Second, most of existing studies on CR focus primarily oauction mechanism can have desirable properties, such as
the resource allocation among the secondary users and oftdficiency and incentive compatibility.
assume that the secondary users can use the spectrum fre
charge. This may be reasonable if the owner or licensee
a government agency that is interested in maximizing social YWe study the setting where the PSPs, which areséiers
welfare or if the spectrum is set aside for research purposdd the market, can form arbitrary coalitions (i.e., subssts
However, in many cases, the frequency spectrum is allocatggllers). A coalition of sellers acts as if it were one sedled
for commercial use and primary service providers (PSP#plds one auction to sell the spectrum made available by all
have paid for the exclusive right. In such a scenario, it maf€¢ members of the coalition. We assume that the probability
be unrealistic to assume that the primary service providefat a given coalition will form is known to the buyers (i.e.,
will share their spectrum without charging for the use, evelhe SSPs).
when the secondary users do not interfere with the servicesThe values a buyer has for the frequency bands it wins
to their customers. are modeled using a random variable called tipee of the
Third, when there is no centralized authority, individuaPuyer. We assume that the buyers are homogeneous and
unlicensed users may access under-utilized frequencysbari@dependent (i.e., their types are independent and icslytic
in a distributed, unorganized manner. The gain in spectruffistributed (i.i.d.)). Each buyer, at the beginning, stlez
utilization from such unorganized access, however, m ller whose auction it will participate in. First, we model
be limited. We suspect that introducirsgcondary service the interaction among the buyers as a noncooperative game
providers (SSPs) that can grant access to under-utilize@nd show that there existssgmmetricmixed-strategy Nash

spectrum in a more organized manner, by leveraging, f&quilibrium (SMSNE). The Nash equilibrium is, however,
instance, CR users, may present a better recourse. not necessarily unique. We assume that the buyers can reach
A well designed spectrum sharing and pricing schem@ne of the SMSNEs when there exist more than one SMSNE.

between PSPs and SSPs will encourage and facilitate sharing>€¢ond, we demonstrate thatCif andC, are two disjoint
of spectrum in a more dynamic and flexible fashion. This i§0alitions of the sellers, then the sum of the expected profit
the scenario we consider in this paper. We assume that th&ethese two coalitions is not larger than the expected profit
are (i) SSPs whose infrastructure and customers’ equigme the coalition ¢ U (5. This implies that risk neutral
have the capability for dynamic spectrum access (e.g., CR§llers will have an incentive to cooperate and form one
and (ii) PSPs that wish to lend their surplus frequency spe€9alition that includes all the sellers, in order to maxieniz
trum according to a contract with the SSPs. This is showil€ir expected profit, assuming that they can find a suitable

in Fig. 1. Our setting is also applicable to the frequency¥@y Of sharing the profit. _
spectrum trading between PSPs (e.g., [6]). Third, we model the interaction among the sellers as a

cooperative game and prove that ésre is not empty. This
tells us that there exists a way for the sellers to share the
profit so that no subset of sellers will have either the power
or an incentive to deviate from the coalition including &lét
sellers and increase its expected profit.

%S.OfSummary of results
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The rest of the paper is organized as follows: Section Il
introduces the model and the optimal mechanism we assume
the sellers adopt for allocating and pricing the spectrum
bands. The noncooperative game among the buyers is studied
in Section Ill. Section IV demonstrates the existence of an
incentive for cooperation among the sellers, followed by ou
results on the cooperative game among the sellers in Section

V.
Il. SETUP
Secondary service providers We are interested in designing a new spectrum trading
mechanism for PSPs and SSPs. We assume that spectrum
Fig. 1. Dynamic spectrum sharing market. trading is performed periodically, for instance, by an elec

tronic system with participating service providers. Thé’BS

Realizing dynamic sharing of under-utilized spectrum beare the sellers interested in lending frequency bands,twhic
tween PSPs and SSPs calls for a new spectrum trading meahe the goods or items to be sold, and the SSPs are the buyers
anism. In this paper we propose an auction-based framewark bidders interested in purchasing the goods. In order to
for devising such a mechanism. An auction mechanism offersake progress, we assume that the frequency spectrum is
a natural tool for the problem: It defines the strategies dfaded in an agreed unit (e.g., 100 kHz). For example, a
participating players, means for exchange of informatéonl ~ seller that wants to sell 1 MHz spectrum will have 10 units
allocation and payment schemes. Moreover, a well designefl 100 kHz frequency bands.



A. Model for all ¢; € 7;.

Let P = {1,2 M} be the set of sellers and = In general, a buyer may prefer to win a block of contiguous
{1,2,...,N} tﬁejset 7of buyers. The sellers are assumed ri&equenc_y bands. However, we assume that the buyers do not
neutral and interested in maximizing their expected profif!eréntiate the frequency bands and the total value atbuye
The spectrum is divided into a set of frequency bangdeceives from winning one or more frequency bands depends

denoted byZ. In a general setting, the area over which £’nly on the total number of frequency bands it receives.
seller operates (e.g., the United States) is partitionéal inB. Optimal mechanism employed by sellers

regions or markets (e.g., Washington D.C. metropolitar)are  \we assume that the sellers adopt an optimal mechanism
This partition is given byR. In this paper we consider a that is an extension of Branco’s mechanism (BM) [5]. The
simpler setting with only one region. BM is a generalization of well known Myerson’s optimal
1) Sellers: Each seller owns a set of frequency bandsmechanism [17] that aims to maximize teepectedevenue
We denote the set of frequency bands owned by a sellgf the seller that has a single item for sale. The BM is an
i € P by 7', and the set of frequency bands assigned to thgptimal mechanism devised famultiple homogeneotitems
sellers is given byJ;,ep F* C F. Moreover, we assume that with one seller that has zero value for the items. Since we
a frequency bang € 7 is owned by at most one seller, i.e., allow nonzero values for the sellers, the original BM is not
FnrFt=0foralliieP (i #1i). suitable for our problem and we need to modify it to deal

Sellers with under-utilized or extra frequency band(s) mayith nonnegative values of the sellers for the items.
participate in spectrum trading. When a seller partakeken t

trading, it provides a list of frequency bands it wishes tudle
to buyers (over an agreed period). Lt be the number of

fr n n llérwan I, an =Y. K - . ! . )
equency bands sellerwants to sell, and<r =3, be a coalition of sellers that are interested in sellingrthei

the total number of frequency bands available for lease. .
. . i . frequency bands together. Assume that a totakafems are
Since the sellers have paid a price for the right to the " : .
vailable for sale from the sellers. Without loss of gerigral
frequency bands they own, they may have nonzero values for

. we assume that the, items are ordered by increasing value
he f h h to lend. H h I . .
the frequency bands they wish to lend. Here, the values 0 the seller of the item, i.e) < Vo(l) < Vo(g) <. <

the sellers may vary, depending on, for instance, the pric m) (k) - =
they paid for the spectrum. We denote sellrvalue for Yo_ » Wherevy " is the value of the seller of the-th item.
the ¢-th item it wants to sell by/j, £ = 1,...,K". In other __~OF €ach buyerj € &%, the functionsVix, k €
words, selleri would prefer not to sell thé-th frequency 11:2:---,m} are as defined earlier. DeI'ﬂék = Hj€§* ;.
band if it cannot receive at leas’ for it. Without loss of ~S€/lers know the distributions;, j € &7, of buyers’ types

. o ‘:Rut not their realizations).
enerality, we assume that the seller’s items are ordered ' .
igncreasin)é value, i.eli <--- < Vi, LetV:={Vi;icP In the GBM, each buyer reports its typg to the sellers.
and/ e {1 K’i'}} e T RY TUe The reported type! is not necessarily its true ty(#&. Given

the reported types of the buyers= (t}; j € S*), the sellers
compute what are calledontributionsof the buyers: The
rT§ontribution of buyer; for the k-th item ¢ = 1,...,m) is
a mappingr; , : 7; — R, where

Vi) 1-G(E)
ot ty=t; 9i (t;)

1) Generalized Branco’s mechanism (GBM): Let P* =
{1,2,...,M*}andS* = {1,2,..., N*} be the set of sellers
and the set of buyers, respectively. In our problémwould

2) Buyers. Each buyerj € S has private information,
namely itstypg which is denoted byl;. We assume that
T;, j € S, are mutually independent continuous rando
variables (rvs). The distribution df}; is G; with support
7 = [tjmin, tjmax].- MOreover, we assume thgt yields
a density functiory;. The value of r/} is revealed only to
the buyer;j at the beginning. LeT = (7}; j € S) be the o )
vector of the types of the buyers affid:= [[ . 7;. We order the contributions of all buyers by decreasing value

j X G .

The type of a buyer determines its values for the items E;d de(r;cz;ezthé-th highest contribution{(=1,..., N*-m)

wins: For eachk € {1,2,..., K7}, letVj; : 7, — Ry := T\t ). . _ . .

[0,00) be the function that determines buygs value for k the gssume that the following holds: For glic 5* and

the k-th item it wins! i.e., V;x(t;) is the value buyerj = » %" - _

has for thek-th item it receives when its type i5. The (0) (¢ —t)(mjk(t;) — mik(t;)) = 0 forall ¢,¢; € 7;, and

functions V; , are increasing and differentiable. When thel(t”)elf Tik+1(t;) = 0, thenmp(t;) > 7k (ty) for all

demand of buyeyj, denoted byD;, is strictly less thankr, 7 = *J° - - . .

Vin(t;) = 0 f}:)ryall boe T ygrjld b o— DY+ 1 K; When these conditions are satisfied, the problem is said to
Ji.k\Y3) = J J = Y AR :

be regular [5].
However, we assume thaf; . (t;) > 0 for all ¢; € 7; and . . .
k = 1,.... Ky, although they can be arbitrarily close to In order to determine the winners and the prices they pay,

zero. In order to reflect the law of diminishing return, We?el2lers f'Tr:t compute the following quantities: For edch

also assume that; 1 (t;) > Vja(t;) > - > Vi g, (t;) >0

mik(t;) = Vik(t;)

ne(t) = max{Vy", w0 (£}
1in general, the values of a buyer may depend on the types @f oth
buyers as well. However, in this paper we assume that thesaltia buyer 2In the event of measure zero that there are ties in the catitits, we
depend only on its own type, but not on those of other buyers. break the ties randomly.



For eachj € S andk = 1,2,...,m, define Lemma 2. The generalized Branco’s mechanism is optimal
. A . in the sense that it maximizes the expected profit of the
k(D) = inf{t; € Tj | ;k(t;)

. sellers.
> min{n,(t;,t2;); £=1,2,...,m}},
- [Il. N ONCOOPERATIVE GAME AMONG THE BUYERS
wheret” = {t2; j € 8"\ {j}}. . .
Under the regularity assumption on the functidfs,, the There are many different ways in which the sellers can sell

proposed allocation rule is given by their available frequency bands to the buyers. For example,
. individual sellers can hold separate individual auctiarsa
pik(t*) = { L if 6> Fjvk(t*—j) (1) 9roup of sellers can form aoalition to sell their available

’ 0 otherwise, frequency bands together. In the latter case, each caalitio

wherep; . (t) is the probability that buyef wins at leastk will hoId_one quction by sharing their information (e.g.,
items when the reported types areThe price buyer pays the received bids, the number of frequency bands, and

for the k-th item it wins equals the reserved value for each frequency band) and the profit
. . . according to an agreement between its members.
¢jk(t") z{ Vik(sin(tZ;)) i pje(t?) =1, ) In order for a coalition to emerge, the sellers in the
’ 0 otherwise. coalition must find it advantageous to cooperate and a proper

From the allocation and payment rules of our GBM, it isProfit sharing scheme must be in place. In general, it would
clear thatm*(t*) items are awarded to the buyers with therequire that (i) the expected profit of the coalition from a

m*(t*) highest contributions, where single auction be no smaller than the total expected prdit th
. . % members can achieve by forming a set of smaller coalitions
m*(t*) == max{l € {1,2,...,m} | mp(t*) > V;~} . and (i) there exist a suitable profit sharing scheme that

mlocates the profits in a way no subset of members finds
it beneficial to leave the coalition. It is obvious that the
cexpected profit of every selléishould be at least its expected

When the set on the right-hand side is empty, the maximu
is defined to be zero. Moreover, the price buyguays for
the k-th item it wins is equal to the smallest value for th - X A :
k-th item that would win the item (eq. (2)). profit from holding an individual auction.

It is plain that, if every buyer is truthful and reports its B€fore we can understand how the sellers would behave,
true type, the expected payment for buyenf typet, & 7; we must f!rst examine buyers’ behavior. To this end we
is equal to model the interaction among the buyers as a noncoopergtlve

game [11]. At the beginning of the game each buyer first
chooses a seller whose auction it will participaté and
¢i(t;) =Br; | > Vin(i(T—)) it T5)| then reports its type to the selected seller. We assume that
b=l a buyer’s selection of the seller takes place before the type
whereT_; = (15; j € S\{j}), and the expectation is taken is revealed to the buyer or the selection does not depend on
over the types of the other buyers. the revealed type.

2) Properties of the generalized Branco’s mechanism: Sellers are free to form any coalition(s) among themselves.
When a buyerj of type ¢; € 7; wins &* items and pays a Sellers do not announce the coalitions they form to the muyer
total price ofc, its payoff is the difference between the valugPefore the buyers select sellers. In other words, buyersseho
it has for thek* items minus the price, i.eZIZ., Vit —c. the sellers without the knowledge of the coalitions formed
Let U;(f::1,) be theexpectedpayoff of bugérjijhén its Dy the sellers; instead they only know tpebabilitiesthat
reportjedjiyé)e i€, and its true type i, different coalitions will form. Sellers in a coalition stear
o / _ o 7 . . the reported types of the buyers that choose a member of
Definition 1. (Incentive compatibilityA direct mechanisfh  the coalition and decide on the set of frequency bands to be
is said to beincentive compatibléf allocated and the prices to be charged according to the GBM.
- . X - The buyers are then informed of the number of frequenc
Uiltjstj) 2 Uj(tsty) forall j e 8™ andt; by € 7; . () o t);ley have won and the prices to pay. ey
Definition 2. (Individual rationality) A direct mechanism is  Let us first examine the actions to be taken by the buyers.
said to beindividually rational if As mentioned earlier, each buyer must first choose one of the
) . M sellers and report its type to the seller. However, since
Uj(tj;t;) = 0 forall j € S andt; € 7; . 4 the GBM is incentive compatible, the optimal strategy of a
Lemma 1. The generalized Branco’s mechanism is bottpuyer in the GBM is to bid its true type, and the only action
incentive compatible and individually rational. required of a buyer is the selection of a seller. We formulate

i ) this problem as a noncooperative game among the buyers.
We define the profit of the sellers as the total payment Let 2 be the set of all possible partitions of the set

from the buyers plus the sum of sellers’ values of the unsolgf sellers? and ; a distribution over the sefp. The
) . m k '
items (i.e.> 30, (t+)41 VO( D).

m

4Here, we assume that each buyer joins only one auction. Hawaie
3In a direct mechanism the only action of a player is to repisrtyipe. will show later that this does not impose any restrictionsoan findings.



probability that coalitions in a partitio € Qp will emerge Proof. Since the buyers are homogeneous, without loss of
is given byu(w). For example, suppose thRt= {1,2} and generality, assume thgt= 1 andS; = {1,2,...,n + 1}.
Qp = {wi,wo} = {{{1},{2}}, {{1,2}}}. Then,p(w1) is DefineT™) = (Ty;1 = 2,....n+ 1) andt"™) = (t;;1 =
the probability that the coalition§l } and{2} will form (i.e., 2.... ,n + 1). From the allocation rule in (1), for fixed
two sellers do not cooperate) apdws) is the probability ") the probabilityp; (t;,t™)) is nondecreasing itt;.°
that coalition{1, 2} will form (i.e., they WI|| cooperate with |, particular, p;. k(tlat( )) = 0f tpim <t < Cl,k(t(:ll))
each other). We assume that the distributioiis common (n) o)
knowledge, i.e., buyers know the probability a coalitior " dp1e(ts, 677) = 1 cr(677) <t

From the payment rule in (2), we can show that the

¢ P will form, which is given by expected payoff of buyei that participates in sellef’s

Pr [coalition C formg = Z w(w). auction when there are other buyers is given by
wep:Cew (4)
;" (n)

Since each buyer must choose a seller, the pure strategy e
spaceX; of buyer;j € S is given by the set of seller®.  _ g Vi (T (T T _ &0 (1, T™
The (expected) payoff of buyej given a strategy profile TG k_l( 1k(T1) pre(Ty, TZY) — é1k(Th, —1))
o = (01,02,...,0n), Whereg; € ¥, forall j € S, is :}(1
given by u;(o). Then, the noncooperative game among the Ty , (n)
buyers is presented by = {S, (S;; j € S), (u; j€S)}).  — ETO) > /n - Vi) pra(e, T2 da |1 (6)
The goal of each buyer is to maximize its expected payoff. =1

A mixed strategy of a buyey is simply a distribution where T(i) = {T};j € S;}, and the expectation is taken
§ over X; = P, where(i),i € P, is the probability over the typesTI'(i). From the allocation rule (1), for any
that buyerj will choose selleri. A mixed-strategy Nash andt_;, we have

equilibrium (MSNE), = = (¢',£2,...,¢Y), is a set of (n1) n)

mixed strategies, one for each buyer, such that no buyer can prr(te, t2 ) = pre(ty, t27). ()
increase its expected payoff by unilaterally deviating"fro The [emma now follows from () - (7). O
the equilibrium strategy An MSNE;, is called asymmetric

MSNE if ¢l = ¢2=... =¢N, Proof of Theorem 2As mentioned earlier, the existence of a

In the rest of the paper we consider independent homog@lmmetric MSNE follows from the extended version of Nash
neous buyers: The types of the buyeysj € S, are i.i.d., equilibrium theory [7]. Suppose that there are two symmetri

and the value function¥ , are identical for allj € S. In  MSNEs,=' = (¢',..., ') and=* = (€%,...,£?), where
addition, we assume &8 = (&f,..., &), k = 1,2, such thate! # £2. We will
) show that this leads to a contradiction, thus proving the
71,1k /2141 (P max) > Vigijo4q foralli e P. (®) unlqueness of a symmetric MSNE.

. . . 1) i
Theorem 1. There always exists a symmetric mixed strategg Let U;"(§) denote the conditional expected payoff of
Nash equilibrium in our gamé. uyerj, g|ven that buyer; selects sellei, when all buyers

employ the same mixed strategy The buyerj’s expected
Proof. Since the common pure strategy space of the buyersyigyoff is equal to

finite and the game is symmetric, the existence follows from 0
the extended version of Nash equilibrium theory [7]. O Uj§)=> &-U
icP
Unfortunately, in general a symmetric MSNE is not guar- iiv sh he
anteed to be unique. However, when no seller cooperat Qe can*ea5|y show that, at any symmetric MSRE =
with any other seller(s) with probability 1 (w.p. 1), i.e., (& -+ €"), we must have
u({{l}, {2},{3},...,{M}}) = 1, the symmetric MSNE is thl)(g*) L — U;M)(f*) for all j € S. 8)
unique.

N ) Since buyers are assumed to select sellers independently
Theorem 2. When no coalition with more than one seller ¢ a5ch other, for eache P,

forms w.p. 1, there is a unique symmetric mixed-strategy

N-1
Nash equilibrium. UJ@(f*) _ Z (N 1) (1 _gryN-1on Uj@(n).
Before we prove the theorem, we introduce a lemma that n=0 "

will be used in the proof of the theorem. We denote th
set of buyers that choose selleby S;. Let Uj@ (n) be the () 1 )
conditional expected payoff of buyergiven that (i) buyer Lemma 3, thatdU;"(£)/9¢: < 0. If & # ¢, there must
j chooses sellef € P and (ii) |S;| = n + 1, i.e., exactlyn ~ €Xisti™ andi* such that ()& < &4 and (i) & > &2

other buyers choose selléas well.

We can compute the derivatives Uf ) and show, using

SHere, for different values of., we have different auctions. However,

Lemma 3. Suppose that buyef chooses seller. Then, with a little ezb;tse of no(tayon we do not ex(pl)lcnly indieathe dependence
) .5 B of py. k(tlyt_ )y s1,k(t17), andé; (71, TY) onn (or more precisely,
U;”(n—1)>U;"(n) forall n € {1,2,..., N — 1}. on the sets;).



Our finding thatU;i)(f) is strictly decreasing irg; implies For everyt € 7, define almappingﬁt : B — H(t),
that ) (e1) > U (¢2) = Ul (€2) > U (1), which  WhereB = PN, I (b) = {ILy(b);i € P}, and H(t) :=
contradicts ®). / / / 0 {I(b); b € B}. For eacht € H(t), n* denotes the ordered

contributions of the buyers that choose sellethen the types
Consider the following example: Suppose that> 3 and  of the buyers are given by

M({{1’2}7{3}’ {4}7 7{M}}) = 1. From Theorem 2, there Let by : H(t) — B, where bt(f), T € H(t), is the
is a unique symmetric MSNEZ* = (£*,£%,...,£%), of @ vector that tells us the selected sellers of the buyers under
new gamel™™ with M — 1 sellers, where the new seller 1% Suppose thaty is a distribution over the seH(t),
combines both sellers 1 and 2 in the original gdm®ne can  where w4 (7), 7 € H(t), is the probabilityPr [B = by (7)]
easily verify that a strategy profi€" = (¢7,..., "), where  determined by the symmetric MSNE.
& =¢l+elandgf = ¢ foralll =3,..., M,isasymmetric  For a given7 € H(t), denote the set of winningon-
MSNE of I'. Thus, if & > 0, there are uncountably many triputions in a coaliton C ¢ P by ¥=(C) C I, and
symmetric MSNEs of". the sum of the winningcontributions of coalition C' by
When there are more than one symmetric MSNEs, wg(C, 7). Similarly, define®=(C) to be the set of sellers’
assume that the buyers can reach a symmetric MSNE (f@ajues of the unsold frequency bands in the coalitigrand
example, according to lexicographic order). ANC,7) := Y ,cq_ () = the total value of the unsold items
in coalition C'.
For example, suppose that there are two sellers

. . . ) with a unit supply (i.e., one frequency band to sell)
As mentioned earlier, a coalition of sellers will emerge;,nq that {701y (£), 72y (£), 73y ()} C [1:(B), while
b | ) t 1

only if its members find it beneficial to cooperate in that, 2

. ; . t 5 (t II£(B), where t t). Also,
they can earn higher expected profits. In order to examine t g|(|4)( ,)’ﬂ(l")( } C. ft( (1)) < (2?(2( )< W(B)(g h
existence of such an incentive for some or all of the seller¥ €S Va ue; s_at|s >Xf/<)h — ‘ﬁ). < m(s)(t). Then, the
to cooperate, we compare the expected profits of diﬁeremlrénmgcontrlhutlonsoht € coalitionC” :.él’.2} e:irfewil)(t)
coalitions at a symmetric MSNE of the noncooperative gam%n mz)(t), whereas the winning contri utlpn 1= 1{1
r andCy = {2} is m(1)(t) andm(4)(t), respectively.

Consider one auction witlh buyers andm items to be Le.t' me = N’ﬁg))' be the numper of items sold bY.the
sold. The seller in the auction can be either an individuai‘xlo""“tIon C andp'™(¢) the allocation rule of the coalition
seller or a coalition of sellers. The seller’'s payoff froneth ¢ according to the GBM. Then, we have
auction is given by the payment it receives for the items K(C)
sold plus the values of the unsold frequency bands. Hence, ((C,7) = Z ( Z 7k (t) pﬁ) (t))
its expected payoff is k=1 jeS: by ,;(7)eC

= Y s, (10)
V=(C)

RE

IV. EXISTENCE OF AN INCENTIVE FOR COOPERATION
AMONG THE SELLERS

m

Un(p,¢) = > Eg, [e;(T))] + Er [ S

k=m*(T)+1

where K (C) =3, . K', and

=> Er [Z 7,k (T) pjk(T) (©) ) { 1 if buyerj is awarded at least items
j=1 k=1 pr( )= 0 otherwise.
YEp Z Vo(k) ’ @) When each coalltlon holds a separate a_u_ctlon using the
b ()41 GBM, from the allocation rule (1), the coalitiof’ awards

_ _ m¢, items to the buyers with thex¢, highestcontributionsin
whereT is t_he random vector of buyers’ typea,*(T) isthe | J,_ 7. Further, each unsold item’s value is larger than that
number of items sold, and the expectations are taken over any allocated item and any losing contribution. Therefor

T. ' 4 it is clear that, for every disjoint coalitionS;, C, C P,
Define a random vectdB := (B7;j € S), where B’ is

the seller chosen by buyer (using the selected symmetric C(C1,T) + A(C1, T) + ((C2, ) + A(C2,T)

MSNE strategy), andS;(B) = {j € S | B/ =i} C S. < (CyUC,T) + A(CLUCy,T). (11)

Given fixed types of the buyers,c 7,
1) Wj.(tj) = {7Tj7k(tj);k = 1,2,...,KT} is the set of
the contributions of buyey,

A strict inequality holds (i) if the smallest winning coriiti-
tion in coalitionC is less than the largest losing contribution

N N in coalition C'y or vice versa or (ii) if the smallest value of
2) My := {m;.(¢);] € S}, . unsold items in coalitiorC; is less than the largest losing
3) Iy := (my(t);k = 1,2,..., Dr) is the vector of the Lo - .

tributi iniT. ordered by d . | h contribution in coalitionCy or vice versa.

contributions inll ordered by decreasing value, where | .\ < first define, for each e 7,

Dp=N-Kp,
4) for everyi € P, IIi(B) := {m;.(t);j € Si(B)}, and v(C;t) := Z C(C,m) + AC,m) (7). (12)
5) II;(B), i € P, is the order statistics dfii(B). FEH(t)



Then, the expected payoff of a coalitiad is given by Theorem 4.[19, p.219] The core is the set of all/-vectors
E [v(C; T)]. We can show the following theorem from (11)« satisfying

d (12).
and (12) (1) S @ >0(C) foral ¢cP, and
Theorem 3. For every two disjoint coalitiong’; and Cs, ieC
0(C1) +0(Ca) < v(C1 U Ca). (13) 2) > ai=v(P).
icP

Theorem 3 tells us that the expected profit function Th dit in Th 4 imolv that bset of
satisfies thesuperadditivityproperty. In addition, it implies € conditions in fheorem < Imply that no subset o
the sellers (i.e., a coalition) has the power to increase

that risk neutral sellers will have an incentive to cooperat, ) . "
expected profit by deviating from the grand coalition.

among themselves in order to increase their expected profi . .
erefore, a payoff vector in the core can be viewed as a

ing th find itabl f sharing th fit,
assuming they can find an equitable way of sharing the pro Istable equilibrium and a candidate for equitable sharing of

V. PROFIT SHARING AND A COOPERATIVE GAME AMONG  the profits among the sellers.
THE SELLERS Unfortunately, the core of a cooperative game is in general

Our finding in the previous section indicates that the sellenot guaranteed to be nonempty, and proving the existence of
will find it advantageous to cooperate with each other an@ Nonempty core can be nontrivial. However, we can show
form a grand coalition that includes all sellers if they wemt that the core of the cooperative game among the sellers under
maximize their expected profits. However, in order for th&onsideration is nonempty. This implies that indeed there
sellers to maintain such cooperation, they must be able &Xists a way for the sellers to share the profits in such a way
find an equitable way of sharing the profits. In light of thisthat no subset of the sellers will be able to leave the grand
a natural question that arises is how the sellers shoulagsha&oalition and increase their expected profits.
the profit among themselves_ when they decide to cpoperaﬁeheorem 5. The cooperative game among the sellers has
In order to answer this question we turn to cooperative gamenon_empty core.
theory, and we model the interaction between the sellers as
a cooperative game. Proof. A proof of the theorem is provided in the appendix.

A cooperative game is often given by characteristic 0
functionv : 27 — R. The characteristic function assigns

to each coalitionC' C P a value that is the total payoff of ) ) o )
the members in the coalition they can guarantee themselves/V€ investigated the problem of designing a suitable trad-

against the other players. The characteristic functiorhef t "9 meéchanism for dynamic spectrum sharing with multiple

cooperative game among the sellers in our problem is defing@!lers and multiple buyers. We first modeled the interactio
through the expected profit of the coalitions at the assumd¥gtween selfish buyers interested in leasing spectrum as a
symmetric MSNE of the noncooperative game among tHaoncooperative game. We showed thgt, When the buyers are
buyers. In other words, for every P, v(C) denotes the homogeneous, there exists a symmetric mixed-strategy Nash
expected profit the sellers in the coalitiaht can achieve €duilibrium. Then, we demonstrated that risk neutral selle
without the help of the remaining sellers. have an incentive to cooperate with each other in order

We first introduce following definitions. to maximize their expected profits when the buyers behave
o _ . _ according to a symmetric mixed-strategy Nash equilibrium.
Definition 3. An imputation for ani-player cooperative Finally, we formulated the interaction among the sellers as

VI. CONCLUSION

game is a vector = (1, ..., #) that satisfies a cooperative game and proved that its core is honempty.
This finding suggests that there exists a profit sharing sehem
1 i = , and . IR >
S ;x v(P) under which all sellers will find it beneficial to cooperate.
(2) xz;>wv({i}) forall ieP. APPENDIX
Definition 4. Letz andy be two imputations. (i) Lef’ C P In order to prove the theorem, we use the following well
be a coalition. We say that dominatesy throughC if known result for the existence of a nonempty core: Let

. y = (yo;C C P) be a nonnegative vector that satisfies
(1) a; >y, forall ieC, and the condition

(2) Z@ <v(C) .

ieC Z yo=1 forall ieP. (14)
C ueC
(i) We say thatr dominatesy if there exists some coalition cPae N N
C* ¢ P such thatr dominatesy through C*. Theorem 6. [19, p.225] A necessary and sufficient condition

for the game to have a nonempty core is that, for every
Definition 5. The set of all undominated imputations isnonnegative vectofyc; C' C P) satisfying (14), we have
called the core of the cooperative game.
> e v(C) <u(P).

The following theorem gives an alternate characterization
of the core of a cooperative game and a means of finding it.



We first introduce following notation. Suppose that= 0" :={ke{k*+1,...,Kr} | 3C C P such that
(yo; C C P) is a nonnegative vector that satisfies (14). Then, Vo(k) 7 d=(C)}

for everyt € 7 andb € B, we have _
y el .= {k e e° | VO('“) € d=({izH}

> (yo -7 (t) STw®), 15  ©2:={ke 0 | V" e ex({ii})}
CCPimg) () €W (C) 0% =07\ "
_ @14 = (_)10 \ @12
wherew = Il (b). Definei.(t,b) to be the sellei whose

IT{ (b) containsm(t), i.e., m)(t) € 1 (). The Note from the definition of the sets
equality in (15) holds if and only ifr(;)(t) is a winning con-

tribution in every coalition that contains the sellg(t, b). 0?=0%u6s e*=e5U07, (17)
With a little abuse of notation, for eadti C P, define 09 =01UeB, ande'’ =2ue™
G0 _ [ ye 1wy (t) € Ux(C) Lemma 4.
¢ 0  otherwise.
(k) (k)
Recall that®+(C) is the set of sellers’ values of the unsold Z (Z ag’ + Z e )
CCP \ke©? keos

frequency bands in the coalitiad. It is clear
+ b + bé@)
Z (yc : Vo(k)) < Vo(k)- (16) (;D (kg(;g ke§®:10
ccPvMe ax(C) = (0% +|e'. (18)

Let ;¥ be the selleri that has the valuéfo(’“) for one of its Proof. For any givenC' C P, define

frequency bands. The equality in (16) holds if and only if . y o *

the frequency band with the-th smallest value is unsold in ~ ©¢° := {k € ©2U©" | ix(t,b) € C anday’ = 0},
every coalition that includes the sellgr. The left-hand side ~ gW: .— {ke U0 | i4(t,b) € C and agc) = yel,
of (16) is equal to zero if the frequency band is allocated in Gé” — (ke ol U on ec andbg“) — 01, and

every coalitionC'. For eachC C P, define ‘ B .
O .= {keO®Bue™ |l cCandb? = yo}.

w0 _ f ye it Vi e en(0) - .
c 0  otherwise. From the definition of the set®”, n = 1,...,14, the

following observations can be made.

We denote the number of items sold when all sellergy;. Suppose that there exist € ©° (resp.k; € ©7) and a

cooperate by coalitionC' C P such thatr(;,)(t) is a winning contribution
® in the coalitionC'. This implies that (i) there exists, €
k* :=max{l € {1,2,..., K} | m(t) > Vo' }. ©* U ©° (resp.ky € ©°), whereks > ki, such that the

_ _ _ _ selleri, (t,b) € C and ag”) = 0, or (ii) there existsks €
T_he maximum is equal to zero if the set on the right-hang)11 ; 912 gych that the sellefy € C, my,)(t) > Vo(k2)
side is empty. LefC* := {1,2,... k*}. ands®™) — o

. . . C C
We partition the set of items available for sale as followsoz. Suppose that the item with seller’s valUé’“) is unsold

in a coalitionC € P for somek; € ©13 (resp.k; € ©4).

1. * H H
©" = {k € k7 | equality in (15) hold} Then, (i) there exists, € O° (resp.k; € ©*UB°) such that

= {k e K" | mi)(t) € ¥=(C) forall C C P the selleriy, (t,b) € C, V¥ > m, (t) andal® =0, or
such thati,(t,b) € C} (i) there existsk, € O (resp.ky € O U BO'2), ky > ko,
0% :=k*\ O such that the sellei, € C andb?) = 0.
0% = (ke {k*+1,....Dr} | 3 C C P such that 03, From observationsO1 and 02, 0| + |0&
7 (1) € T=(C)) O+ 18|
, , (k) g 04. One can show thad! U©* U ©° is the set of winning
0% = {k € 07 | m)(t) € U=({ir(t,b)})} contributions and® U ©!! U©!? is the set of unsold items
0% :={k € ©° | m(y(t) € U=({ir(t,b)})} when sellers hold separate individual auctions. Hence, the
0% := 9%\ ot cardinality of their union is the number of available items

o7 .— 03 \ o° K. Further, it is clear from their definitions thét' UO? =
T o K* andO®uU0 = {k*+1,..., Kr}. Thus, we havé©?|+

0% :={ke{k*+1,...,Kr} | equality in (16) holds 105 + |01] + 02| = |©2| + [019.

0° := {k € K* | strict inequality in (16) holdg



From (17), we get

5 (Zagm S Y 4 3 bg>>

CCP \ke©? ke©3 ke©9 kee1o

Yz xow)

CCP \ke®tues ke@®SUOT

_|_
Z ( Z keol3uott

CCP \keolluel2

b+ bé’“’) (19)

Using the definitions oafz(ck)
in (19).

(19)

:Tl :TQ

> @) (>

(k))
CCP: ix(t,b)eC CCP keobue”

o)y (X o).

CCP: iyeC CCP keol3yuel4

>

ke©tUB5

>

keelyuel2

:Tg :T4

From observanons()l - 03, for everyk € 65U O
and C C P such thatac
ki € ©* U ©7 such thatiy, (t,b) € C anda™™ =0 or (ii)
ke € ©' U©'? such thatij, € C' and b(k2) = 0. Similarly,
for everyk € ©13 U @14 andC C P such thatb(ck) = yo,
we can find either (i%; € ©* U ©° such thatiy, (t,b) € C
anda(’”) =0 or (i) k4 € ©' UO' such thati}, € C and
bk — 0. Therefore, we can swap the nonnega&gé? or

§> in T and Y4, respectively, with the zero terms i,
and Y5. This swapping of the terms gives us

S e+ Y a3 b+ > 0l

CCP ke©? keos ke©? keol0
=X X wrX( X w)
ke©* CCP: ix(t,b)eC ke©5 CCP: ir(t,b)eC

-I-Z( Z yc)+

keo!t CcP: iveC
=10 +10° + 0" + [0
=107+ 6",

Z( > yc)

kee!z CcP: ijeC
(20)

where the last equality follows from observati@«. This
proves the lemma. O

Proof of Theorem 5First, deflneng2§ — D ccp a(ck)

for k € ©2 and @%’fé) = 1= oep b for k € ©1°. From

andb(ck), we can rewrite terms

= yc, we can find either (i)

(20) we obtain

D ey + 2

kco? keo1o
k k
=107~ 3 (X ) 410 - 3 (3 o)
CCP keoO2 CCP keoelo
= (Z ac! + Y béi“)) (21)
CCP \keco3 Le©9
Let, := inf{m (t); k € ©2} andV, := inf{V;¥: ke

©1%}. Then, we have the following inequality.

ke©? keo1o
_ (k)
= 3 ma®(els) + X a’)
ke©? CCP
(k) (k) (k)
Z (@(10) + Z be )
keo1o CcCcP
k k
> 3 (moely) + 2 mo(®) o)
ke©? CcCcP

D OIS S

ke©10 CcCcP
>3 (X rw® al®) + 3 (2 )
kee2 CCP keol0 CCP
+min{n,, Vi }( Z go(k) Z goglf()))) (22)
ke©? ke©10

By interchanging the order of summations and from (21)

=3 (X rw® el + 3 v o)

CCP keo©? ke©1o

+ Z ( Z min {W*,V*}a(ck))

CCP keos

+> ( > min {w*,V*}b(ck)) :

CCP keo?

(23)

Note thatm)(t) < min {r,,V,} for all k € ©% and
V" < min{r,,V,} for all k € ©°. Thus, from (22) - (23)
and these inequalities, we get

Z V(k)

keoto
k k
ag) + Z (k) () ag))

>y ( > Tt
ke©3

CCP keo?2

3 (W Y vl s

CCP keo? keo1o

Z (k) (t

ke©?



Finally, from (24) and the definition od! and 683,

E: ( E: a%) (t)

CCP keot?
+ 3l m) + D 0l mo ()
ke©? keO3
+ Y ( S v Y ey, <k>)
CCP  keo?® ke@10
keosd
=Y (yo ((CF) +ACT)))
ccp
k k
DR CIORSD DR AR DAL
ke©lue? keo1o keo8
SINCe Y coruor T (t) + Srcosuon Vi) = (P, 7) +
A(P,7), we can conclude
> ye v(C) <u(P) . (25)
ccp
O
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