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I Circular Convolution

I Duality between circular convolution ~ and
element-by-element multiplication �

I DFT synthesis equation and the infinite periodic
extension of a vector

I Finite-length periodic extension: special cases
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New Operations: � and ~

Element-by-element product s = x � y :

s[n] = (x � y)[n] = x[n]y[n] , n = 0 : N − 1

To find the DFT S :

I Synthesis equation:

y =
1

N
VY =

N−1∑
k=0

bkv
(k)

where b = Y/N .

I Then write s as

s = x �
N−1∑
k=0

bkv
(k) =

N−1∑
k=0

bk
(
x � v(k)

)
I Use modulation ⇔ circular shift

I Conclude: S = CXb = (X~Y)/N
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Circular Convolution ~

Circular convolution matrix of vector a:

Ca =


a0 aN−1 aN−2 . . . a1
a1 a0 aN−1 . . . a2
a2 a1 a0 . . . a3
...

...
...

. . .
...

aN−1 aN−2 aN−3 . . . a0


a~ b

def
= Cab

Then

x � y ←→ 1

N
X~Y

x~ y ←→ X �Y
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Example: Polynomial Multiplication

I a(t) = 1− 2t+ 3t2

b(t) = 2 + t− t2 + 2t3

⇒ a(t)b(t) = 2− 3t+ 3t2 + 7t3 − 7t4 + 6t5

I Also:

a =
[
1 −2t 3t2 0 0 0

]T
b =

[
2 t −t2 2t3 0 0

]T
⇒ a~ b =

[
2 −3t 3t2 7t3 −7t4 6t5

]T
I More on this at the end of the semester.
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Periodic Extension

I Synthesis equation for vector s of length L:

s[n] =
1

L

L−1∑
k=0

S[k]ej(2π/L)kn , n = 0 : L− 1

I Next: compute for all integers n to obtain a sequence
p[n] such that p[0 : L− 1] = s

I Each Fourier sinusoid repeats every L samples ⇒ so does
p[n]

s

0             L-1

p[n]

... ...
        -L                0                L               2L              3L         n

x

0                                                            N-1
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