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Abstract— We introduce and study the problem of broadcast
stability in a network where nodes utilize the ALOHA protocol
to gain random access to the channel. We make use of the
dominating systems argument used in previous works and also
develop a novel method for finding the region of stable arrival
rates of packets. The stability region is obtained by analyzing
the broadcast service process for a channel with multipacket
reception. Our results exhibit the effect of probabilistic reception
and multipacket reception on the broadcast stability region. We
also show that the broadcast stability region is contained within
the stability region for unicast transmission. Our work is applica-
ble to the broadcast transmission that underlies communication
in many wireless networks, including multihop networks. In
addition, our new method for finding the stability region may
be applicable to previously unsolved problems, including the
stability region for arbitrarily many sources and destinations.

I. I NTRODUCTION

We are interested in the following scenario. Information
packets arriving to a source node are intended to be sent to a
group of nodes in a network. Packets that cannot immediately
be sent are queued at the source. The source competes for
random access to the channel through the ALOHA protocol
and thus suffers interference from other sources that are
attempting to broadcast their packets to the same group of
nodes. This framework is applicable to network discovery
mechanisms (e.g., route discovery) and more generally to
broadcast transmission, which is inherent to the wireless
medium.

We will examine the stability properties of this random ac-
cess broadcast system for a finite number of source nodes. This
reduces to a problem of interacting queues. The stability of
interacting queues has been previously researched for unicast
transmission to a single destination. Studies on the stability
conditions of ALOHA were initiated in [1] using the transition
probabilities of the corresponding Markov chain. Later work
suggested the use of stochastic dominance (described below)
as a means of achieving the same results. The dominating
systems approach provided an exact characterization of the
stability region forN=2 sources in [2] andN=3 sources in
[3]. For N>2 only bounds on the stability region have been
obtained (e.g. [4]).

An important aspect of previous work on ALOHA stability
is the channel model. All works cited above make use of the
collision channel model in which access to the channel by
more than one source causes a collision and all packets are lost
with probability one. Similarly, if a source accesses the chan-
nel without interference its packet is received correctly with
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Fig. 1. Two sources broadcast to two destinations.

probability one. Recent work in [5] better reflects the nature
of the wireless channel by allowing for probabilistic reception
and multipacket reception (MPR). That work showed that the
ALOHA stability region for unicast transmission experiences
a phase transition when MPR capability is accounted for.

II. SYSTEM MODEL

We formulate the problem of broadcast stability as follows.
We study the simple scenario depicted in Fig. 1 in which
N=2 sources denoted bys1 ands2 wish to broadcast toM=2
destinations,d(1) andd(2). Packet arrivals to each source are
Bernoulli distributed with rateλn packets/slot. We employ the
late arrival model described in [6] in which packet arrivals
occur near the end of thekth slot and service can be started no
earlier than in thek+1st slot. Packets that are not immediately
transmitted are stored in a single buffer maintained at each
source. Transmissions are regulated by the ALOHA protocol
such that in any given slot, if sourcen has a packet waiting,
it transmits with probabilitypn.

Success of transmissions is determined by the channel
model with notation adapted from [5] for reception proba-
bilities. ForN=2 sources these probabilities are given below.

q
(m)
n|n = Pr{packet from sourcen is received

at destinationm| only sourcen transmits}
q
(m)
n|1,2 = Pr{packet from sourcen is received

at destinationm| both sources transmit}, n=1, 2

For example, if boths1 and s2 have packets waiting to be
transmitted, the probability that a packet transmitted from
sources1 is successfully received at both destinations in a
certain slot is given by

τ1 = p2q
(1)
1|1q

(2)
1|1 + p2q

(1)
1|1,2q

(2)
1|1,2 (1)



wherep2 = 1− p2 and generallyτn, n=1, 2 is the probability
that a packet fromsn is received at both destinations when
that source attempts transmission. Upon successful reception,
a destination sends an acknowledgement (ACK) packet to the
source. It is assumed that every source-destination pair has
an orthogonal control channel for ACKs. If an ACK is not
received, the packet is retransmitted. In this work we study
the scenario in which sources retransmit their packets until
they receive an ACK from all destinations.

The stability region we would like to characterize cor-
responds to the stability conditions of the two-dimensional
Markov chain formed by the pair of queue lengths ats1 and
s2. (Note that each queue does not form a one-dimensional
Markov chain since the service rate is dependent upon the state
of the other queue.) Precisely, the stability region is the region
of values[λ1, λ2] such that this Markov chain is ergodic.

III. D OMINATING SYSTEMS APPROACH

The concept of dominating systems is key to solving for
the broadcast stability region because it allows us to decouple
the interaction of the queues to find average service rates.
This approach is used in previous work to find the stability
region. The basic idea is the following. We can introduce
a systemS2 that differs from the original systemS in that
whenever the buffers ats1 ands2 become empty, the sources
transmit ‘dummy’ packets that can cause interference but do
not increase the throughput of the source. In systemS2 the
service rates are constants which we denote byµnb, n=1, 2,
where the subscriptb denotes the backlogged state of the other
source. SystemS2 dominates systemS in the sense that the
queue lengths inS2 can never be smaller than those inS.
Thus stability of the queues inS2 implies stability inS. We
can find the stability conditions forS2 by applying Loynes’
result [7] which tells us that ergodicity holds if the average
arrival rateλn is less than the average service rate.

We can find the exact stability region in our problem by
considering the dominating systemsS1

n, n=1, 2, in which only
sn transmits dummy packets when it empties while the other
source behaves as in the original systemS. We note that if the
queues inS1

n andS begin in the same initial state and never
empty, the two systems will be indistinguishable.

First, considerS1
1 in which p1 and p2 are fixed. In this

system,s1 transmits dummy packets when it empties and
is always in the backlogged state. As a result, the queue
at s2 behaves as an independent M/G/1 queue, and the
sufficient stability condition isλ2 < µ2b. Assuming that this
condition is satisfied, we can find the stability condition for
s1 by considering the two possible states ofs2: empty and
backlogged. The probability of each state is determined by
the utilization factor ofs2, whereρ2 denotes the probability
that s2 is backlogged. (Our use of the late arrival model [6]
makes this so.) The utilization is the arrival rate divided by
the service rate,ρ2 = λ2/µ2b. The service rate ofs1 is given
by

ρ2µ1b + (1 − ρ2)µ1e
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Fig. 2. Stability region for fixedp1 andp2.

where the subscripte in µ1e denotes the state in whichs2 is
empty. Taken together with the condition for stability ofs2,
the stability condition for the systemS1

1 is given by

λ1 < ρ2µ1b + (1 − ρ2)µ1e, λ2 < µ2b. (2)

By similar arguments, we can write down the stability
conditions for systemS1

2 and fixed[p1, p2] as follows.

λ1 < µ1b, λ2 < ρ1µ2b + (1 − ρ1)µ2e. (3)

The union of the two regions given by Eqns. 2 and 3
provides the stability region of systemS for fixed transmission
probabilitiespn. A diagram of the boundaries given by these
equations is shown in Fig. 2.

Once the stability region for fixed[p1, p2] has been found,
the stability region over all[λ1, λ2] can be found as the union
of all such regions as[p1, p2] varies over[0, 1]2. There are two
equivalent formulations for achieving the final result. First,
one can compute the geometric envelope of the lines given
by Eqns. (2) and (3) for parameters[p1, p2]. Alternatively, the
boundary of the region can be found by solving a constrained
optimization problem in whichλ1 is fixed andλ2 is maximized
over all values[p1, p2] ∈ [0, 1]2 with constraints given by
Eqns. (2) and (3). This is the approach used in [5].

IV. A NOVEL APPROACH

In this section we outline a novel approach to determining
the stability region for a system of interacting queues. This
approach finds the point along the lineλ2 = αλ1, 0<α<∞
that coincides with the boundary of the stability region. Wecan
then examine various values ofα to trace out the boundary
of the stability region. This new approach has merit in its
simplicity and independence from the arrival process. Also, it
may be applicable to the case of arbitrary number of sources
N .

The idea behind this approach is as follows. Consider an
operating point[l1, l2] in the region of arrival rates that is
known to be unstable. (For example, consider arrival rates
greater than 1 packet/slot which must be unstable for a system



in which a source can transmit only 1 packet/slot.) At this
point, the queues at the sources will grow to infinity and both
sources will remain in the backlogged state. Thus, the average
service rate at sourcesn will be µnb. Now, consider the line
λ2 = αλ1 that connects point[l1, l2] to the origin. As we
move from[l1, l2] towards the origin along this line, we will
eventually encounter the point[λ∗

1, λ
∗
2] that intersects with the

boundary of the stability region as shown in Fig. 2. At point
[λ∗

1, λ
∗
2] the service rates will still beµnb, but as soon as we

move past this point towards the origin, the queues at the two
sources will become stable simultaneously. Thus, the queues
will empty occasionally and the departure of packets will occur
at rates less thanµnb. We can therefore identify point[λ∗

1, λ
∗
2]

as the point alongλ2 = αλ1 at which µnb has a stationary
point. This stationary point corresponds to some[p∗1, p

∗
2].

For a givenα, we can find[p∗1, p
∗
2] through a sequence of

computations. First, sinceλ∗
n equalsµnb evaluated at[p∗1, p

∗
2],

we use the equationµ2b = αµ1b to solve forp1 as a function
of p2. Using this expression, we can eliminatep1 and write
the service rateµ1b as a function of onlyp2. Next, we findp∗2
such thatµ1b is maximized. In many cases, this is achieved
by setting the derivative ofµ1b with respect top2 to zero.
However, there are instances in whichµ1b is maximized at a
boundary,p∗2 = 0 or p∗2 = 1, and this possibility is accounted
for as well. Next, we substitutep∗2 into our earlier expression
to obtainp∗1. Finally, using[p∗1, p

∗
2], we compute the average

service ratesµnb that correspond to the point[λ∗
1, λ

∗
2]. An

example of the use of this method on the unicast collision
channel model can be found in the Appendix.

V. BROADCAST SERVICE RATES

We need to find expressions for the service ratesµ1b, µ1e,
µ2b, andµ2e which characterize the stability region. For uni-
cast transmission, service times are geometrically distributed
and the computation is trivial. For broadcast transmission,
these computations are more involved. For ease in expressing
these computations, we introduce the placeholdersφn andσn

that are similar toτn introduced in Eqn. 1. Letφn denote
the probability that a successful reception occurs atd(1) when
sn transmits. Similarly,σn denotes the probability thatd(2)

successfully receives whensn transmits. As an exampleφ1

andσ1 are defined fors1 as follows.

p1φ1 = p1p2q
(1)
1|1+p1p2q

(1)
1|1,2 (4)

p1σ1 = p1p2q
(2)
1|1+p1p2q

(2)
1|1,2 (5)

With this notation in place, we can express the probabilities
of different reception scenarios on the channel. These expres-
sions are used later in computation of the average service rate.
First, when both sources are backlogged, the probability that
s1 attempts transmission andis successful atd(1) but not at
d(2) is given by

p1 (φ1−τ1)=p1p2q
(1)
1|1q

(2)
1|1+p1p2q

(1)
1|1,2q

(2)
1|1,2 (6)

Similarly, the probability thats1 attempts transmission andis
successful atd(2) but not atd(1) is given by

p1 (σ1−τ1)=p1p2q
(1)
1|1q

(2)
1|1+p1p2q

(1)
1|1,2q

(2)
1|1,2 (7)

Finally, the probability thats1 attempts transmission andits
packet is received at neitherd(1) nor d(2) is given by

p1 (τ1+1−φ1−σ1)=p1p2 q
(1)
1|1 q

(2)
1|1+p1p2q

(1)
1|1,2 q

(2)
1|1,2 (8)

A. Service time distribution

One way to compute the average service rates is by using the
probability mass function (pmf) for the service time. The pmf
fn(k) represents the probability thatsn must transmitk times
before its packet is successfully received at both destinations.
When both sources have a packet to transmit (i.e. both are
backlogged), we can writef1(k) for s1 as follows.

f1(k) = p1τ1 (p1+p1 (τ1+1−φ1−σ1))
k−1 +

p1φ1

k−1
∑

l=1

(

k−1
l

)

(p1 (σ1−τ1))
l
(p1+p1 (τ1+1−φ1−σ1))

k−1−l
+

p1σ1

k−1
∑

j=1

(

k−1
j

)

(p1 (φ1−τ1))
j
(p1+p1 (τ1+1−φ1−σ1))

k−1−j

(9)

This is a sum of three terms with probabilities corresponding
to Eqns. 6, 7, and 8. The first term represents the probability
that both destinations receive the packet on thekth attempt
and no earlier. The second term states thatd(1) receives the
packet on thekth attempt and no earlier whiled(2) receives the
packet on at least one of the firstk−1 attempts. The third term
accounts for the situation in whichd(2) receives the packet on
thekth attempt and no earlier whereasd(1) receives the packet
on at least one of the firstk−1 attempts. A similar expression
can be written forf2(k) by replacingp1, τ1, σ1, andφ1 with
p2, τ2, σ2, and φ2, respectively. We can find the expected
service time from this pmf by taking

∑∞
k=1 kfn(k). (Note the

requirements thatφ1 > 0, σ1 > 0, andσ1 + φ1 > τ1 for the
sum to converge.) Finally,(

∑∞
k=1 kfn(k))−1 corresponds to

the average backlogged service rate. The exact expression is
given below.

µnb =
pnφnσn(φn + σn − τn)

(φn + σn)(φn + σn − τn) − φnσn

(10)

To find the empty service rates, we can write the pmff1(k)
with p2 set to 0 andf2(k) with p1 set to 0. In doing so, we
see that the service rateµ1e can be found by evaluating our
expressions for the backlogged case atp2 = 0. Similarly, we
find µ2e by evaluatingµ2b at p1 = 0.

µ1e = µ1b|p2=0, µ2e = µ2b|p1=0 (11)

B. Markovian receiver state model

Another method of computing the average service rates of
the broadcast system is through the use of a Markovian model
for the status of the receivers. We include a description of this
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Fig. 3. Markov chain and transition probabilities for receiver state.

method as it provides additional insight into the behavior of
the broadcast system. This method computes average service
rate by taking the expected value ofBn, which denotes the
probability that the packet currently in service atsn completes
service and is removed from the buffer. Clearly,Bn takes
different values depending upon which of the destinations
d(m), m=1, 2, have already received the packet.

To describeBn, we introduce the receiver state variables
r
(m)
n for n, m = 1, 2. Let rn = [r

(1)
n r

(2)
n ] be a vector of

binary values indicating whether the packet currently in service
at sn has been received at each destination. The possible
receiver states arern = {[0,0], [1,0], [0,1]}. We do not
allow for the state[1, 1] since upon reaching that state, the
source will immediately either begin serving the next packet
or become idle. With the receiver states defined, we can write
the conditional pmf ofBn. When both sources are backlogged,
B1 satisfies the equation below.

P{B1 = 1|r1} =











p1τ1, r1=[0,0]

p1φ1, r1=[0,1]

p1σ1, r1=[1,0]

(12)

We can write a similar expression forB2 when both sources
are backlogged. To find the expected value ofBn we must
first find the probability of each receiver state.

The set of receiver states can be modeled by the Markov
chain with transition probabilities depicted in Fig. 3. We can
then compute the steady-state probabilities of the receiver
statesrn and use them to find the expected value ofBn.

As an example, we compute the steady-state probabilities
of r1 and the expected value ofB1 when both sources are
backlogged. Letπ0,0, π0,1, and π1,0 denote the steady-state
probabilities ofr1 when both sources are backlogged. Through
use of the balance equations for the Markov chain and the
equationπ0,0 + π0,1 + π1,0 = 1 we find the steady-state
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are shown as *.

probabilities to be as follows.

π0,0 =
φ1σ1

(φ1 + σ1)(φ1 + σ1 − τ1) − φ1σ1

π0,1 =
σ1(σ1 − τ1)

(φ1 + σ1)(φ1 + σ1 − τ1) − φ1σ1

π1,0 =
φ1(φ1 − τ1)

(φ1 + σ1)(φ1 + σ1 − τ1) − φ1σ1

Then the service rateµ1b can be obtained as

µ1b = E[B1] = p1τ1π0,0 + p1φ1π0,1 + p1σ1π1,0. (13)

The result forµ1b is the same as given in Eqn. 10. We can
employ a similar strategy to find the empty service ratesµne

(i.e., the Markov chain forr1 has the same transition proba-
bilities evaluated atp2 = 0). As expected, the expressions for
µne are the same as given in Eqn. 11.

VI. RESULTS

The broadcast stability region with varying degrees of MPR
is shown in Fig. 4 and corresponds to the reception proba-
bilities shown in Table I. Channel model (I) has asymmetric
sources (i.e., one source has a better channel than the other)
and the result is a stability region that is truncated for the
source with the poorer channel. Channels (III) and (IV) show
the effect of MPR, which is the phase transition of the stability
region. Though it’s difficult to discern, the edges of the
stability region for (III) are straight lines. This is caused by
the introduction of a small non-zero probability for reception
in the presence of interference. Channel (IV) has higher MPR
probabilities which give rise to a concave stability regionthat’s
bounded by straight lines. The behavior of these curves agrees
with results in [5]. This indicates that in relation to MPR
capabilities, the broadcast channel behaves in a similar fashion
to the unicast channel.

The performance of our novel approach for finding the
stability region is also shown in Fig. 4. All points generated
by the proposed approach fall on the boundary found using the
dominating systems approach. This validates the effectiveness
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TABLE I

CHANNEL MODELS: (I) A SYMMETRIC SOURCES, NO MPR (II)

SYMMETRIC SOURCES, NO MPR (III) SYMMETRIC SOURCES, WEAK

MPR (IV) SYMMETRIC SOURCES, STRONG MPR (V) SYMMETRIC

DESTINATIONS, NO MPR (VI) SYMMETRIC DESTINATIONS, MPR

Channel I II III IV V VI

q
(1)
1|1

0.3 0.9 0.9 0.9 0.8 0.8

q
(2)
1|1

0.2 0.6 0.6 0.6 0.8 0.8

q
(1)
1|1,2

0 0 0.3 0.6 0 0.4

q
(2)
1|1,2

0 0 0.2 0.4 0 0.4

q
(2)
2|2

0.9 0.9 0.9 0.9 0.8 0.8

q
(1)
2|2

0.6 0.6 0.6 0.6 0.8 0.8

q
(2)
2|1,2

0 0 0.3 0.6 0 0.4

q
(1)
2|1,2

0 0 0.2 0.4 0 0.4

of our new method. The one anomaly we see is that under
the influence of strong MPR, the point[λ∗

1, λ
∗
2] found by our

approach does not always fall on the lineλ2 = αλ1. Thus
our proposed method may need to be slightly modified for the
strong MPR scenario.

Finally, we compare the broadcast stability with the unicast
stability in Fig. 5. In order to make a fair comparison, we
show results for a channel with symmetric destinations (i.e.,
the channels from a source to each destination are identical).
The unicast stability regions are computed using results from
[5] where one of the destinations is simply ignored. As
expected, the broadcast stability region is always contained
within the unicast stability region. Additionally, the transition
from convex to concave regions occurs at different points for
broadcast and unicast.

VII. C ONCLUSION

We have studied the broadcast stability for random access
in a small network of two sources and two destinations. We
employ the dominating systems approach as well as a novel
approach to compute stability conditions for the interacting
queues at the source nodes. In solving for the stability region,

we have completed an analysis of broadcast service through
characterization of the service process itself and by consider-
ing the Markovian nature of the receiver status. Our results
hold for a general wireless channel and can be extended to
larger networks.

The problem considered in this work provides numerous
opportunities for continuing research. Under the same setting,
one might consider broadcast retransmission control and its
effect on the stability of the network. The stability of a network
with relay nodes is also a related and interesting open problem.
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APPENDIX

We can apply our proposed approach to find points on the
boundary of the stability region for unicast transmission over
a collision channel. In this scenario, the backlogged service
rates areµ1b = p1p2 andµ2b = p2p1. By solving the equation
µ2b = αµ1b we obtain

p1 =
p2

α + p2(1 − α)
(14)

and can write the average backlogged service rate ofs1 as

µ1b =
p2(1 − p2)

α + p2(1 − α)
. (15)

Next we take the derivative ofµ1b in Eqn. 15 with respect to
p2 and set it equal to zero. The result is

p∗2 =
−α ∓√

α

1 − α
. (16)

After substituting back into Eqn. 14 we obtain

p∗1 =
±√

α + 1

1 − α
. (17)

Our final result satisfies the parametric equations

λ∗
1=p∗1(1−p∗2), λ∗

2=p∗2(1−p∗1), p∗1+p∗2=1. (18)

This is identical to the result obtained in [2] using the
dominating systems approach.
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