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Abstract

W e consider uncertain linear systems where the uncertain ties, in addition to b eing b ounded,

also satisfy constrain ts on their phase. In this con text, w e de�ne the \phase-sensitiv e structured

singular v alue" (PS-SSV) of a matrix, and sho w that su�cien t (and sometimes necessary) con-

ditions for stabilit y of suc h uncertain linear systems can b e rewritten as conditions in v olving

PS-SSV. W e then deriv e upp er b ounds for PS-SSV, computable via con v ex optimization. W e ex-

tend these results to the case where the uncertain ties are structured (diagonal or blo c k-diagonal,

for instance).

1 In tro duction

A p opular paradigm for mo deling con trol systems with uncertain ties is illustrated in Fig. 1. Here

P ( s ) is the transfer function of a stable linear system, and � is a stable op erator that represen ts

the \uncertain ties" that arise from v arious sources suc h as mo deling errors, neglected or unmo deled

dynamics or parameters, etc. Suc h con trol system mo dels ha v e found wide acceptance in robust

con trol; see for example [1 , 2 , 3, 4].

F rom the ph ysical la ws go v erning the system and from the mo deling pro cedures used to arriv e at

the paradigm in Fig. 1, the uncertain t y � is usually kno wn or assumed to p ossess v arious additional

prop erties. Common examples are that � is structured (i.e., diagonal or blo c k-diagonal), that it is

linear time-in v arian t or real-constan t etc. Often, information ab out the size of � (usually as a b ound

on some induced norm) is a v ailable. F or example, if � is L TI, frequency resp onse measuremen ts can

b e used to estimate b ounds on the L

2

gain of �. It is also natural in some situations to assume that

� is dissipativ e or passiv e, i.e., that it alw a ys dissipates energy . Suc h can b e the case, for example,

with high order mec hanical systems when the dynamics asso ciated with a (p o orly kno wn) passiv e

subsystem (e.g., con taining no energy sources and whose input and output are p o w er-conjugate) are

�
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Figure 1: Closed-lo op system

left out of the nominal mo del. F or example, it is men tioned in [5 , 6 ] that a go o d mo del for ligh tly

damp ed 
exible structures with colo cated force actuators and rate sensors can b e obtained in the

paradigm in Fig. 1, where P ( s ) is the transfer function of the nominal system mo del based on a few

lo w er mo dal frequencies and mo de shap es, with the higher mo dal frequencies and the corresp onding

mo de shap es lump ed together as a passiv e L TI uncertain t y �( s ). (Also see Example 1 in x 5.)

P erhaps the most fundamen tal question that arises with the feedbac k system in Fig. 1 is that

of \robust stabilit y": Is the system stable for all p ossible instances of �? This question can b e

partially answ ered using a n um b er of approac hes. F or example, if the L

2

-gain of � do es not exceed

one, the small gain theorem [7 ] asserts that the system is robustly stable if the L

2

gain (whic h is

also the H

1

norm) of P is less than one. And, if � is kno wn to b e passiv e, the passivit y theorem [7 ]

asserts that closed-lo op stabilit y is ensured as long as P is strictly passiv e. If it is kno wn further

that � is blo c k diagonal, then it is enough that an appropriately scaled v ersion of P ha v e L

2

-gain

less than one or b e strictly passiv e, resp ectiv ely . Necessary and su�cien t conditions in this con text

can b e expressed in terms of the structured singular v alue (see for example [8 ]). Supp ose no w that

� is kno wn to b e passiv e and, at the same time, to ha v e an L

2

-gain no larger than one. Of course,

either the small gain theorem or the passivit y theorem can guaran tee robust stabilit y in this case,

but in tuitiv ely , either approac h alone w ould b e to o conserv ativ e, since in either case a seemingly

imp ortan t attribute of the uncertain t y mo del is b eing ignored. One ob jectiv e of this pap er is to

address this issue.

It is often the case that the uncertain t y is linear, time-in v arian t (L TI), and diagonal. In this

case, the unit y-b ounded L

2

-gain and passivit y assumptions on � can b e in terpreted as kno wledge

on the frequency resp onse of eac h diagonal en try �

ii

of �: the Nyquist plot of �

ii

lies inside the unit-

disk and in the righ t-half complex plane, resp ectiv ely . There are instances where it is appropriate to

mo del �

ii

as ha ving its Nyquist plot en tirely con tained within some acute sector, of ap erture 2 � < � .

Suc h a sector can b e assumed, without loss of generalit y (via simple lo op transformation), to b e a

prop er subset of the righ t-half plane. This can o ccur when mo deling is done from exp erimen tal data

and the \Nyquist cloud" is b etter appro ximated b y a sector p ortion of a disk than b y a full disk;

see Example 3 in x 5. It can also o ccur when the uncertain t y , due to sev eral uncertain parameters,

is \lump ed" in to a single dynamic uncertain t y blo c k; in this case, the approac h presen ted in this

pap er w ould result in signi�can t computational sa vings in comparison with the direct approac h; see

2



Example 2 in x 5. In b oth instances conserv ativ eness can often b e further reduced b y allo wing for

frequency dep enden t sectors. In v estigation of robust stabilit y under suc h \uncertain t y with phase

information" is a further ob jectiv e of this pap er.

Uncertain t y is often b est represen ted b y a set of full matrices (or blo c k-diagonal matrices), and

handling this situation in our framew ork necessitates a concept of \phase of a matrix". Sev eral

authors ha v e prop osed suc h concepts. In [9], the \principal phases" of a matrix are de�ned as the

argumen ts of the eigen v alues of the unitary part of its p olar decomp osition, and a \small phase

theorem" is deriv ed that holds under rather stringen t conditions. Hung and MacF arlane, in [10 ],

prop ose a \quasi-Nyquist decomp osition" in whic h the phase information of a transfer matrix is

obtained b y minimizing a measure of misalignmen t b et w een the input and output singular v ectors.

Finally , Ow ens, in [11 ], uses the n umerical range to c haracterize phase uncertain t y in m ultiv ariable

systems. The concept of phase w e adopt here is related to that of [11 ]. Our de�nition not only

serv es to c haracterize phase uncertain t y in m ultiv ariable systems, but also pro vides a practical and

tractable w a y of using uncertain t y phase information in robustness analysis.

Th us, in this pap er, w e consider the robust stabilit y of the system in Fig. 1 when � is a blo c k-

diagonal L TI uncertain t y that sim ultaneously satis�es constrain ts on its norm, and on its \phase".

In x 2, w e de�ne the phase-sensitiv e structured singular v alue (PS-SSV), de�ning in the pro cess

the phase of a matrix. W e then deriv e a condition for robust stabilit y of the system in Fig. 1

in terms of the PS-SSV. It turns out that when the uncertain t y is scalar, or made of diagonal

scalar blo c ks, the PS-SSV-based condition on robust stabilit y is b oth necessary and su�cien t.

Computing the PS-SSV exactly turns out to b e an NP-hard problem. W e therefore concen trate on

computing an upp er b ound on the PS-SSV, in x 3. In x 4, w e sho w that computation of this upp er

b ound can b e reform ulated as a quasi-con v ex optimization problem; w e discuss some sc hemes for

its solution. In x 5, w e demonstrate our results via three n umerical examples, and w e conclude

with x 6. Man y of the ideas dev elop ed in this pap er w ere adapted from earlier w ork b y t w o of the

coauthors and M. K. H. F an, see [12 , 13, 14 , 15 ]. Results closely related to those of x 3.1 w ere

obtained indep enden tly b y Eszter and Hollot [16 ] for the case when the phase b ounds amoun t to a

passivit y constrain t on the uncertain t y .

Notation. R , R

+

and R

e

denote the sets of real n um b ers, nonnegativ e real n um b ers, and R [ f1g

(one p oin t-compacti�cation of R ), resp ectiv ely . C , C

+

and C

+e

denote the set of complex n um b ers,

complex n um b ers with p ositiv e real part (i.e., the op en righ t-half complex plane), and C

+

[ f1g

resp ectiv ely . H

1

denotes the set of scalar- or matrix-v alued functions that are analytic and b ounded

in the op en righ t half plane, and RH

1

denotes the set of functions in H

1

that are real rational.

H

�

denotes the complex-conjugate transp ose of H 2 C

m � n

. F or H 2 C

n � n

satisfying H = H

�

, the

notation H � 0 ( H > 0) means that H is p ositiv e-semide�nite (p ositiv e-de�nite).
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2 The phase-sensitiv e structured singular v alue

2.1 Scalar Case

Let us �rst consider the case when b oth the L TI system and the L TI uncertain t y in Fig. 1 ha v e

a single input and a single output. Th us P ( s ) and �( s ) are scalar transfer functions, and to

emphasize this, w e rename them as p ( s ) and � ( s ), resp ectiv ely .

Let � : C ! ( � � ; � ] b e the usual phase of a complex scalar, with � (0) de�ned to b e 0. Note that

j � ( � ) j is lo w er semicon tin uous (and con tin uous outside ev ery neigh b orho o d of the origin). Giv en a

complex scalar m and a real scalar � 2 [0 ; � ], let �

�

( m ) b e de�ned b y

�

�

( m ) = (inf fj 
 j : j � ( 
 ) j � � ; 1 + 
 m = 0 g )

� 1

;

if the set o v er whic h the in�m um is tak en is nonempt y , and �

�

( m ) = 0 otherwise (i.e., �

�

( m ) = j m j

if j � ( m ) j � � � � , and 0 otherwise). Note that �

�

( m ) is upp er semicon tin uous in ( � ; m ).

Theorem 1 b elo w sho ws that v arious prop erties of the closed-lo op system depicted in Fig. 1 can

b e assessed from the kno wledge of �

�

( p ( s )) on the imaginary axis, under v arious assumptions on

� .

Theorem 1 L et p 2 H

1

b e c ontinuous over C

+e

, let � : R

e

! [0 ; � ] , and let

�

�

= f � 2 H

1

: � is con tin uous on C

+e

; k � k

1

� 1 ; j � ( � (j ! )) j � � ( ! ) 8 ! 2 R

e

g :

Supp ose that

(a) sup

! 2 Re �

� ( ! )

( p (j ! )) < 1 .

Then (1 + � p )

� 1

2 H

1

for al l � 2 �

�

and, if � is upp er semic ontinuous,

sup

� 2 �� k (1 + � p )

� 1

k

1

< 1 : (1)

Mor e over, if � is c onstant, then statements (a), (b) and (c) ar e e quivalent, wher e (b) and (c) ar e

as fol lows:

(b) (1 + � p )

� 1

2 H

1

for al l � 2 �

�

and sup

� 2 �� k (1 + � p )

� 1

k

1

< 1 .

(c) (1 + � p )

� 1

2 H

1

for al l � 2 RH

1

\ �

�

and sup

� 2 RH
1

\ �� k (1 + � p )

� 1

k

1

< 1 .

Pro of: W e �rst pro v e b y con tradiction that (a) implies that (1 + � p )

� 1

2 H

1

for all � 2 �

�

.

Th us supp ose that, for some � 2 �

�

, (1 + � p )

� 1

62 H

1

. It follo ws from Cauc h y's Principle of the

Argumen t, using a simple homotop y (see, e.g., Lemma 1 in [17 , 18 ] for details) that there exists

� 2 (0 ; 1] and ^! 2 R

e

suc h that

1 + �� (j ^ ! ) p (j ^ ! ) = 0 :

Since � 2 �

�

, it is clear that j �� (j ^ ! ) j � 1 and j � ( �� (j ^ ! )) j � � ( ^ ! ). Th us �

� ( ^ ! )

( p (j ^ ! )) � 1, a

con tradiction. T o complete the pro of of the �rst claim, supp ose that � is upp er semicon tin uous

and, pro ceeding again b y con tradiction, supp ose that (1 + � p )

� 1

2 H

1

for all � 2 �

�

but that,

giv en an y � > 0 there exist �

�

2 � and !

�

2 R suc h that

j 1 + �

�

(j !

�

) p (j !

�

) j < �:
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Let 


�

= �

�

(j !

�

) and note that, since �

�

2 �,

j � ( 


�

) j � � ( !

�

) :

Since j 


�

j � 1 it follo ws from compactness of the complex unit disk, con tin uit y of p on j R

e

, lo w er

semicon tin uit y of j � j and upp er semicon tin uit y of � that there exits ^
 2 C

+e

and ^! 2 R

e

suc h that

j ^
 j � 1, j � ( ^ 
 ) j � � ( ^ ! ) and 1 + ^
 p (j ^ ! ) = 0. Th us �

� ( ^ ! )

( p (j ^ ! )) � 1, a con tradiction. T o complete the

pro of of the theorem, �rst note that the implication (b) ) (c) holds trivially . Supp ose no w that �

is constan t. The implication (a) ) (b) has just b een pro v en. It th us remains remains to sho w that

(c) ) (a). W e again use con tradiction. Th us assume that

sup

! 2 Re �

�

( p (j ! )) � 1 :

W e sho w that, giv en an y � > 0, there exists

^

� 2 �

�

\ RH

1

and ^! 2 R

e

suc h that j 1 +

^

� (j ^ ! ) p (j ^ ! ) j < � ,

a con tradiction. Let ~! 2 R

e

b e suc h that �

�

( p (j ~ ! )) � 1 (since p is con tin uous on j R

e

and �

�

( � ) is

upp er semicon tin uous, suc h ~! alw a ys exists). Th us, for some ~
 2 C

+

, with j ~
 j � 1 and j � ( ~ 
 ) j � � ,

1 + ~
 p (j ~ ! ) = 0. Note that, if � = 0, the claim holds trivially (tak e

^

� ( s ) = ~
 for all s ); th us assume

that � > 0. Since p is con tin uous on j R

e

, there exist ^! 2 R n f 0 g and ^
 2 f 
 2 C

+

: j 
 j < 1 ; j � ( 
 ) j <

� g suc h that j 1 + ^
 p (j ^ ! ) j < � . It is sho wn in App endix A that, under these conditions, there exists

^

� 2 �

�

\ RH

1

suc h that

^

� (j ^ ! ) = ^
 . This completes the con tradiction argumen t. 2
Remark : The upp er semicon tin uit y assumption on � is indeed needed in order for (1) (uniform robust

stabilit y) to follo w, as sho wn b y the follo wing example. Let p( s) = 2( s + 1) =( s + 2). Let !̂ b e the frequency

at whic h the phase of p(j ! ) is largest (in the �rst quadran t) and let

^� b e its v alue. De�ne � b y � ( ^ ! ) = �=2

and � ( ! ) = �� ^� for all other ! . It is readily c hec k ed that ��(!) ( p(j ! )) = 0 for all ! but that 1 + p(j ! ) � (j ! )

can b e made arbitrarily close to 0 in the neigh b orho o d of !̂ . �
Remark : The su�ciency part of Theorem 1 can b e extended to handle more general uncertain t y sets. See

remark immediately follo wing Theorem 3. �
W e lea v e op en the question of necessit y of condition (a) of Theorem 1 under relaxed assumptions

on � . It ma y b e necessary , e.g., to require that � ( ! ) not approac h zero to o fast.

2.2 The matrix case with structure

2.2.1 Phase and phase-sensitiv e structured singular v alue

As a �rst step to w ard extending the results of x 2.1 to matrix-v alued P and �, w e prop ose a concept

of phase of a matrix.

Giv en a complex matrix �, let N (�) b e its n umerical range, i.e.,

N (�) = f x

�

� x : x 2 @ B g � C

where @ B = f x 2 C

n

: k x k

2

= 1 g and k � k

2

is the Euclidean norm. This set is kno wn to b e con v ex.

The follo wing de�nition is a sligh t mo di�cation of that used in [15 ].

5



De�nition 1 L et � 6= 0 b e a c omplex squar e matrix such that 0 =2 in t N (�) . The median phase

MP(�) of � is the angle, with a r ange of ( � � ; � ] , b etwe en the p ositive r e al axis and the r ay bise cting

the smal lest se ctor c ontaining N (�) . The phase spr e ad PS(�) of � is half the angle of this se ctor

(se e Fig. 2). We de�ne MP(0) and PS (0) to b e 0 .

0

PS

MP

Figure 2: Numerical range, median phase and phase spread.

Th us MP(�) 2 ( � � ; � ] and PS(�) 2 [0 ; � = 2]. Belo w w e will refer to the pair (MP (�) ; PS(�)) as

phase information of �. If 0 2 in t N (�), there is no phase information for �.

Note that in the case of a complex n um b er a = �e

j �

with � > 0 and � 2 ( � � ; � ], the phase

information of a is ( �; 0). Also, the phase information of a matrix is in v arian t under m ultiplication

of the matrix b y a p ositiv e n um b er, and if � is Hermitian p ositiv e semide�nite, its phase infor-

mation is (0 ; 0). Finally , the phase information of a matrix is in v arian t under unitary similarit y

transformations (since the n umerical range is).

Median phase and phase spread are related to the concept of principal phases in tro duced b y

P ostleth w aite et al. in [9 ]. Namely , for an y square complex matrix �,

MP(�) � PS (�) �  

min

(�) �  

max

(�) � MP(�) + PS (�)

where  

min

(�) and  

max

(�) are the minim um and maxim um principal phases of �, resp ectiv ely .

This result, stated di�eren tly , w as obtained b y Ow ens [11 ] (who also used the term \phase spread").

F or an y matrix � with 0 =2 in t N (�), N

�
e

� jMP(�)

�

�
2 C

+

. In other w ords, w e can rotate

the n umerical range of an y matrix � for whic h 0 =2 in t N (�) so that it is con tained in the righ t-

half complex plane. With this in mind, w e restrict our atten tion in the sequel to matrices � with

� + �

�

� 0 (or equiv alen tly N (�) � C

+

). F or suc h matrices, w e next giv e alternate c haracterizations

of the phase information; these will serv e us w ell in our deriv ation of stabilit y tests in the sequel.
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Giv en � with � + �

�

� 0, of particular in terest is the smallest sector (i.e, one that subtends the

smallest angle at the origin) in the righ t-half plane, symmetric ab out the real axis, that con tains

N (�). (The in terest stems from the fact that in the sequel, w e will consider uncertain ties � whose

n umerical range is kno wn to lie in suc h symmetric sectors at ev ery frequency .) Let 2�(�) b e the

angle subtended b y this sector at the origin. Eviden tly (see Fig. 2),

�(�) = max f MP(�) + PS(�) ; � (MP (�) � PS (�)) g : (2)

W e then ha v e the follo wing alternate c haracterization for �(�).

Lemma 1 L et � 2 C

n � n

, with � + �

�

� 0 . Then,

�(�) = cot

� 1

�
sup

�
b : � + �

�

�

�

j

(� � �

�

) � 0 8 � 2 f� b; b g

��
: (3)

Pro of: F rom Fig. 2 it is clear that, for b > cot (�(�)) (i.e., b 6= 0 and b

� 1

< tan(�(�))), there

exists ^v 2 C

n

suc h that

Re( ^ v

�

� ^ v ) < b j Im( ^ v

�

� ^ v ) j

i.e., for some � 2 f� b; b g ,

� + �

�

�

�

j

(� � �

�

) 6� 0 :

Moreo v er, with b = cot (�(�)) 2 ( �1 ; 1 ), it is clear from the �gure that, for all v 2 C

n

,

Re ( v

�

� v ) � � j Im( v

�

� v ) j 8 � 2 f� b; b g

i.e.,

� + �

�

�

�

j

(� � �

�

) � 0 8 � 2 f� b; b g :

Finally , if �(�) = 0 then N (�) is a subset of the negativ e imaginary axis, i.e., � = �

�

� 0, and

th us the matrix inequalit y in (3) holds for ev ery �nite � . 2
Remark : It is easy to v erify that for an y � satisfying � + �

� � 0 with �(�) > 0, w e ha v e

� + �

� � �
j

(� � �

�
) � 0 for all � 2 [ � cot �(�) ; cot �(�)] : �

Lemma 2 � is lower semic ontinuous over f � : � + �

�

� 0 g .

Pro of: Let � 2 [0 ; � = 2] and let f �

k

g !

^

�, with �

k

+ �

�

k

� 0 for all k , and lim sup �(�

k

) � � . W e

sho w that �(

^

�) � � , pro ving the claim. If � = � = 2 the result is ob vious. Th us supp ose � 2 [0 ; � = 2)

and let � 2 (0 ; � = 2 � � ]. F or k large enough, �(�

k

) � � + � , and th us, taking the cotangen t of b oth

side of (3) ( � + � > 0), for k large enough,

�

k

+ �

�

k

�

�

j

(�

k

� �

�

k

) � 0 8 � 2 [ � cot ( � + � ) ; cot ( � + � )] :

7



It follo ws that

^

� +

^

�

�

�

�

j

(

^

� �

^

�

�

) � 0 8 � 2 [ � cot ( � + � ) ; cot ( � + � )] ;

i.e., (again using (3)), that cot (�(

^

�)) � cot ( � + � ), i.e., �(

^

�) � � + � . Since this holds for arbitrarily

small � > 0, the claim follo ws. 2
With an ey e to w ards issues of robust stabilit y with resp ect to p ossibly blo c k-structured un-

certain t y , w e no w extend the de�nition of �

�

to handle blo c k-diagonal structures. Giv en p ositiv e

in tegers k

i

, i = 1 ; : : : ; ` , suc h that

P
k

i

= n , w e de�ne the set of blo c k-diagonal matrices with blo c k

sizes k

i

as

� = f diag (�

1

; : : : ; �

`

) : �

i

2 C

k i � k i
g : (4)

W e next de�ne �

�

as the follo wing phase-constrained subset of � :

�

�

= f diag (�

1

; : : : ; �

`

) : �

i

2 C

k i � k i
; �(�

i

) � �

i

g ; (5)

where � = ( �

1

; : : : ; �

`

) with, for i = 1 ; : : : ; ` , �

i

2 [0 ; � = 2]. Note that � + �

�

� 0 for all � 2 �

�

.

De�nition 2 The phase-sensitive structur e d singular value of M 2 C

n � n

with r esp e ct to �

�

is

given by

� �� ( M ) = ( inf f � (�) : � 2 �

�

; det ( I + � M ) = 0 g )

� 1

if det ( I + � M ) = 0 for some � 2 �

�

, and � �� ( M ) = 0 otherwise.

2.2.2 Prop erties of � ��
Unlik e the \standard" mixed � , � �� is clearly not in v arian t under c hange of sign of its argumen t.

Th us, in particular, it is not alw a ys larger than the sp ectral radius � (complex � ) or the real sp ectral

radius � R. On the other hand it is clear that

� R
�

( M ) � � �� ( M ) � � ( M ) ; (6)

where, for an y complex matrix M ,

� R
�

( M ) = max f � : � � is a negativ e, real eigen v alue of M g ;

with � R
�

( M ) = 0 if M has no negativ e, real eigen v alues. This leads to the follo wing easily deriv ed

c haracterization of � �� . (Note that � R
�

is upp er semicon tin uous, whic h justi�es the \max".)

Theorem 2

� �� ( M ) = max

� 2 �� ; � (�) � 1

� R
�

(� M ) = max

� 2 �� ; � (�) � 1

� R
�

( M �) : (7)

Lik e the standard mixed � , � �� is in v arian t under similarit y scaling of its argumen t b y matrices

that comm ute with the elemen ts of the uncertain t y set, i.e., giv en an y nonsingular matrix D =

diag ( d

1

I

k 1 ; : : : ; d

`

I

k ` ),

� �� ( M ) = � �� ( D M D

� 1

) :

8



In general ho w ev er, � �� is clearly not in v arian t under pre- or p ost-m ultiplication of its argumen t

b y a unitary matrix in �

�

.

Next, it is readily v eri�ed that � �� ( M ) is monotonic nondecreasing in eac h of the comp onen ts

of � and, using lo w er semicon tin uit y of � (Lemma 2), that � �� ( M ) is upp er semicon tin uous in

(� ; M ). Finally , the follo wing result holds.

Prop osition 1 L et P 2 H

1

b e c ontinuous over C

+e

, and let � 2 [0 ; � = 2]

`

. Then

sup

! 2 Re � �� ( P (j ! )) = sup

s 2 C+e � �� ( P ( s )) :

Pro of: W e sho w that the follo wing statemen ts are equiv alen t:

(a)

sup

! 2 Re � �� ( P (j ! )) < 1 ;

(b)

( I + � P )

� 1

2 H

1

8 � 2 �

�

; � (�) � 1 ;

(c)

sup

s 2 C+e � �� ( P ( s )) < 1 :

Since � �� is p ositiv e homogeneous, the claim then follo ws from the equiv alence of (a) and (c).

W e �rst sho w b y con tradiction that (a) ) (b). Th us let

^

� 2 �

�

, with � (

^

�) � 1, b e suc h that

( I +

^

� P )

� 1

62 H

1

. As in the pro of of Theorem 1, it follo ws from Cauc h y's Principle of the

Argumen t that there exist � 2 (0 ; 1] and ^! 2 R

e

suc h that

det( I + �

^

� P (j ^ ! )) = 0 :

Since �

^

� 2 �

�

and � ( �

^

�) � 1, this implies that � �� ( P (j ^ ! )) � 1, a con tradiction. Concerning the

implication (b) ) (c), if there exists ^s 2 C

+e

b e suc h that � �� ( P ( ^ s )) � 1, then there exists

^

� 2 �

�

,

with � (

^

�) � 1, suc h that det( I +

^

� P ( ^ s )) = 0, con tradicting (b). Finally , the implication (c) ) (a)

holds trivially . 2
2.2.3 The small- � �� theorem

Giv en an y � : R

e

! [0 ; � = 2]

`

, w e de�ne

�

�

= f � 2 H

1

: � is con tin uous on C

+e

; k � k

1

� 1 ; �(j ! ) 2 �

�( ! )

8 ! 2 R

e

g :

Theorem 3 L et P 2 H

1

b e c ontinuous over C

+e

, let � : R

e

! [0 ; � = 2]

`

. Supp ose that

(a) sup

! 2 Re � ��(!) ( P (j ! )) < 1 .

Then ( I + � P )

� 1

2 H

1

for al l � 2 �

�

, and if � is upp er semic ontinuous, then

sup

� 2 �� k ( I + � P )

� 1

k

1

< 1 :

Mor e over, if � is c onstant, then (a) is e quivalent to

(b) ( I + � P )

� 1

2 H

1

for al l � 2 �

�

and sup

� 2 �� k ( I + � P )

� 1

k

1

< 1 :

9



Pro of: The implication (a) ) (b) is pro v ed as in Theorem 1 with det ( I + � P ) replacing 1 + � p .

Concerning the implication (b) ) (a), note that, if � is constan t and (a) do es not hold, then (since

P is con tin uous o v er C

+e

and � �� is upp er semicon tin uous) there exists, among others, a constan t

(complex) � 2 �

�

and some ^! 2 R

e

suc h that det ( I + � P (j ^ ! )) = 0, con tradicting (b). 2
Remark : Again, the su�ciency part of Theorem 3 can b e extended to handle more general uncertain t y

sets. F or example, consider the uncertain t y set

~

� � = f� 2 H 1 : � is con tin uous on C +e ; U ( ! )�(j ! ) 2 � �(!); � (� i (j ! )) � di ( ! ) ; i = 1 ; : : : ; `; 8! 2 R eg;
where di : R e ! [0 ;1), i = 1 ; : : : ; `, � : R e ! [0 ; �=2]

`
, and U ( ! ) = diag ( u1 ( ! ) Ik1 ; : : : ; u` ( ! ) Ik` ), withui : R e ! fz 2 C : jzj = 1 g. Then, it is easy to sho w that if

sup!2Re���(!) (diag ( di ( ! ) Iki ) U ( ! )

�P (j ! )) < 1 ;
then, (1 + � P )

�1 2 H 1 for all � 2 ~

� � ; and that if, in addition, di and � are upp er semicon tin uous, andU is con tin uous, then

sup�2 ~�� k(1 + � P )

�1k <1: �
Again w e will lea v e op en the question of necessit y of condition (a) of Theorem 3 under relaxed

assumptions on �. On the other hand, ev en for constan t �, it is unclear in general whether, if (a)

do es not hold, there exists � 2 �

�

real on the real axis (whic h m ust b e the case if � is the transfer

function of a real impulse resp onse) suc h that ( I + � P )

� 1

62 H

1

or k ( I + � P )

� 1

k

1

is arbitrarily

large. In the case of purely diagonal uncertain t y structures, though, this is the case ev en with the

additional requiremen t that � b e rational. In other w ords the follo wing holds.

Theorem 4 L et P 2 H

1

b e c ontinuous over C

+e

, let � 2 [0 ; � = 2]

`

, and supp ose k

i

= 1 , i = 1 ; : : : ; `

(= n ) , i.e., supp ose that �

�

c onsists of diagonal matric es. The fol lowing statements ar e e quivalent.

(a) sup

! 2 Re � �� ( P (j ! )) < 1 .

(b) ( I + � P )

� 1

2 H

1

for al l � 2 �

�

and sup

� 2 �� k ( I + � P )

� 1

k

1

< 1 .

(c) ( I + � P )

� 1

2 H

1

for al l � 2 RH

1

\ �

�

and sup

� 2 RH
1

\ �� k ( I + � P )

� 1

k

1

< 1 .

(The pro of of the implication (c) ) (a) is exactly along the lines of that of the corresp onding impli-

cation in Theorem 1.)

3 Upp er Bounds on ���
So far, w e ha v e seen de�nitions of � �� , and ho w conditions on � �� giv e su�cien t (and sometimes

necessary) conditions for uniform robust stabilit y . In this section, w e will concern ourselv es with

the n umerical computation of � �� .

Computing � �� exactly is equiv alen t to �nding the global minim um of a noncon v ex optimization

problem, and w e are not a w are of an y e�cien t solution metho ds for it. Therefore, w e will not

attempt to compute � �� directly; instead, w e will deriv e n umerically computable upp er b ounds on

� �� , whic h will giv e, in turn, su�cien t conditions for robust stabilit y .
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3.1 The matrix case with structure

Computing � �� ( m ) for a scalar m is trivial. W e then consider the problem of computing an upp er

b ound on � �� ( M ), when M is a matrix, and � is assumed to ha v e some structure, that is, it is

required to b elong to the set �

�

. Let

f S : S = f diag ( s

1

I

k 1 ; : : : ; s

`

I

k ` ) : s

i

> 0 g ;

and, giv en � = ( �

1

; : : : ; �

`

) with �

i

2 [0 ; � = 2], i = 1 ; : : : ; ` , let

B

�

�

=

(
B :

B = diag ( �

1

I

k 1 ; : : : ; �

`

I

k ` ), �

i

2 R , i = 1 ; : : : ; ` ,

with �

i

2 [ � cot �

i

; cot �

i

] when �

i

> 0

)
:

W e then ha v e the follo wing lemmas.

Lemma 3 L et � 2 �

�

, with �

�

� � I . Then, � satis�es, for every R , S 2 S , and B 2 B

�

,"
I

�

#
�

"
R ( I � j B ) S

S ( I + j B ) � R

# "
I

�

#
� 0 : (8)

Pro of: Consider an y � 2 �

�

satisfying �

�

� � I . Since � comm utes with ev ery R 2 R , w e ha v e

R � �

�

R � � 0 : (9)

Next, since � 2 �

�

, in view of Lemma 1 and of the remark follo wing it, and since � B 2 B

�

whenev er B 2 B

�

, w e ha v e for ev ery B 2 B

�

,

� + �

�

� j( B � � �

�

B ) � 0 :

Since �, ev ery S 2 R and ev ery B 2 B comm ute with eac h other, w e then ha v e

S � + �

�

S � j( B S � � �

�

S B ) � 0 : (10)

F rom (9) and (10) , w e conclude that ev ery � 2 �

�

with �

�

� � I satis�es, for ev ery R , S 2 S

and B 2 B

�

,

R � �

�

R � + ( I � j B ) S � + �

�

S ( I + j B ) � 0 ;

whic h is equiv alen t to (8) . 2
Theorem 5 L et � 2 �

�

, with �

�

� � I . If ther e exists some R 2 S , S 2 S , and B 2 B

�

, such that

M

�

R M � R � ( S ( I + j B ) M + M

�

( I � j B ) S ) < 0 ; (11)

then det( I + � M ) 6= 0 .

Remark : Theorem 5 constitutes a sp ecial case of the general stabilit y theorem for systems with uncer-

tain ties describ ed b y in tegral quadratic constrain ts or IQCs [19, Theorem 1]. In particular, Theorem 5 can

b e view ed as a su�cien t condition for the w ell-p osedness of a feedbac k in terconnection of a constant matrix

11



with a constant phase- and norm-b ounded uncertain t y in the feedbac k lo op. Since there are no dynamics

in v olv ed, a direct linear algebraic pro of can b e giv en, whic h w e presen t next for the sak e of completeness. �
Pro of: Rewriting (11) as"

� M

I

#
�

"
R ( I � j B ) S

S ( I + j B ) � R

# "
� M

I

#
< 0 ; (12)

w e no w pro ceed b y con tradiction. Supp ose that det( I + � M ) = 0. Then for some nonzero v 2 C

n

,

w e ha v e ( I + � M ) v = 0. De�ning u = M v , w e ha v e v = � � u . No w, from (12) , w e ha v e

v

�

"
� M

I

#
�

"
R ( I � j B ) S

S ( I + j B ) � R

# "
� M

I

#
v < 0 ;

i.e., "
� u

v

#
�

"
R ( I � j B ) S

S ( I + j B ) � R

# "
� u

v

#
< 0 :

But from Lemma 3, w e m ust ha v e"
I

�

#
�

"
R ( I � j B ) S

S ( I + j B ) S � R

# "
I

�

#
� 0 ;

whic h yields

( � u )

�

"
I

�

#
�

"
R ( I � j B ) S

S ( I + j B ) � R

# "
I

�

#
( � u ) � 0 ;

i.e., "
� u

v

#
�

"
R ( I � j B ) S

S ( I + j B ) � R

# "
� u

v

#
� 0 ;

whic h is a con tradiction. 2
W e can use Theorem 5 to deriv e an upp er b ound ^� �� ( M ) on � �� ( M ). Supp ose that for some


 > 0, R and S in S , and some B in B

�

, w e ha v e

M

�

R M � 


2

R � ( S ( I + j B ) M + M

�

( I � j B ) S ) < 0 :

Then, it can b e sho wn with a little algebra that 
 is an upp er b ound on � �� ( M ). W e therefore

ha v e the follo wing upp er b ound on � �� ( M ).

1

Corollary 1 L et M 2 C

n � n

. Then � �� ( M ) � ^� �� ( M ) , wher e

^� �� ( M ) = inf

(

 :

M

�

R M � 


2

R � S ( I + j B ) M � M

�

( I � j B ) S < 0


 > 0 ; R ; S 2 S ; B 2 B

�

)
: (13)1

This result w as �rst rep orted, in a sligh tly di�eren t form, in [12 ]. F or the case when �i = �=2, i = 1 ; : : : ; ` (passiv e

uncertain t y), it is a sp ecial case of a result obtained indep enden tly b y Eszter and Hollot [16 ].
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The conclusion of Corollary 1 represen ts one of the cen tral con tributions of the pap er|w e no w

ha v e an upp er b ound for � �� , whic h, as w e shall see in x 4, can b e n umerically computed quite

e�cien tly , using con v ex optimization tec hniques.

Remark : It is easily sho wn that, for an y scalar m, �̂�� ( m) = ��� ( m). �
3.2 An o�-axis circle-criterion in terpretation

As w as done in [20 ] and in x V of [21 ] in the con text of the \classical" mixed � , it is p ossible

to obtain the phase-sensitiv e � upp er b ound b y optimizing the complex � upp er b ound o v er a

set of disk uncertain ties. Consider a \blo c k-diagonal disk uncertain t y set", i.e., a set of blo c k

diagonal matrices suc h that eac h blo c k ranges o v er a certain \h yp erdisk", namely o v er the image

of f �

i

: � (�

i

) � 1 g under a certain linear fractional transformation. A \complex- � " t yp e upp er

b ound is readily obtained corresp onding to suc h uncertain t y blo c ks. Clearly , if the uncertain t y set

co v ers f � 2 �

�

: � (�) � 1 g , then this upp er b ound is also an upp er b ound for � �� . Belo w w e

sho w that minimizing this b ound o v er a certain family of suc h transformations yields precisely the

b ound giv en b y Theorem 5 and Corollary 1.

Giv en S 2 S and B 2 B

�

, let

T

�

=

"
F ( I + F

�

F )

� 1 = 2

I

( I + F

�

F )

� 1 = 2

0

#
;

where F = S ( I + j B ). It is readily c hec k ed that the \lo w er" linear fractional transformation

F

l

( T ; � M ) is w ell de�ned for an y M , that the \upp er" linear fractional transformation F

u

( T ; �) is

w ell de�ned whenev er � (�) � 1, and that (pro vided � (�) � 1)

F

l

( T ; � M ) = ( F � M )( I + F

�

F )

� 1 = 2

;

F

u

( T ; �) = (( I + F

�

F )

1 = 2

� � F )

� 1

� :

Consequen tly , the systems in the three blo c k diagrams of Fig. 3 are all equiv alen t in the sense that

eac h one is w ell-p osed if and only if the other t w o are.

�

-

�

M

�

T

6

�1

-

Fu ( T; �)M �

6

� 1

-

�

�

- Fl ( T;�M )

Figure 3: Three \equiv alen t" blo c k diagrams.
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F or the sak e of geometric in tuition consider no w the case of a diagonal (rather than blo c k

diagonal) structure, sa y , F = diag ( f

i

), with f

i

= s

i

(1 + j �

i

), s

i

> 0 and j �

i

j � cot �

i

when �

i

> 0.

Let B� b e the set of complex diagonal matrices � with � (�) � 1. The image of B� under the

linear fractional transformation F

u

( T ; � ) is giv en b y

F

u

( T ; B� ) =

(
diag

 �



� 1

q
1 + j f

i

j

2

� f

i

�
� 1

!
: j 
 j � 1

)
:

It is straigh tforw ard to c hec k that eac h diagonal en try ranges o v er a circle of radius

p
1 + j f

i

j

2

=q
1 + s

2

i

(1 + �

2

i

) cen tered at f

i

= s

i

(1 � j �

i

) (see Fig. 4). It follo ws that, for eac h s

i

> 0 and eac h

�

i

with j �

i

j � cot �

i

when �

i

> 0,

f � 2 �

�

: � (�) � 1 g � F

u

( T ; B� ) ; (14)

whic h sho ws that eac h diagonal \disk" en try of F

u

( T ; B� ) \co v ers" the corresp onding en try in the

uncertain t y set of in terest, f � 2 �

�

: � (�) � 1 g . Con v ersely , it is easy to sho w that an y disk that

co v ers a diagonal en try in the uncertain t y set f � 2 �

�

: � (�) � 1 g m ust b e the corresp onding

diagonal en try of F

u

( T ; B� ) for some T : it is easy to solv e \bac kw ards" for s

i

and �

i

, giv en the

cen ter and radius of the disk.

The same inclusion (14) holds in the general (blo c k diagonal) case. Indeed

T

� 1

=

"
0 ( I + F

�

F )

1 = 2

I � F

#
:

and simple algebra sho ws that, for an y � with � (�) � 1, F

l

( T

� 1

; �) is w ell de�ned and

F

u

( T ; F

l

( T

� 1

; �)) = � ;

and th us it is enough to sho w that

F

l

( T

� 1

; f � 2 �

�

: � (�) � 1 g ) � B� :

T o see that the latter inclusion holds, assume without loss of generalit y that ` = 1 (full matrix

uncertain t y), i.e., F = f I , with f = s (1 + j � ), s > 0, j � j � cot � when � > 0, and let � 2 �

�

with

� (�) � 1. It remains to sho w that

� ( F

l

( T

� 1

; �)) � 1 ;

or, equiv alen tly ,

I � (1 + j f j

2

)( I +

�

f �

�

)

� 1

�

�

�( I + f �)

� 1

� 0 ;

i.e., via a congruence transformation,

( I +

�

f �

�

)( I + f �) � (1 + j f j

2

)�

�

� � 0 ;

i.e.

( I � �

�

�) + ( f � +

�

f �

�

) � 0 :
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Since this clearly holds for an y � 2 �

�

with � (�) � 1, (14) holds in the general case as claimed.

A su�cien t condition for

det ( I + � M ) 6= 0 8 � 2 �

�

; � (�) � 1 ;

i.e., for � �� ( M ) < 1, is th us that

det( I + � M ) 6= 0 8 � 2 F

u

( T ; B� ) :

Since the second and third blo c k diagrams in Fig. 3 are equiv alen t, the latter holds if and only if

det( I � F

l

( T ; � M )�) 6= 0 8 � 2 B� ;

i.e.,

� ( F

l

( T ; � M )) < 1 ;

and a su�cien t condition for this is that, for some R 2 S ,

� ( R F

l

( T ; � M ) R

� 1

) < 1 : (15)

Since S and B comm ute, letting M

R

= R M R

� 1

, w e get

R F

l

( T ; � M ) R

� 1

= ( F � M

R

)( I + F

�

F )

� 1 = 2

:

It follo ws that (15) holds if, and only if

(( F � M

R

)( I + F

�

F )

� 1 = 2

)

�

(( F � M

R

)( I + F

�

F )

� 1 = 2

) < I ;

i.e., if, and only if,

( F

�

� M

�

R

)( F � M

R

) < I + F

�

F ;

whic h holds if, and only if,

M

�

R

M

R

� I � F

�

M

R

� M

�

R

F < 0 ;

whic h is equiv alen t to the condition giv en in Theorem 5.

3.3 Some sp ecial cases

It is instructiv e to study the application of Theorem 5 and Corollary 1 to some sp ecial cases for the

set �

�

. These cases are encoun tered more often in practice; also, for some of these sp ecial cases,

w e can relate our results to those from literature.

3.3.1 Bounded passiv e uncertain t y

W e consider �rst the case when the �

�

consists of unstructured or full matrices (i.e., ` = 1) with a

kno wn b ound on their maxim um singular v alue, and whose phase is kno wn to b e � = 2 or less. This

situation arises when the uncertain t y � is p assive and b ounde d . If � w ere scalar (i.e., k

1

= 1), this
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Figure 4: Co v ering the uncertain t y with o�-axis circles. The �gure on the left sho ws the co v ering of

the i th diagonal phase-b ounded uncertain t y with disk-uncertain ties obtained b y lo op transforming

the unit-disk with f

i

= (1 + j �

i

) for v arious v alues of �

i

. The �gure on the righ t sho ws the co v ering

with disk-uncertain ties obtained b y lo op transforming the unit-disk with f

i

= s

i

(1 � j cot �

i

) for

v arious v alues of s

i

.

w ould mean that the Nyquist plot of � is in a semicircle of kno wn radius that lies in the righ t-half

complex plane, sho wn in in Fig. 5(a).

In this case, B

�

= f 0 g and S consists of p ositiv e m ultiples of the iden tit y matrix. Therefore,

from Corollary 1, w e ha v e

^� �� ( M ) = inf

(

 :

r M

�

M � 


2

r I � s ( M + M

�

) < 0


 > 0 ; r > 0 ; s > 0

)
;

whic h further simpli�es to

^� �� ( M ) = (max f 0 ; inf f �

max

( M

�

M � c ( M + M

�

)) : c > 0 g g )

1 = 2

;

where �

max

denotes the largest eigen v alue of the corresp onding Hermitian matrix.

3.3.2 Bounded, constan t, Hermitian, p ositiv e-de�nite uncertain t y

W e next consider the case when � is a constan t, Hermitian, p ositiv e-de�nite matrix, with a kno wn

b ound on its maxim um singular v alue. If the uncertain t y w ere scalar (i.e., k

1

= 1), this w ould mean

that the Nyquist plot of the uncertain t y is simply a p oin t in a sub-in terv al of the p ositiv e real axis,

as sho wn in Fig. 5(b).
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0

(a) Bounded passiv e uncertain t y:

The Nyquist plot is kno wn to lie in

the shaded region.

0

(b) P ositiv e, real uncertain t y: The

Nyquist plot is kno wn to lie in a sub-

in terv al of the p ositiv e real axis.

Figure 5: V arious sp ecial cases

In this case the set B

�

consists of arbitrary real m ultiples of the iden tit y , while S consists of

p ositiv e m ultiples of the iden tit y . Therefore, w e ha v e,

^� �� ( M ) = inf

(

 :

r M

�

M � 


2

r I � s (1 + j b ) M � M

�

(1 � j b ) s < 0


 > 0 ; r > 0 ; s > 0 ; b 2 R

)
;

whic h further simpli�es to

^� �� ( M ) = (max f 0 ; inf f �

max

( M

�

M � ( c + j d ) M � M

�

( c � j d )) : c > 0 ; d 2 R g g )

1 = 2

:

It is instructiv e to consider other sp ecial cases of the instances considered ab o v e, when the

uncertain t y is diagonal , so that k

1

= � � � = k

`

= 1.

3.3.3 Diagonal b ounded passiv e uncertain t y

Supp ose that the Nyquist plot of eac h of the diagonal uncertain ties is kno wn to lie a half-disk suc h

as the one sho wn in Fig. 5(a). In other w ords the uncertain t y is diagonal, passiv e and b ounded. In

this case, the set B

�

= f 0 g and the set S consists of diagonal p ositiv e-de�nite matrices. Here

^� �� ( M ) = inf

(

 :

M

�

R M � 


2

R � S M � M

�

S < 0


 > 0 ; R ; S > 0 and diagonal

)
:

3.3.4 Diagonal, b ounded, p ositiv e, constan t real uncertain t y

Finally , w e consider the case when eac h of the diagonal uncertain ties is a constan t unkno wn pa-

rameter, kno wn only to lie in some sub-in terv al of the p ositiv e real axis suc h as the one sho wn in

Fig. 5(b). Suc h uncertain ties are often called parametric uncertain ties. Here, the set B

�

consists

of arbitrary real diagonal matrices, while S consists of diagonal p ositiv e-de�nite matrices. Th us,

^� �� ( M ) = inf

(

 :

M

�

R M � 


2

R � S ( I + j B ) M � M

�

( I � j B ) S < 0


 > 0 ; R ; S; B real and diagonal, R > 0, S > 0

)
: (16)
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Remark : This case of b ounded diagonal real uncertain t y is w ell-studied in the literature, usually under

the name of \real- �" analysis; see for example, [21 , 22 ]. The problem considered in these references is the

computation of �R( M ), whic h is de�ned as�R( M )

�
=

8>>><>>>: 0@
inf

8<:� (�) : � is diagonal and real,

det( I + � M ) = 0

9=;1A�1 if det ( I + � M ) = 0 for some

diagonal and real �,

0 otherwise

W e p oin t out that �R( M ) is di�eren t from ��� ( M ) with � = 0 (for ease of reference, w e will call the

latter quan tit y �R+ and its upp er b ound giv en in (16) b y �̂R+ ). The di�erence b et w een �R and �R+ is that

with �R+ , the uncertain t y is required to b e nonnegativ e, unlik e with the de�nition of �R. F or this reason,

w e will refer to �R as \t w o-sided real- �", while w e will call �R+ \one-sided real- �".

The upp er b ound for the t w o-sided real- � from [21 ] and [22 ] can b e easily adapted via a lo op transfor-

mation to yield an upp er b ound for the one-sided real- �. This upp er b ound on �R+ is just

~�R+ ( M ) = inf

�
 :

�2 
S � S ( I + j B ) M �M�
( I � j B ) S < 0
 > 0 ; S; B diagonal, S > 0

� : (17)

Remark ably , computing ~�R+ using (17) has the same complexit y as computing �̂R+ using (16) . Extensiv e

n umerical sim ulations suggest that this upp er b ound is tigh ter than the b ound (16). W e should note ho w ev er

that the b ound (17) does not extend to the case of general phase-b ounded uncertain t y considered in this

pap er.

Finally , w e note that it is p ossible to adapt �̂R+ , the upp er b ound for the one-sided real �, to yield an

upp er b ound for the t w o-sided real �. This upp er b ound on �R turns out to b e

inf

�
 :

M�
( 3 R + 2 S ) M � 
2R + 
 (( S �R + jB ) M �M�

(2 S �R� jB )) < 0
 > 0 ; S; B diagonal, S > 0

� :
Ho w ev er, w e kno w of no e�cien t w a y of computing this upp er b ound. �
4 Computing sup! �̂��(!)(P (j!))
F rom Theorem 3 in x 2.2.3, it should b e clear that the computation of sup

! 2 Re � ��(!) ( P (j ! )), whic h

w e shall denote b y M

�

( P ), is of considerable in terest. F or reasons p oin ted out at the b eginning

of x 3, w e will consider instead the problem of computing sup

!

^� ��(!) ( P (j ! )), whic h w e shall de-

note b y

^

M

�

( P ). Since

^

M

�

( P ) � M

�

( P ), computing

^

M

�

( P ) will enable us to state su�cien t

conditions for the stabilit y of the system in Fig. 1.

F or eac h frequency ! , the quan tit y ^� ��(!) ( P (j ! )), de�ned in Corollary 1, can b e computed as

the solution to a quasi-con v ex optimization problem. There are sev eral w a ys of sho wing this; w e

will demonstrate one metho d. F or con v enience, w e let M = P (j ! ).

Recall that ^� �� is giv en b y (13) . Let T = B S . Then the condition on B is equiv alen t to

� S > T > � � S;

where � is a constan t diagonal matrix giv en b y

� = diag ( cot ( �

1

( ! )) I

k 1 ; � � � ; cot ( �

`

( ! )) I

k ` ) :
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Th us ^� �� is giv en as the optimal v alue of 
 obtained b y solving the problem

minimize 


2

sub ject to 


2

R > M

�

R M � ( S M + M

�

S ) � j( T M � M

�

T )

� S > T > � � S;

R = diag ( r

1

I

k 1 ; : : : ; r

`

I

k ` ) ; r

i

> 0

S = diag ( s

1

I

k 1 ; : : : ; s

`

I

k ` ) ; s

i

> 0

T = diag ( t

1

I

k 1 ; : : : ; t

`

I

k ` )

(18)

With �

�

= 


2

, the optimization v ariables in this problem are � , R , S and T . Problem (18) is one

of minimizing a linear ob jectiv e � , sub ject to constrain ts on � , R , S and T that are con v ex (in

fact, linear matrix inequalities

2

) in R , S and T for �xed � , and vice v ersa. It can b e sho wn that

problem (18) is a quasi-con v ex optimization problem [23 ]. Muc h w ork has b een done lately on

problems suc h as (18) : it is w ell-kno wn that suc h problems ha v e p olynomial w orst-case complexit y;

moreo v er, v ery e�cien t algorithms and soft w are to ols are a v ailable for their solution [24 , 25].

Next, w e ha v e the follo wing ob vious lo w er b ound on

^

M

�

( P ).

Lemma 4 L et 
 = f !

0

; !

1

; : : : ; !

N

g b e a set of fr e quencies. Then,

^

M

lb

�

( P ; 
) , de�ne d as

^

M

lb

�

( P ; 
)

�

= max

i

�
^� ��(!i) ( P (j !

i

))

�
;

satis�es

^

M

lb

�

( P ; 
) �

^

M

�

( P ) , i.e., it is a lower b ound on

^

M

�

( P ) .

In order to compute

^

M

lb

�

( P ; 
), w e need to solv e N + 1 quasi-con v ex optimization problems of

the form (18) . Of course, the n um b er and c hoice of frequencies comprising 
 determines ho w tigh t

a b ound

^

M

lb

�

( P ; 
) is.

Remark : The lo w er b ound giv en b y Lemma 4 su�ers from a p ossible shortcoming: It is kno wn that

in general, �̂��(!) ( P (j ! )) ma y b e discontinuous as a function of ! . Sp eci�cally , �̂��(!) ( P (j ! )) migh t only

b e upp er semicon tin uous, and therefore w e ha v e no guaran tees with the con v ergence of the lo w er b ound

^Mlb� ( P; 
) to

^M� ( P ) ev en if N , the n um b er of elemen ts of 
, tends to 1 (but a sc heme analogous to that

prop osed in [26 ] migh t b e applicable). Ho w ev er, in most engineering applications (as w e will see in x5), this

do es not p ose a serious problem.

It is also p ossible to compute upp er b ounds on

^M� ( P ) using state-space metho ds. The basic idea is

this.

^M� ( P ) � 
 if and only if there exist R : j R ! R

n�n
, S : j R ! R

n�n
and T : j R ! R

n�n
suc h that for2

A linear matrix inequalit y or an LMI is a matrix inequalit y of the form F ( x) = F0 +

Pmi=1 xiFi > 0 or F ( x) � 0,

where Fi are giv en Hermitian matrices, and the xi s are the real optimization v ariables.
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ev ery ! 2 R e , the follo wing constrain ts are satis�ed (the dep endence of � on ! is no w made explicit).

(i) 
2R (j ! ) > P (j ! )

�R (j ! ) P (j ! ) � ( S (j ! ) P (j ! ) + P (j ! )

�S (j ! )) �
j( T (j ! ) P (j ! ) � P (j ! )

�T (j ! )) ;
(ii) �( ! ) S (j ! ) > T (j ! ) ;
(iii) T (j ! ) > ��( ! ) S (j ! ) ;
(iv) R (j ! ) = diag( r1 (j ! ) Ik1 ; : : : ; r` (j ! ) Ik` ) ; ri (j ! ) > 0

(v) S (j ! ) = diag( s1 (j ! ) Ik1 ; : : : ; s` (j ! ) Ik` ) ; si (j ! ) > 0

(vi) T (j ! ) = diag ( t1 (j ! ) Ik1 ; : : : ; t` (j ! ) Ik` )

(19)

It can b e sho wn [27] that the constrain ts in (19) hold for some 
 if and only if they hold for some real-

rational transfer functions

^R ,

^S and

^T . This fact can b e com bined with the P ositiv e-Real (PR) lemma [28 , 29 ]

to write do wn LMIs whose feasibilit y is equiv alen t to conditions (i){(v) (see for example, [22 , 27 ] for an

illustration of this pro cedure). Th us, a su�cien t condition for the feasibilit y of problem (19) can b e recast as

an LMI feasibilit y problem. A bisection sc heme can then b e used to compute an upp er b ound for

^M� ( P ). It

is also p ossible to a v oid the bisection sc heme altogether, b y recasting the upp er b ound computation problem

as a single generalized eigen v alue minimization problem; see [30 ]. �
5 Numerical examples

W e demonstrate on a few examples the application of stabilit y tests based on the PS-SSV.

5.1 Example 1: Stabilit y of a 
exible structure

W e consider the stabilit y of a planar truss structure, with a mo del adapted from the one presen ted

in [5 ]. The truss structure has sixteen free no des, eac h with t w o degrees of freedom; th us it

exhibits thirt y-t w o 
exible mo des. W e assume that the �rst mo de is exactly mo deled as a linear

time-in v arian t system, with transfer function p giv en b y

p ( s ) =

0 : 3927

2

s

2

s

2

+ 2(0 : 0075)(131) s + 131

2

:

The remaining mo des are mo deled as a linear time-in v arian t uncertain t y , with transfer function

denoted b y � ( s ). It is kno wn that � is stable, and satis�es

j � (j ! ) j � 0 : 3370 ; Re � (j ! ) � 0 ; for all ! 2 R ; (20)

that is, � is passiv e, and has an H

1

norm b ound of 0 : 3370. A linear time-in v arian t con troller c

with transfer function

c ( s ) =

2 : 38 s

5

+ 33 : 18 s

4

+ 40842 : 00 s

3

+ 489341 : 01 s

2

+ 203926 : 51 s + 489289 : 16

s

5

+ 15 : 15 s

4

+ 10927 : 81 s

3

+ 163193 : 36 s

2

+ 587196 : 79 s + 434923 : 70

has b een designed to stabilize p ( s ), placing the p oles at � 1, � 4 and � 10. The robust stabilit y

question then is whether the con troller stabilizes p + � .
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f fc( s) p( s)

� ( s)

- - -

-

6

?

- -

�

(a) Blo c k diagram of the 
exible truss structure.

6

� 1

-

�

� ( s )

g ( s )

(b) Blo c k diagram redra wn

in our framew ork.

Figure 6: Example 1: Mo dels of the 
exible truss structure.
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(b) Real part of g .

Figure 7: Example 1: F requency resp onse of g .

The blo c k diagram of the system is sho wn in Fig. 6(a). The system redra wn in our analysis

framew ork is sho wn in Fig. 6(b), where g = c= (1 + pc ). The magnitude and real part of g are sho wn

in Fig. 7.

F rom an insp ection of these plots, and the prop erties of � giv en in (20) , w e conclude that:

� The small gain theorem do es not pro v e stabilit y of the system in Fig. 6(b), since the H

1

norm of g exceeds 1 = 0 : 3370.

� The passivit y theorem do es not pro v e stabilit y of the system in Fig. 6(b), since g is not strictly

passiv e (the real part of g (j ! ) is nonp ositiv e for some ! ).

Ho w ev er, the analysis tec hniques presen ted in this pap er do pro v e uniform robust stabilit y . A

plot of � �� ( g (j ! )) is sho wn in Fig. 8. (Since g is a scalar transfer function, � �� is trivial to compute.)

Since sup

! 2 Re � �� ( g (j ! )) < 1 = 0 : 3370, the system in Fig. 6(b) is indeed uniformly robustly stable.
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Figure 8: Example 1: The PS-SSV of g (j ! ) v ersus ! .

5.2 Example 2: Analysis of parametric systems

W e next consider the problem of uniform robust stabilit y of the closed-lo op system sho wn in

Fig. 9(a). P is the parameter-dep enden t plan t, with transfer function giv en b y

P ( s ) = diag ( p

1

( s ) ; p

2

( s )) ; p

i

( s ) =

a

i

( s + b

i

)

s

2

+ 2 c

i

s + 1

; a

i

2 [0 ; 1] ; b

i

2 [1 ; 2] ; c

i

2 [1 ; 2] ;

and C is the con troller with the transfer function

C ( s ) = 0 : 3

26664 s

2

+ s � 1

( s + 1)( s + 2)

s + 1

s + 2

1

s + 1

s + 10

37775 :

The problem no w is to ascertain the stabilit y of this system for all allo w able v alues of the parameters.

f C ( s) P ( s)

- - -

6

-

�

(a) Blo c k diagram of the parameter-dep enden t system.

6

� 1

-

�

P ( s )

C ( s )

(b) Blo c k diagram redra wn

in our framew ork.

Figure 9: Example 2: Stabilit y analysis of a parameter-dep enden t system.
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Fig. 10 sho ws the v alues of the frequency resp onse of p

i

, o v er a n um b er of allo w able parameter

v alues, at a sample list of frequencies. This �gure indicates that eac h p

i

is passiv e, and has a

frequency resp onse whic h can b e describ ed as satisfying certain magnitude and phase constrain ts.

Fig. 11 sho ws the magnitude and phase constrain ts on eac h of the terms.
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Figure 10: Example 2: F requency resp onse of eac h p

i

at a n um b er of frequencies.
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Figure 11: Example 2: Magnitude and phase constrain ts on p

i

(j ! ).

This problem can b e p osed in our PS-SSV framew ork, as sho wn in Fig. 9(b). The uniform

robust stabilit y condition is

sup

! 2 Re � ( P (j ! )) � ��(!) �e

j  ( ! )

C (j ! )

�
< 1 ; (21)
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where  ( ! ) and the en tries of �( ! ) are plotted against ! in Figs. 11(b) and 11(c), resp ectiv ely .

F or con v enience w e let

~

C (j ! ) = e

j  ( ! )

C (j ! ). A plot of ^� ��(!) (

~

C (j ! )) is sho wn in Fig. 12, in solid

lines. F or reference, the optimally scaled maxim um singular v alue of

~

C (j ! ) is sho wn in dotted lines;

this is an upp er b ound on � (

~

C (j ! )), whic h can b e though t of as an upp er b ound on PS-SSV that

do es not use the phase information. Since condition (21) holds, the system in Fig. 9(b) is indeed

uniformly robustly stable. Note that, since � ( P (j0)) = 2, the b ound on PS-SSV that do es not use

the phase information do es not yield this conclusion.
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Figure 12: Example 2: The upp er b ound on � ��(!) � ~

C (j ! )

�
is plotted against ! in solid lines. The

optimally scaled maxim um singular v alue of

~

C (j ! ) is plotted against ! in dotted lines.

Remark : There is a more direct metho d of analyzing parameter-dep enden t systems, namely \real- �"

analysis (see [21 ]). It is of in terest to compare PS-SSV-based stabilit y metho ds with real- � metho ds.

Let us consider the question of whether the system in Fig. 9(b) is uniformly robustly stable. The answ er

is a�rmativ e in the PS-SSV framew ork if sup !2Re � ( P (j ! )) ^ ���(!) � ~C (j ! )

�
is less than one. Chec king this

n umerically , from the discussion in x4 (in particular, Lemma 4), requires the solution of N LMI feasibilit y

problems, one for eac h frequency . Let us consider one suc h feasibilit y problem. The v ariables in this problem

are diagonal 2 � 2 matrices R , S and T . Th us, the n um b er of scalar v ariables is 6. There is one LMI

constrain t of size 2 � 2, and 6 scalar constrain ts.

When the uniform robust robust stabilit y of the same system is p osed in the real- � framew ork of [21 ], w e

once again ha v e to solv e an LMI feasibilit y problem at eac h frequency . Here the v ariables in eac h problem are

diagonal 6 � 6 matrices D = DT
and G = GT

(see [21 ] for details); th us the n um b er of scalar optimization

v ariables is 12. There is one LMI constrain t of size 6 � 6, and 6 scalar constrain ts.

F or the problem of uniform robust stabilit y with parametric uncertain ties, PS-SSV-based tests are lik ely

to b e more conserv ativ e than real- � tests. Ho w ev er, it should b e clear from the n um b er of v ariables and

constrain ts that the amoun t of computation required b y PS-SSV-based metho ds is less than that required

b y real- � metho ds. F or our example, empirical studies indicate that the computation required b y real-
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� metho ds is appro ximately 12 times that required b y PS-SSV-based metho ds [31 ].

3
Th us, the PS-SSV

approac h can b e useful in analyzing parameter-dep enden t systems, alb eit more conserv ativ ely , when the

n um b er of parameters is large. �
5.3 Example 3: Exp erimen tally measured matrix phase information

W e consider an uncertain system as in Fig. 1, where the plan t P is strictly prop er (i.e, P ( 1 ) = 0),

has t w o inputs, t w o outputs, and a state-space realization ( A; B ; C ) with

A =

264 � 1 0 1

0 � 1 1

0 � 2 � 3

375 ; B =

264 � 1 � 1

� 1 1

1 1

375 ; C =

1

7

"
� 1 0 1

1 2 � 2

#
:

W e assume that the t w o-input t w o-output L TI uncertain t y � has b een exp erimen tally measured

at a n um b er of frequencies. A scatter-plot of the phase information of �(j ! ) at a n um b er of

frequencies is sho wn in Fig. 13(a); a scatter-plot of the norm of �(j ! ) at a n um b er of frequencies

is sho wn in Fig. 13(b).
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Figure 13: Example 3: Exp erimen tally determined magnitude and phase c haracteristics of �.

F rom the scatter plot sho wn in Fig. 13(a), w e can determine con tin uous functions �

lb

and �

ub

suc h that for ev ery frequency ! and �, the smallest sector con taining N (�(j ! )) isn
z : z = r e

j  

; r � 0 ;  2 [ �

lb

( ! ) ; �

ub

( ! )]

o
:

(These functions are sho wn in solid lines in Fig. 13(a).) Also, from Fig. 13(b), w e can determine a

function d ( ! ) suc h that for ev ery frequency ! and �,

� (�(j ! )) < d ( ! ) :3
In general, for an LMI problem with k v ariables and L LMI constrain ts of size ni�ni , the computation required

is dominated b y O �k2PLi=1 ni ( ni + 1) =2

�
.
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(This function is sho wn in a solid line in Fig. 13(b).)

Then, de�ning � ( ! ) = 0 : 5( �

ub

( ! ) � �

lb

( ! )) and  ( ! ) = 0 : 5( �

ub

( ! ) + �

lb

( ! )), w e ha v e that the

system in Fig. 1 is uniformly robustly stable if

sup

! 2 Re � ��(!) �e

j  ( ! )

P (j ! )

�
d ( ! ) < 1 ;

where in the notation of x 2.2.1, k

1

= 2, and � = ( � ) . The upp er b ound ^� ��(!) ( P (j ! ) e

j  ( ! )

) from (13)

is obtained for v arious ! b y solving the optimization problem (18) , and plotted in Fig. 14. Since

sup

! 2 Re ^� ��(!) ( e

j  ( ! )

P (j ! )) d ( ! ) < 1, the system in Fig. 1 is indeed uniformly robustly stable.
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6 Conclusions

The \phase-sensitiv e structured singular v alue" framew ork dev elop ed in this pap er pro vides an

e�ectiv e robustness analysis to ol in v arious situations, e.g., in the case when the uncertain t y , b esides

b eing (p ossibly blo c k-structured and) small, is kno wn to b e passiv e.

Sev eral issues ha v e b een left unresolv ed.

1. Under what \minimal" assumptions on � ( � ) are statemen ts (a), (b) and (c) of Theorem 1

equiv alen t?

2. In the presence of non-scalar \full blo c ks", and with � constan t, are statemen ts (a) and (b)

in Theorem 3 equiv alen t to the analogue of statemen t (c) in Theorem 1, namely

(c) ( I + � P )

� 1

2 H

1

for all � 2 RH

1

\ � and sup

� 2 RH
1

\ � k ( I + � P )

� 1

k

1

< 1 :
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3. When is the upp er b ound ^� �� de�ned in Corollary 1 of x 3 equal to � �� , in particular is it

alw a ys equal to � �� when ` = 1 (full blo c k uncertain t y)?

The answ er to some of these questions ma y b e within reac h.

The con tributions in the pap er can b e generally view ed as the follo wing: When the uncertain t y

� in Fig. 1 is L TI, and when additional information on the phase of the frequency resp onse of �

is a v ailable, w e ha v e deriv ed su�cien t (and sometimes necessary) conditions for robust stabilit y . A

natural extension of this problem considered in this pap er is the follo wing. Consider for simplicit y

the case when � is a scalar uncertain t y , and supp ose that it is kno wn that the Nyquist plot of �

is restricted to lie in some region in the complex plane that can b e describ ed as the in tersection

of generalized disks (i.e., disks and half-spaces). Then, w e can deriv e a su�cien t robust stabilit y

condition b y com bining robust stabilit y conditions for eac h generalized disk, just as w e did to arriv e

at Theorem 5. As a further extension along these lines, consider the situation when the Nyquist

plot of � is restricted to lie in some region in the complex plane that can b e describ ed as the union

of sets whic h are themselv es obtained as an in tersection of generalized disks. (A classic example

of suc h a region is the \butter
y" uncertain t y set, describ ed in [14 ].) The tec hniques describ ed in

this pap er can b e extended to handle these more general cases as w ell.

The fo cus of this pap er has b een exclusiv ely on uncertain ties ab out whic h phase information

is a v ailable. The tec hniques herein can b e com bined with other standard robustness analysis tec h-

niques suc h as complex or real- � analysis, when phase information ab out only certain blo c ks of

the uncertain t y is a v ailable, leading to a new \mixed- � " paradigm. Finally , while the theory w as

dev elop ed for the con tin uous-time case, extension to discrete time is straigh tforw ard.

App endix A

Prop osition 2 L et � 2 (0 ; � ] , let ^! 2 R n f 0 g , and let 
 2 C

+

b e such that j 
 j < 1 and j � ( 
 ) j < � .

Ther e exists � 2 RH

1

, c ontinuous on C

+e

, such that � (j ^ ! ) = 
 and such that k � k

1

< 1 and

sup

! 2 R j � ( � ((j ! ))) j < � .

Pro of: If 
 = 0, simply let � map C

+

to zero. Assume no w 
 6= 0. Let D = f z 2 C : j z j < 1 g

and let D

�

= f z 2 D : Re z � 0 ; j � ( z ) j < � g . W e �rst construct a non-rational mapping

~

� : D ! C ,

taking real v alues on the real axis, suc h that

~

� ( D ) b elongs to D

�

and con tains 
 and 1 = 2 + j0 in

its in terior. This map is selected from a one-parameter family of mappings

~

�

�

: D ! C , � 2 (0 ; 1),

constructed as the comp osition of t w o maps, i.e.,

~

�

�

=

~

�

2

�

�

~

�

1

�

.

First, for � 2 (0 ; 1), the map

~

�

1

�

, de�ned on D , is giv en b y

~

�

1

�

( z ) = �

1 + �z � (1 � 2 �z cos  + ( �z )

2

)

1 = 2

1 + �z + (1 � 2 �z cos  + ( �z )

2

)

1 = 2

; with sin (  = 2) =

�

2 � �

:

F or �xed � ,

~

�

1

�

maps D to the in terior of a set suc h as the one depicted in Fig. 15(a).

Next

~

�

2

�

, de�ned on

~

�

1

�

( D ), is giv en b y

~

�

2

�

( w ) = ( w + (1 � � ))

� =�

:
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(b) F or � = 0 :9 and � = �=4, the b oundary of the

set

~�� ( D ) is sho wn in solid lines and the b oundary

of D� is sho wn in dotted lines.

Figure 15: An illustration of the mappings

~

�

1

�

( � ) and

~

�

�

( � ).

(In the de�nition of

~

�

1

�

and

~

�

2

�

, giv en � = �e

j '

, with � � 0, and ' 2 ( � � ; � ], and giv en p 2 (0 ; 1],

w e set �

p

= �

p

e

j p'

. In other w ords, the \cut" is tak en along the negativ e real axis.) It is readily

c hec k ed that, for ev ery � 2 (0 ; 1),

~

�

�

tak es real v alues on the real axis. F or �xed � 2 (0 ; 1),

~

�

�

( D )

is as depicted in Fig. 15(b) (it b elongs to D

�

).

As � ! 1, the b oundary of

~

�

�

( D ) uniformly approac hes that of D

�

. As the next step, w e select

~

� =

~

�

�

�

where �

�

2 (0 ; 1) is suc h that b oth 
 and 1 = 2 + j0 b elong to the in terior of

~

�

�

�

( D ). W e

next de�ne

^

� as a truncated T a ylor series of

~

� ab out 1 = 2 + j0, with the prop erties that

^

� ( D )b elongs

to D

�

, and that 
 b elongs to

^

� ( D ). The existence of suc h

^

� is a direct consequence of the uniform

con v ergence of the T a ylor series. Since

~

� is real on the real axis,

^

� is a p olynomial with real

co e�cien ts. F urther, a real-rational mapping

�

� is de�ned as the comp osition of the mapping

s 7! ( s � 1) = ( s + 1), whic h maps C

+

to D , with �

^

� , where � 2 (0 ; 1) is suc h that 
 b elongs to

the b oundary of �

^

� ( D ). It is readily c hec k ed that the image under

�

� of the imaginary axis is this

b oundary . Also, since

�

� ( C

+

) b elongs to D

�

, it ob viously is b ounded in the righ t half plane. Finally ,

w e let � ( s ) =

�

� (

~!

^!

s ), where ~! 2 R [ f1g is suc h that

�

� (j ~ ! ) = 
 . (In particular, if ~! 2 f 0 ; 1g , 
 is

real (since

�

� is real rational) and � ( s ) = 
 for all s .) Clearly , � has all the claimed prop erties. 2
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