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Optics of Gaussian Beams

16.1 Introduction

In this chapter we shall look from a wave standpoint at how narrow
beams of light travel through optical systems. We shall see that special
solutions to the electromagnetic wave equation exist that take the form
of narrow beams — called Gaussian beams. These beams of light have a
characteristic radial intensity profile whose width varies along the beam.
Because these Gaussian beams behave somewhat like spherical waves,
we can match them to the curvature of the mirror of an optical resonator
to find exactly what form of beam will result from a particular resonator
geometry.

16.2 Beam-Like Solutions of the Wave Equation

We expect intuitively that the transverse modes of a laser system will
take the form of narrow beams of light which propagate between the
mirrors of the laser resonator and maintain a field distribution which
remains distributed around and near the axis of the system. We shall
therefore need to find solutions of the wave equation which take the
form of narrow beams and then see how we can make these solutions
compatible with a given laser cavity.

Now, the wave equation is, for any field or potential component Uy of
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an electromagnetic wave
2

0%U
V32U, — ,ue,«eoaT;) =0 (16.1)

where €, is the dielectric constant, which may be a function of position.
The non-plane wave solutions that we are looking for are of the form
Up = Uz, y, z)e'@t—kE)r) (16.2)

We allow the wave vector k(r) to be a function of r to include situations
where the medium has a non-uniform refractive index. From (16.1) and
(16.2)

VU 4 p epeow?®U =0 (16.3)
where €, and g may be functions of r. We have shown previously that
the propagation constant in the medium is k = w,/€, €op s0

V2U + k(r)?U = 0. (16.4)
This is the time-independent form of the wave equation, frequently re-
ferred to as the Helmholtz equation.
In general, if the medium is absorbing, or exhibits gain, then its di-
electric constant €, has real and imaginary parts.
er =1+ x(w) =1+ x/(w) —ixM(w) (16.5)

and

b= hov/er, (16.6)
where ky = w,/eot
If the medium were conducting, with conductivity o, then its complex

propagation vector would obey
o

E* = W’ epeo(l —i (16.7)

WeEr€Q
We know that simple solutions of the time-independent wave equation
above are transverse plane waves. However, these simple solutions are
not adequate to describe the field distributions of transverse modes in
laser systems. Let us look for solutions to the wave equation which are
related to plane waves, but whose amplitude varies in some way trans-
verse to their direction of propagation. Such solutions will be of the
form U = 1 (z,vy, 2)e”*** for waves propagating in the positive 2 direc-
tion. For functions ¥(x,y, z) which are localized near the z axis the
propagating wave takes the form of a narrow beam. Further, because
¥(z,y, z) is not uniform, the surfaces of constant phase in the wave will
no longer necessarily be plane. If we can find solutions of the wave
equation where ¢ (z,y, z) gives phase fronts which are spherical (or ap-
proximately so over a small region) then we can make the propagating
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Fig. 16.1.

beam solution U = 1(x,y, z)e”*** satisfy the boundary conditions in a
resonator with spherical reflectors, provided the mirrors are placed at
the position of phase fronts whose curvature equals the mirror curvature.
Thus the propagating beam solution becomes a satisfactory transverse
mode of the resonator. For example in Fig. (16.1) if the propagating
beam is to be a satisfactory transverse mode, then a spherical mirror of
radius R; must be placed at position 1 or one of radius Ry at 2, etc.
Mirrors placed in this correct way lead to reflection of the wave back on
itself.
Substituting U = ¥(z,y, z)e~** in (16.4) we get

82¢ —ikz 82¢ —ikz
(5) e (52
82¢ —ikz . 8¢ —ikz 2 —ikz
+ (W) e — 2zk$e — k*Y(x,y, 2)e
+EX)(z,y, 2)e”H* =0 (16.8)
which reduces to

2 2 2
8—w+87w—2ika—f+87¢=0 (16.9)

If the beam-like solution we are looking for remains paraxial then ¢ will
only vary slowly with z, so we can neglect 9?1)/92% and get

0% | 0% 9y

922 + 3—y2 — 22]{7% =0 (16.10)
We try as a solution
k
z,y,z) = exp{—i(P(z) + ——7? 16.11
V(e ) = eap{~i(P(2) + 5 5r) (16.11)

2

where 72 = 22 + y? is the square of the distance of the point z,y from
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the axis of propagation. P(z) represents a phase shift factor and ¢(z) is
called the beam parameter.
Substituting in (16.10) and using the relations below that follow from
(16.11)
oy ik

5 = —mea;p{—i(P(z)—i— 2;;2)79)} 2z
e =~ Eeapi(P) + o)} - e {—i(P(2)
+ 2;22) r?)} - 4a®
5 = canl=ilP() + s M (o~ g )
we get | 2
-2+ ) = (s
— q2k—(22)%)(7"2) =0 (16.12)

Since this equation must be true for all values of r the coefficients of
different powers of r must be independently equal to zero so

dgq
—o 16.1
7 (16.13)
and
L (16.14)

dz  q(2)
The solution ¢(z,y,2) = exp{—i(P(z) + %@)T2>} is called the funda-
mental Gaussian beam solution of the time-independent wave equation
since its “intensity” as a function of x and y is

UU* =y = exp{—i(P(z) + *)}Yexp{i(P*(z) +

k 2
2q(2) ek
(16.15)

where P*(z) and ¢*(z) are the complex conjugates of P(z) and ¢(z),

2¢*(2)

respectively, so
—ikr? 1 1
—_ — 16.16
> G ) 1
For convenience we introduce 2 real beam parameters R(z) and w(z)
that are related to ¢(z) by
1 1 iA

T E (16.17)

UU* = exp{—i(P(z) — P*(2))} exp{

where both R and w depend on z. It is important to note that A = A,/n
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is the wavelength in the medium. From (16.16) above we can see that
—ikr? i\ A

vuur - -
—2r2 )
X exp —
w

Thus, the beam intensity shows a Gaussian dependence on r, the phys-
ical significance of w(z) is that it is the distance from the axis at point
z where the intensity of the beam has fallen to 1/e? of its peak value on
axis and its amplitude to 1/e of its axial value; w(z) is called the spot
size. With these parameters
kr? 1 A

U= —i|(kz+ P —(=-—=)|}
exp{—i[(kz + P(2) + B (5 = X))

We can integrate (16.13) and (16.14). From (16.13)
q=qo+ 2z, (16.20)

where qp is a constant of integration which gives the value of the beam
parameter at plane z = 0; and from (16.14)
dP —1q —1q
dP(z) _ =t _ =t (16.21)
dz a(z)  qo+=

(16.19)

SO
P(z) = —i[ln(z + qo)] — (6 + i1ngo)] (16.22)
where the constant of integration, (6 + ilnqg), is written in this way so
that substituting from (16.20) and (16.22) in (16.19) we get
. . z kr? 1 iA
U = exp{—i(kz —iln(1 + %) +6+ T[E - W])} (16.23)
The factor e~ is only a constant phase factor which we can arbitrarily
set to zero and get
z kr? 1 iA
PR RS el

The radial variation in phase of this field for a particular value of z is
2

6(z) = k2 + ];LR — Re(iln(1 + i)) (16.25)

There is no radial phase variation if R — oo. We choose the value of
z where this occurs as our origin z = 0. We call this location the beam
waist; the complex beam parameter here has the value
1 = —i% (16.26)
Qo TW§
where wy = w(0) is called the minimum spot size. At an arbitrary point

U =exp—i(kz —iln(1 + (16.24)
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Fig. 16.2.
zZ
imw3
7= +z (16.27)
and using % = % — 7:'7;\)2, we have the relationship for the spot size w(z)

at position z
Az

2 2 2
= 14+ (— 16.28
w(2) = ud{l+ ()] (16.25)
So wy is clearly the minimum spot size.
The value of R at position z is
2
R(z) = 21+ (52)7) (16.29)

We shall see shortly that R(z) can be identified as the radius of curvature
of the phase front at z. From (16.28) we can see that w(z) expands
with distance z along the axis along a hyperbola which has asymptotes
inclined to the axis at an angle fpeqm = tan~—!(\/mwg). This is a small
angle if the beam is to have small divergence, in which case Opeqm =~
A/mwy where Gpeqm is the half angle of the diverging beam shown in
Fig. (16.2). From (16.24) it is clear that the surfaces of constant phase
are those surfaces which satisfy

) z kr? 1
kz 4+ Re[—iln(1 + —)] + —[=] = constant (16.30)
o 2 'R
which gives
klz + ﬁ] = constant — Re[—iln(1 + i)] (16.31)
2R N q0 ’
Now
In(1+ 2) = In(1 — 22y 1l + (25272 — itan 1 (25 (16.32)

2 2
qo W W W
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where we have used the relation
In(z + iy) = In(2? + )% +itan™ ! ((y/x) (16.33)
so from (16.33)
Az

Re[—iln(1+ —)] = tan~" (). (16.34)
qo0 W,

The term kz = Q’TTZ in (16.31) is very large, except very close to the beam

waist and for long wavelengths, it generally dominates the z dependence

of (16.31). Also, tan_l(wijg) at most approaches a value of /2, so, we
0

can write
2

r
klz+ ﬁ] = constant (16.35)

as the equation of the surface of constant phase at z, which can be
rewritten
constant r?
k2R
This is a parabola, which for r? < 22 is a very close approximation to a
spherical surface of which R(z) is the radius of curvature.

The complex phase shift a distance z from the point where ¢ is purely

imaginary, the point called the beam waist, is found from (16.14),

z =

(16.36)

dP(z) _ —i —i

= T T inw2/n 16.37

dz q  ztimwi/\ ( )
Thus,
A

P(z) = —iln[l —i(Az/7wd)] = —iln(1 + (Az/7w?)?)Y/? — tan~! 22

Twg
(16.38)

where the constant of integration has been chosen so that P(z) = 0 at
z=0.

The real part of this phase shift can be written as ® = tan~! 22

ﬂwg’
which marks a distinction between this Gaussian beam and a plane

wave. The imaginary part is, from Eqgs. (16.28) and (16.38)

Im[P(z)] = —iln(w(z)/w,) (16.39)
This imaginary part gives a real intensity dependence of the form
wi /w?(z) on axis, which we would expect because of the expansion of
the beam. For example, part of the “phase factor” in Eq. (16.11) gives

e~ Hml(P(2))] — o= In(w/wo) _ WO
w

Thus, from Egs. (16.11),(16.17),and (16.39) we can write the spatial

dependence of our Gaussian beam
U = (x,y, z)e” *?
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as
wo . 2 1 ik
Ulr,z) = " exp{—i(kz —®) —r (E + ﬁ)} (16.40)
This field distribution is called the fundamental or T EMyy Gaussian
mode. Its amplitude distribution and beam contour in planes of constant
z and planes lying in the z axis, respectively, are shown in Fig. (16.2).
In any plane the radial intensity distribution of the beam can be writ-

ten as
2

I(r) = Iye /v (16.40a)

where I is the axial intensity.

16.3 Higher Order Modes

In the preceding discussion, only one possible solution for ¥ (z,y, z) has
been considered, namely the simplest solution where ¥ (z,y, z) gives a
beam with a Gaussian dependence of intensity as a function of its dis-
tance from the axis: the width of this Gaussian beam changes as the
beam propagates along its axis. However, higher order beam solutions
of (16.10) are possible.

(a) Beam Modes with Cartesian Symmetry. For a system with carte-
sian symmetry we can try for a solution of the form
vle,.9) = 9(5) ML) exp{-ilP+ 5@ 4P} (1641
where g and h are functions of z and z and y and z respectively, w(z)
is a Gaussian beam parameter and P(z), ¢(z) are the beam parameters
used previously.

For real functions g and h, ¢ (z, y, z) represents a beam whose intensity
patterns scale according to a Gaussian beam parameter w(z). If we
substitute this higher order solution into (16.10) then we find that the
solutions have g and h obeying the following relation.

9-h=Hu(V22)H, (V22) (16.42)
where H,,, H, are solutions of the differential equation
d’H,, dH,,
—2r——— +2mH,, = 16.4
T2 T +2mH,, =0 (16.43)

of which the solution is the Hermite polynomial H,, of order m; m and n
are called the transverse mode numbers. Some of the low order Hermite
polynomials are:

Ho(z) = 1; Hy(z) = x; Ho(z) = 42 — 2; Hs(x) = 82> — 12z (16.44)



524 Optics of Gaussian Beams

Fig. 16.3a.

The overall amplitude behavior of this higher order beam is
W x x , 9, 1 ik
Unon(r,2) = EHm(\/iE)Hm(\/ia)eXp{—z(kz —®)—r (E + ﬁ)}
(16.45)
The parameters R(z) and w(z) are the same for all these solutions.
However ® depends on m,n and z as
A
d(m,n,z) = (m+n+1) tan_l(—ZQ) (16.46)
W
Since this Gaussian beam involves a product of Hermite and Gaussian

functions it is called a Hermite-Gaussian mode and has the familiar
intensity pattern observed in the output of many lasers, as shown in
Fig. (16.3a). The mode is designated a TEM,,,,, HG mode. For ex-
ample, in the plane z = 0 the electric field distribution of the T EM,,,,
mode is, if the wave is polarized in the z direction

B n(r.2) = Byl (VAo H, (V2L exp(~25)  (16.47)

0 0 wg
The lateral intensity variation of the mode is
I(z,y) o< |Epon(z, 2)|? (16.47a)
and in surfaces of constant phase
w T 2 +y?
Epn(@,2) = EOUOHM(\@E)HTL(\@%) exp(— wa ) (16.48)

where it is important to remember that w? is a function of z. Some
examples of the field and intensity variations described by Eqs. (16.47)
and (16.47a) are shown in Figs. (16. )-(16. ). The phase variation

®(m,n,2) = (m+n -+ 1)tan_1(%) (16.49)
0
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Fig. 16.3b.

means that the phase velocity increases with mode number so that in a
resonator different transverse modes have different resonant frequencies.

(b) Cylindrically Symmetric Higher Order Beams.

In this case we try for a solution of (16.10) in the form

= g(=) exp{—i(P(z i r?
¥ =g( ) exp{~i(P(z) + 2902) +{9)} (16.50)
and find that
g= (\/55)4 : Lf,(2%) (16.51)

where Lﬁ is an associated Laguerre polynomial, p and ¢ are the radial
and angular mode numbers and sz obeys the differential equation

'L, dL,
T +(€+1—x)% +pL, =0 (16.52)
Some of the associated Laguerre polynomials of low order are:
Ly(z) =1

Li(z)=(+1—x

Li(z) = %(6 + 1) +2)— (£ +2)x+ %xQ

Some examples of the field distributions for LG modes of low order are
shown in Fig. (16.4). These modes are designated TEM; modes. The
TEMj; mode shown is frequently called the doughnut mode. As in the
case for beams with cartesian symmetry the beam parameters w(z) and
R(z) are the same for all cylindrical modes. The phase factor ® for these
cylindrically symmetric modes is

A
B(p,l,2) = (2p+ €+ 1)tan*1(7r—1;) (16.53)
0
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Fig. 16.4.

The question could be asked — why should lasers that frequently have
apparent cylindrical symmetry both in construction and excitation ge-
ometry generate transverse mode with Cartesian rather than radial sym-
metry? The answer is that this usually results because there is indeed
some feature of laser construction or method of excitation that removes
an apparent equivalence of all radial directions. For example, in a laser
with Brewster windows the preferred polarization orientation imposes a
directional constraint that forms modes of Cartesian (HG) rather than
radial (LG) symmetry. The simplest way to observe the HG modes in
the laboratory is to place a thin wire inside the laser cavity. The laser
will then choose to operate in a transverse mode that has a nodal line
in the location of the intra-cavity obstruction. Adjustment of the laser
mirrors to slightly different orientations will usually change the output
transverse mode, although if the mirrors are adjusted too far from opti-
mum the laser will go out.

16.4 The Transformation of a Gaussian
Beam by a Lens

A lens can be used to focus a laser beam to a small spot, or systems of
lenses may be used to expand the beam and recollimate it. An ideal thin
lens in such an application will not change the transverse mode intensity
pattern measured at the lens but it will alter the radius of curvature of
the phase fronts of the beam.

We have seen that a Gaussian laser beam of whatever order is char-
acterized by a complex beam parameter ¢(z) which changes as the
beam propagates in an isotropic, homogeneous material according to
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Fig. 16.5.
q(z) = qo + z, where
. 2 .
mwg 1 1 A
= d where—— = - — 16.54
o v and w ereq(z) R mu? ( )

R(z) is the radius of curvature of the (approximately) spherical phase
front at z and is given by

R(z)=z[1 + (%)2] (16.55)

This Gaussian beam becomes a true spherical wave as w — co. Now, a
spherical wave changes its radius of curvature as it propagates according
to R(z) = Rg + z where Ry is its radius of curvature at z = 0. So the
complex beam parameter of a Gaussian wave changes in just the same
way as it propagates as does the radius of curvature of a spherical wave.
When a Gaussian beam strikes a lens the spot size, which measures
the transverse width of the beam intensity distribution, is unchanged at
the lens. However, the radius of curvature of its wavefront is altered in
just the same way as a spherical wave. If R; and Ry are the radii of
curvature of the incoming and outgoing waves measured at the lens, as
shown in Fig. (16.5), then as in the case of a true spherical wave

L_1.1 (16.56)
R, R f '

So, for the change of the overall beam parameter, since w is unchanged
at the lens, we have the following relationship between the beam param-

eters, measured at the lens

1 1 1
—_ = — = 16.57
q2 q1 f ( )

If instead ¢; and ¢ are measured at distances d; and do from the lens
as shown in Fig. (16.6) then at the lens
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Fig. 16.6.

1 1 1
(@) (@r | (16.58)

and since (¢1)r, = ¢1 + d;1 and (q2) = g2 — d2 we have
1 1 1

Q2—d2:(h+d1_f

which gives
( _d_fQ)Q1+(d1+d2_%)
F+1-%
If the lens is placed at the beam waist of the input beam then
1 A

= —
(1)L 7””(2)1

where wp; is the spot size of the input beam. The beam parameter

@ = (16.59)

(16.60)

immediately after the lens is

1 i 1
=2 _= (16.61)
(q2)r Twy  f
which can be rewritten as
2
—mwy f
=~ 01J 16.62
2L iNf + Twd, ( )
A distance dy after the lens
2
—mwyy f
= —"> +d 16.63
12 iNf + Tw?, +d2 ( )
which can be rearranged to give
2
1 (2= f) + (25)2dy —i(2L)
= G 0 (16.64)

% (d2 = f)? + (A\fd2)?

The location of the new beam waist (which is where the beam will be
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focused to its new minimum spot size) is determined by the condition
Re(1/g2) = 0: namely

WY

dg — ——)d2 =0 16.65

(d2— f) +( ﬂwg) 2 (16.65)
which gives

f
dy = ——— (16.66)
1+ (L)
Almost always (7:;{2) < 1 so the new beam waist is very close to the
0

focal point of the lens.
Examination of the imaginary part of the RHS of Eq. (16.64) reveals
that the spot size of the focused beam is
wWe = % ~ f0 (16.67)
1+ 2L
where 6 = ﬂ—i‘)o is the half angle of divergence of the input beam.
If the lens is not placed at the beam waist of the incoming beam then
the new focused spot size can be shown to be
we = f()? 4 M (16.63
2= W1 R% ’
where w; and Rj, respectively, are the spot size and radius of curvature
of the input beam at the lens. This result is exact at dy = f.

Thus, if the focusing lens is placed a great distance from, or very close
to, the input beam waist then the size of the focused spot is always close
to fO. If, in fact, the beam incident on the lens were a plane wave, then
the finite size of the lens (radius r) would be the dominant factor in
determining the size of the focused spot. We can take the “spot size” of
the plane wave as approximately the radius of the lens, and from (16.67),
setting wy = 7, the radius of the lens we get
N
i
This focused spot cannot be smaller than a certain size since for any
lens the value of r clearly has to satisfy the condition r < f

Thus, the minimum focal spot size that can result when a plane wave
is focused by a lens is

wo (16.69)

A
(w2)min ~ - (16.70)
We do not have an equality sign in equation (16.70) because a lens for
which r = f does not qualify as a thin lens, so equation (16.69) does not
hold exactly.
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Fig. 16.7.

We can see that from (16.67) that in order to focus a laser beam to a
small spot we must either use a lens of very short focal length or a beam
of small beam divergence. We cannot, however, reduce the focal length
of the focusing lens indefinitely, as when the focal length does not satisfy
f1 < wg, ws, the lens ceases to satisfy our definition of it as a thin lens
(f < r). To obtain a laser beam of small divergence we must expand
and recollimate the beam; there are two simple ways of doing this:

(i) With a Galilean telecope as shown in Fig. (16.7). The expansion
ratio for this arrangement is — fo/f1, where it should be noted
that the focal length f; of the diverging input lens is negative.
This type of arrangement has the advantage that the laser beam
is not brought to a focus within the telescope, so the arrangement
is very suitable for the expansion of high power laser beams. Very
high power beams can cause air breakdown if brought to a focus,
which considerably reduces the energy transmission through the
system.

(i) With an astronomical telecope, as shown in Fig. (16.8). The ex-
pansion ratio for this arrangement is f2/f1. The beam is brought
to a focus within the telescope, which can be a disadvantage when
expanding high intensity laser beams because breakdown at the
common focal point can occur. (The telescope can be evacuated
or filled to high pressure to help prevent such breakdown occur-
ring). An advantage of this system is that by placing a small
circular aperture at the common focal point it is possible to obtain
an output beam with a smoother radial intensity profile than the
input beam. The aperture should be chosen to have a radius about
the same size, or slightly larger than, the spot size of the focused
Gaussian beam at the focal point. This process is called spatial
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Fig. 16.8.

Fig. 16.9.

filtering and is illustrated in Fig. (16.9). In both the astronomical
and Galilean telescopes, spherical aberration *
use of bispherical lenses. This distributes the focusing power over

is reduced by the

the maximum number of surfaces.

16.5 Transformation of Gaussian Beams by
General Optical Systems

As we have seen, the complex beam parameter of a Gaussian beam is
transformed by a lens in just the same way as the radius of curvature of a
spherical wave. Now since the transformation of the radius of curvature

. . . . (A B
of a spherical wave by an optical system with transfer matrix < C D)

* The lens aberration in which rays of light travelling parallel to the axis that strike
a lens at different distances from the axis are brought to different focal points.



532 Optics of Gaussian Beams

obeys

B AR, + B
n CRy+ D
then by continuing to draw a parallel between the ¢ of a Gaussian beam
and the R of a spherical wave we can postulate that the transformation
of the complex beam parameter obeys a similar relation, i.e.
o Aql + B

- Cq+D

Ry (16.71)

% (16.72)

C D
trate the use of the transfer matrix in this way by following the propa-
gation of a Gaussian beam in a lens waveguide.

where A B) is the transfer matrix for paraxial rays. We can illus-

16.6 Gaussian Beams in Lens Waveguides

In a biperiodic lens sequence containing equally spaced lenses of focal
lengths f; and fo the transfer matrix for n unit cells of the sequence is,
from Eq. (15.3)
<A B)n_ 1 (Asinn(b—sin(n—l)(b Bsinng )
C D)  sing C'sinng Dsinng — sin(n — 1)¢
(16.73)
so from (16.72) and writing g2 = gn+1, since we are interested in propa-
gation through n unit cells of the sequence,
_ [Asinng —sin(n — 1)¢lq1 + Bsinng
I+l = o neq + Dsinng —sin(n — 1)¢
The condition for stable confinement of the Gaussian beam by the lens
sequence is the same as in the case of paraxial rays. This is the condition
that ¢ remains real, i.e. | cos¢ |< 1 where
d d d?

Th R 2

(16.74)

(A+D) =101 ) (16.75)

cos ¢ = %

which gives

d d
-5 <1 (16.76)

16.7 The Propagation of A GGaussian Beam in a Medium
with a Quadratic Refractive Index Profile

We can most simply deduce what happens to a Gaussian beam in such a

medium, whose refractive index variation is given by n(r) = ng — %n2r2
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by using (16.72) and the transfer matrix of the medium, which from
Egs. (15.37) and (15.38) is

( cos(22)1/22)  (me)V/2 sin<<z—3>1/2z>) 16:77)
1/2 o 1/2 1/2 :
—(82)1/2 sin((22)1/22) cos((12)'/?2)
Thus if the input beam parameter is gy we have
cos(z(22)1/2)q,,, + (22)1/2 gin(z(22)1/2
Gout (2) = ( (”0)_ Jin + (i) (7)) (16.78)
~ )2 o= () )i + cos((22)1)
where q_l = Rio — ﬂ’ﬁ)‘z. The condition for stable propagation of this
2

beam is that gou:(2) = ¢in, which from (16.78) gives
— (B2)Y2sin(2(22)1/2)g? + cos(2(—2)2)q = cos(2(—2)/?)q
o no no

no
+ (Z2)2 sin(z(22)12), (16.79)
n9 no
which has the solution
=22 and ¢ = i(20)1/2 (16.80)

n2 n2
This implies the propagation of a Gaussian beam with planar phase
fronts and constant spot size
Al1/2,M0\1/4
w=(>) / (n—2) /4, (16.81)
where, once again, we stress that A = Ag/n is the wavelength in the
medium.*

Propagation of such a Gaussian beam without spreading is clearly
very desirable in the transmission of laser beams over long distances.
In most modern optical communication systems laser beams are guided
inside optical fibers that have a maximum refractive index on their axis.
These fibers, although they may not have an exact parabolic radial index
profile, achieve the same continuous refocusing effect. We shall consider
the properties of such fibers in greater detail in Chapter 17.

16.8 The Propagation of Gaussian Beams in Media with
Spatial Gain or Absorption Variations

We can describe the effect of gain or absorption on the field amplitudes

* In the relationship between beam parameter q and the radius and spotsize of the
Gaussian beam a uniform refactive index is assumed. In taking n = no in a
medium with a quadratic index profile we are assuming only a small variation of
the index over the width of the beam. So, for example, n2w2 < no.
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of a wave propagating through an amplifying or lossy medium by using
a complex propagation constant k', where
K =k+ivy/2 (16.82)
For a wave travelling in the positive z direction the variation with field
amplitude with distance is e~ .
Consequently, v can be identified as the intensity gain coefficient of the
medium and k as the effective magnitude of the wave vector, satisfying
27

k= (16.83)

where X is the wavelength in the medium.

An alternative way to describe the effect the medium has on the prop-
agation of the wave is to describe the medium by a complex refractive
index n/. This complex refractive index can be found from the relation

kE =n'kg (16.84)
where kg is the propagation constant in vacuo.
Therefore,
k iy
=4+ L 16.85
T (16:85)

We can recognize k/ko as a refractive index factor that describes the
variation in phase velocity from one medium to another. Eq. (16.85) is
then most conveniently written as
’ vy
n =ng-+ 2_1470
If the Gaussian beam is sufficiently well collimated that it obeys the
paraxial condition, then we can describe the effect of a length z of the

medium by the use of the ray transfer matrix for a length of uniform

M= (1 Z/”/> (16.86)

medium, namely

0 1
If the input beam parameter is ¢; then
a(z) = q1 +z/n (16.87)
and if the medium begins at the beam waist then
2
iTw
After some algebra we get the following results
2
z TNOWE \ 2 vz 2
R(z)=—|1 11— ——— 16.89
@ =20+ (B a- Loy, o)
Az (2 ¥z o\ -1 vz
2 2
= 1 1— — . 16.90
w’ = wp[1+ (ﬂ'nowg) ( nowng) nowak? )] ( )
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so the radius of curvature and spot size are affected in a complex way by
the presence of gain unless vz < now3k?. However, gain x length pa-
rameters as large as this are rarely, if ever, encountered in practice. For
example, consider the laser with the largest measured small signal gain,
400dBm ™! at 3.5um in the xenon laser. In this case 10log1o(I/Io) = 400
and I/Iy = €7, giving v = 92.1m~! For this laser a typical spot size
would not be likely to be smaller than 1mm. Therefore,
10 5247

(3.5)2210-12
which is much greater than -z for any reasonable value of z.

nowik? = ~ 10°

We can conclude that the propagation of a Gaussian beam through
a typical spatially uniform gain medium will not further affect the spot
size or radius of curvature in a significant way. Interestingly enough, this
is not true if the gain (or absorption) is spatially non-uniform. As an
example, we shall consider a medium where the refractive index varies
quadratically with distance from the axis.

16.9 Propagation in a Medium with a Parabolic Gain Profile

In this case we can write
1
K'(r)=k+ 51’(70 — yar?) (16.91)
which is equivalent to including an imaginary term in the refractive index

so that
k+ 3i(yo — y2r?)

n(r) = (16.92)

ko
giving
o Y2 o
=nyg+ ——— —— 16.
n(r) = ng Sk 2k0r (16.93)

The transfer matrix M for a length z of this medium is similar to
Eq. (16.77), namely

M = ( cos(zy/3) \/1:I Sin(zV%_g)) (16.94)
-/ % sin(z,/™2) cos(z,/22)
where ny = iva/ko,n' = no + iv0/2ko.
The beam parameter of a Gaussian beam propagating through such
a medium will be constant, as was the case for Eq. (16.79), if

@ =-n'/ny and q= i/ n (16.95)
n2
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Thus

S " 0y 4 2o
q= 2noko{(1 4ko) z(1+4k0)} (16.96)

ko = 2w /)Xo is much larger than achievable values of vy, even for mil-

limeter wave lasers, so
Y2 .
=/ 1— 16.97
q T (1—1) ( )

which from Eq. (16.17) gives

- =2, /— 16.98
V2 A2 ( )
A
w? =24 [ —— (16.99)
Y2

Remember that A is the wavelength in the medium of refractive index
ng. Thus, we have a Gaussian beam which does not spread yet has
spherical wavefronts.

A radial distribution of gain occurs in most gas lasers because of radial
variations in the electron, or metastable density. This affects radially the
rate of excitation of laser levels, either those excited directly by electrons
or by transfer of energy from metastables. The radial variation is close
to quadratic in lasers where the excitation is by single-collision direct-
electron-impact, but where the radial electron density is parabolic as
a function of radius. The radial electron density is nearly parabolic in
gas discharges at moderate to high pressures where the flow of charged
particles to the walls occurs by ambipolar diffusion.* Quasi-parabolic
gain profiles can also result in optically-pumped cylindrical solid state
lasers.

16.10 Gaussian Beams in Plane and Spherical
Mirror Resonators

We have already mentioned that a beam-like solution of Maxwell’s equa-
tions will be a satisfactory transverse mode of a plane or spherical mirror
resonator provided we place the resonator mirrors at points where their

* A situation in which positive ions and electrons diffuse relative to each other at
a rate set by the concentration gradient of each. The discharge usually remains
electrically neutral because the charge densities of positive and negative charge
are spatially equal.
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Fig. 16.10.

Fig. 16.11.

radii of curvature match the radii of curvature of the phase fronts of the
beam.

So for a Gaussian beam a double-concave mirror resonator matches the
phase fronts as shown in Fig. (16.10) and plano-spherical and concave-
convex resonators as shown in Figs. (16.11) and (16.12).

We can consider these resonators in terms of their equivalent biperi-
odic lens sequences as shown in Fig. (16.13). Propagation of a Gaussian
beam from plane 1 to plane 3 in the biperiodic lens sequence is equiv-
alent to one complete round trip inside the equivalent spherical mirror
resonator. If the complex beam parameters at planes 1, 2 and 3 are ¢,
g2 and g3, then

1 1 1
—_— = — 16.100
a+d fi @ ( )
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Fig. 16.12.
Fig. 16.13.
which gives
(1 +d)f1
= 16.101
o fi—q—d ( )
and
1 1 1
——== (16.102)

@+d ¢ g
Now if the Gaussian beam is to be a real transverse mode of the cavity
then we want it to repeat itself after a complete round trip — at least as
far as spot size and radius of curvature are concerned - that is we want

B=q=q (16.103)

16.11 Symmetrical Resonators

If both mirrors of the resonator have equal radii of curvature R = 2f
the condition that the beam be a transverse mode is

g3=q2=q1 =¢. (16.104)
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so from Eq. (16.100) above

fa—(g+d)g=(qg+d)f (16.105)
which gives
11 1
S+—=+—=0 16.106
7T (16.106)

which has roots

T 1
5 2f /f2 = 1/___2 (16.107)

Now, ; = M}Q, so for a real spot size, that is w? positive, we

must take the negative sign above. We do not get a real spot size if the
resonator is geometrically unstable (d > 4f).

The spot size at either of the 2 (equal curvature) mirrors is found from

A 1 1
— == - 16.1
Tw? fd 4f2 (16.108)

A 2 1
— == - = 16.1
w2 Rd R? (16.109)

which gives
e2)
w? = — (16.110)

s
(V3% - 1)
The radius of curvature of the phase fronts at the mirrors is the same
as the radii of curvature of the mirrors.
Because this resonator is symmetrical, we expect the beam waist to
be in the center of the resonator, at z = d/2 if we measure from one of
the mirrors. So since go = ¢+ z and gy = WZ‘g from Eq. (16.107) we get

wi = % d(2R — d) (16.111)

Note that the spot size gets larger as the mirrors become closer and
closer to plane.
Now we know that a TEM mode, the TEM,,, cartesian mode for
example, propagates as
Unn(r, 2) = (\/_ H )(\/_w)exp{—z (kz— )—7“2(#—1—%)}
(16.112)
where the phase factor associated with the mode is
1, Az
®(m,n,z) = (m+n+1)tan (7r—w§)
On axis, r=0, the overall phase of the mode is (kz — ®).
In order for standing wave resonance to occur in the cavity, this phase
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shift from one mirror to the other must correspond to an integral number
of half wavelengths, i.e.

kd —2(m4n+ 1) tan~( A

5= =g+ m (16.113)
TW§

where the cavity in this case holds (¢ + 1) half wavelengths. For cylin-
drical T EM,, modes the resonance condition would be

Ad
kd—2(2p+ ¢+ 1)tan ' (=—) = (g+ )7 (16.114)
2mwg
If we write Av = ¢/2d (the frequency spacing between modes). Then

since k = 27v/c
kd = 2nvd/c = wv/Av, (16.115)

we get
v 2 1 1
N (g+1)+=(m+n+1)tan” " (——). (16.116)

s (% -1
£—1) = z and using sin®*(z/2) = (1 — cosz),
d

By writing 2 tan~(
cos?(z/2) = (1 + cosz), we get the formula

ﬁ:(q+1)+%(m+n—|—1)cos*1(1—d/R) (16.117)

for the resonant frequencies of the longitudinal modes of the TEM,,,
cartesian mode in a symmetrical mirror cavity.

From inspection of the above formula we can see that the resonant
frequencies of longitudinal modes of the same order (the same integer
q) depend on m and n. When the cavity is plane-plane, in which case
R =x,v/Av = (¢+1), the familar result for a plane parallel Fabry-Perot
cavity.

When d=R the cavity is said to be confocal and we have the special

relations
A A
2 2
- = 16.118
v 0 0T o ( )
1
V/Al/:(q+1)+§(m+n+1). (16.119)

The beam spot size increases by a factor of /2 between the center and
the mirrors.

16.12 An Example of Resonator Design

We consider the problem of designing a symmetrical (double concave)
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resonator with Ry = Ry = R and mirror spacing d = 1m for A = 488
nm.

If the system were made confocal, Ry = Ry = R = d then the mini-
mum spot size would be
Ad
2
At the mirrors (w1,2)confocal = wov2 ~ 0.39mm.

If we wanted to increase the mirror spot size to 2mm, say, we would
need to use longer radius mirrors R > d such that

2
wly = (AR/m)( FR —1)? =4x10°°

(wO)confocal = ( )1/2 = 0.28mm

which gives
’lU112 . 2R
(Ad/2m)1/2 T
and R ~ 346d = 346m (so R is > d).

Thus, it can be seen that to increase the spot size even by the small
factor above we need to go to very large radius mirrors. Even in this
spherical mirror resonator the T'E My, transverse mode is still a very
narrow beam.

In the general case the resonator mirrors do not have equal radii of
curvature, so we need to solve (16.100) and (16.102) for ¢; = g3 = q. To
find the position of the mirrors relative to the position of the beam waist
it is easiest to proceed directly from the equation describing the variation
of the curvature of the wavefront with distance inside the resonator, i.e.

)1/4

2
R(z) = 2[1+ (52)7] (16.120)
where z is measured from the beam waist. So for the general case shown
in fig. (16.10)
2

Ri=—t[1+ (7;—1;’;))2}
which gives
Ryt + 12+ (WTM%)2 =0 (16.121)
and
Ro= o[t + ()
which gives
Rty — 2 — (W—wg)2 =0 (16.122)

A
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from which we get

R, 1 Tw2 | 2
="+ /R} —4(—2 16.12
Ry 1 W \ 2
tr = + 5\ R} _4(T) . (16.124)

If we choose the minimum spot size that we want in the resonator the
above two equations will tell us where to place our mirrors.
If we write d = t2 +t; then we can solve (16.123) and (16.124) for w.
If we choose the positive sign in Egs. (16.123) and (16.124), then

R 1 2
t = _71 + 5\ R - 4(%)2 (16.125)
and
Ry, 1 2
by =5+ 5\ B3~ 4(%)2 (16.126)
Therefore
Ry — R 1 2 1 5
d=(F5) gy B - + g RE - 4R (16120)
SO
2 2
(24— Ry + Ra)? = B} —4(50)" + B - 4(550)°
) TWE\ 2\, 1o Twg \ 2
+24/(R2 _4(T) )(R2—4(T) ) (16.128)

which can be solved for wq to give

AM2d(—Ry —d)(Ry —d)(Ry — Ry — d)
o =(= 16.12
wo =(2) (Rs — Ry — 2d)? (16.129)
The spot sizes at the 2 mirrors are found from
AR\ 2 (R2 - d) d
4 — 16.130
wi=(=7) (—R1 —d) (R; — Ry — d) ( )
)\RQ 2 (—Rl — d) d
5 =(— 16.131
Wy ( - ) (RQ—d) (R2_R1_d)7 ( )

where we must continue to remember that for the double-concave mirror
resonator we are considering, R, the radius of curvature of the Gaussian
beam at mirror 1, is negative.*

* The radius of the Gaussian beam is negative for z < 0, positive for z > 0, so
there is a difference in sign convention between the curvature of the Gaussian
beam phase fronts and the curvature of the 2 mirrors that constitute the optical
resonator.
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The distances ¢; and to between the beam waist and the mirrors are

d(Ry — d)
f = —n2 7% 16.132
YRy, — R, —2d (16.132)
d(Ry + d)
by = —nL TS 16.1
2" Ry —R,—2d (16.133)

For this resonator the resonant condition for the longitudinal modes of
the TEM,,, cartesian mode is

v 1 d d
— = )+ — Decos '(4/(1+ = )(1— =) (16.134
2=+ R bt Deos™ (/0 ) ) (16.13)
where the sign of the square root is taken the same as the sign of (1 +

d/R1), which is the same as the sign of (1 —d/Rx) for a stable resonator.

16.13 Diffraction Losses

In our discussions of transverse modes we have not taken into account
the finite size of the resonator mirrors, so the discussion is only strictly
valid for mirrors whose physical size makes them much larger than the
spot size of the mode at the mirror in question. If this condition is
not satisfied, some of the energy in the Gaussian beam leaks around
the edge of the mirrors. This causes modes of large spot size to suffer
high diffraction losses. So, since plane parallel resonators in theory have
infinite spot size, these resonators suffer enormous diffraction losses.

Because higher order T'E M,,,, modes have larger spot sizes than low
order modes, we can prevent them from operating in a laser cavity by
increasing their diffraction loss. This is done by placing an aperture
between the mirrors whose size is less than the spotsize of the high
order mode at the position of the aperture yet greater than the spot
size of a lower order mode (usually T'EMyo) which it is desired to have
operate in the cavity.

The diffraction loss of a resonator is usually described in terms of its
Fresnel number ajas/Ad, where ay,as are the radii of the mirrors and d
is their spacing. Very roughly the fractional diffraction loss at a mirror
is &~ w/a. When the diffraction losses of a resonator are significant
then the real field distribution of the modes can be found using Fresnel-
Kirchoff diffraction theory. If the field distribution at the first mirror of
the resonator is Uy, then the field Us; on a second mirror is found from
the sum of all the Huygen’s secondary wavelets originating on the first
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mirror as:

ik —ikr
Un (2, y) = & / Ut (2, ) (1 + cos 6)dS (16.135)
1

47 T
The integral is taken over the surface of mirror 1: r is the distance of
a point on mirror 1 to the point of interest on mirror 2. 6 is the angle
which this direction makes with the axis of the system, dS is an element
of area. Having found Us;(x,y) by the above method we can recalculate
the field on the first mirror as
ik eikr
Uia(z,y) = — /U21(:1:,y) (14 cos6)dS (16.136)
4m Jo r
and if we require Uiz(z,y) to be equivalent to Uy (x,y), apart from an
arbitrary phase factor, then our transverse field distribution becomes

self consistent and is a solution for the transverse mode distribution of
a resonator with finite aperture mirrors. This is the approach that was
first used (by Fox and Li) to analyze the transverse field distributions
that would result in optical resonators.

16.14 Unstable Resonators

Many high power lasers have sufficiently large gain that they do not
require the amount of feedback provided by a stable optical resonator
with high reflectance mirrors. To achieve maximum power output from
such lasers, one resonator mirror must have relatively low reflectance
and the laser beam should have a large enough spot size so as to extract
energy from a large volume of the medium. However, as the spot size of
the oscillating transverse mode becomes larger, an increasing portion of
the energy lost from the cavity “leaks” out past the edge of the mirrors.
As the configuration of the cavity approaches the unstable region in
Fig. ( ) the spot size grows infinitely large. At the same time, the
divergence of the output beam falls, making focussing and control of
the output easier. Operation of the resonator in the unstable region
provides efficient energy extraction from a high gain laser, and provides
a low divergence beam of generally quite high transverse mode quality.

Schawlow first suggested the use of an unstable resonator, with its
associated intracavity beam defocussing properties, to counteract the
tendency of some lasers to focus internally into high intensity filaments.
This property of unstable resonators is valuable in reducing the occur-
rence of “hot spots” in the output beam. These can result if a high gain
laser with spatial variations in its refractive index profile (produced,
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Fig. 16.14.

for example, by nonhomogeneous pumping) is operated in a stable res-
onator arrangement. A simple unstable resonator configuration that
accomplishes this is shown in Fig. (16.14). The output laser beam will
have a characteristic “doughnut” shaped intensity pattern in the near
field.

The loss per pass of an unstable resonator can be determined approxi-
mately by a simple geometric optics analysis first presented by Siegman.
The geometry used in the analysis is shown in Fig. (16.15). The wave
originating from mirror M; is assumed to be a spherical wave whose
center of curvature is at point P; (not in general the same point as the
center of curvature of mirror M7). The right-travelling wave is partially
reflected at mirror M>, and is now assumed to be a spherical wave that
has apparently originated at point P». This wave now reflects from M,
again, as if it had come from point P; and another round-trip cycle com-
mences. The positions of P; and P, must be self-consistent for this to
occur, each must be the virtual image of the other in the appropriate
spherical mirror. The distances of P; and P, from M; and M are writ-
ten as r1L,r2L, respectively, where L is the resonator length. r; and
ro are measured in the positive sense in the direction of the arrows in
Fig. (16.15). If, for example P» were to the left of My, then ro would
be negative. We also use our previous sign convention that the radii of
curvature of My, and Ms, Ry, Rs, respectively, are both negative.

From the fundamental lens equation we have

1 1 2L
- _ =_"_9 -1 16.137
. ro+1 Ry (g1 =1) ( )
1 1 2L
1_ _ 2 o) (16.138)

rg  ri+1 Ry
where g; and g» are dimensionless parameters.
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Fig. 16.15.

So,
ro==+ ‘/T(lg/lggf)__l}; L (16.139)
=+ W_}}; 1/g: (16.140)

These equations determine the location of the virtual centers of the
spherical waves in the resonator.

A wave of unit intensity that leaves mirror M; will partially spill
around the edge of mirror My — this is sometimes loosely referred to as
a diffraction loss, but it is not. A fraction I'; of the energy is reflected
at M so a fraction (1 —T';) is lost from the resonator. A fraction I'y
of this reflected wave reflects from mirror Ms. Thus, after one complete
round trip our initial intensity has been reduced to I'? = I';T's.

We can get some feeling for how the loss per round trip actually de-
pends on the geometry of the resonator by considering the resonator
in Fig. (16.15) as a purely two-dimensional one. This is equivalent to
having infinitely long strip-shaped mirrors that only curve in the lateral
direction.

From the geometry of Fig. (16.15) it is easy to see that
ri1a2

'y=—"-"-"— 16.141
1 (7‘1 + 1)&1 ( )
Toa1
o= —~r—— 16.142
2 (7‘2 + 1)&2 ( )
Thus,
2 r1T2
2, =00y =+ (16.143)

(7"1 + 1)(1"2 + 1)
Surprisingly, the round trip energy lost is independent of the dimensions
of the 2 mirrors.
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For mirrors that curve in two dimensions the loss per round trip is
I'sp =I'2, Eq. (16.143) can be rewritten

1—+/1-1/(g192)

VI o)

the appropriate sign is chosen so that I'2, > 0. This result does not
include any real diffraction effects, which can be important if one or
both mirrors become sufficiently small relative to the laser wavelength
that the Fresnel number, Ng = (a1a2)/LA, becomes small. For a1 = as,
Eq. (16.144) becomes unreliable for Np < 2.

2 _
FZD_

(16.144)

16.15 Some More Ray Theory for Cylindrical Fibers

Our analysis of cylindrical optical fibers by means of simple ray theory
has so far considered only the paths of meridional rays, those rays whose
trajectories lie within the plane containing the fiber axis. We have also
tacitly assumed that Snell’s Law strictly delineates between those rays
that totally internally reflect, and are bound within the fiber, and those
that escape that refract into the cladding. However, if we consider the
trajectories of skew rays we shall see thatthe third class of rays, so-
called tunneling or leaky rays exist. These are rays that appear at first
glance to satisfy the Snell’s Law requirement for total internal reflection.
However, because the refraction occurs at a curved surface they can in
certain circumstances leak propagating energy into the cladding. In our
desription of the phenomenon we follow the essential arguments and
notation given by Snyder and Love.

Fig. (16.16) shows the paths of skew ray in step-index and graded
under fibers projected onto a plane perpendicular to the fiber axis. The
path of a particular skew ray is characterized by the angle 6, it makes
with the Z-axis and the angle 64 that it makes with the azimuthal
direction.

In a step-index fiber these angles are the same at all points along the
ray path, in a graded index fiber they vary with the radial distance of
the ray from the fiber axis. The projected ray paths of skew rays are
bounded, for a particular family of skew rays by the inner and outer
caustic surfaces.

16.15.1 Step-Index Fibers

In a step-index fiber the outer caustic surface is the boundary between
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Fig. (16.16). (a) Projected path of a skew ray in a step-index
cylindrical fiber, (b) projected path of a skew ray in a graded index
cylindrical fiber, (c) projected path of a skew ray in a step-index
fiber showing the radial dependence of the azimuthal angle 64 (v).

core and cladding. Fig. (16.16) shows clearly that the radius of the inner
caustic in a step-index fiber is

Vie = pcos by
For meridional rays 64 = 7/2 and r;c = 0.

When a skew ray strikes the boundary between core and cladding it
makes an angle a with the surface normal where

cosa = sinf, sinfy

Simple application of Snell’s Law predicts that total internal reflection

should occur if

. Tlcladdin,
sinq > —218

ncore
We introduce a new angle 6., related to the critical angle o, by 0.+ a. =

90°
< ﬁ2 +7 < nfladding Refracting Rays

—2 -2 — .

nzladding <B +0 <n?, and 0 < B < Neladding Tunneling Rays
An important consequence of the ray invariants is that the length of
time it takes light to travel a distance L along the fiber is independent

of skewness. From Fig. (16.16) it is easy to see that the distance from
PtoQis

—2 2
I —9 sinf,  2pn2,.—B —0)Y?
p= ; = —
s 02 ngore - 16
The corresponding distance traveled along in the axial direction is
Ly

cos b,
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and the time taken is

Lpncore
T =
cocos B,
The time taken per unit distance traveled is
T _ ncore

L cycosh,’
which clearly depends only on axial angle 8, and does not depend on skew
angle 64. This has important consequences for optical pulse propagation
along a fiber. In this ray model an optical pulse injected at angle 6, will

Rays can be classified according to the values of these various angles:
0<0,<86. Bound rays
0<a<ae Refracting rays
0. <0, <90%a. <a<90° Tunneling rays
It is the existence of this third class of rays that is somewhat

16.1] In order to explain the existence of such rays we need

surprising!
to consider various qualities that remain constant, or invariant for rays
in a step-index fiber. These invariants follow for simple geometric rea-
sons and are:

B = Neore COS B,

0 = Neore SIN B, COS 0y
It follows also from Eq. (16. ) that

32 47 = n2 . sin® a
For meridional rays ¢ = 0, whereas for skew rays £ > 0. In terms of these
ray invariants the classification of rays in a step-index fiber becomes:

Ncladding < /8 < Neore Bound rays

fixed time to travel along the fiber, independent of whether it travels as
a meridional or skew ray.

16.15.2 Graded Index Fibers

To discover the important ray invariants cylindrically in a symmetric
graded index fiber we use Eq. (16. )

d dr
o [n(rE] = grad n(r)

If we transform to cylindrical coordinates, for the case where n only
varies radially

4T ey (42) = o) (a)
7 [0 o () =%
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di {n(r)z—‘b] 2n(r) d¢ dr

= b
r dsds 0 ()

&g | =0 (©
The path of a ray in projection in this case is shown in Fig. (16.16).
At each point along the ray path the tangent to the ray path makes an
angle 6, (v) with the fiber axis.

In the projected path shown in Fig. (16.16) the project tangent to the
ray path makes an angle with the radius of (90-64(v)).

As before, from Eq. (16. )

cosa(r) = sinf, (v) sin Oy (v).

Various other relations follow

dr
75 = cos a(v)

% = cos6,(r),

and because ds? = dv? + r2d¢? + dz? it also follows that
d 1.
d—f = ;sin 0. (v) cos Oy (r).
Therefore, we can integrate Eq. (16. )(c) to five
— d
B =n(r) 5 = n(v) cosbs(r), (d)
S
where (3 is a ray invariant.
Integration of Eq. (16. )(b) gives
_ 2 d
= %n(v)d—f = %n(v) sin 6 (v) cos b4 (v), (¢)
where we have introduced a normalizing radius p so that ¢ remains
dimensionless. This could be a reference radius, or more usually the
boundary between core and cladding when only the case has a graded
index.

If we eliminate 0, from Egs. (16. ) and (16. ) we get

cosby(r) = P ;_2

" n2(r) - 12
Now, as shown schematically in Fig. (16. 16) skew rays take a helical
path in the core, but not one whose cross-section is necessarily circular.
A particular family of skew rays will not come closer to the axis than the
inner caustic and will not go further from the axis than the outer caustic.
Inspection of Fig. (16.16) reveals that on each caustic 64(r) = 0. Con-
sequently, the radii of the inner and outer caustic, r;, ¢y, respectively,
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are the roots of

16.15.3 Bound, Refracting, and Tunneling Rays

We are now in a position to explain mathematically the distinction be-
tween these three classes of rays. From Eq. (16. )(d) we can write

dz 8
s~ n(r)
and from Eq. (16. )(c)
do pl

ds r2n(v)

Subsitution from Eq. (16. ) into Eq. (16. )(a), noting that
d_dzd
ds — dsdz’

gives

32& _Z2p_2 _ Ldn®(r)
dz? r3 2 dr

Writing d?r/dz? = r'dv’ /dv where v’ = dr/dz gives

—2 ,dr’ 20  1dn*(v)

Z =z
pr dr rd 2 dr
which can be integrated to give
-2
1 10p% 1
5,82(7")2 + 57“—2 = §n2(v) + constant
Using Eq. (16. ) allows Eq. (16. ) to be written as

—2 (dv 2 —2
B <—> =g(v)+ 3 + constant.

dz
At the outer caustic surface (dr/dz)y,, = 0, and also g(rsp = 0, so the

constant of integration in Eq. (16. ) is —BQ). Finally, therefore we have
2 2
7 (%) —a) =) -F -F5
Ray paths can only exist if g(v) is non-negative.

The roots of g(r) determine the location of the inner and outer caustic
surfaces. For a refracting ray there is no outer caustic surface: the ray
reaches the core boundary (or the outer surface of the fiber). If we
assume for simplicity that n(v) increases monotonically from the axis
this requires g(p) > 0. From Eq. (16. ) this requires

9 —2 -2
ncladding > 16 +0.
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There is only an inner caustic in this case, as showin in Fig. (16.16)(c).
For a ray to be bound ¢g(v) < 0 everywhere in the cladding, which
requires

Ncladding < B;
which additional requires, not surprisingly, that

Ncladding < E < Necore-
Both meridional and skew ray bound rays exist. For the meridional rays
¢ =0 and g(v) has only a single root, corresponding to 4, where

n(ryy) = B.
For the skew bound rays there are two roots of g(v) corresponding to

the inner and outer caustic surfaces, as shown in Fig. (16.16)(b).

Tunneling rays fall into a different category where

8 < Necladding and nzladding < 52 + Z2.
The behavior of g(v) in this case is such that between r, and an outer
radius r1,49(r) is negative and no ray paths exist. However, for r >
Tradg(v) is non-negative. The ray “tunnels” from radius 7y to Tyad,
where it becomes a free ray. Since g(ryq) = 0, it follows that
pl

(nzladding - 32)1/2
The mechanism by which energy leads from the core to the outer part
of the fiber is similar to the coupling of energy between two
closely sspaced surfaces, at one of which total internal reflection occurs,
as discussed in Chapter 14.

Depending on the circumstances, tunneling or “leaky” rays may cor-
respond to a very gradual loss of energy from the fiber and the fiber can
guide energy in such rays over relatively long distances.

Trad =

16.16 Problem for Chapter 16

Compute and plot the fraction of laser power in a TEMyy mode of spot
size wg that passes through an aperture of radius a as a formation of
the ratio a/wyg.
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