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Lectures	  10-‐11	  
Guided	  waves	  



Why	  guided	  waves?	  

To	  overcome	  reduc>on	  of	  power	  due	  to	  diffrac>on	  
	  

	   	  In	  the	  far	  field	  power	  density	  -‐	  	  1/r2	  	  
	  
To	  avoid	  cross	  talk	  or	  interference	  between	  signals.	  	  
	  

	   	  Desired	  waves	  are	  confined	  and	  other	  waves	  are	   	  
	   	  shielded	  out.	  



Types	  of	  guiding	  structures	  

Transmission	  Lines	  
Single	  volume	  waveguides	  	  



Examples	  

Pasternak	  	  Enterprizes	  
hPps://www.pasternack.com/	  

Wikipedia	  



General	  Features	  
Waveguides	  have	  propaga/on	  “modes”.	  
	  
•  Modes	  have	  fields	  with	  specific	  structure	  in	  the	  transverse	  direc>on	  
•  Mode	  structure	  is	  determined	  by	  the	  cross	  sec>on	  shape	  of	  the	  WG	  

	  and	  material	  in	  the	  case	  of	  op>cal	  fibers	  
•  	   The	  dependence	  of	  fields	  along	  the	  axis	  of	  the	  guide	  is	  harmonic.	  

	  	  

•  	   The	  dispersion	  rela>on	  gives	  frequency	  as	  a	  func>on	  of	  axial	  wave	  
	  number	  

•  	   There	  is	  an	  impedance	  associated	  with	  each	  mode	  that	  relates	  the	  
	  electric	  to	  magne>c	  components	  of	  the	  wave.	  	  It	  can	  be	  used	  to	  
	  calculate	  reflec>on	  coefficients	  

!!!E =Re Ê(x , y)exp i kzz −ωt( )⎡⎣ ⎤⎦{ }

!!ω(kz )



Rela>on	  between	  WG	  modes	  and	  
plane	  waves	  

Start	  with	  the	  dispersion	  rela>on	  for	  plane	  waves	  in	  
infinite	  homogeneous	  space.	  

!!
ω 2εµ = ω 2

v2
= k2 = kx

2 +ky
2 +kz

2

Call	   !!k⊥
2 = kx

2 +ky
2

!!
ω 2

v2
= k⊥

2 +kz
2

A	  mode	  has	  a	  fixed	  value	  of	  	  	  	  	  	  determined	  by	  the	  size	  
and	  shape	  of	  the	  WG	  cross	  sec>on.	  
	  
A	  mode	  will	  propagate,	  kz	  –	  real,	  if	  

!!k⊥
2

!!ω
2 > k⊥

2v2 ≡ω c
2

Cut	  off	  frequency	  



Plane	  waves	  in	  a	  WG	  

!!
ω 2

v2
= k⊥

2 +kz
2



WG	  Dispersion	  Rela>ons	  

Cut	  off	  frequencies	  

Injected	  frequency	  

Propaga>on	  wavenumber	  

Transmission	  
Lines	  Only	  

Different	  modes	  

!!
ω 2

v2
= k⊥

2 +kz
2



Polariza>ons	  

TE	  –	  Transverse	  Electric	  
	  
E=(Ex,	  Ey,	  Ez=0)	  
H=(Hx,	  Hy,	  Hz)	  

TM	  –	  Transverse	  Magne>c	  
	  
E=(Ex,	  Ey,	  Ez)	  
H=(Hx,	  Hy,	  Hz=0)	  

TEM	  –	  Transverse	  Electric	  and	  Magne>c	  
	  
E=(Ex,	  Ey,	  Ez=0)	  
H=(Hx,	  Hy,	  Hz=0)	  



Transmission	  Lines	  

Two	  Conductors	   Characteriza>on	  

!!

′L !!!!!!!!!!!!!!!!!!!!!Inductance!per!unit!length
′C !!!!!!!!!!!!!!!!!!!!!!Capacitance!per!unit!length

v = 1
′L ′C

!!!!!!!!!!!!!!!!!Propagatein!speed

Z0 =
′L
′C
!!!!!!!!!!!!!!!!!!Characteristic!Impedance

Compare!with!waves!in!free!space

v = 1
µε

η = µ
ε



L’	  and	  C’	  

Short	  End	  
	  
Inductance	  =	  L’l	  

Open	  End	  
	  
Capacitance	  =C’l	  



Circuit	  Model	  

!!
V(z −δ z)−V(z)=δ z ′L ∂

∂t
I(z)

!!
δ z ′C ∂

∂t
V(z)= I(z)− I(z +δ z)

!!
− ∂
∂z
V(z)= ′L ∂

∂t
I(z)

!!
′C ∂
∂t
V(z)= − ∂

∂z
I(z)



1D	  Wave	  Equa>on	  

!!
− ∂
∂z
V(z)= ′L ∂

∂t
I(z)

!!
′C ∂
∂t
V(z)= − ∂

∂z
I(z)

!!
′C ∂2

∂t2
V(z ,t)= − ∂

∂z
∂
∂t
I(z)= 1

′L
∂2

∂z2
V(z ,t)

!!
′C ′L ∂2

∂t2
V(z ,t)= ∂2

∂z2
V(z ,t) v2 = 1

′C ′L

Solu>on:	  

!!

V(z ,t)=V+(z − vt)+V−(z + vt)

I(z ,t)= 1
Z0

V+(z − vt)−V−(z + vt)( )
!!
Z0 =

′L
′C

Impedance:	  

Power	  in	  z-‐direc>on	  

!!
P =V(z ,t)I(z ,t)= 1

Z0
V+(z − vt)

2
− V−(z + vt)

2⎛
⎝

⎞
⎠



Problem	  

!!

V(z ,t)=V+(z − vt)+V−(z + vt)

I(z ,t)= 1
Z0

V+(z − vt)−V−(z + vt)( )
!!
Z0 =

′L
′C

Impedance:	  

A	  50	  Ohm	  transmission	  line	  is	  terminated	  with	  a	  32	  pf	  capacitor.	  
	  
What	  is	  the	  reflec>on	  coefficient	  for	  a	  100	  MHz	  signal?	  
	  
Repeat	  for	  10	  MHz	  



L’	  and	  C’	  for	  coaxial	  line	  

!!

Bθ(r)=
µI
2πr

ψ = dr
a

b

∫ dz
0

l

∫
µI
2πr =

µIl
2π ln

b
a

⎛
⎝⎜

⎞
⎠⎟

Inductance/length

′L =ψ / Il = µ
2π ln

b
a

⎛
⎝⎜

⎞
⎠⎟

!!

Er(r)=
Q/ l
2πεr

V = dr
a

b

∫ Er =
Q/ l
2πε ln

b
a

⎛
⎝⎜

⎞
⎠⎟

Capacitance/length

′C = Q/ l
V

=2πε /ln b
a

⎛
⎝⎜

⎞
⎠⎟



Coaxial	  Transmission	  Line	  

!!

Inductance/length

′L = µ
2π ln

b
a

⎛
⎝⎜

⎞
⎠⎟ !!

Capacitance/length

′C =2πε /ln b
a

⎛
⎝⎜

⎞
⎠⎟

Propaga>on	  Speed	  

!!v
2 =1/ ′L ′C( ) =1/ µε( )

Characteris>c	  Impedance	  

!!
Z0 = ′L / ′C = µ

ε
1
2π ln

b
a

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥



Metal	  Waveguides	  

!!!

E =Re Ê(x , y)exp i kzz −ωt( )⎡⎣ ⎤⎦{ }
H=Re Ĥ(x , y)exp i kzz −ωt( )⎡⎣ ⎤⎦{ }



WG	  Dispersion	  Rela>ons	  

Cut	  off	  frequencies	  

Injected	  frequency	  

Propaga>on	  wavenumber	  

Transmission	  
Lines	  Only	  

Different	  modes	  

!!
ω 2

v2
= k⊥

2 +kz
2



Polariza>ons	  

TE	  –	  Transverse	  Electric	  
	  
E=(Ex,	  Ey,	  Ez=0)	  
H=(Hx,	  Hy,	  Hz)	  

TM	  –	  Transverse	  Magne>c	  
	  
E=(Ex,	  Ey,	  Ez)	  
H=(Hx,	  Hy,	  Hz=0)	  

TEM	  –	  Transverse	  Electric	  and	  Magne>c	  
	  
E=(Ex,	  Ey,	  Ez=0)	  
H=(Hx,	  Hy,	  Hz=0)	  



Procedure	  
1.	  Write	  down	  Maxwell’s	  equa>ons	  in	  component	  form.	  
2.	  Introduce	  phasor	  representa>on.	  
3.	  Solve	  for	  transverse	  field	  components	  in	  terms	  of	  axial	  (z)	  
components.	  

4.	  Obtain	  wave	  equa>ons	  for	  axial	  components.	  

5.	  Sa>sfy	  BC’s	  on	  metal	  wall.	  

Ê⊥ = i
ω / v( )2 − kz2

kz∇⊥Êz −ωµẑ ×∇⊥Ĥ z⎡⎣ ⎤⎦

Ĥ⊥ = i
ω / v( )2 − kz2

kz∇⊥Ĥ z +ωε ẑ ×∇⊥Êz⎡⎣ ⎤⎦

∂2 Ĥ z

∂x2
+
∂2 Ĥ z

∂y2
= − ω / v( )2 − kz2( ) Ĥ z

∂2 Êz

∂x2
+
∂2 Êz

∂y2
= − ω / v( )2 − kz2( ) Êz

Êz wall
= 0, n ⋅∇⊥Ĥ z wall

= 0



 

∇×
!
E = −µ ∂

!
H
∂t

∂Êz

∂y
− ikÊy = iωµĤ x

ikÊx −
∂Êz

∂x
= iωµĤ y

∂Êy

∂x
− ∂Êx

∂y
= iωµĤ z

 

∇×
!
H = ε ∂

!
E
∂t

∂Ĥ z

∂y
− ikĤ y = −iωε Êx

ikĤ x −
∂Ĥ z

∂x
= −iωε Êy

∂Ĥ y

∂x
− ∂Ĥ x

∂y
= −iωε Êz

Cartesian	  Components	  of	  ME	  

!!!

E =Re Ê(x , y)exp i kzz −ωt( )⎡⎣ ⎤⎦{ }
H=Re Ĥ(x , y)exp i kzz −ωt( )⎡⎣ ⎤⎦{ }

∂
∂t

⇒−iω , ∂
∂z

⇒ ikz

Phasors	  



Solve	  for	  Transverse	  Field	  Components	  

 

∇×
!
E = −µ ∂

!
H
∂t

∂Êz

∂y
− ikÊy = iωµĤ x

ikÊx −
∂Êz

∂x
= iωµĤ y

∂Êy

∂x
− ∂Êx

∂y
= iωµĤ z

 

∇×
!
H = ε ∂

!
E
∂t

∂Ĥ z

∂y
− ikĤ y = −iωε Êx

ikĤ x −
∂Ĥ z

∂x
= −iωε Êy

∂Ĥ y

∂x
− ∂Ĥ x

∂y
= −iωε Êz

Solve	  algebraic	  equa>ons	  for	  Ex,	  Ey,	  Hx,	  Hy	  in	  terms	  of	  deriva>ves	  of	  
Ez	  and	  Hz	  



Transverse	  Fields	  
Êx =

i
ω / v( )2 − kz2

kz
∂Êz

∂x
+ωµ ∂Ĥ z

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Êy =
i

ω / v( )2 − kz2
kz
∂Êz

∂y
−ωµ ∂Ĥ z

∂x
⎡

⎣
⎢

⎤

⎦
⎥

Ĥ x =
i

ω / v( )2 − kz2
kz
∂Ĥ z

∂x
−ωε ∂Êz

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Ĥ y =
i

ω / v( )2 − kz2
kz
∂Ĥ z

∂y
+ωε ∂Êz

∂x
⎡

⎣
⎢

⎤

⎦
⎥

Ê⊥ = i
ω / v( )2 − kz2

kz∇⊥Êz −ωµẑ ×∇⊥Ĥ z⎡⎣ ⎤⎦

Ĥ⊥ = i
ω / v( )2 − kz2

kz∇⊥Ĥ z +ωε ẑ ×∇⊥Êz⎡⎣ ⎤⎦



Plug	  into	  remaining	  two	  components	  

 

∇×
!
E = −µ ∂

!
H
∂t

∂Êz

∂y
− ikÊy = iωµĤ x

ikÊx −
∂Êz

∂x
= iωµĤ y

∂Êy

∂x
− ∂Êx

∂y
= iωµĤ z

 

∇×
!
H = ε ∂

!
E
∂t

∂Ĥ z

∂y
− ikĤ y = −iωε Êx

ikĤ x −
∂Ĥ z

∂x
= −iωε Êy

∂Ĥ y

∂x
− ∂Ĥ x

∂y
= −iωε Êz



∂Êy

∂x
− ∂Êx

∂y
= iωµĤ z

Êx =
i

ω / v( )2 − kz2
kz
∂Êz

∂x
+ωµ ∂Ĥ z

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Êy =
i

ω / v( )2 − kz2
kz
∂Êz

∂y
−ωµ ∂Ĥ z

∂x
⎡

⎣
⎢

⎤

⎦
⎥

−iωµ
ω / v( )2 − kz2

∂2 Ĥ z

∂x2
+
∂2 Ĥ z

∂y2
⎡

⎣
⎢

⎤

⎦
⎥ = iωµĤ z

∂Ĥ y

∂x
− ∂Ĥ x

∂y
= −iωε Êz

Ĥ x =
i

ω / v( )2 − kz2
kz
∂Ĥ z

∂x
−ωε ∂Êz

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Ĥ y =
i

ω / v( )2 − kz2
kz
∂Ĥ z

∂y
+ωε ∂Êz

∂x
⎡

⎣
⎢

⎤

⎦
⎥

i
ω / v( )2 − kz2

ω
v2

∂2 Êz

∂x2
+
∂2 Êz

∂y2
⎡

⎣
⎢

⎤

⎦
⎥ = −iωε Êz

∂2 Ĥ z

∂x2
+
∂2 Ĥ z

∂y2
= − ω / v( )2 − kz2( ) Ĥ z

∂2 Êz

∂x2
+
∂2 Êz

∂y2
= − ω / v( )2 − kz2( ) Êz



Wave	  Equa>ons	  

∂2 Ĥ z

∂x2
+
∂2 Ĥ z

∂y2
= − ω / v( )2 − kz2( ) Ĥ z

∂2 Êz

∂x2
+
∂2 Êz

∂y2
= − ω / v( )2 − kz2( ) Êz

It	  is	  to	  be	  expected	  that	  we	  arrive	  at	  	  scalar	  wave	  equa>ons	  
for	  the	  z-‐component	  of	  the	  electric	  and	  magne>c	  fields.	  The	  
solu>ons	  in	  general	  are	  superposi>ons	  of	  plane	  waves.	  	  But,	  
we	  haven’t	  accounted	  for	  the	  metal	  boundaries	  yet.	  	  	  
	  
The	  tangen>al	  components	  of	  the	  electric	  field	  should	  vanish	  
on	  the	  conduc>ng	  boundary.	  



Boundary	  condi>ons	  

Êz B
= 0,                 Ĥ z = 0

Êx =
i

ω / v( )2 − kz2
k
∂Êz

∂x
⎡

⎣
⎢

⎤

⎦
⎥

Êy =
i

ω / v( )2 − kz2
k
∂Êz

∂y
⎡

⎣
⎢

⎤

⎦
⎥

∂2 Ĥ z

∂x2
+
∂2 Ĥ z

∂y2
= − ω / v( )2 − kz2( ) Ĥ z

∂2 Êz

∂x2
+
∂2 Êz

∂y2
= − ω / v( )2 − kz2( ) Êz

Tangen>al	  E	  vanish	  on	  conductor	  

Choice	  #1	  

Ex,	  Ey	  normal	  to	  
boundary	   TM	  Modes	  

everywhere	  



Boundary	  Condi>ons	  

n⊥ ⋅∇Ĥ z B
= 0,                 Êz = 0

∂2 Ĥ z

∂x2
+
∂2 Ĥ z

∂y2
= − ω / v( )2 − kz2( ) Ĥ z

∂2 Êz

∂x2
+
∂2 Êz

∂y2
= − ω / v( )2 − kz2( ) Êz

Tangen>al	  E	  vanish	  on	  conductor	  

Choice	  #2	  

Ex,	  Ey	  normal	  to	  
boundary	  

Êx =
i

ω / v( )2 − kz2
+ωµ ∂Ĥ z

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Êy =
i

ω / v( )2 − kz2
−ωµ ∂Ĥ z

∂x
⎡

⎣
⎢

⎤

⎦
⎥

TE	  Modes	  

everywhere	  



TM	  Modes	  
Êz B

= 0∂2 Êz

∂x2
+
∂2 Êz

∂y2
= − ω / v( )2 − kz2( ) Êz

This	  is	  an	  eigenvalue	  equa>on.	  	  It	  can	  only	  be	  sa>sfied	  for	  
a	  discrete	  set	  of	  values,	  

ω / v( )2 − kz
2 = k⊥n

2 ,      n = 1,2,3,...

hPps://www.acs.psu.edu/drussell/Demos/
MembraneCircle/Circle.html	  

Impedance	  

Ê⊥ =
kz
ωε
Ĥ⊥ × ẑ =

kzv
ω

µ
ε
Ĥ⊥ × ẑ

Z = cosθ µ
ε
, cosθ =

kzv
ω

Êx =
i

ω / v( )2 − kz2
k
∂Êz

∂x
⎡

⎣
⎢

⎤

⎦
⎥

Êy =
i

ω / v( )2 − kz2
k
∂Êz

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Ĥ x =
i

ω / v( )2 − kz2
−ωε ∂Êz

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Ĥ y =
i

ω / v( )2 − kz2
ωε ∂Êz

∂x
⎡

⎣
⎢

⎤

⎦
⎥



TE	  Modes	  
∂2 Ĥ z

∂x2
+
∂2 Ĥ z

∂y2
= − ω / v( )2 − kz2( ) Ĥ z

n⊥ ⋅∇Ĥ z B
= 0

This	  is	  an	  eigenvalue	  equa>on.	  	  It	  can	  only	  be	  sa>sfied	  for	  
a	  discrete	  set	  of	  values,	  in	  general	  different	  from	  TM	  

ω / v( )2 − kz
2 = k⊥n

2 ,      n = 1,2,3,...
Êx =

i
ω / v( )2 − kz2

ωµ ∂Ĥ z

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Êy =
i

ω / v( )2 − kz2
−ωµ ∂Ĥ z

∂x
⎡

⎣
⎢

⎤

⎦
⎥

Ĥ x =
i

ω / v( )2 − kz2
kz
∂Ĥ z

∂x
⎡

⎣
⎢

⎤

⎦
⎥

Ĥ y =
i

ω / v( )2 − kz2
kz
∂Ĥ z

∂y
⎡

⎣
⎢

⎤

⎦
⎥

Ê⊥ = ωµ
kz
Ĥ⊥ × ẑ =

ω
kzv

µ
ε
Ĥ⊥ × ẑ

Z = 1
cosθ

µ
ε
, cosθ =

kzv
ω

Impedance	  



Modes	  of	  a	  Rectangular	  WG	  
y	  

x	  
a>b	  

b	  

!!

TMnm:!!!!Êz = E0 sin kxx( )sin ky y( ) !!!!!!kx = nπa , ky =
mπ
b
: n,m=1,2,3,....

TEnm:!!!!!Ĥz =H0 cos kxx( )cos ky y( ) !!!!!!kx = nπa , ky =
mπ
b
: n,m=0*,1,2,3,...

*!one!or!the!other,!but!not!both

Cut-‐Off	  frequencies	   ω c,n,m = v nπ
a

⎛
⎝⎜

⎞
⎠⎟
2

+ mπ
b

⎛
⎝⎜

⎞
⎠⎟
2



TE10	  	  Lowest	  Cut-‐off	  Frequency	  

!!
TE10:!!!!!Ĥz =H0 cos

πx
a

⎛
⎝⎜

⎞
⎠⎟
!!!!!!

Cut-‐Off	  frequencies	  

ω c,10 =
vπ
a

Êx =
i

ω / v( )2 − kz2
ωµ ∂Ĥ z

∂y
⎡

⎣
⎢

⎤

⎦
⎥ = 0

Êy =
π
a

iωµH0

ω / v( )2 − kz2
sin π x

a
⎛
⎝⎜

⎞
⎠⎟

x	  
a>b	  

b	  

Ey,	  Hx	  



Phase	  and	  Group	  Velocity	  

WG-‐mode	  

TEM-‐mode	  
Slope	  =	  vg	  

Slope	  =	  vp	  

ω = v kz
2 + k⊥n

2 = v2kz
2 +ω c,n

2

vp =
ω
kz

= v
1−ω c,n

2 ω 2

vg =
∂ω
∂kz

= v 1−ω c,n
2 ω 2

vgvp = v
2

WG-‐mode	  

TEM-‐mode	  	  vp	  =	  vg=v	  



Circular	  Waveguides	  (RW&VD)	  



TEM	  Modes,	  Transmission	  line	  modes	  

∂Êz

∂y
− ikÊy = iωµĤ x

ikÊx −
∂Êz

∂x
= iωµĤ y

∂Êy

∂x
− ∂Êx

∂y
= iωµĤ z

∂Ĥ z

∂y
− ikĤ y = −iωε Êx

ikĤ x −
∂Ĥ z

∂x
= −iωε Êy

∂Ĥ y

∂x
− ∂Ĥ x

∂y
= −iωε Êz

!!!E,H=Re Ê(x , y),Ĥ(x , y)( )exp i kzz −ωt( )⎡⎣ ⎤⎦{ } ∂
∂t

⇒−iω , ∂
∂z

⇒ ikz

Suppose:	  	  	  Ez=0,	  	  Hz=0	  



TEM	  Modes,	  Transmission	  line	  modes	  

∂Êz

∂y
− ikÊy = iωµĤ x

ikÊx −
∂Êz

∂x
= iωµĤ y

∂Êy

∂x
− ∂Êx

∂y
= iωµĤ z

∂Ĥ z

∂y
− ikĤ y = −iωε Êx

ikĤ x −
∂Ĥ z

∂x
= −iωε Êy

∂Ĥ y

∂x
− ∂Ĥ x

∂y
= −iωε Êz

!!!E,H=Re Ê(x , y),Ĥ(x , y)( )exp i kzz −ωt( )⎡⎣ ⎤⎦{ } ∂
∂t

⇒−iω , ∂
∂z

⇒ ikz

Suppose:	  	  	  Ez=0,	  	  Hz=0	  

0	  0	  

0	  

0	  

0	  

0	  



TEM	  Modes,	  Transmission	  line	  modes	  
∂Êy

∂x
− ∂Êx

∂y
= 0

Êx = − ∂Φ
∂x
, Êy = − ∂Φ

∂y

∂Êx

∂x
+
∂Êy

∂y
= 0

∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
Φ = 0

Boundary	  condi>on	  
	  
	  

Φ B = const.

With	  one	  boundary	  
poten>al	  is	  constant	  every	  
where.	  	  No	  solu>on.	  
	  
With	  two	  or	  more	  
boundaries.	  	  Solu>ons	  
possible	  with	  different	  
poten>als	  on	  different	  
boundaries.	  

Ĥ = ε
µ
ẑ × Ê, ω = kzv = kz / εµ

Fields	  like	  a	  plane	  wave	  in	  z-‐direc>on	  



Example:	  Strip	  Line	  

Very	  Approximate	  
treatment:	  w	  >>	  h.	   !!

εr >1

 

∂2

∂x2 +
∂2

∂y2

⎛
⎝⎜

⎞
⎠⎟
Φ = 0, Φ = 0 on ground plane,

Φ= V on conducting strip,  Φ = x
h
V , E = −x̂V / h

Magnetic field     H= ε rε0

µ0

ẑ ×E = −ŷ ε rε0

µ0

V
h

Current in conducting strip (out of plane)

I = H ⋅dl!∫ = w(−Hy ) =
ε rε0

µ0

w
h
V , Z0 =

µ0

ε rε0

h
w

x	  
y	  



Losses	  on	  WG	  modes	  
There	  are	  two	  sources	  of	  loss	  in	  waveguides.	  

	  Dielectric	  losses	  
	  Conductor	  losses	  

	  
Conductor	  losses	  are	  almost	  always	  the	  largest.	  
	  
To	  treat	  dielectric	  losses	  make	  dielectric	  complex	  

ω 2εµ = kz
2 + k⊥n

2

ε = ′ε + i ′′ε
kz = kzr + ikzi
For           ′′ε << ′ε
Re : ω 2 ′ε µ = kzr

2 + k⊥n
2

Im : ω 2 ′′ε µ = 2kzrkzi

kzi =
′′ε

2 ′ε
kzr

2 + k⊥
2

kzr
= 1

2
δ ω / v

1−ω c
2 /ω 2

Loss  Tangent  δ = ′′ε
′ε



Loss	  rate	  vs	  frequency	  

Damping	  is	  high	  because	  near	  cut-‐off	  
waves	  bounce	  back	  and	  forth	  with	  
liPle	  progress	  in	  z	  direc>on.	  	  Also	  true	  
for	  conductor	  losses.	  

kzi =
1
2
δ ω / v

1−ω c
2 /ω 2

Loss  Tangent  δ = ′′ε
′ε



Conductor	  Losses	  

 

∇×
!
H = ε ∂

!
E
∂t

+σ (x)
!
E

∂Ĥ z

∂y
− ikĤ y = σ (x)− iωε( ) Êx

ikĤ x −
∂Ĥ z

∂x
= σ (x)− iωε( ) Êy

∂Ĥ y

∂x
− ∂Ĥ x

∂y
= σ (x)− iωε( ) Êz

To	  calculate	  losses	  need	  to	  
include	  finite	  conduc>vity	  
of	  WG	  walls.	  	  

Skin Depth       δ=1/ 2ωσµ
δ << λ = c / f ,    WG size

Too	  hard	  to	  solve	  
rigorously.	  Need	  to	  make	  
approxima>on	  



Apply	  Poyn>ngs	  Theorem	  

 

∂
∂t

uE + uM[ ]+∇⋅
!
S = −

!
E ⋅
!
J

   
uE + uM =

ε0

2
E ⋅E+ 1

2µ0

B ⋅B

  

S = E× H :
Poynting vector

 
∇⋅
!
S = −

!
E ⋅
!
J

Time	  average	  for	  sinusoidal	  fields	  

  

S = E× H = 1
2

Re Ê* × Ĥ⎡⎣ ⎤⎦

J ⋅E = 1
2

Re Ĵ* ⋅Ê⎡⎣ ⎤⎦



Apply	  PT	  to	  a	  disk-‐like	  volume	  in	  WG	  

 

∇⋅
!
S = −

!
E ⋅
!
J

d
!
A ⋅

Surface
∫

!
S = − d 3r

Volume
∫

!
E ⋅
!
J = 0

 

dA ⋅
cross
sec tion

∫
!
Sz z+Δz

−
!
Sz z

⎡
⎣

⎤
⎦ + d

!
A ⋅

si des
∫

!
S = 0

 

!
Sz z  

!
Sz z+Δz

 
d
!
A ⋅

si des
∫

!
S



 

dA ⋅
cross
sec tion

∫
!
Sz z+Δz

−
!
Sz z

⎡
⎣

⎤
⎦ + d

!
A ⋅

si des
∫

!
S = 0

 

!
Sz z  

!
Sz z+Δz

 
d
!
A ⋅

si des
∫

!
S

 
!
S(z) =

!
S(0) exp −2kiz[ ]Losses	  cause	  power	  to	  decay	  at	  a	  rate	  2ki.	  

 

dA ⋅
cross
section

∫
!
Sz z+Δz

−
!
Sz z

⎡
⎣

⎤
⎦ = exp −2kiΔz( )−1⎡⎣ ⎤⎦ dA ⋅

cross
section

∫
!
Sz z

⎡
⎣

⎤
⎦

" −2kiΔz dA ⋅
cross
section

∫
!
Sz z

⎡
⎣

⎤
⎦ = −2kiΔz

1
2
ZTE ,TM dA

cross
section

∫ Ĥ⊥

2

 
d
!
A ⋅

sides
∫

!
S = Δz dl

Perimeter
∫

1
2
Rs Ĥ tan

2
ki =

1
2

Rs dl
Perimeter
∫ Ĥ tan

2

ZTE ,TM dA
cross
section

∫ Ĥ⊥

2



TM	  conductor	  losses	  

 

ki =
1
2

Rs dl
Perimeter
∫ Ĥ tan

2

ZTM dA
cross
section

∫ Ĥ⊥

2 ∼
1
2
Rs
ZTM

× perimeter
crossection

f(mode#, geometry)

 

ki ∼
1
2

Rs
µ ε

1
1−ω c

2 /ω 2( )1/2 ×
perimeter

crossection
f(mode#, geometry)

!!

Rs =
ωµ2
2σ



TE	  Conductor	  Losses	  

ki =
1
2

Rs dl
Perimeter
∫ Ĥ tan

2

ZTE dA
cross
section

∫ Ĥ⊥

2 = 1
2
Rs
ZTE

dl
Perimeter
∫ Ĥ tan,⊥

2
+ dl
Perimeter
∫ Ĥ tan,z

2

dA
cross
section

∫ Ĥ⊥

2

ki =
Rs

2 µ ε
1− ω c

2

ω 2

⎛
⎝⎜

⎞
⎠⎟

1/2
Per.
Area

f1 +
f2

1− ω c
2

ω 2
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪



Examples	  

ki	  =	  	  

ki	  =	  	  


