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Universal Sampling Rate Distortion

Vinay Praneeth Boda

Abstract— We examine the coordinated and universal rate-
efficient sampling of a subset of correlated discrete memoryless
sources followed by lossy compression of the sampled sources.
The goal is to reconstruct a predesignated subset of sources within
a specified level of distortion. The combined sampling mechanism
and rate distortion code are universal in that they are devised
to perform robustly without exact knowledge of the underlying
joint probability distribution of the sources. In Bayesian as well as
nonBayesian settings, single-letter characterizations are provided
for the universal sampling rate distortion function for fixed-
set sampling, independent random sampling, and memoryless
random sampling. It is illustrated how these sampling mech-
anisms are successively better. Our achievability proofs bring
forth new schemes for joint source distribution-learning and lossy
compression.

Index Terms— Discrete memoryless multiple source, fixed-set
sampling, independent random sampling, joint distribution-
learning, memoryless random sampling, sampling rate distor-
tion function, universal rate distortion, universal sampling rate
distortion function.

I. INTRODUCTION

ONSIDER a set M of m discrete memoryless sources

with joint probability mass function (pmf) known only
to belong to a given family of pmfs. At time instants
t =1,...,n, possibly different subsets A; of size k < m are
sampled “spatially” and compressed jointly by a (block) source
code, with the objective of reconstructing a predesignated
subset B € M of sources from the compressed represen-
tations within a specified level of distortion. In forming an
efficient rate distortion code that yields the best compression
rate for a given distortion level, what are the tradeoffs —
under optimal processing — among causal sampling proce-
dure, inferential methods for approximating the underlying
joint pmf of the memoryless sources, compression rate and
distortion level? “Universality” requires that the combined
sampling mechanism and lossy compression code be fashioned
in the face of imprecise knowledge of the underlying pmf.
This paper is a progression of our work in [4] on sampling
rate distortion for multiple sources with known joint pmf.

Manuscript received June 21, 2017; accepted May 22, 2018. Date of
publication July 20, 2018; date of current version November 20, 2018. This
work was supported by the U.S. National Science Foundation under Grants
CCF-0917057 and CCF-1319799. This paper was presented in part at the
2017 International Symposium on Information Theory.

V. P. Boda was with the Department of Electrical and Computer Engineering
and the Institute for Systems Research, University of Maryland at College
Park, College Park, MD 20742 USA. He is now with LinkedIn Corporation,
Sunnyvale, CA 94085 USA (e-mail: praneeth@umd.edu).

P. Narayan is with the Department of Electrical and Computer Engineering
and the Institute for Systems Research, University of Maryland at College
Park, College Park, MD 20742 USA (e-mail: prakash@umd.edu).

Communicated by D. L. Neuhoff, Associate Editor for Source Coding.

Digital Object Identifier 10.1109/TIT.2018.2857829

and Prakash Narayan

Motivating applications include in-network computation [10]
and dynamic thermal management in multicore processor
chips [35].

The study of problems of combined sampling and compres-
sion has a classical and distinguished history. Recent relevant
works include the lossless compression of analog sources
in an information theoretic setting [33]; compressed sensing
with an allowed detection error rate or quantization distor-
tion [25]; sub-Nyquist temporal sampling followed by lossy
reconstruction [14]; and rate distortion function for multiple
sources with time-shared sampling [20]. See also [12], [29].
Closer to our approach that entails spatial sampling, the
rate distortion function has been characterized when multi-
ple Gaussian signals from a random field are sampled and
quantized (centralized or distributed) in [23]. In a setting of
distributed acoustic sensing and reconstruction, centralized as
well as distributed coding schemes and sampling lattices are
studied in [15]. In [13], a Gaussian random field on the interval
[0,1] and i.i.d. in time, is reconstructed from compressed
versions of & sampled sequences under a mean-squared error
distortion criterion. All the sampling problems above assume
a knowledge of the underlying pmf.

In the realm of rate distortion theory where a complete
knowledge of the signal statistics is unknown, there is a rich
literature that considers various formulations of universal cod-
ing; only a sampling is listed here. Directions include classical
Bayesian and nonBayesian methods [36], [22], [24], [26];
“individual sequences” studies [31], [32], [37]; redundancy
in quantization rate or distortion [16]-[18]; and lossy com-
pression of noisy or remote signals [8], [19], [30]. These
works propose a variety of distortion measures to investigate
universal reconstruction performance.

Interesting variations of our models, especially for the
“remote estimation” of a subset of multiple correlated
sources, have been considered recently in the control
literature [11], [21], [27], [1]. While redolent of our
approach in spirit, there are marked differences. For instance,
in [11], [21], and [27], sampling is temporal rather than
spatial. On the other hand, [1] treats a “scalable” model in
which a subset of correlated sources are compressed first in
a “coarse” manner and, based on receiver feedback, another
possibly different subset of sources are compressed in a refined
manner. Connections between these works and ours below
remain intriguing and unexplored as yet.

Our work differs materially from the approaches above.
Sampling is spatial rather than temporal, unlike in most of
the settings above. Furthermore, we introduce new forms of
randomized sampling that can depend on the observed source
realizations, and which yield a clear gain in performance.
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We restrict ourselves to universality that involves a lack of
specific knowledge of source pmf within a finite family of
pmfs. Accordingly, in Bayesian and nonBayesian settings, we
consider average and peak distortion criteria, respectively, with
an emphasis on the former. Extensions to an infinite family
of pmfs are currently under study. It is important to make
clear that our models entail a centralized processing of the
sources. Note that decentralized encoding would subsume the
long-standing general open problem of distributed lossy source
coding (cf. e.g., [2], [28]).

Our technical contributions are as follows. In Bayesian and
nonBayesian settings, we consider a new formulation involv-
ing an universal sampling rate distortion function (USRDY),
with the objective of capturing the interplay and characterizing
inherent tradeoffs among sampling mechanism, approximation
of underlying (unknown) pmf, lossy compression rate and
distortion level. Our results build on the concept of sampling
rate distortion function [4], which in turn uses as an ingredient
the rate distortion function for a “remote” source-receiver
model with known pmf [2], [3], [9], [34]. We begin with fixed-
set sampling where the encoder observes the same set of k
sampled sources at every time instant. Recognizing that only
the k-marginal pmf of the sources — pertaining to the sampling
set — can be learned by the encoder, the corresponding
USRD( is characterized. In general, allowing randomization
in sampling affords two distinct advantages over fixed-set
sampling: better approximation of the underlying joint pmf and
improved compression performance enabled by sampling dif-
ferent subsets of sources in apposite proportions. An indepen-
dent random sampler chooses different k-subsets of the sources
independently of source realizations and independently in
time, and can learn all k-marginals of the joint pmf. This
reduction in pmf uncertainty (vis-a-vis fixed-set sampling) aids
in improving USRDf. Interestingly, our achievability proof
shows how this USRDf can be attained without inform-
ing the decoder explicitly of the sampling sequence. Lastly,
we consider a more powerful sampler, namely the memoryless
random sampler, whose choice of sampling sets can depend
on instantaneous source realizations. Surprisingly, this latitude
allows the encoder to learn the entire joint pmf, and that,
too, only from the sampling sequence without recourse to
the sampled source realizations. Furthermore, we show how
USRDf can be attained by means of a sampling sequence
that depends deterministically on source realizations, thereby
reducing code complexity. Thus, all our achievability proofs
bring out new ideas for joint source pmf-learning and lossy
compression.

Our model is described in Section II. The main results,
illustrated by examples, are stated in Section III. In Section IV,
we present the achievability proofs in the increasing
order of sampler complexity, with an emphasis on the
Bayesian setting; a unified converse proof is presented
thereafter.

II. PRELIMINARIES

Denote M = {1,...,m}, and let X g = (Xy,..., X;) be
m

a X = X Aj-valued random variable (rv) where each &
i=1

7743

is a finite alphabet. For a (nonempty) set A € M, we denote
by X4 the rv (X;,i € A) with values in X X, and denote

i€cA
n repetitions of X4 by X = (X!,i € A) with values in
Xy = _XA X', where X! = (X;1, ..., Xin) takes values in the
IS
n-fold product space Xi” =X x---xAX;.Forl <k <m,
let Ay, = {A: A C M, |A| = k} be the set of all k-sized

m
subsets of M and let A = M\ A. Let Yy = X Y;, where

Y is a finite reproduction alphabet for X;. All l(l)gzllrithms and
exponentiations are with respect to the base 2.

Let ® be a finite set (of parameters) and § a ®-valued rv
with pmf xy of assumed full support. We consider a discrete
memoryless multiple source (DMMS) {X rq};2, consisting
of i.i.d. repetitions of the rv Xq with pmf known only
to the extent of belonging to a finite family of pmfs P =
{Px \10=1, T € O} of assumed full support. Two settings are
studied: in a Bayesian formulation, the pmf uy is taken to be
known while in a nonBayesian formulation 8 is an unknown
constant in 0.

Definition 1: For each n > 1, in the Bayesian setting, a k-
random sampler (k-RS), 1 < k < m, collects causallyJ’ at each
t =1,...,n, random samples Xs, = Xs,; from X 4, where
Sy is arv with values in Ay with (conditional) pmf Pg,, X\ St
with X = (Xp1,..., Xaq) and S0 = (S1,...,81).
Such a k-RS is specified by a (conditional) pmf Pgn| X" 0 with
the requirement

n
PS”‘XnMH = PS”‘XnM = HPSI‘Xt_/\ASl_l' (1)
t=1

In the nonBayesian setting, the first equality above is redun-
dant. In both settings, a k-RS is unaware of the underlying
pmf of the DMMS.

The output of a k-RS is (8", X5) where X¢ =
(Xs,,...,Xs,). Successively restrictive choices of a k-RS in
(1) corresponding to

PsllszSH = Ps x> t=1,...,m, 2)
PSI|X1MSt71 =Ps, t=1,...,n, 3)

and, for a given A C M,
Pslle/wst—l =18 =4), t=1,...,n 4)
will be termed the k-memoryless random sampler,

k-independent random sampler and the k-fixed-set sampler
abbreviated as k-MRS, k-IRS and k-FS, respectively.

Remark: Another formulation of interest allows k to vary
with 7, subject to a time-average constraint. This is not treated
here.

Our objective is to reconstruct a subset of DMMS com-
ponents with indices in an arbitrary but fixed recovery set
B C M, namely X', from a compressed representation of the
k-RS output (8", X5), under a suitable distortion criterion.

TBy causality, we mean
St —o— X 8" o XLy t=1n

as implicit in the second equality in (1).
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Definition 2: An n-length block code with k-RS for a
DMMS {X )72, with alphabet X'y and reproduction alpha-
bet Vp is a triple (Psn‘xn , fn>®n) Where Psn‘xn is a k-RS
as in (1), and (f,,pn) are a pair of mappings where the
encoder f, maps the k-RS output ($", X%) into some finite
set 7 = {1,...,J} and the decoder ¢,, with access to S”
and the encoder output, maps A} x J into y;; We shall use
the compact notation (Pgx ,,, f @), suppressing n. The rate
of the code with k-RS (Ps|x ,,, f, @) is l10g||f|| =1 - log J.
(An encoder that operates by forming first an explicit estlmate
of 6 from (8", X) is subsumed by this definition.)

Remark: We note that the decoder ¢ above is taken to be
informed of the sequence of sampling sets S”. Clearly, this
always holds for a k-FS, while the assumption is meaningful
for a k-IRS and k-MRS. For a k-IRS, it will be shown to be
not needed.

For a given (single-letter) finite-valued distortion measure
d : Xp x Yp — RT U{0}, an n-length block code with k-RS
(Ps|x nq> /> @) will be required to satisty one of the following
distortion criteria (d, A) depending on the setting.

(i) Bayesian: The expected distortion criterion is

E[d(x',g,q)(sn,f (S",Xg)))]

oS il o157 5% 59) )]
Zﬂe(f)E[n Zd X, (

o5 xp) Jo =]
7€®

N 5)

(i) NonBayesian: The peak distortion criterion is

max B[d(Xp, (5", (5", X))o =7] = A, ()

€@
where the “conditional” expectation denotes, in fact,
]EPX’JL\/Is”w:z = ]EPX’;Mm:rPS"\X’/’M :

Definition 3: A number R > 0 is an achievable universal
k-RS coding rate at distortion level A if for every € > 0 and
sufficiently large n, there exist n-length block codes with k-RS
of rate less than R + € and satisfying the distortion criterion
(d, A + ¢€) in (5) or (6) above; and (R, A) will be termed
an achievable universal k-RS rate distortion pair under the
expected or peak distortion criterion. The infimum of such
achievable rates is denoted by R4(A), R,(A) and R, (A)
for a k-FS, k-IRS and k-MRS, respectively. We shall refer to
Ra(A), R,(A) as well as R,,(A) as the universal sampling
rate distortion function (USRDf), suppressing the dependence
on k.

Remark: Clearly, the USRDf under (5) will be no larger
than that under (6).

III. MAIN RESULTS

We make the following main contributions. First, a (single-
letter) characterization is provided of the USRDf for fixed-set
sampling, i.e., k-FS, in the Bayesian and nonBayesian settings.
Second, building on this, a characterization of the USRDf is
obtained for a k-IRS in these settings, and it is shown that
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Fig. 1. Ambiguity atoms.

randomized sampling can outperform strictly the “best” fixed-
set sampler. Indeed, this USRDf can be attained even upon
dispensing with the a priori assumption that the decoder is
informed of the sequence of sampling sets. Finally, the USRDf
for a k-MRS is characterized and shown to be achievable
by a sampler that is determined by the instantaneous real-
izations of the DMMS at each time instant. We note that the
USRDfs for a k-FS and k-IRS can be deduced from that of
a k-MRS. Nevertheless, for the sake of expository conve-
nience, we develop the three sampling models in succession;
this will also facilitate the presentation of the achievability
proofs.

Throughout this paper, a salient theme that recurs is this:
An encoder without prior knowledge of # and with access
to only k instantaneously sampled components of the DMMS
{XA:)72, can form only a limited estimate of ¢. The qual-
ity of said estimate improves steadily from k-FS to k-IRS
to k-MRS.

Consider first fixed-set sampling with A € M in (4).
An encoder f with access to X’} cannot distinguish among
pmfs in P (indexed by 7) that have the same Py ,j9—;. Accord-
ingly, let ®; be a partition of ® comprising “ambiguity”
atoms, with each such atom consisting of ts with identical
marginal pmfs Px,9=.. Indexing the elements of ®; by 7y,
let 0 be a ®-valued rv with pmf ug, induced by pg. For
each 71 € @y, let A(zry) be the collection of 7s in the atom
of ®; indexed by 71. In the Bayesian setting,

Px y10=1; = Px,l0=c, T € A(1y).

In the nonBayesian setting, in order to retain the same notation,
we choose Py ,j9,=7, to be the right-side above.

When the pmf of the DMMS {X ()72, is known, say
Px ,, — corresponding to |®| = 1 — we recall from [4] that
the (U)SRDf for fixed A C M is

Ra(A)= X ﬁm}n oy I(Xa AYB), Amin<A<Anax,
]E[d(XB,)/’AB)JgA B
(7
with
Amin = E[ mln E[ d(XB, yB)|XA]]
yBEYVB
Amax = mln [E[d(XBa yB)|Xal ]

yBeY,

which can be interpreted as the (standard) rate distortion
function for the DMMS {X 4,}7°, using a modified distortion
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measure d defined by

d(xa,yp) = E[d(Xp, yB)|Xa = xal.

This fact will serve as a stepping stone to our analysis
of USRDf for a k-random sampler. In the Bayesian setting,
we consider a modified distortion measure d;,, 71 € Oy,
given by

dr (xa,y8) = Eld(Xp, yB)|Xa =xa, O =11]; (8)

the set of (constrained) pmfs
Kf(é’ Tl) £ {PHXMYB : 99 XM —Oo— 61’ XA —0— YB)
Eld;, (Xa, Yp)lh =711 <3},  (9)

and the (minimized) conditional mutual information

pf(é, 71) £ min I(X4 ANYBIO1 = 11)

(10)
Kf(é,n)

which is akin to (7) and will play a basal role. In the
nonBayesian setting, the counterparts of (9) and (10) are

K388, 71) 2 [ Pxpvplo=c = PX 0= Pry|X 011
:Eld(Xp,Yp)0 =11 <6, € A1)} (11)

and

ptB(6, 1) 2 min 1(Xa AYpl01 = 71). (12)

k4B (6,71)

Remarks: (i) The minima in (10) and (12) exist as those of
convex functions over convex, compact sets.

(ii) It is seen in a standard manner that p’ (5 71) in (10)
and p’y nB (d, 71) in (12) are convex and continuous in 0.

(iii) Clearly, the minimum in (12) under pmf-wise con-
straints (11) can be no smaller than that in (10) under
pmf-averaged constraints (9).

Our first main result states that the USRDf at distortion level
A for fixed-set sampling in the Bayesian setting is a minmax
of quantities in (10), where the maximum is over ambiguity
atoms 77 in ®1, while the minimum is over distortion thresh-
olds 0 = A;, 71 € ©; whose mean does not exceed A.
On the other hand, in the nonBayesian setting, the USRDf
at distortion level A is a maximum over ambiguity atoms of
quantities in (12) with 6 = A, and hence is no smaller than
its Bayesian counterpart.

Theorem 1: The Bayesian USRDf for fixed A C M is

Rs(A)= min max A, T 13
A(A) o, N, max PE(A, 1) (13)
E[Ag, 1A

for Amin < A < Apax, Where

AminZE[E[ mln del (Xa, yB)|91]]

YBE

Amax = IE[ min E[d91 (Xa, yB)|91]]~
YBEYE

E[ min dg, (X4, yB)],
yBEYVB

The nonBayesian USRDf is

Rs(A) = leneagl pZB(A, 71), Amin < A < Amax (14)
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where
Amin
= max

T]E@]

min max E[d (Xp,Yp)|0 = 1]
Py X 4.01=t; =Prgix pq,0=r TEA(T1)

and

Amax = max min  max E[d (X, yp)|f = ].
11€0) ypeYp T€A(T)
Remarks: (i) In fact, the minimizing pmf Py, |x .6, in Amin

is a conditional point-mass.
(ii)) We note that for a given distortion level A, the set

{Ar, 1 €O1: > wup (r1)A; < A} is a convex, compact
‘[16@1
set in R!®1!, Next, observing that

max pF(As, 71)
T]E@]

is a convex function of {A;,, 71 € ®1}, the minimum in (13)
exists as that of a convex function over a convex, compact set.

(iii)) The minimizing {A,l, 71 € 01} in (13) is char-
acterized by the following special property: For a given
Amin < A < Anax, for each 71 € 1, either

PR (A%, 7)) = max pf(A;, ) (15)
T]E@]

where the right-side does not depend on 71, or

A7 = E[);nln dy (Xa,yB)l01 = 11].

By a standard argument in convex optimization, if {A7,
71 € O1} does not satisfy the property above, then a small
perturbation decreases the maximum in (15) leading to a
contradiction.

(iv) The Apin and Apax for the Bayesian and the non-
Bayesian settings can be different.

Example 1: For the probability of error distortion measure

d(xg,yp) = Lxg # yg) = 1 = [ [ 1xi = ),
ieB
xB,YB € Xp =V

the Bayesian USRDf for fixed-set sampling with A € B in
(13) simplifies with (10) becoming

B .
A, 1) = min I(XAaAYasl0 =11
Pa(Aas 1) Elar; (X0)LX 4£Y )10 =11 ( | )
<A¢)—(1=Blar, (Xp)I0;=71)
(16)
where
(17)

(223} (.XA) = ;relg(x PXB\XA91 (.X~IXA, Tl)
B

is the maximum a posteriori (MAP) estimate of Xp on the
basis of X4 = xa under pmf Px 9=,

The proof of (16), (17) is along the lines of that
of [4, Proposition 1] under the pmf Px,,9,=;, (rather than
Px ,, as in [4]), and so is not repeated here. Furthermore,

Amin = 1 — E[ag, (Xa)] and
Amax = 1 — [ ma;(( Px 10, (x101)].

XBE
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The form of the Bayesian USRDf in (16) suggests a simple
achievability scheme comprising two steps. Using a maximum
a posteriori (MAP) or maximum likelihood (ML) estimate 7]
of 0 on the basis of X} = x'}, the first step entails a lossy
reconstruction of x;" by its codeword yz, under pmf Py ,,j9,=7
and for a modified distortion measure

dzi (x4, yA) £ a7 (xa)L(xa # ya)
with a corresponding reduced threshold
Az — (1 = Elaz (Xa)I01 = T1)).

This is followed by a second step of reconstructing x from
the output y’i of the previous step as a MAP estimate

y% = argmax PXB\XA9| (ynbﬁ,?l),
yeVy

the corresponding probability of estimation error coincides
with the mentioned reduction 1 — E[az, (X 4)|01 = 71] in the
threshold.

In the nonBayesian setting, the USRDf in (14), (12)
simplifies with
piB(A, )

= min

PY 41X 0.01=11 PY R\ 1Y 4,01 =1 =PY g1 X pq.0=2
E[1(Xp#£Yp)l0=t]<A,t€A(r])

I(Xa AYalO) = 11),

(13)
for Apmin < A < Apmax, where

A min = max min max (1—P(Xp="Yg|0 =r1))
T1€01 Pygix,.0,=r; TEA(T1)

and

A = max min max (1 — Px,o(ygl7)).

e Tl€®1ygey316A(n)( | )

This leads to the following achievability scheme. With 7] as
the ML estimate of ; formed from X' = x%, first x/} is
reconstructed as y’i according to Py,|x,,¢,=7 resulting from
the minimization in (18). This is followed by the reconstruc-
tion of x% from y’ by means of the estimate

yg = arg max PYBIYA9| (anyX,a)
y'eVy

under pmf Py, y,, Which, too, is obtained from the minimiza-
tion in (18). |
Example 2: Let M = {1,2} and &} = &> = {0, 1},
consider a DMMS with Py, x,9=. represented by a virtual
binary symmetric channel (BSC) shown in Figure III, where
Prq: < 0.5, © € O, where ® is a given finite set. For
A = {1}, B = {l1,2}, and the probability of error distortion

measure of Example 1, the Bayesian USRDf reduces to
Rij(A)= min  max (h(p,,) — h(Alﬂiqq”)),

7

{Ary, 711€01}71€0
E[Ag, 1=A

for Apmin < A < Apmax, where

Amin = IE[Q¢91], Amax = E[pﬁl + g0, — po, 5]«91]3

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 64, NO. 12, DECEMBER 2018

1—
o G %
0
4r
X1 XZ
dr
pbrt - dr '1

Fig. 2. Virtual BSC (g).

and g;; = Px,|x,0,(0|1, 71), 71 € O1; and the nonBayesian

USRDf is
. A_QI

Rin(A) = (h - h( ))
13 (A) max (Pe) dmin | s

with
Amin =max g; and Apax = max (pr +gr — p<qc).
7€0@ 7€0@

First, it is easy to see that Api, and Ap.x in the Bayesian
setting are smaller than their counterparts in the nonBayesian
setting. Next, note that the Bayesian USRDf, with an addi-
tional outer minimization over thresholds A;, is smaller than
the nonBayesian USRDf which involves a maximum over
members in each ambiguity atom.
0
Example 3: This example, albeit concocted, shows that for
fixed-set sampling with A and recovery set B, a choice of A
outside B can be best. Let M = {1,2,3}, B = {1,2} and
X =Y, =1{0,1}, i =1,2,3; j = 1,2. Consider a DMMS
with Py, x,j0=c as in Figure III and X3 = X; @& X, where @
denotes addition modulo 2. Here, p, = 0.5, ¢, <0.5, 7 € O,
with the ¢g;s, 7 € O, being distinct. For distortion measure
d(xp, yg) £ 1((x1 ®x2) # (y1 ® y2)), the Bayesian USRDf
for fixed-set sampling is
A—gq
1-23 )

Amin = q <A< Apax = 0-5;

Riy(8) = h(0.5) = h(
(19)
where § = > ug(r)q.. Since Px,j9=, is the same for all
7 € O, note thlgt |®1] = 1. The nonBayesian USRDf is

A_QT)
1_26]1 ’

Amin = max g; < A < Amax = 0.5. (20)
7€@

Ry (A) = .5) — mi
(1(8) = h(0.5) — min h(

Also, R{1j(A) = Rppy(A). For sampling set A = {3}, ® = ©
and the Bayesian USRDf is

Riy(A) = min max h(gq:)—h (A7),

{A;, €0} E[Ag]<A €0
Aminzof A< Amax:q;
and the nonBayesian USRD( is
R3)(A) = max h(g:) —h (A),
7€®
Amin =0 < A < Apax = max ¢g.. (22)
7€@

2y

Since Apin in (19) equals Apax in (21), in the Bayesian
setting R3(A) is strictly smaller than R;(A). A similar
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observation holds in the nonBayesian setting upon examin-
ing (20) and (22). |

Turning to a k-IRS in (3), the freedom now given to the
sampler to rove over all k-sized subsets in A; engenders a
partition @, of ®; (and hence a finer partition of ®) with
smaller ambiguity atoms. Let Ay,..., A4, where |[Ax| =
(7). be any fixed ordering of Ai. Let ©3 be a partition of
® consisting of ambiguity atoms, with each atom formed
by ts with identical (ordered) collections of marginal pmfs

(PXAZ»W:T’ i=1,..., |.Ak|) .

Note that ®, is a refinement of ®; (for any A;). Indexing
the elements of @, by 72, let 6 be a ®,-valued rv with pmf
to, derived from ug. For each 75 in @2, let A(rz) be the
collection of 7s in the atom indexed by 7. In analogy with
(10) and (12), we define counterparts in the Bayesian and
nonBayesian settings as

pP©, Ps, )2 min  I(XsAYp|S,0,=1); (23)
xB(5,Ps,12)
piB@, Ps, )2 min (X5 A Vg[S, 00 =12), (24)

x"B (8, Ps,12)

where d;, is defined as in (8) with 6, = 15 replacing 6 = 71,
and

kB0, Ps, 12)
£ {PaXMSYB = o Px 0 Ps Pyg|sx50,

: D Ps(A)Eldy,(Xa, YB)IS = A, 0, = 73] <5},
Ae Ay

K59, Ps, 1)
£ {Px v s¥510=c = Px pqj0=1 Ps Pyy|sX5.60=1,
: D PS(OE(Xp, Yp)IS = A,0 = 1] < 6,7 € A(m)}.
Ac A

Theorem 2: The Bayesian USRDf for a k-IRS is

R, (A) = min max Ay, Ps,
l( ) Pg, (A‘rz, €0y} 17€0; pl ( 7, IS, )
E[Ag,1=A
Amin < A < Amax,  (25)
where

zsm‘n =1 i][ ElE IIll.Il dﬁz 4(A9 YB 02]|
! AE.Ak yBEyB ( )|

A = min E| min E[dp, (X4, 0
max Aed, [yBE 02( A, ¥B)| 2]]

The nonBayesian USRDf is
R, (A) = min max Pl (A, Pg, 72)9 Amin < A < Amax,
Ps 10y
(26)
for

Amin = min max
Ps 1,€0 2,

E Ps(A) min
Pypisxg.0y=0=Prg|SX p.0=1

max IEd (XB,Yp)IS=A,0 =1]

1eA(12)
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and

Amax = max min  max E[d (X, yp)|0 = 7].
€07 ypelp TE/\(TZ)
Corollary 1: The USRDfs in the Bayesian and nonBayesian

settings remain unchanged upon a restriction to n-length
block codes (f, p) with uninformed decoder, i.e., with ¢ =
P(f(S", XD)).

Remarks: (1) For a k-IRS we restrict ourselves to the
interesting case of k < |B|, for otherwise it would suffice
to choose S; = B, t =1,

(i1) Akin to a k-FS, the optlmlzmg Ps, {AQ, 7 € 02} in
(25) has the following special property: For a given Apin <
A < Anax, for each 75 € ©), either

(ATZ,PS,U) = max p; (A,Z,PS,Tz)

or

= > Ps(AE[ min dry(Xa, y8)I62 = 2]
Ae Ay

(iii) In general, a k-IRS will outperform a k-FS in two ways.
First, the former enables a better approximation of & in the
form of #, whereas the latter estimates 8; = 6(6;). Second,
random sampling enables a “time-sharing” over various fixed-
set samplers, that can outperform strictly the best fixed-
set choice. Both these advantages of a k-IRS over fixed-set
sampling are illustrated in Examples 4 and 5.

Example 4: This example illustrates that a k-IRS can per-
form strictly better than the best k-FS. For M = B = {1, 2},
and X; = ); = {0,1}, i = 1,2, consider a DMMS with
Px,x,/0=r = Px,|9=c Px,9=: Where

Px100l7) =1 — pr,  Pxjo(0l7) =1

and 0 < p;, g < 0.5. Under the distortion measure
d(xp,yp) = L(x; # y1) + L(xa # y2), for a k-FS, with
k = 1, the Bayesian USRDf for sampling set A = {1} is

(r(pe) = (A0 —g0).

_QT’ TEG)’

Riy(A)= min  max

{Ar R 711€01}71€0
ElAg, 1<A

for Elgg]l < A < Elpo + qol, where g, = E[gpl01 = 1],
and the nonBayesian USRD( is

R (A) = max (h(p,l) — mm h( —q,))

for max ¢, < A <max (p; + q¢).

TE TE
Turning to a k-IRS with k& = 1, clearly, ® = . For a
k-IRS the Bayesian USRDf is
R, (A) = min  max min 1,
Pg, {A7, 1€0} 7€0 Ay, Agg
ElAgl<A Pg((1NA1+Pg(2DAg, <A:

for min{E[ps], E[g9]} < A =< E[pg + go] and the non-
Bayesian USRDfS is
R,(A) = min max

Ps 7€0 Az, Ay
Pg({1 ))A1T+Ps(( ))A21<A

min 1, 27

for min max(ap, +(1—a)g;) <A< max (pr +q-) where

0<a<lrt

I equals

PS({l})(h(pr)_h(Alr_5]1))+PS({2})(h(QT)_h(A21 _pr))-
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An analytical comparison of the USRDfs shows the strict

superiority of the k-IRS over the k-FS, as seen — for instance —

by the lower values of A, for the former. O
Example 5: In Example 4, assume that

P >q:, TEO,

For a k-FS with k = 1, the nonBayesian USRDf is

Riy(A) = max (h(pr.)— ml(g )h( —qr)),

Rpy(A) = max (h(q,,) - n/{m h(A — p,)). (28)
Now, observe that for each 7 € ©®

h(p:) —h(0 —q:) < h(g:) —h(0 — ps)

holds for p; < 6 < p; + g.. Thus, for a k-IRS with k = 1,
the nonBayesian USRDf in (27) simplifies to

R, (A) = max h(p;) —h(A —q:)

7€®
which is strictly smaller than the USRDf for the better k-FS
in (28). The superior performance of the k-IRS is enabled by
its ability to estimate simultaneously both Px,9 and Px,s
(and thereby Px, x,9); a k-FS can estimate only one of
Px,19 or Px,0. O

Lastly, for a k-MRS in (2), the ability of the sampler
to depend instantaneously on the current realization of the
DMMS enables an encoder with access to the sampler output
to distinguish among all the pmfs in P. Accordingly, for a
k-MRS, O itself serves as the counterpart of the partitions ®
(for a k-FS) and ©®, for a k-IRS. For a rv U with fixed pmf
Py on some finite set U, and for fixed Pg|x,,uv, we define
the counterparts of (23) and (24) as

pE (o, Py, Ps|x \U > T)

£ min I(XsANYB|S,U,0 =7), (29)
K,f?(t;,PU,PﬂxMUJ)
and
p"B (s, Py, Psix \U>T)
e min I(Xs AYB|S,U,0 =1), (30)

KB (0, Py, Psix pqu57)

where the minimization in (29) and (30), in effect, is with
respect to Pyg|sxsvo and the sets of (constrained) pmfs are
kB (8, Py, Psjx v 7)
£ {Poux uisvp = 10 PUPX 010 Ps1X pU Prg|sxsuo
:Eld (XB,Yp)|0 =1] <},

and

KZB(& Py, Ps|x U, T)
£ {Pux v SYglo=c = PuPx ys10=1 Ps|x U Pyp|sxsU,0=c
:Eld (X, Yp)|0 =] <9}

Here, U plays the role of a “time-sharing” rv, as will be seen
below.
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Theorem 3: For a k-MRS, the Bayesian USRDf is

Ry (A)= . Pswﬂnf%m o MAX D, B(A., Py, Psix v, 1),
ElAgl<A
(31)
for Amin < A < Amax, where
Amin = min B[ min E[d(Xp, vp) al
Psixpg Lypeds
and
Amax = min ]E[ min IE[d(XB,yB) , ]] (32)
Psixpg Lypeds
The nonBayesian USRDf is
R, (A A, Py, P R 33
m(d)= ET?MUT?@; prl (A, Py, Psix v, 1), (33)
for Amin < A < Amax, Where
Amin = min
Psix o
(maxIE[ mln E[d(XB,yB)|S Xs,0 = T:H@ = T])
€@ yBE B
(34)
and
Amax = Pgﬁl;xr?eag > Psp(Ailr)
A,’EAk
X min E[d(XB,yB)|S =A;,0 = ‘L']. (35)
YBEJVB

It suffices to take U] < 2|0| + 1.

In (32) and (34), (35), it is readily seen that conditionally
deterministic samplers (defined below) attain the minima in
Amin and Apax. In fact, such samplers will be seen to be
optimal for every Apin < A < Apax-

For a mapping w : Xpq xU — Ay, a deterministic sampler
is specified in terms of a conditional point-mass pmf

Psix pu (slxag, u)
= 5w(xM,u) (s)

o 1 s =weaew a6
0, otherwise, (xaq,u) € Xpq xU, s € Ay.
Theorem 3 is equivalent to
Proposition 1: For a k-MRS, the Bayesian USRDf is
Rn(A) = Py, 651&13 rco) ITIIEaX Pm (AT’ Py, 6w, 1), (37)
E[Agl<A

for Amin < A < Amax With Amin and Amax as in (32), and
the nonBayesian USRDf is

R, (A) = min max P B(A, Py, 6w, 1),

U, 0w TE

(38)

for Amin < A < Amax, With Amin and Amax as in (34) and
(35), respectively. It suffices if [U| <2|O|+ 1.
Proof: See Appendix B
The achievability proof of Theorem 3, by dint of
Proposition 1, will use a deterministic sampler based on the
minimizing w from (37) or (38).
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Example 6: This example compares the USRDfs for a
k-MRS and a k-IRS and is an adaptation of Example 2 above
(and also of ( [4], Example 2)). Consider Example 2 with ¢, =
0.5 for every 7 € O, whereby Px, x,j9=: = Px,6=t Px,j6=1-
Clearly, ®; = ©. For a k-IRS, the Bayesian USRDf is

A, —
R, (A) = min max (4(0.5) —h Se TP
{A7.7€0) 7€0 1 -
E[Ag]<A Pr
A —
= 1(0.5) — h( 4 )
l—p

for 0 < A < p, where p = [E[py], and the nonBayesian
USRDf is

— Pt
— Pt

A
Rl(A)zh(O.S)—rTrggh(l ) 0= A <max pr.

For a k-MRS, in pg(é, Py, Psix u,7) as well as
piB (9, Py, Psix v T), Py = a point-mass and

Psix pu (slxp, ) = Psix q (slx 1)
1, s=1, xpy=00o0r 11
=11, s=2, xpr=01or 10

0, otherwise

are uniformly optimal for all 0 < J < p, and for all 7 € O.
Then, the Bayesian USRDf is

Rn(8) = min max (h(po) —h(Ao), 04 <p,

€0}
E[Ag]l<A

and the nonBayesian USRDS is
Ry (A) = max h(p;) —h(A), 0 <A <max p,.
7€0 7€0

Clearly, in both the Bayesian and nonBayesian settings
Ru(A) < R,(A). O

In closing this section, standard properties of the USRDf for
the fixed-set sampler, k-IRS and k-MRS in the Bayesian and
nonBayesian settings are summarized below, with the proof
provided in Appendix C.

Lemma 1: The right-sides of (13), (14), (25), (26), (31)
and (33) are finite-valued, decreasing, convex, continuous
functions of Amin < A < Amax-

IV. PROOFS
A. Achievability Proofs

Our achievability proofs emphasize the Bayesian setting.
Counterpart proofs in the nonBayesian setting use similar sets
of ideas, and so we limit ourselves to pointing out only the
distinctions between these and their Bayesian brethren. In the
Bayesian setting, the achievability proofs successively build
upon each other according to increasing complexity of the
sampler, and are presented in the order: fixed-set sampler,
k-IRS and k-MRS.

A common theme in the achievability proofs for a k-FS,
a k-IRS and a k-MRS involves forming estimates 7] of the
underlying 7; in 1, 7 of 72 in ©; and 7 of 7 in O,
respectively. The assumed finiteness of ® enables 7] or 7
to be conveyed rate-free to the decoder. Codes for achieving

7749

USRDf at a prescribed distortion level A are chosen from
among fixed-set sampling rate distortion codes for zs in
®; or from among IRS codes for s in ®; or from among
MRS codes for zs in ®. Such codes, in the Bayesian setting,
correspond to appropriate distortion thresholds that, in effect,
average to yield a distortion level A; in the nonBayesian
setting, a suitable “worst-case” distortion must not exceed A.
A chosen code corresponds to an estimate 7y, 7, or 7.

A mainstay of our achievability proofs is the existence of
sampling rate distortion codes with fixed-set sampling for a
DMMS with known pmf Q.

Lemma 2: Consider a DMMS {X a1, with known pmf
O = Ox,. Let A, B € M be fixed sampling and recovery
sets, respectively, and define

da(xa, yp) = E[d(Xp, yp)|Xa = x4l.
For every € > 0 and Amin < A < Amax, there exists a

sampling rate distortion code (f, p) of rate

min

1
—logllfll <
n & Eplda(Xa,Yp)]<A

Io(XaANYp)+e€

and expected distortion

Eold(X%. o(f(X3))]

Eo[da(X%, o (f(X3))]
A+ ¢

IA

for all n large enough. Here,
Amin = E[ min da(Xa, yp)]
VBEYn

and

Amax = min E[da(Xa, yp)].

'BE
Proof: The proof o)thheBIemma follows from the achiev-
ability proof of [4, Proposition 1] upon replacing the recovery
set M therein by B. O
Theorem 1: Considering first the Bayesian setting, observe
that

Amin = min E[d(XB, YB)]
0,Xm —o— 01,X4 o Y3
= min E[E[d(Xp, YB)IXa,01]]
0,Xm —o 01,X4 o Y3
= i Eldy, (Xa4,Y, by (8
- Jmin [do,(Xa,YB)] Dby (8)
= E[E[ min dp, (X4, yp)|61]]
YBEYVB
and
Amax = min Eld(Xp, Yp)]

0.Xp o 01X < Yp

PX 2 vg10; =11 =Px 410, =11 PYp10;=1,-71€91
= E[ min Elds, (X, Y8)I61]]

Px 116 =Px 0101 Prpio

= E[ min E[dp, (X4, yp)I61]].
VBEYVE
Now, consider a partition ®; of ® as in Section III. Based

on the sampler output X'}, the encoder forms an ML estimate

of 01 as

o~

T =T1a(X}) £ argmax Pyp (X4 lz0).
71€0
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For each 11 in ®;, observe that {XA,} 2, is a DMMS with
pmf P;, = Px,j0,=¢,- As shown in Appendix D, the sequence

of ML estimates
{T1.n}n converges to 7; in P;,-probability, 71 € ®1, (39)

so that for every € > 0 and 71 in ®1, there exists an Nj (e, 71)
such that

P, (?1,17511)

o~ €
:Pn(Tl,n(XZx)?éTl)de 5

max

n > Ni(e, 1),

where dpax = max
xpeXp, ypeYVp

of @1, there exists an N(€) such that simultaneously for all
71 € Oy,

d(xp,yp). By the finiteness

P (T10 #11) <

o 2 max

, n=N(e)
and consequently

P@in#00) = D uo,(t1)Py(Fin # 11)

T]E@]

n > N(e). (40)

€
< bl

- 2dmax

For a fixed Amin < A < Amax, let {Ay, 71 € Oy}
yield the minimum in (13). For each 7; in ®;, for the
DMMS {X a1, )72, with pmf Py , 19, =, and distortion measure
d,, there exists by Lemma 2 — with QO = Px, 9=, and
da = d, — a fixed-set sampling rate distortion code (f7,, ¢z, ),
f,1 X”—> {I,...,J} and ¢ : {1,...,J} — YV} of rate
—logJ < mag( pA(ATI,rl) + 5 = Ra(A) + 5 and with

expected distortion

Eld,, (Xna(ﬂn (fﬂ (X MNO =11] < Ay, + B

for all n > Na(e, 11).

A code (f, ¢), with f taking valuesin J £ {1, ..., [0} x
{1,...,J} is constructed as follows. Order (in any manner)
the elements of ®;. The encoder f, dictated by the estimate
T1,n, 18

FOR 2 @al), fa, @), x4 XL,
The decoder is
9@in, ) = 07,0),  @inj)ed.

The rate of the code is

%logljl = %10g|®1| + %logJ < Ra(A)+e, (41)
for all n large enough, by the finiteness of ©;.
The code (f, @) is seen to satisfy
Eld(X’, ¢ (f (X)))]
= E[]l(fl n=01)d (X%, 071, (frl n (X MN]
+ P(T1,n # 01)dmax
= E[1(71,n = 01)d(Xg, po, (fo, (X})))]
+ P (@10 # 01)dmax
< E[d(X. g, (fo, (X'DN]|+P @10 # 0))dmax. (42)
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The first term on the right-side of (42) is

B! > o o )]
e ZIE d(X 1. (oo, (o, )0 1X, 6]
- E[} ZIE 4K, (oo, o (X0 X a1, 6],

since Pyn g = H Px vy 10
=1
l n
- E[;Z [d(X 1, (oo o (X000 X i, 01] .
=1

since § —o— 0 —o— X’}

-5 Zdel (Xars (o, oy X)) |- by(®)

= Eldp, (X" » 90, (fo, (X)) (43)
Combining (42) and (43),
Eld(Xg, o (f(X3)))]
< E[ d¢91 (Xn > P60, (f¢91 (X )))] + P(Tl n 7é el)dmax
<E[Ag]+e=<A+e, (44)

by (40) for all n large enough. Finally, we note that
(41) and (44) hold simultaneously for all n large enough.

In the nonBayesian setting, the achievability proof follows
by adapting the steps above with the following differences.
For each 71 in ©®p, a fixed-set sampling rate distortion
code (fr;,¢r) is chosen now with expected distortion
Eld(X’, ¢z, (fﬂ XN =11<A+5 2 for every 7 in A(r1)
and of rate zlog||f,1|| < Ra(A) + 5, where R4(A) is the
nonBayesian USRDf for a fixed-set sampler. O

Theorem 2: In the Bayesian setting, for a given Apj, < A <
Amax, consider the Ps, {A,,, 72 € @} that attain the (outer)
minimum in (25). For the corresponding minimizing Py, s x 0,
in (25) (by way of (23))

max p, (ATZ, Ps, 1)

TzE@
= max Z Ps(ADNI (X4 AYBIS=Ai,00=15) (45)
7€)
A;e Ax
and let

Apoy 2E[d(Xp, YB)IS = Aj, 0y = 12], Ai€Ar, €0

The second expression in (45) suggests an achievability
scheme using an IRS code (see [4]) governed by 6,. Our
achievability proof comprises two phases. In the first phase
an estimate 7, of 6, is formed based on the output of a k-IRS
that chooses each A; in Aj repeatedly for N time instants.
The second phase, of length n, entails choosing each S; = A;
repeatedly for ~ nPg(A;) time instants and an IRS code
governed by 7, of expected distortion

> Ps(A)AA 5
i
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is applied to the output of the sampler. This predetermined
selection of sampling sets obviates the need for the decoder
to be additionally informed.

Denote |Ag| by My = ('") Fix € > 0and 0 < € < e.
In the first phase, a k-IRS is chosen to sample each A; € Ay
over disjoint time-sets u; of length N. The union of the
time-sets u;, i € My £ {1,..., M;} is denoted by u =
{1,..., M N}. Based on the sampler output, an ML estimate
TN = T2, N(SH, Xg) of 0, is formed with

/

PN #60) <

=< (46)
deax

for N > N, say.

In the second phase, we denote the next set of n time
instants, ie., {MyN + 1,...,MyN + n} simply by v £
{1,...,n}. Further, for each i in My, define the time-sets
V4, C v, made up of consecutive time instants, as

i—1 i
Vg, = {z: > Ps(ApT+1=t< rnzPs(Am},

j=1 j=1
and note that the union of v4;s is v, and
[va; | o
— < -, €My
n

In this phase, the £-IRS is now chosen (deterministically) as
follows:
A,

S,zstz fEUAi,iGMk.

For each DMMS {X o, }72, with pmf Py, 9,=1,, 72 € O3,
and for each A; in Ay and its corresponding distortion measure
d.,, there exists by Lemma 2 — with Q = Py, \92 nanddy =

d;, — a fixed-set sampling rate dlstortlon code (f47,03), fa -
X:A > {1, 2 and 9 {1,..., 7} —> yB' of rate
10ng2 < I(XA A YBIS = A,,<92 = 1) + § (cf. (45))

\VA |
and with

/

E[dn (X105 RO |02 = 2] = B+ 5

for all |va;| > Nga, (€', 72). Note that

My
z ﬂ@Q(TZ)ZPS(Ai)AA,',Tz =< A

€O, i=1

and

My,
D Ps(ADI(Xa; AYBIS = Ai, 6 = 12) < Ri(A)
i=1

for every 77 in Os.

Consider a (composite) code (£, @) as follows. Denote n’ £
|ul + |lv] = MigN + n, and the encoder f consisting of a
concatenation of encoders is defined by

’ N A [~ %\Z,N VA TZN A
f(s",x")z (T2,N, fA] (xAll)’ fAMk( AMkk))'
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The decoder ¢, which is aware of the predetermined sequence
of sampling sets, is defined by

60(5”,?2,N,]'19~-~,]'Mk)
:go(%\z,N»jl»""ij)
N TN TN .
= (300" G0 0 Ga))

first phase second phase

for each encoder output (72,n, j1, - - -, jM;)s where Y1 € YMm

is an arbitrary symbol. Clearly, |®>] x mag( H Jy Y indices
7€) 1
would suffice to describe all possible encoder loutputs.

The rate of the code is
1 L
log [©,]+ max —Zlog Ji

Y oal 1 1
A[ 1'2
< max log J 4 + -log |©
Ue%; w o] o8 210,
My 1
< Ps(A —)
< szeangll( s(Ai)+
6/
x(I(XA,. AYpIS = Ai0r = rz)-{-z)
1
+ — log [©,]
n
My,
< maxZPs(A M (Xa, AYBIS = Ai, 00 =12) + €
TzE 2
< R,(A)+e, 47

where the previous inequality holds for all n large enough.

Denoting the output of the decoder by Yg/ = go(f(S”/, Xgl))
Eld (X, Y3 )]

= %]E[Zd(XBt, YB:) +Z(]l(?2,N # 60))d(Xp:, Y1)

reu tev

+ 1@ = 0)d (X1, Vi) | (48)
The first two terms on the right-side of (48) are
1 L(z2,n # 62)
]El:; Zd(XBta YBt) + T Zd(XBt, YBI):I
teu tev
/
< Mdmax + E_, (49)
n’ 2

by (46) for N large enough, and the last term on the right-side
of (48) is

E[il(?“:l — 02) > d(Xg, YBt)]

tevy

<

k
|

< Z ‘)2 I []l(fzzv —92)51( B ’¢:12N(an(Xxi)))]
W
< Z o E[d(x B[%"A (f (XA?i)))]

n

i=1
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<

k
[va; |

n

VA

Eldg, (X" 0% (72X ))]

/

(PS(Ai) + %)E[AA,-ﬁz + %]

IA

M=IM

i=1

¢ 1% My €
< A+5+;;E[AA;,92]+75. (50)
From (48)-(50), we have
E[d(Xy, Yi)] < A +e, (51)

for n and N large enough. Finally, we note that (47) and (51)
hold simultaneously for all » and N large enough.

The Corollary is immediate by the choice of codes with
“uninformed” decoder in the proof above.

For the nonBayesian setting, achievability follows by adapt-
ing the proof above in a manner similar to that for a k-FS in
Theorem 1. O

Theorem 3: The achievability proof relies on the deter-
ministic sampler justified by Proposition 1. In the Bayesian
setting, for a given Apin < A < Anax, let Py, Psixyu =
0w, {A;, T € O} attain the minimum in (37). For the
corresponding minimizing Py sx,ug in (29), the right-side
of (37) is

max pS(ATﬂ PU95U)9 T)
7€0®

= rrneaé(zuPU(u)I(Xs AYBIS, U =u,0 =1)
ue

(52)

and we set

AA;,u,r é E[d(XB, YB)IS = Ai’ U = u’e = T]a
Aie A, 7€0, ucl.

Our achievability proof uses a k-MRS in two distinct modes.
First, a deterministic k-MRS is chosen so as to form an
estimate 7 of 6 from the sampler output. Next, for each U = u,
a suitable deterministic k.-MRS is chosen in accordance with
w(x g, u), and an MRS code (see [4]) governed by 7T of
expected distortion

< > Pswo(Ailu, D) Apuz
A;

is applied to the sampler output. Concatenation of such codes
corresponding to various u € U yields, in effect, time-
sharing that serves to achieve (52). To simplify the notation,
the conditioning on U = u will be suppressed except when
needed.

Fix e >0and 0 <€ <e.

(i) We devise a deterministic k--MRS on a time-set x, based
on whose output an estimate Ty = Ty (S¥, X é‘) = 7n (SH) of
6 is formed with

/

4dmax ’

for N > N.. The estimate 7y is formed from only the
sampling sequence S* and thus is available to the encoder

P(ty #0) <

(53)
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as well as the decoder. The k-MRS is chosen on the time-
set u, to signal the occurrences of each x € X4 to the
encoder and decoder through S# above; for each x € Xp, a
distinct A € Ay is chosen. If |Ag| > |X 4], a trivial one-to-
one mapping from Xy to Ax enables S to determine X 7\4,
where S# is of length N, say. Then 7y is taken to be the ML
estimate of 6 based on X 5‘\4, which satisfies (53).

When |A| < |Xam], a k-MRS is chosen attuned variously
to disjoint subsets of X4, of size |Ax| — 1, on corresponding

disjoint time-sets u; of length N, I = 1,..., ’7&3"’—7‘1],
as follows. In each u;, the k-MRS signals the occurrence
(or not) of Xp; = x in the ["-subset of Xpq in a
(deterministic) manner by choosing |.Ax| — 1 distinct sampling
sets in Ayg; the nonoccurrence of symbols from this 1" _subset
of Xz, is indicated by the remaining (dummy) sampling set
in Ag. We denote | J u; by u. Finally, Ty is taken as the ML

estimate of 6 baseé on the sampling sequence S* of length
’7‘%/“’1‘1—‘ N = N/, say.

(i1) Next, for each U = u, a k-MRS is chosen according to
Ps|x v, U=u = i (-,u) for n time instants. Then, for a DMMS
(XA )72, with pmf Py, 9=z an MRS code comprising
a concatenation of fixed-set sampling rate distortion codes
corresponding to the A;s in Ay is applied to the sampler

output.

Denote the set of n time instants {N’+1, ..., N'+n} simply
by y £ {1,...,n}). Define time-sets ygn(A;) £ {r: 1 <t <n,
S, = A;}, i € My, and note that yg«(A;)s cover y, i.e.,

y = J s (A).
A;e Ay

Denote the set of the first max{[ (nPsjg(A;|tn)) —€'], 0} time
instants in each ygn(A;) by vy, (suppressing the dependence
on 7y ). Defining the (typical) set for each 7 in ©

s Ai
TW( 1) 2 {s” €A} : ’w — Psp(Ail7)

!/
569

i€ Mk},
we have that
P(S” ¢ T™(e', 7)) = P(S? ¢ T(e/,T), Ty = 0)
+P(S" ¢ T, Tn), T #0)
6/
2dmax

for all n large enough.
By Lemma 2, for each DMMS {X 4 )72, with pmf

=

(54)

Px \q15=A;0=1, 1 € /\:lk 7 € 0O, there exists a code
(fio0h)s fi + Xy — {l,..,J5) and ¢}
{1,..., JZ[} — y;A’ of rate
1 . ¢
——logJi < I(Xa AYBIS=A;,0=1)+ = (55)
a; | : 2
and with
VA VA VA
E[d(Xy", 05 (f5, (0|8 = 4]0 =]
6/
S AA,',‘[ + Z (56)
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for all |va,| > Ny, (€', 7). Such codes are considered for each
U=u.
Consider a (composite) code (f, @) as follows. Denoting

N’ +n by n’, an encoder f consisting of a concatenation of

encoders is defined as
’ ’
fGs™,xd)

~ ~ VA -
o G fa ), 87 € TO(E L TY)
a,...,1), s7 ¢ TW (e, Ty).

For t = 1,...,n/, and each encoder output (ji,..., M)
the decoder ¢, which can recover the estimate 7y from its
knowledge of the sampling sequence S” = s", is given by

(€0 (Sn,j1,~-~,ij)>t

A (go;?_v(ji)) , s e TW(, Ty) and t € va;, 1 € My
= ¢ t
Vi, otherwise,
where yj is a fixed but arbitrary symbol in YVpy.
Finally, for N and n large enough, the codes (f, ) cor-
responding to each U = u are concatenated so as to effect

the time-sharing prescribed by Py, in a standard manner. It is
shown in Appendix A that the rate of the resulting code is

z .
_(rrneaé(z Py (u) Z Psiwo(Ailu, 1)
ueld Aje Ay
I(Xp, AYBIS=A;,U =u,0 = T)) + €

< Ru(A) +e, (57)
using (55) and the expected distortion is
< E[As,up] +€

< Ate, (58)

from (53), (54), (56) and the definition of Ay, 4 ¢. O

B. Converse Proof

In contrast with the achievability proofs, we present a
unified converse proof for Theorems 3, 2 and 1 according to
successive weakening of the sampler, viz. k-MRS, k-IRS and
fixed-set sampler. We begin with the technical Lemma 3 that
is used subsequently in the converse proof.

Lemma 3: Let finite-valued rvs C, D", E", F", be such that
(D, E;), t = 1,...,n, are conditionally mutually indepen-
dent given C, i.e.,

n
Ppngnic = H Pp,E,C

(59)
=1
and satisfy
C,D" —o— E" —o— F". (60)
For any function g(C) of C, such that
n
E" —o0— g(C)—o—C and PEn|g(C) = H PE,|g(C), (61)

t=1
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it holds that

C, DI —O0— g(C), Et —O0— F[, I = 1,...,”. (62)
Proof: First, from (60), we have
0=1(C,D" A F"|E™

= I(CAF"|E")+ (D" AF"|E",C)

= I(C,g(C) A F"|E") + 1(D" A F"|E",C)

> I(C A F"|E", g(C))+ (D" A F"|E",C).  (63)

Now, the second term on the right-side of (63) is
0=1I1(D"AF'E",C)
= H(D"|E",C)— H(D"|E", F",C)

= > (H(D/E;,C)—H(D/|D'"", E", F", C)), by (59)

t=1

= D (H(D/|E;, C) — H(D/|E;, 1, O))

t=1

n
= > I(Di AF|E;, C).

(64)
=1
Next, the first part of (61) along with (63) implies that
0=1(CAE"g(C)+1(CAF"E" g(C))
=I(CAE", F"|g(0)),
and hence
I(CAE Flg(C) =0, t=1,...,n. (65)

Now, by (64) and (65), fort =1,...,n,

1(C, Dy A Fi|Ey, 8(C))
= I(C A F|E;, g(C)) + 1(Dy A F|E;, C) =0,

which is the claim (62).
]

Converse: In the Bayesian setting, we provide first a con-
verse proof for Theorem 3, which is then refashioned to give
converse proofs for Theorems 2 and 1.

Let ({Ps,jxp0 = Psixpi)iey» fo9) be an n-length k-
MRS block code of rate R and with decoder output Y =
(8", f(S", X)) satisfying [E[d (X, Y5)] < A. The hypoth-
esis of Lemma 3 is met with C = 6§, D" = Xﬁ/l, E" =
(8", X%5), F" =Yg and g(0) = 0, since

Py sno = Pxr 10 Psnixn,

n n
= H Px 0 Psi| X a0 = H Px 510, (66)
t=1

t=1
while
0, X'\ —o— 8", X5 —o— Yp

holds by code construction. Also, (66) implies, upon summing
over all realizations of X, that

n
Pgnxng = H Ps,x5,10- (67)

t=1
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Then the claim of the lemma implies that

0, Xy —0— 0,8, Xs, —o— Yp;, t=1,...,n. (68)

Let A; denote E[d(X;, Yp)|0 = 7] =

1

zz
6 = t] for each 7 in ® and note that IE[Ay] < A. For every
7 in O, the following holds:

> E[d(XB:, YBi)l

n
1

R

1 1
—logl|fll = =H(f(S", X§)I0 = 1)
n n

v

1
ZH(f(S", X}IS".0 = 1)

v

1
CHp(S", (5" X§)IS" 0 =)

1
—H(Yg|S",0 =r1)
n

1
—I(XEAYRS", 0 =1)
n

1 n
3 (H(xs,|5”, X o=1)
t=1

— H(Xs,|8", X5, vp,0 = r))

v

1 < _
~ 2 (H(Xs5|8", X710 =1)
=1

— H(Xs,|S:, Ypr,0 = 1))

1 n
=D (H(Xs5|S,0 = 1) = H(Xs|S;, V51,0 = 7)),
t=1

by (67)

(69)

1 n
- > I(Xs, AYBi|S,0 =1).

t=1

By (68),

l n
((; ZE[d(XBt, Yp)|0 =71,
=1

n
%ZI(XS, A Y|S0 =1)),7 € @)

t=1

lies in the convex hull of
CE{(Eld(Xp,Yp)|0 =1],1(Xs AYpB|S,0 =1)),7 € O)
: Pox 575 = 110 Px 010 Ps|x 0 Prpisxs0} C R2®I.

By the Carathéodory Theorem [5], every point in the convex
hull of C can be represented as a convex combination of at
most 2|@| + 1 elements in C. The corresponding pmfs are
indexed by the values of a rv U with

Pyox psys = Putto Px 00 Ps|x pu Pygisxsou, — (70)

where the pmf of U has support of size < 2|®| + 1. Then,
in a standard manner, (69) leads to

R > min I(XsAYR|S,U,0=1) (71)
PyplSxgU,6=1
Eld(Xp.Yp)l0=t]<A¢
= pB(A., Py, Psix u» 7). (72)
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Now, (72) holds for every 7 € ®, and hence

R > max pB(A., Py, Ps|x pqU»7)
T

i B
= min max A, Py, Psix U, T
Py.Ps|x pqU-{07, 7€0) 7€O Pm (Do, Py, Psix v, 7)
E[Ag]=A

= Rm(A)

for A > Anin.

Turning next to Theorems 2 and 1, an n-length k-IRS
code or a fixed-set sampling block code can be viewed as
restrictions of a k-MRS code. Specifically, in Theorem 2, for
a k-IRS code of rate R with Ps,, g(f) = 6, instead of
Ps,1X p1,» 8(0) = 0 (for a k-MRS), the hypothesis of Lemma 3
holds. Denote [E[d (X', Y)|02 = 2] by A,, 72 € ©3. Then,
the pmfs in (70) satisfy

(73)

Puox asvs = Putto Px 10 Ps\u Pyy|sxsou - (74)

The counterpart of (71) is

R > min
Pyp|SXgU.6y=19
Eld(Xp.Yp)lh=121<Az,

I(Xs AYB|S, U, 0, = 12)

= min Ps(A)Pyis(ulA
i, > Ps(A)Pyis(ulA)

Eld(Xg.Yp)lty=ry]<Ar, Al

xI(XaAYlS=A,U=u,6, =1),

noting from (74) that Pyjsg, = Pyjs. Using the convex-
ity of the mutual information terms above with respect to
Pygisx508,, We get

R > min

Pyp|SXgU.0y=19
E[d(Xg.Yp)l0h=17 <A1,
B
=P, (Arz> PS» 12)-

Since (75) holds for every 73 € ©7

D PS(A)(Xa AYB|S=A,0=1))

(75)

R > max plB(A,z,PS,rz)

€07

: B
> min max (A, Ps, 1
Ps.{Ary, 1€07) 75€0; Pi w s, 72)
E[Ag, <A

= Rl(A)»

ie.,, R > R/(A), A > Anin, completing the converse proof
of Theorem 2.

In a manner analogous to a k-IRS, in Theorem 1 for a fixed-
set sampler the hypothesis of Lemma 3 holds with Ps, =
1(S; = A), g(0) = 0. Defining A, = E[d(X}, Y| =
71], 71 € O1, the counterpart of the right-side of (73) reduces
to meag pf(A,, , 71). It then follows that

71 1

. B
min max (Az,71), A > Anpin
{Ar. 7101} 71€0, PALB, T,
E[Ag, 1=A

R >

providing the converse proof for Theorem 1.

In the nonBayesian setting, the analog of Lemma 3 is
obtained similarly with C = ¢, g(C) = g(c), and (59)-
(62) expressed in terms of appropriate conditional pmfs. The
converse proofs for a k-MRS, k-IRS and k-FS are obtained as
above but by excluding the outer minimizations over {A., 7 €
0}, {Ag,, 10 € Oz} and {A;, 11 € O}, respectively. O
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V. DISCUSSION

Our formulation of universality requires optimum sampling
rate distortion performance when the “true” underlying pmf
of the DMMS belongs to a finite family P = {Px 9=,
7 € 0}. The assumed finiteness of ® affords two benefits in
addition to mathematical ease: (i) simple proofs of estimator
consistency uniformly over ®1, ®; or ®; and (ii) rate-free
conveyance of corresponding estimates 7), 7o or 7 to the
decoder. General extensions to the case when © is an infinite
set (countable or uncountable) remain open.

Unlike for a k-IRS, the assumption in a k-MRS that the
decoder is informed of the sampling sequence S” plays an
important role. Specifically, embedded information regarding
X'\ 1s conveyed implicitly to the decoder through S". Also,
as a side-benefit, the decoder can replicate the estimate of 6
formed by the encoder based on S” alone, obviating the need
for explicitly transmitting it. However, if the decoder were
denied a knowledge of S”, what is the USRDf? This question,
too, remains unanswered.

Underlying our achievability proofs of Theorems 2 and 3 for
a k-IRS and k-MRS, are schemes for distribution-estimation
based on (§", X). A distinguishing feature from classical
estimation settings is the additional degree of (spatial) freedom
in the choice of the sampling sequence S”. This motivates
questions of the following genre: How should S”, consisting
of (possibly different) k-sized subsets, be chosen to form
“best” estimates of the underlying joint pmf? How does
the degree of the allowed dependence of S" on X'}, affect
estimator performance? For instance, our choice of sampling
sequence and estimation procedure in the achievability proof
of Theorem 3 is a simple starting point. How must we
devise efficient sampling mechanisms to exploit an implicit
embedding of DMMS realization in the sampler output? These
questions are of independent interest in statistical learning
theory.

APPENDIX
A. Proof of (57) and (58)

For the code formed by concatenating (f, ¢) for eachu € U,
the rate is

My
~ 1
< ma P — > logJ%*
= max > Pulw); > log Jj;
ueld i=1
Je T
< max z PU(u)(Z — ——log JX?T>
T€® “ no|vyl i
ueld i=1 i
My,
< max P ( P Ajlu,
< re@% U (1) 121 siwa(Ailu, 7)
u =

/

x(I(XA,. AYBIS =AU =u,0= r)—}-%)), by (55)

< rrneaé(z Py(u) I(Xs AYg|S,U=u,0 =1)+¢€
ueld
S Rm(A)+69

for all n large enough.
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Foreach U = u, let A, £ >
1€@, A;e A
A 4;,u,z- Denoting the output of the decoder by Y3 , we get

1o () Psjua(Ailu, )

E[d(Xy, Y3)]

< P(iy # 0)dmax + E[L @y = 0)d(Xy, Y]
< P(@y # O)dmax + P(S” & T™ (€, Tv))dmax
+E[E[LGy =6,5 € T, 7n)d(X, Yi)IS7,6]]
(76)
< E[As,u0lU = ul +¢
=A,+e (77)

for all n, N large enough, where the previous inequality is
shown below. Then, expected distortion for the code formed
by concatenating (f, ¢) for each u € U, is

SE[Ayl+e<A+e

It remains to show (77). Now, (77) follows from the following:
In (76), for each 7 € © and 5" € T™ (€, T),

E[1(Zy = 0)d(X, Y3)IS7 =s".0 = 1]
1(Zy = 6)
= B[ = > d(Xa. Ya)

teu
1 ?N =0
T % D d(Xpi, Yp)|ST =5",0 = T]
tey
N’
= deax

My
1
+;E[Z Z d(XBta YBt)ISy :sn,ezf]
i=1 teysn(A;)\vA,.

& rlval
+ZE[ :l‘" 1(Zy = 0)
i=1

440, (4 s = a6 = <]
!

N /
= dydmax + M€ dmax

My /

€
+ D Pswo(Ailu, 7 (Bauc + 7). by (56)
i=1

4 /

N €
=< IE[AS,U,9|U =u,0=r1]+ Mkf/dmax + deax + Z
< E[AsvolU=u,0 =1]+e¢,

for all n large enough and €’ chosen appropriately. O]

B. Proof of Proposition 1

First, for the Bayesian setting, by Theorem 3, the claim
entails showing that

min max min I(Xs ANYB|S,U,0 =1)
PU.Ps|x pqU-  TEO  PypisxcU.o=t
(Ar,7€0), BlAgl<A Eld(Xp,Yp)l0=t]<A;
(78)
= min max min I1(Xs AYB|S,U,0 = 1),
Py 0w, {A7,7€0l7€® Pyp1SXqU.6=1
E[Ag]l=A E[d(Xp,Yp)l0=t]<Ar

(79)
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for Amin < A < Amax. Denote the expressions in (78)
and (79) by ¢g(A) and r(A), respectively. Now, from the
conditional version of Topsge’s identity [6, Lemma 8.5],
observe that g(A) equals

min
PypisxgU,0=t

min max
Py.Ps|x pqU-AAT, T€0) T€O

ElAgl<A Eld(X g.Yp)l0=t1<A¢
min (D (PYB\SXSUﬂ:r | | OyylsU,0=1 PSXSUW:T) )
Qyg|sU.6=t

(80)

Note that the inner max and min can be interchanged
in (80). Denoting D (Py,sxsv.0=c|| Qvy1sv,0=c | Psxsuio=1)
by D;, t € ©, we write (80) as

min min max D;
Pu.Ps|x pqU-tAT. T€0} - Pypisxgu0-Qyp|SUO=r TEO
E[Agl<A Eld(Xg,Vg)l0=t1<A¢, 70
= min max D;

Py PS|x pU-PYpISxsU0-Qyp|SUb=r TEO
Eld(Xg,Yp)l<A
= min t,
1, Py, Psix \qusPrgisxguo,Qyy|su,o=
D.<t, 7€0®
Eld(Xp.Yp)I<A

81)

which is the epigraph form. Also, r(A) can be expressed in a
similar manner. Based on (81), we define G, (a, {4, 7 € O})
and G,(a, {A;, 7 € ©}) in terms of the Lagrangians of ¢(A)
and r(A), respectively, in a standard way. Specifically,

Gy(a, {A:, T € O))

t+ D e(De — 1) +aE[d(Xp, Vp)]
7€0

= min
6Py Psix \qU
Pypisxsu0-Qyg|suo

t(1=D J0)+ D deDe+aF [d(Xp, Yp)]

€0 €0

min > AcD;+alE[d(Xp,YB)],
Fu-PsixpU re@
Pypisxsu0-Qyg|suo

= min
L.Py.Ps|x \ U
Pyp|sxgu0-Cyg|SUo

= i =1, (82)
7€0@
—0o0, otherwise.
Let P, £ Px,9=c. When > 1, = 1, from (82),
7€0®
Gyl(a, {4, 7 € O}) equals
min Py (1) min P S|xam, U
py > Py( ) min_ ZA §1X pqU (51X 04 1)
Pyg|SXgUO $€Ak
P YBls, x5, u, v
" (]E[Z 7o P (iap)log Yslsxsu0 (YRS, Xg )
e Qvpisuo(Yls,u, )
o > 1o () PeCean)d e, V)|
7€0
S:s,stxS,Uzu,Hzr]),
where the expectation above is with respect to
Py |5=s,Xs=x,,U=u,0=7- Noting that the term ( above is
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a function of s, x o, u, we get

Gyla, {A:, T € O})

= min Py (u
Py.Qyp|SU0 sz U()
Pypisxguo M
P YBls, x5, u,
X min (]E[Z/IZP,(XM)Iog vulsxsuo(VBlS, X5, 4, 7)
sedy e Qygsvo(Yls,u, )
o > 1o(0) Pe(ep0)d g, V)|
€0

S=s,Xs=xS,U=u,9=T])

= min z Py (1) min Z Ow (e 1) (5)
Py.Qyg|suo — Sw () Y
Pygisxguo M SE€Sk

P Ygls, x5, u,
X(E[ZATPT(XM)Iog veisxsuo (YIS, X5, u, T)
7€0 QYB|SU¢9(YB|S, u, -[)

+a D" ug(t) P (xpm)d (xp, Yp)
€0

S=s,Xs=xS,U=u,9=T])

—  min [(Zz,

Py.Qyp|SUO
I3 5| 5 7€®
YBISXgUB-Ow

xD (PYB|SX5U,0:1 | | OyylsU,0=1 PSXgUl@:z) )

+OCIE[d(XB,YB)]:|
= Gr(a, {Ae, T € ®})

Since g(A) and r(A) are convex in A, they can be

expressed in terms of their respective Lagrangians as

qg(A) = @}Gq(a, {A:, 7 € ®}) —aA

max
a>0, {A;>0, 7€

and

r(A) = azo,{ﬂrflza())(, TE@}Gr(a, {l;, 1 €0})—aA. (83)

Thus,
q(A) =

= max
a>0, {Ar>0, €0
> A=l
7€0
= max
a>0, {Ar>0, 7€®
> A=l
7€0

=r(4),

Gy(la,{A;, T €O} —aA
0420, (12D, 10} a(@ 4o, @ h—a

)Gq(a, {2, 1 €0} —aA

[Gria, {4e, 7 €6}) —al

upon observing that the maxima in (83) are attained when

S e =1

7€0®
The proof for the nonBayesian setting is similar. O

C. Proof of Lemma 1

Clearly, for each 7; € 0y, pf(é, 71) and p/’;B(é, 71) are
finite-valued and, hence, so are the right-sides of (13) and (14).
Also, they are also nonincreasing in A. The convexity of the
right-sides of (13) and (14) follows from the convexity of
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pf (9, 71) and pr (9, 71) in 0 along with a standard argument
shown below; continuity for A > Apj, iS a consequence.
Continuity at Api, holds, for instance, as in [6, Lemma 7.2].
The claimed properties of the right-sides of (25), (26),
(31) and (33) follow in a similar manner.

The convexity of the right-side of (13) can be shown
explicitly as follows. Let 71(1) and 7;(2) attain the maximum
in (13) at A = Aj and A = Aj, respectively, where A1 < Aj.
The corresponding minimizing {A;,, 71 € ®;} are denoted by
{Ail, 71 € 1} and {A%l, 71 € 01}, respectively. For any
O<a<l,fori=1,...,|01]

aRpA(A1) + (1 —a)Ra(A2)

= apB(AL 1) () + (1 — @)pB (A2 ). 11(2)
ap (AL oy, 11(0)) + (1 — a)pF (A2 ;). 11())
pE@Al )+ (1 —a)A2 ). 71 (),

(ALY

(84)

where the inequality above follows by Remark (iii) preceding
Theorem 1 in Section III. Now, (84) holds for every i =
1,...,|0®1], hence

aRa(A1) +l(31 —a)Ra(A2)
= Max P (@A iy + (1= ) A7 ), 71(D)
i B
A
(AT]H,IzIII;@l] ‘[]Inea@X] pA( 71 Tl)
E[AHI]SaAH»(lfa)Az

= Ra(a A1+ (1 —a)A>).

v

D. Proof of (39)

Since for each 71 in ®1 and x/ in A7},

Py oy (e l71) =exp| = n(D(Q ()11 Pe)+ H (0 (x)))]

where Q,(x}) is the type of x} (cf. e.g., [6], Lemma 2.6), we
have

Tia(X7) = argmax Pyy g, (X4|71)
T]E@]
= argmin D(Qn (X))|Pr)). (85)
‘[16@1

Next, for each 71/ in ®;, we know by the strong law of
large numbers that liyrln 0,(X%) = P,]/, P,]/ -a.s. (cf. e.g., [7],
Corollary 2.1). Since each P, 71 in @y, has (full) support
Xa, D(:||Pr) is continuous so that

lirrln D(Qn (XD P) = D(P,]/ [[Pr;) Pr-as. (86)
It follows from (85) and (86) that
lim Tia(X}) =1 Pyas,
which implies (39). O
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