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Lecture	  7	  
Reflec0ons	  at	  Boundaries	  



Review:	  Normal	  Incidence	  Linear	  Polariza0on	  

reflected	  

transmi@ed	  
!ε2 ,µ2

!ε1 ,µ1

!!

η2 =
µ2
ε2

k2 =ω ε2µ2!!

η1 =
µ1
ε1

k1 =ω ε1µ1

incident	  

z=0	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Hy =Re

1
η1

Êince
ik1z − Êref e

− ik1z( )e− iωt⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪ !!

Ex =Re Êtranse
ik2z( )e− iωt{ }

Hy =Re
1
η2

Êtranse
ik2z( )e− iωt⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

At	  z=0	  	  	  tangen0al	  E	  and	  tangen0al	  H	  are	  con0nuous	  	  



!!

Êinc + Êref = Êtrans
Êinc − Êref

η1
=
Êtrans
η2

At	  z=0	  	  	  tangen0al	  E	  and	  tangen0al	  H	  are	  con0nuous	  	  

solve	  

!!

Êref
Êinc

=
η2 −η1
η2 +η1

≡ ρ

Êtrans
Êinc

=
2η2

η2 +η1
≡τ =1+ ρ

Pinc =
Êinc

2

2η1

Pref =
Êref

2

2η1
= ρ 2 Pinc

Ptrans =
Êtrans

2

2η1
= 1− ρ 2( )Pinc

!
ρ =

η2 −η1
η2 +η1



Voltage	  Standing	  Wave	  Ra0o	  (VSWR)	  
Pronounced	  “Vizwarr”	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z	  [m]	  

Case	  #1	  No	  reflec0on	  
	  
Travelling	  Wave	  
Assume	  vacuum	  
	  	  

Ex	  [V/m]	  

!!Find:!!k1 ,ω , Êx

Plots	  of	  Ex(z,t)	  at	  different	  0mes	  



Voltage	  Standing	  Wave	  Ra0o	  (VSWR)	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z	  [m]	  

Case	  #2	  
	  
Where	  do	  the	  waves	  interfere	  
construc0vely,	  destruc0vely?	  
	  
How	  far	  apart	  between	  maxima,	  
minima?	  
	  	  

Ex	  [V/m]	  

!ρ =1

Plots	  of	  Ex(z,t)	  at	  different	  0mes	  



Voltage	  Standing	  Wave	  Ra0o	  (VSWR)	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z	  [m]	  

Case	  #3	  
	  
Where	  do	  the	  waves	  interfere	  
construc0vely,	  destruc0vely?	  
	  
How	  far	  apart	  between	  maxima,	  
minima?	  
	  	  

Ex	  [V/m]	  

!ρ = −1

Plots	  of	  Ex(z,t)	  at	  different	  0mes	  



Voltage	  Standing	  Wave	  Ra0o	  (VSWR)	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z	  [m]	  

Case	  #3	  
	  
Where	  do	  the	  waves	  interfere	  
construc0vely,	  destruc0vely?	  
	  
How	  far	  apart	  between	  maxima,	  
minima?	  
	  	  

Ex	  [V/m]	  

!ρ = −0.5

Plots	  of	  Ex(z,t)	  at	  different	  0mes	  



Voltage	  Standing	  Wave	  Ra0o	  (VSWR)	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z	  [m]	  

Ex	  [V/m]	  

!ρ = −0.5

Plots	  of	  Ex(z,t)	  at	  different	  0mes	  

E-‐max	   E-‐min	  

!!

VSWR =
Emax
Emin

=
1+ ρ

1− ρ
≥1

VSWR = 1.5.5 =3



Problem:	  where	  is	  Emax	  ,	  Emin?	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }
ρ = ρ eiθρ

Ex =Re Êince
ik1z−iωt 1+ ρ eiθρ−2ik1z( ){ }

1+ ρ eiθρ−2ik1z( ) = 1+ ρ eiθρ−2ik1z( ) eiα

Êince
ik1z−iωt 1+ ρ eiθρ−2ik1z( ) = Êinc 1+ ρ eiθρ−2ik1z( ) exp i θEinc +k1z −ωt +α( )( )

Find	  the	  set	  of	  points	  where	  
magnitude	  of	  Ex	  is	  maximum,	  
minimum.	  
	  
Find	  VSWR	  

Peak	  Electric	  field	  



VSWR	  and	  maxima,	  minima	  

!!

Peak&E(z)= Êinc 1+ ρ eiθρ−2ik1z( )
E&max= Êinc 1+ ρ( ) , !!!!!!eiθρ−2ik1z =1,
!!!!!θρ −2k1zmax =2πn
E&min= Êinc 1− ρ( ) , !!!!!!eiθρ−2ik1z = −1,
!!!!!θρ −2k1zmin =2πn+π

VSWR = E&maxE&min =
1+ ρ( )
1− ρ( )

Z	  [m]	  

E x
	  [V

/m
]	  

E-‐max	   E-‐min	  

!!

zmax = πn−θρ /2( )/k1
zmin = π n+ 12

⎛
⎝⎜

⎞
⎠⎟
−θρ /2

⎛

⎝⎜
⎞

⎠⎟
/k1



Features	  of	  Oblique	  Incidence	  

Specularly	  Reflected	  wave	  
	  
Transmi@ed	  Wave	  is	  refracted	  (Snell’s	  Law)	  
	  
Polariza0on	  ma@ers	  
	  
Wave	  Impedance	  depends	  on	  polariza0on,	  angle	  of	  
incidence	  	  
	  
No	  reflec0on	  for	  special	  angle	  (Brewster’s	  angle)	  



Oblique	  Incidence	  

!!

η2 =
µ2
ε2

k2 =ω ε2µ2
!!

η1 =
µ1
ε1

k1 =ω ε1µ1 reflected	  
transmi@ed	  
!ε2 ,µ2!ε1 ,µ1

incident	  

z=0	  

!θi

!θr
!θt

H	  

E	  

E	  

H	  

Polariza0ons	  
TE,	  E	  perpendicular	  
to	  PoI	  

TM,	  E	  parallel	  to	  PoI	  

x	  

z	  



Angles	  of	  reflec0on/transmission	  

reflected	  
transmi@ed	  
!ε2 ,µ2!ε1 ,µ1

incident	  

z=0	  

!θi

!θr
!θt

x	  

Region	  1	  

!!!
E =Re Êince

iki ⋅x + Êref e
ikr⋅x( )e− iωt{ }

!

eikixx = eikrxx = eiktxx

kix = krx = ktx

Region	  2	  

!!!
E =Re Êtrane

ikt ⋅x( )e− iωt{ }
For	  boundary	  condi0ons	  at	  z=0	  to	  be	  
sa0sfied:	  



Angles	  of	  reflec0on/transmission	  

reflected	  
transmi@ed	  
!ε2 ,µ2!ε1 ,µ1

incident	  

z=0	  

!θi

!θr
!θt

x	  

Region	  1	  

!!kz ,i/r = ± k1
2 −kx

2 k1
2 =ω 2ε1µ1 =ω

2 /v12

!!

sinθi =
kx
k1

=
kx
ω
v1

sinθt =
kx
kt

=
kx
ω
v2

Region	  2	  

Snell’s	  Law	  

!!kz ,t = ± k2
2 −kx

2 k2
2 =ω 2ε2µ2 =ω

2 /v22

!!
sinθi
v1

=
sinθt
v2

z	  



Why	  does	  angle	  of	  incidence	  =	  angle	  of	  reflec0on?	  

Incident	  ray	  

 θi

 λ

  λ!

Wave	  crests	  

Incident	  and	  Reflected	  wave	  crests	  must	  match	  up	  
along	  surface	  

 θr

   
λ! =

λ
sinθi

=
λ
sinθr

  θi = θr



 θi λ

  λ!

 θi
also	  

   λ=λ! sinθi

geometry	  



  n1 sinθ1 = n2 sinθ2

Snell’s	  Law	  

Remember	  defini0on	  of	  
index	  of	  refrac0on	  

 
n=

c
vem



Why	  Snell’s	  Law?	  

Incident	  ray	  

  λ!

 θ1

 λ

Wave	  crests	  

Incident	  and	  Transmi@ed	  wave	  crests	  must	  match	  
up	  along	  surface	  

 θ2

   
λ! =

λ1
sinθ1

=
λ2
sinθ2

  
λ1 =

λvac
n1

  
λ2 =

λvac
n2

  n1 sinθ1 = n2 sinθ2







For	  most	  material	  
n>1	  

Plasma	  
n<1	  
	  

!!
n= c

v
= εµ

ε0µ0



Total	  Internal	  Reflec0on	  

reflected	  
transmi@ed	  
!ε2 ,µ2!ε1 ,µ1

incident	  

z=0	  

!θi

!θr !θt

x	  

Region	  1	  

!!!
E =Re Êince

iki ⋅x + Êref e
ikr⋅x( )e− iωt{ }

!

eikixx = eikrxx = eiktxx

kix = krx = ktx

Region	  2	  

!!!
E =Re Êtrane

ikt ⋅x( )e− iωt{ }
For	  boundary	  condi0ons	  at	  z=0	  to	  be	  
sa0sfied:	  



Region	  1	  

!!k1
2 =ω 2ε1µ1 !!!!!k12 = kx2 +kz12

!!

sinθi =
kx
k1

=
kx
ω
v1

sinθt =
kx
kt

=
kx
ω
v2

Region	  2	  

Snell’s	  Law	  

!!k2
2 =ω 2ε2µ2 !!!!k22 = kx2 +kz22

!!

sinθi
v1

=
sinθt
v2

No!solution

sinθi >
v1
v2

=
ε2
ε1

reflected	  
transmi@ed	  
!ε2 ,µ2!ε1 ,µ1

incident	  

z=0	  

!θi

!θr !θt

x	  



Evanescent	  Field	  
Region	  2	  

!!!
E =Re Êtrane

ikxx+ikz2z( )e− iωt{ }

!!

k2
2 = kz2

2 +kx
2 =ω 2ε2µ0

kz2
2 =ω 2ε2µ0 −kx

2 !!!!kx2 =ω 2ε1µ0 sin2θi

kz2
2 =ω 2ε1µ0

ε2
ε1

− sin2θi
⎡

⎣
⎢

⎤

⎦
⎥

If!!!!!1>sin2θi >
ε2
ε1
!!then!!kz22 <0

!!!

kz2 = ±ik1 sin2θi −
ε2
ε1

⎡

⎣
⎢

⎤

⎦
⎥ ≡ ±iκ

E = e±κ zRe Êtrane
ikxx( )e− iωt{ }

z	  

E(z)	  



What	  is	  the	  reflec0on	  coefficient?	  

H	  

E	  E	  

H	  

TE,	  E	  perpendicular	  to	  PoI	   TM,	  E	  parallel	  to	  PoI	  

!!
ρ =

Z2 − Z1
Z2 + Z1

!!θi ,θt !!θi ,θt

!!
Z =

Etan
Htan

= ?
!!
Z =

Etan
Htan

= ?



What	  is	  the	  reflec0on	  coefficient?	  

H	  

E	  E	  

H	  

TE,	  E	  perpendicular	  to	  PoI	   TM,	  E	  parallel	  to	  PoI	  

!!θi ,θt !!θi ,θt

!!
Z =

Etan
Htan

=
E

H cosθ
= η
cosθ !!

Z =
Etan
Htan

=
E cosθ
H

=ηcosθ

!!θi ,θt



Reflec0on	  Coefficient	  

!!
ρTE =

η2 /cosθ2 −η1 /cosθ1
η2 /cosθ2 +η1 /cosθ1 !!

ρTM =
η2cosθ2 −η1 cosθ1
η2cosθ2 +η1 cosθ1

Specialize	  to	  case	  	   !µ1 = µ2 η2 /η1 = ε1 /ε2

By	  Snell’s	  Law	  	  

!
cosθ2 = 1− sin2θ2 = 1− ε1

ε2
sin2θ1



!!
ρTE =

ε1 /ε2 cosθ1 − 1− ε1 /ε2( )sin2θ1
ε1 /ε2 cosθ1 + 1− ε1 /ε2( )sin2θ1

TE	  	  

!!
ρTE =

η2 /cosθ2 −η1 /cosθ1
η2 /cosθ2 +η1 /cosθ1

!
cosθ2 = 1− sin2θ2 = 1− ε1

ε2
sin2θ1By	  Snell’s	  Law	  	  



!!
ρTM =

ε1 /ε2 1− ε1 /ε2( )sin2θ1 − cosθ1
ε1 /ε2 1− ε1 /ε2( )sin2θ1 + cosθ1

TM	  	  
!!
ρTM =

η2cosθ2 −η1 cosθ1
η2cosθ2 +η1 cosθ1

By	  Snell’s	  Law	  	  
!
cosθ2 = 1− sin2θ2 = 1− ε1

ε2
sin2θ1



!!
ρTE =

ε1 /ε2 cosθ1 − 1− ε1 /ε2( )sin2θ1
ε1 /ε2 cosθ1 + 1− ε1 /ε2( )sin2θ1

!!
ρTM =

ε1 /ε2 1− ε1 /ε2( )sin2θ1 − cosθ1
ε1 /ε2 1− ε1 /ε2( )sin2θ1 + cosθ1

TE	  	  

TM	  	  

Normal	  incidence	  

!θ =0

!!
ρTE =

ε1 /ε2 −1
ε1 /ε2 +1

!!
ρTM =

ε1 /ε2 −1
ε1 /ε2 +1

Grazing	  incidence	  

!!ρTE = −1

!θ =π /2, ε1 < ε2

!!ρTM =1

Cri0cal	  angle	  

!

sinθ = ε2 /ε1 ,
ε2 /ε1 <1

!!ρTE =1

!!ρTM = −1



!Case1!!!!!!!ε1 < ε2

TM	  

TE	  

Power	  reflec0on	  

TE	  

TM	  

Brewster’s	  angle	  

!!
sinθB =

ε1
ε1 + ε2

!!!!!!!



!Case2!!!!!!!ε1 > ε2

TE	  

TE	  

TM	  

TM	  



Polarized	  Lenses	  


