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Plane	  Waves	  in	  3D,	  
Polariza5on,	  Reflec5on,	  



Topics	  

Phasor	  Representa5on	  of	  Fields	  
Solving	  Maxwell’s	  Equa5ons	  
Polariza5on	  



Where	  We	  Stand	  

 ∇⋅
!
D = ρ f

 ∇ ⋅
!
B = 0

 
∇ ×
!
E = −

∂
!
B
∂t

 
∇×
!
H =
!
J f +

∂
!
D
∂t

Assume	  the	  following:	  
	  
Linear,	  isotropic,	  
instantaneous,	  media	  
	  
Propaga5on	  in	  free	  
space,	  no	  free	  charge	  or	  
current.	  

 

ρ f = 0,
!
J f = 0

!
D = ε

!
E

!
B = µ

!
H



Introduce	  Phasor	  Nota5on	  

 
!
E(x,t) = Re Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ } H(x,t) = Re Ĥexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ }

Note:	  two	  new	  elements	  
	  
1.  Phasor	  amplitudes	  are	  vectors.	  	  Will	  be	  independent	  of	  space	  and	  5me.	  
2.  	  Space	  and	  5me	  dependence	  contained	  in	  complex	  exponen5al	  
3.	  	  	  	  	  Wave	  number	  k	  is	  now	  wave	  vector	  k.	  

x	  

y	   Wave	  crests	  

k	  



x	  

y	   Wave	  crests	  

k	  

 
!
E(x,t) = Re Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ }

!!λ =2π/|k|

!!λ =2π /ky

!!λ =2π /kx

 

!
E(x,t) = Re Êexp i kxx + kyy −ωt( )⎡⎣ ⎤⎦{ }



When	  does	  this	  work?	  

 
!
E(x,t) = Re Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ } H(x,t) = Re Ĥexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ }

Works	  when	  	  	  	  	  and	  	  	  	  	  	  are	  independent	  of	  space	  and	  5me.	  ε         µ

 

∇×
!
E = −µ ∂

!
H
∂t

∇×Re Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ }
= Re ∇× Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦( ){ }
= Re ik × Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ }

−µ ∂
∂t
Re Ĥexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ }

= Re −µ ∂
∂t
Ĥexp i k ⋅x −ωt( )⎡⎣ ⎤⎦( )⎧

⎨
⎩

⎫
⎬
⎭

= Re −µ −iω( ) Ĥexp i k ⋅x −ωt( )⎡⎣ ⎤⎦( ){ }



Rela5ng	  phasor	  amplitudes	  

ik × Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦ = −µ −iω( ) Ĥexp i k ⋅x −ωt( )⎡⎣ ⎤⎦( )

Re ik × Êexp i k ⋅x −ωt( )⎡⎣ ⎤⎦{ } = Re −µ −iω( ) Ĥexp i k ⋅x −ωt( )⎡⎣ ⎤⎦( ){ }
If	  the	  real	  parts	  of	  two	  complex	  variables	  are	  equal,	  and	  
there	  is	  no	  restric5on	  on	  the	  imaginary	  parts,	  then	  I	  can	  
make	  the	  complex	  variables	  equal.	  

ik × Ê = −µ −iω( )Ĥ

Now	  cancel	  the	  exponen5al	  factor	  from	  both	  sides.	  	  Result	  
must	  s5ll	  hold	  for	  all	  x	  and	  t.	  



Linked	  Quan55es	  
Energy	  

Time	   Frequency	  

! U = !ω

!!1= ΔtΔω

!!
U !const!if!
∂/∂t=0

Momentum	  

displacement	   Wave	  vector	  

! P= !k

!!1= ΔxΔk

!!

Pi !const!if!
∂/∂xi=0

!!!exp ik ⋅x− iωt( )
Sinusoidal	  waves	  



Maxwell	  Eqs.	  Phasor	  Amplitudes	  
 ∇⋅
!
E = 0

 
∇×
!
E = −µ ∂

!
H
∂t  

∇×
!
H = ε ∂

!
E
∂t

 ∇⋅
!
H = 0

 
!
E,
!
H⇒ Ê, ĤTo	  get	  equa5ons	  for	  phasor	  amplitudes	   ∂

∂t
,∇⇒ -iω , ik

ik ⋅ Ê = 0 ik × Ê = iωµĤ ik × Ĥ = −iωεÊik ⋅Ĥ = 0



Combine	  

ik ⋅ Ê = 0 ik × Ê = iωµĤ ik × Ĥ = −iωεÊik ⋅Ĥ = 0

combine	   ik × ik × Ê( ) = iωµ ik × Ĥ( ) = iωµ −iωεÊ( ) =ω 2εµÊ

Use	  “BAC	  CAB”	   A × B×C( ) = B A ⋅C( )−C A ⋅B( )

k ⋅k( )Ê -k k ⋅ Ê( ) = k2Ê =ω 2εµÊ



Plane	  waves	  in	  3D	  
k2 −ω 2εµ( )Ê = 0, k ⋅ Ê = 0

E	  can	  be	  in	  any	  direc5on	  perpendicular	  to	  k,	  
	  
Dispersion	  rela5on	  
	  

ω 2 = k2

εµ
= k2v2

!!

ω = ±kv
λ = v / f

λ =2π /k
ω =2π f

Remember	  1D	  

k2 = k 2 = kx
2 + ky

2 + kz
2

k × Ê =ωµĤFaraday’s	  Law	  

k
k
× Ê = ωµ

k
Ĥ = µ

ε
Ĥ



Superposi5on	  of	  Solu5ons	  

Maxwell’s	  Eqs.	  are	  linear	  in	  E	  &	  H.	  	  	  Thus,	  separate	  solu5ons	  
can	  be	  added	  together.	  	  	  	  	  	  	  	  	  Consider	  2	  solu5ons:	  

 

!
E1(x,t) = Re Ê1 exp i k1 ⋅x −ω1t( )⎡⎣ ⎤⎦{ }     k1

2 =ω1
2εµ

!
E2 (x,t) = Re Ê2 exp i k2 ⋅x −ω 2t( )⎡⎣ ⎤⎦{ }     k2

2 =ω 2
2εµ

Then	  E1	  +	  E2	  is	  also	  a	  solu5on	  of	  Maxwell’s	  Equa5ons	  

 

!
E(x,t) = Re

j
∑ Ê j exp i k j ⋅x −ω (k j )t( )⎡⎣ ⎤⎦

⎧
⎨
⎩⎪

⎫
⎬
⎭⎪

    kj
2 = εµω 2 (k j )   



Turn	  the	  sum	  into	  an	  integral	  

 

!
E(x,t) = Re

j
∑ Ê j exp i k j ⋅x −ω (k j )t( )⎡⎣ ⎤⎦

⎧
⎨
⎩⎪

⎫
⎬
⎭⎪

    kj
2 = εµω 2 (k j )   

 

!
E(x,t) = Re d 3k∫ Ê(k)exp i k ⋅x −ω (k)t( )⎡⎣ ⎤⎦{ }     k2 = εµω 2 (k)   

Fourier	  Integral	  	  -‐	  	  used	  to	  solve	  diffrac5on	  and	  dispersion	  



Linearly	  Polarized	  
Waves	  
	  
Electric	  field	  vector	  
lies	  in	  one	  plane	  	  

k	  

x	  

y	  



x 

y 

   S = E× H = Sẑ

 H

 E

x 

y 

 H

 E

Linearly	  Polarized	  in	  X	  direc5on	  
Linearly	  Polarized	  in	  y	  direc5on	  

Linear	  Polariza5ons	  



For a wave propagating in z direction, a linearly polarized wave has x 
and y components oscillating in phase 

x 

y 

Direction of oscillating 
electric field 

[ ]0 ˆ ˆ=E cos(ωt+φ) sin( ) cos( )θ θ+E y x
y 0 ˆ=E sin(θ)cos(ωt+φ)E y

x 0 ˆ=E cos(θ) cos(ωt+φ)E x

q

z - plane 

Linear Polarization 



In	  phase	  superposi5on	  of	  two	  linearly	  
polarized	  waves	  

x 

y 
 H

 E

x 

y 

 H

 E
+	  

x 

y 
 H

 E



Polariza5ons	  

We	  picked	  this	  combina5on	  of	  fields:	  
Ex	  -‐	  Hz	  

Could	  have	  picked	  this	  combina5on	  of	  
fields:	  Ey	  -‐	  Bx	  

These	  are	  called	  plane	  polarized.	  	  Fields	  lie	  in	  plane	  

!Ex

!
Hy

!
E y

!Hx

z	  
z	  



Circular polarization

Linear polarization

is determined by the direction of fieldPolariation E
Polarization

The wave is linearly polarized if the electric field oscillates in one 
plane 



Consider two waves having the same frequency, 
same directions of propagation, but different 
orthogonal linear polarizations  

( ) ˆcosxE t kzω − x

( ) ˆcosyE t kzω − y

ẑ

10/15/20 20 

Polarization of Fields 

propagation  
direction 



For a wave propagating in z direction, a linearly 
polarized wave has x and y components oscillating in 
phase 

x 

y 

Direction of oscillating 
electric field 

[ ]0 ˆ ˆ=E cos(ωt+φ) sin( ) cos( )θ θ+E y x
y 0 ˆ=E sin(θ)cos(ωt+φ)E y

x 0 ˆ=E cos(θ) cos(ωt+φ)E x

q

z - plane 

Linear Polarization 



Three parameters determine the state of polarization 

1. Field strength along x direction 

Consider a wave propagating in z direction 

2. Field strength along y 
direction 
3. Relative phase shift between 
them 

Polarization of Electric Fields 



Elliptically polarized light has x and y field components not 
oscillating in phase 

x 

y 

direction of electric 
field changes in 
time 

y x 0Δϕ = ϕ −ϕ ≠

Elliptical Polarization 

   
Ey =E y0cos(ω t+φy )ŷ

   Ex =Ex0cos(ω t+φx )x̂



Different States of Polarization 

x yE E= 0Δϕ =
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πΔϕ =

elliptical 

 
Δϕ = ϕy −ϕx

  
Ex0 = E y0



Problem	  
An	  electromagne5c	  wave	  travelling	  in	  vacuum	  in	  the	  +z	  direc5on	  has	  the	  real	  
electric	  field	  at	  z=0,	  

!!!E(z =0,t)= E0x cos(ωt +π /4)x̂+E0 y cos(ωt −π /4)ŷ

Represent	  this	  wave	  in	  phasor	  form:	  

!!!

E(z ,t)=Re Êexp i kz −ωt( )⎡⎣ ⎤⎦{ }
H(z ,t)=Re Ĥexp i kz −ωt( )⎡⎣ ⎤⎦{ }

What	  is	  the	  polariza5on	  of	  the	  wave?	  Plane,	  circular,	  ellip5cal?	  



!!!E(z =0,t)= E0x cos(ωt +π /4)x̂+E0 y cos(ωt −π /4)ŷ



Reflec5on	  at	  an	  interface	  
incident	  

reflected	  

transmibed	  
!ε2 ,µ2

!ε1 ,µ1

Generic	  Rules	  

!!

Ereflected
Eincident

≡ ρ =
Z2 − Z1
Z2 + Z1 !!

Etransmitted
Eincident

≡τ =1+ ρ =
2Z2
Z2 + Z1

Voltage	  Reflec5on	  Coefficient	   Voltage	  Transmission	  Coefficient	  ρ τ

!!Note,!if!!!!!!!!!!Z2 = Z1 !!!!ρ =0,τ =1

!!
η2 =

µ2
ε2

= Z2
!!
η1 =

µ1
ε1

= Z1

Impedance	   Impedance	  



Normal	  Incidence	  Linear	  Polariza5on	  

reflected	  

transmibed	  
!ε2 ,µ2

!ε1 ,µ1

!!

η2 =
µ2
ε2

k2 =ω ε2µ2!!

η1 =
µ1
ε1

k1 =ω ε1µ1

incident	  

z=0	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Hy =Re

1
η1

Êince
ik1z − Êref e

− ik1z( )e− iωt⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪ !!

Ex =Re Êtranse
ik2z( )e− iωt{ }

Hy =Re
1
η2

Êtranse
ik2z( )e− iωt⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

At	  z=0	  	  	  tangen5al	  E	  and	  tangen5al	  H	  are	  con5nuous	  	  



!!

Êinc + Êref = Êtrans
Êinc − Êref

η1
=
Êtrans
η2

!!

Ex =Re Êtranse
ik2z( )e− iωt{ }

Hy =Re
1
η2

Êtranse
ik2z( )e− iωt⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

At	  z=0	  	  	  tangen5al	  E	  and	  tangen5al	  H	  are	  con5nuous	  	  

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Hy =Re

1
η1

Êince
ik1z − Êref e

− ik1z( )e− iωt⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

Region	  1	   Region	  2	  

solve	  

!!

Êref
Êinc

=
η2 −η1
η2 +η1

≡ ρ

Êtrans
Êinc

=
2η2

η2 +η1
≡τ =1+ ρ

At	  z=0	  

Tangen5al	  E	  
	  
Tangen5al	  H	  
	  



Reflected	  and	  Transmibed	  Power	  

Region	  1:	  

Sz = ExHy =
1
2
Re Êx

*Ĥ y{ }

Sz = ExHy =
1
2
Re 1

η1
Êinc
* + Êref

*( ) Êinc − Êref( )⎧
⎨
⎩

⎫
⎬
⎭
= 1
2η1

Êinc

2
− Êref

2( )
Pinc 1− ρ 2( )

Region2:	  

Sz = ExHy =
1
2
Re 1

η2
Êtrans

2⎧
⎨
⎩

⎫
⎬
⎭
= 1
2η2

τ Êinc

2

= Pinc
η1
η2

2η2
η2 +η1

2

= Pinc 1−
η2 −η1
η2 +η1

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= Pinc 1− ρ 2( )



Diamond	  Window	  

Vacuum	   Air	  

Incident	  Power	  =	  1	  MW	  
frequency	  =	  170GHz	  

Transmibed	  
Power	  

CVD	  Diamond	  window	  

!ε =5.7ε0
1.	  Calculate	  the	  power	  
reflec5on	  coefficient	  at	  the	  
first	  surface.	  
2.	  Is	  that	  acceptable?	  
3.	  What	  are	  we	  missing?	  




