
Inner Product and Norm

Inner Product of real vectors (in Rm): same as dot product

〈a,b〉 def
=

m∑
i=1

aibi = aTb

• Commutativity: 〈a,b〉 = 〈b,a〉

• Linearity: 〈a, λb+µb̃〉 = λ〈a,b〉 + µ〈a, b̃〉

Vector norm ‖a‖ : same as vector length

‖a‖ def
=

(
m∑
i=1

a2i

)1/2

‖a‖2 = 〈a,a〉
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Angles and Projection

b-a

0 a

b

θ

• Expand ‖a− b‖2 and use the law of cosines to obtain

cos θ =
〈a,b〉
‖a‖‖b‖

• Projection of b onto a : vector f = λa such that b− f ⊥ a

λ =
〈a,b〉
‖a‖2
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1 . If vectors a and b are as shown in the figure below, which (one or more) of the
following statements are true?

a0

b

A. Vectors a and b are orthogonal.

B. Vectors a and b− a are orthogonal.

C. 〈a, b〉 = ‖a‖ · ‖b‖

D. 〈a, b〉 = ‖a‖2
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2 . The angle between a = [ 3 1 1 5 ]T and b = [ 1 − 5 − 1 − 3 ]T

equals

A. π/3

B. cos−1(−1/8)

C. cos−1(−1/72)

D. 2π/3



3 . The projection of b = [ 12 3 − 9 − 4 ]T onto a = [−1 2 4 2 ]T is the
vector

A. b− a

B. a

C. 2a

D. −2a



4 . Vectors u, v and w are mutually orthogonal and such that ‖u‖ = 1, ‖v‖ = 2
and ‖w‖ = 3. If

s = 3u− 2v +w ,

then ‖s‖2 =

A. 10

B. 14

C. 22

D. 34



5 . Vectors u, v and w each have length = 2, and the angle between any two of
them equals π/3 rad. If

x = u+ v +w ,

then ‖x‖2 =

A. 6

B. 12

C. 24

D. 48



Ax = b : Orthogonal Case

Ax = b ⇔ b = x1a
(1) + x2a

(2) + x3a
(3)

Orthogonality of

a(1) , a(2) and a(3)
⇒ b = sum of its projections onto

a(1) , a(2) and a(3)

(∀k) xk =
〈a(k), b〉
‖a(k)‖2
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6 . If 
1 2 3 −4
1 2 −3 4
1 −2 3 4
1 −2 −3 −4



x1
x2
x3
x4

 =


b1
b2
b3
b4

 ,

then x2 equals

A.
b1 + 2b2 + 3b3 − 4b4

2

B.
b1 + 2b2 − 3b3 + 4b4

4

C.
b1 + b2 − b3 − b4

8

D.
b1 + b2 − b3 − b4

4


