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ACTIVE POINTING CONTROL FOR SHORT RANGE FREE-SPACE
OPTICAL COMMUNICATION*

ARASH KOMAEET, P. S. KRISHNAPRASADT, AND PRAKASH NARAYANT

Abstract. Maintaining optical alignment between stations of a free-space optical link requires
an active pointing mechanism to persistently aim an optical beam toward the receiving station with
an acceptable accuracy. This mechanism ensures delivery of maximum optical power to the receiving
station in spite of the relative motion of the stations. In the active pointing scheme proposed in
the present paper, the receiving station estimates the center of the incident optical beam based on
the output of a position-sensitive photodetector. The transmitting station receives this estimate
via an independent communication link and uses it to accurately aim at the receiving station. The
overall mechanism which implements this scheme can be described in terms of a diffusion process
which modulates the rate of a doubly stochastic space-time Poisson process. At the receiving station,
observation of the space-time process over a subset of R? is provided in order to control the diffusion
process. Our goal is to determine a control law, measurable with respect to the history of the

space-time process, which minimizes a quadratic cost functional.

1. Introduction. Free-space optical communication is increasingly regarded as
a high-bandwidth power-efficient means for point-to-point communication. The range
of applications include fixed-location terrestrial communication [1], communication
between mobile robots [2], airborne communication [3], and intersatellite communi-
cation [4].

In free-space optical communication using (narrow) laser beams, it is necessary
to maintain the alignment of the transmitter and the receiver in spite of their relative
motion. This relative motion might be caused by the mobile nature of the stations,
mechanical vibration, or accidental shocks. Maintaining alignment is achieved through
two operations: spatial tracking and active pointing. Spatial tracking properly adjusts
the orientation of the receiver to hold the transmitter within its field of view [5].
Pointing serves to aim the transmitted beam toward the receiver within an acceptable
accuracy [5]. While coarse pointing is essential for initiating a free-space optical
link, active pointing—a persistent fine pointing operation—is required during data
transmission in order to compensate for pointing error caused by relative motion.

The last operation attempts to maximize the received optical power during the course
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of communication. In this paper, our focus is on active pointing for short range
applications.

The one-way optical link under consideration comprises an optical transmitter
and an optical receiver which are subject to relative motion. The optical transmitter
is equipped with a servo-driven pointing assembly which can control the azimuth and
elevation of a transmitting laser source. The optical beam emitted by the laser source
has a nonuniform intensity profile which is assumed to be Gaussian [5]. Normally, the
aperture of the receiver is smaller than the received optical beam, so that the receiver
can collect only a fraction of the optical beam. In order to enlarge this captured frac-
tion, the goal of active pointing is to hold the center of the optical beam at the center
of the receiving aperture. The receiver employs a position-sensitive photodetector to
measure the intensity profile of the optical beam that strikes its aperture. The out-
put of the photodetector is used to estimate the center of the received optical beam,
which is then conveyed to the transmitter through an optical link or a low-bandwidth
RF channel. The pointing assembly then adjusts the orientation of the transmitter
based on this estimate.

The performance of the proposed active pointing scheme depends significantly on
the accuracy of the estimate of the beam center. In order to achieve a good estimate of
the beam center, it is necessary that the size of the receiving aperture be comparable
with the size of the beam. This requirement limits the application of our method to
short distance links.

The rest of this paper is organized as follows. In the next two sections we develop
a stochastic model for the overall scheme and state the control problem associated
with the model. Based on this model, in Section 4, we formulate and solve the problem
of estimating the center of the beam. The results of this section will be used later in

Section 5 to discuss the optimal control problem.

2. The Model. The structure of our model follows that introduced in [6] for
spatial tracking systems. Although the model in [6] describes a spatial tracking system
rather than an active pointing one, since the two systems share similar components,
the models for pointing assembly, relative motion, and the photodetector are adopted
from [6]. We refer the reader to [6] for a detailed description and justification of the
models.

Let the two-dimensional vector 6; denote the azimuth and elevation angles of the
transmitter axis with respect to some fixed coordinate system, where the subscript ¢
indicates time dependence. Similarly, o; denotes the azimuth and elevation angles
of the line-of-sight of the stations (passing through the center of receiving aperture)
with respect to the same coordinate system. The pointing error is ¢y = 0; — az. We

assume that the receiving aperture is held perpendicular to the line-of-sight by means
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of a spatial tracking system. Then, for a small pointing error, the displacement of
the center of optical beam with respect to the center of receiving aperture is given
by y: = lypt, where [ is the distance between the stations which is assumed to be a
constant.

The pointing assembly is an electro-mechanical system with input vector u; €
R? and output vector #; € R?, which correspond, respectively, to the azimuth and

elevation angles. The associated stochastic state space model is

dz? = APxbPdt + BYuidt + DY dw?

— (PP
9,5—Ctxt

(1)

where 2 € R" is the state vector, {w!,¢ > 0} is a m,-dimensional standard Wiener
process, and A? BY D? and C? are known uniformly bounded matrices of appro-
priate dimensions. The use of a linear model for the pointing assembly is justified by
the fact that the system operates over small angles during the active pointing regime.

We model a; by a Gauss-Markov stochastic process [6] described by the state
space equations

def = Adaddt + Didw
(2) i
o = Ciay

with state vector z¢ € R", mgy-dimensional standard Wiener process {w{, ¢ > 0},
and known uniformly bounded matrices A4, D¢, and C¢ of proper dimensions.

The displacement vector y; = lp; is a linear function of 7 and z¢, so that (1)

and (2) can be combined in a compact form:

(3) dZCt = At.’IJtdlf + Btutdt + Dtdwt

Yt = Cixy
with state vector x; € R™ and m-dimensional standard Wiener process {w;,t > 0},
where n = n, +nq and m = my, + mq. The initial state z( is assumed to be Gaussian
with mean Zo and covariance matrix Xy, and independent of {w,t > 0}.

Let @, : RFxRFxRE*F — R be a Gaussian map defined as

_ _ 1
d, (2;2,0) = (2m) "2 (det ©) " exp {—5 (z—2"01(z- z)} :
Let r denote the position vector of an arbitrary point on the plane of the receiving
aperture with respect to a coordinate system centered at the center of the aperture.
Then, for a Gaussian beam centered at y; = Cyxy, the optical intensity I; (r) over the

plane of the aperture is proportional to

It (’f‘) X (1)2 (’f‘; Ct.’IJt, Rt)
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where R; = RI' is a 2 x 2 positive definite matrix describing the shape of the beam.
For a circular symmetric beam with constant radius ¢ > 0 we have R; = o’I,".

Let A denote the area of the receiving aperture. In a practical system, the optical
field over the receiving aperture is focused on a photodetector of small surface area
by means of a focusing lens. The photodetector measures the intensity profile of
the imaged optical field, which is a scaled-down version of the optical intensity over
the receiving aperture. Therefore, we consider the combination of the lens and the
photodetector as a virtual photodetector of area A, i.e., we assume that the virtual
photodetector provides the observation of the optical intensity over an area .A.

The position-sensitive photodetector is a photoelectron converter whose surface
is partitioned into small regions. The output of each region counts the number of
converted electrons regardless of their location within the region. The photoelec-
tron conversion rate depends linearly on the optical power absorbed by the region.
Generally, a photoelectron converter is modeled by a Poisson process with a rate
proportional to the impinging optical power [5, 7]. In the present case, where the
optical power is a stochastic field, the output of each region is modeled by a doubly
stochastic Poisson process. We assume that the receiver employs a high spatial res-
olution photodetector. Following [6], we use an infinite resolution model for such a
sensing device. This idealized model, which is characterized by a doubly stochastic
space-time Poisson process, provides a reasonable approximation for a high spatial
resolution photodetector.

The rate of the space-time process which models the output of the photodetector
is proportional to the optical intensity I (r). Thus, introducing a proportionality

constant u; > 0, we express the rate as
At (ry20) = P (r; Crvg, Ry) -

In a general situation, u; is a nonnegative stochastic process representing the random
optical fade caused by atmospheric turbulence and the information-bearing signal
modulating the optical beam. However, here we simplify the model by assuming
that p; is deterministic and nonnegative.

The space-time Poisson process, defined over [0, 00) x A, characterizes the occur-
rence of discrete events (e.g., release of a single electron) with a temporal component
t € [0,00) and a spatial component r € A. For 7 and S Borel sets in [0,00) and A,
respectively, let N (7 x S) denote the number of points occurring in 7 x S. Define
the random variable

p(T x8)= / At (1, 2¢) dtdr.
TxS

17, is the k x k identity matrix
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Then N (7 x §8) is a conditionally Poisson random variable with conditional proba-

bility distribution

efp(TXS)pn (T X S)
n!

Pr{N (T xS8)=n|p(T xS} =

Moreover, for disjoint 7; x S; and 73 X Sa, the random variables N (7; x &;) and
N (73 x Sz), conditioned on p (7; x S1) and p (72 x Sz) are (conditionally) indepen-
dent.

With (Q,.%#,P) as the underlying probability space for the stochastic model
above, define %; as the o-algebra generated by the space-time process over [0,1).
We define the counting process N; as the number of points that occur during [0, )

over the entire surface of the photodetector regardless of their location, i.e., N =

N ([0,¢) x A).

3. Problem Statement. The central objective of an active pointing system is
to maintain the centroid of the optical beam as close as possible to the center of the
photodetector. This control task can be interpreted as one of minimizing y; with
respect to some appropriate norm. We adopt the quadratic form

T
(4) J=E / (xtTtht + utTPtut) dt + x%SxT
0

with P, = PT >0, Q; = QF > 0, and S = ST > 0, as the cost functional. For
purpose of active pointing, a reasonable choice is Q; = CZ C;, P, = I, and S = 0.

We say u is an admissible control if u; is Z;-measurable and the solution to (3) is
well-defined. Based on the cost functional (4), the control problem can be defined as:
Subject to state space equation (3), find the admissible control u; that minimizes the
cost functional (4).

An intermediate step for solving the control problem is to obtain the posterior
density p,, (x|%;). In the next section we discuss this problem and develop an ap-
proximation for this posterior density. Employing this approximation, we propose a

solution for the optimal control problem.

4. Estimation Problem. Let (t;_1,tx] be the interval between the (k — 1)
and k" occurrences of the space-time process, and let 7 be the location of k"
occurring point. For a function b; (1, &) that is continuous in r and left-continuous

in ¢t and &, the stochastic differential equation
dé: =/ be (1, &) N (dt x dr)
A

is defined such that d¢; = 0 during (tx—1, tx] and & encounters a jump of by, (rg, &)
at t = 1.
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For the model of Section 2, Rhodes and Snyder [8] derived a stochastic partial
differential equation describing the time-evolution of the posterior density py, (z|%:).

This equation is expressed by
dps, (21%:) = L {ps, (2| B)} dt + ps, (2|2, / (N (@) A7 (1) = 1) N (dexar)
A

(5) — Da, (2|%1) / (A (roz) — X () drdt

A

where A\, (1) = E [\ (r, ;) |%,] and £{-} is the forward Kolmogorov operator associ-
ated with (3) and defined as

n ; 1 n o n ; )
L{}=— Z} O[(Avz + Byur) (-)]; /0" + 5 Z} Z; 0% [DD{ (-)],, |0z 0.

1= i=1 j=
Also, for special case A = R?, it was shown in [8] that the solution of (5) is Gaussian
with conditional mean #; and conditional covariance ¥; which satisfy the stochastic
differential equations
(6) dit = At.’i'tdlf + Btutdt + Mt (’f‘ — Ctjt) N (dt X d’l")

R2

(7) d¥y = AyXdt + S, AT dt + DD dt — M,C;%dN;

with initial states 9 = o and ¥y = ¥X¢. In these equations, we have M; = I'y (3;)
where I'; (+) is defined as

T, (%) =2C! (C2CF +R) ™.

The aperture of a practical receiver has finite area so that the ideal condition
A = R? is not feasible. In practice, where A # R?, the filtering problem associated
with (5) is infinite-dimensional. However, when A is large enough compared with
the size of the optical beam, a finite-dimensional approximation is reasonable. The
fact that p,, (¥|%;) is Gaussian for A = R? motivates us to consider a Gaussian
approximation for p,, (z|%;) when A # R? In the reminder of this section, we
develop a method to determine the mean and covariance matrix of such a Gaussian
approximation. The cumulant generating function associated with p,, (2|%:) plays a
central role in this development.

The conditional cumulant generating function of x; given %4, is defined as

Yy (s) =InE [exp (ijIt) L%’t} |

Jjw=s’
and can be expanded in terms of conditional cumulants ;"> [9] as

= 1 iyined;
(8) Vi (s) = ZZ i Ky 2 Sq S0y e Si

j=1 77
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where #* = {1,2,...,n}/ and s = (s1,s2,...,5n). Note that #; and ¥; are rep-
resented in terms of the first and second order cumulants as &; = (/@},nf, . .,n?)
and ¥y = [k¥]. The time-evolution of t; (-) is described by a partial differential
integral equation derived from (5) and is stated next.

THEOREM 4.1. Let ¢ (+) be the conditional cumulant generating function of x;
given PBy where xy is the solution of (3) and %y is defined in Section 2. Then, the

time-evolution of 1y (+) is described by

dipy(s) = s (At &gis) + Btut> dt + %STDtDtT sdt
(9) + / (ln Bt (r,8) — In B (r, O))N(dt X dr) — / (ﬁt (rys) — B (7, 0))drdt
A A

where B¢ (+,+) is defined as
(10) B (r,s) = exp{—v:(jw)} E [exp (ijxt) At (7, a:t)|<%’t] ’

jw=s"

Moreover, if the Fourier transform of A (r, ),
Ay (r, jw) = / At (r,7) exp (—jw’ z) da

exists, B¢ (+,-) can be expressed as

(1) B1(3) = oy [ A rv)exp{untiv +5) = (o)
Proof. See Appendix A.1. 0

The time-evolution of the cumulants is described by a (generally infinite) set
of nonlinear stochastic differential equations driven by the space-time point process
N (T x §). This set of equations can be derived from (9) by matching the coefficients
of corresponding s;, si,- - -s;; on the two sides of (9). We can usually suppose that the
first few cumulants approximate p,, (x|%;) with an acceptable precision. This means
that the infinite set of equations can be approximated by a finite-dimensional one.

Regarding this approach, two issues should be addressed. First, we need to com-
pute G; (-, -) in terms of the cumulants via equations (10) or (11) and expansion (8),
which is not straightforward for an arbitrary number of cumulants. Second, when
we truncate (8) to a limited number of terms, the corresponding approximation for
Dz, (2| %) might not be a valid probability density function, i.e., it might be negative
for some z. When we limit the expansion (8) to the first and second order terms
(Gaussian approximation), these difficulties are avoided. In this case, 5 (+,) can be
easily calculated and the truncated expansion leads to a valid probability density.

In Appendix A.2, we have used the method above to approximate p,, (z|%;) with

a Gaussian probability density. It is shown there that the mean Z; and covariance
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matrix 3, of this Gaussian approximation are solution to the stochastic differential

equations

(12) d.’i’t = At,ftdt + Btutdt + / Mt (T — Ct(it) N (dt X dT) — Ntht(i'ta it)df
A

(13)  d%y = ASydt + S, AT dt + Dy DI dt — MyCy S dNy + peHy (%, 24 ) dt

with initial state Zo = Zo and X9 = 3. Here, M; = I (it), and hy (+,-) : R"XR™*"™ —
R™ and H; (+,-) : R™ x R"*™ — R™ "™ are defined as

(14) ht (LL', E) = / Pt (E) (T — Ct.’IJ) (1)2 (T; Ct.’II, CtECéT + Rt) dr
A
Ht (LL', E) = / Pt (E) (CtECéT + Rt — (’f‘ — Ct{E) (T - Ct.’II)T) F? (E)
A

(15) - @y (r; Gz, C,ECE + Ry) dr.

Note that z; and it are approximations of &; and Y, not their exact values.

REMARK 4.1. Equations (14) and (15) imply that as A — R?, h(-,-) — 0 and
H(-,-) — 0, then as a consequence, the approzimate estimator (12), (13) tends to
exact estimator (6), (7). In this sense, we can say that (12), (13) is an asymptotically

optimal estimator.

5. Control Problem. We exploit the results of the previous section in solving
the control problem as Theorem 5.1 below. Before stating this result, we fix some
notation. Let ¥ = [0;;] denote a symmetric nxn matrix and f (X) be a scalar function
of ¥. Assume that the partial derivatives of f (X) with respect to the elements of ¥
exist. We denote by 0f (X) /0¥ a n x n symmetric matrix F' (£) = [F;; (X)] such that
F,; = 0f/004 and Fyj = (1/2)0f /0oy for i#j. Let g, (x,%) be a scalar function of
z € R™ and n x n symmetric matrix ¥. Assume that the partial derivatives of g; (z, )

with respect to x and ¥ exist. Define the linear operator £; {-} as

Lt {gt (.I, E)} = /A(gt (.I + Ft (E) (T — Ctilf) y Y- Ft (E) CtE) — gt (ZZ?, E))
- @y (r; Cyz, CySC) + Ry) dr

Finally, we use || - [|3, to denote (P ().
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THEOREM 5.1. Let x € R™ and ¥ be a n X n symmetric matriz. Suppose that

gt (2, %) is the backward solution of the partial differential equation

(17)

_% 9t (2,%) = (a% gt (z, E))TAta: — % <a% 9 (z, 2)>T B.P'Bf <% 9t (z, 2))
+ tr { <i (z, 2)) (A2 + 2A! + DD} + Qtz}
+ 2" Qi + L {g: (z,%)}

with boundary condition gr (x,%) = 27 Sx. Then the cost functional (4) can be ex-

T T 2
[ v [ dt],
0 0 P

5t = / {xTQt:C —+ / (gt (ftt —+ Mt (T — Ct‘f?t) s it — Mtth]t) — gt (‘f?h it)) )\t (T7 $) d’f‘}
JRn JA

pressed as
(18)
1 __ 0 U
us + 5 Pt 1B;r (a_j't gt(a:t,Et))

J:go(fo,io)—FE +E

where

(19)
(e (@|B0) — e (2]8) ) du

is the error term resulting from replacing the posterior density p., (x|%B:) by its
Gaussian approzimation Py, (x| A:).
Proof. See Appendix A.3. 0
The first term in the right side of (18) clearly does not depend on u; and so is
not involved in the minimization. While the hard-to-compute error term ¢; in (18)
depends on uy, it is supposed to be small. Therefore, in minimizing (18), we ignore J;
and only minimize the third term. We note that the minimum of the third term is 0

and is achieved when u; is given by

. 1 __ 0 R
(20) ut = —5 Pt 1Bér <6_jt gt(.It,Et)) .

Then the cost associated with uf will be

T
T = go(70, o) + / B [0y ] .
0

When A = R?, the solution to (17) can be simplified. This is stated as the follow-
ing theorem which confirms that the optimal control in (20) is consistent with that
obtained for A = R? by Rhodes and Snyder [8]. This shows that the approximation

tends to the exact solution as A tends to R2.
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THEOREM 5.2. When A = R2, the backward solution of the partial differential

equation (17) with boundary condition gr (x,¥) = 27 Sx can be expressed as

(21) gt (2,%) = " Kz + f; ()

where K; s the solution to the Riccati equation

(22) K, = -KA — AT'K, + K,BrP,'BI'K, — Q,

with Kp = S, and f; (X) is the backward solution to the partial differential equation
0 0
— i (2) =t { <ﬁ fi (2)) (AL + XA + D,D}) + QtE}

(23) + 1 (fe (B =T (2) CeE) = fi () + petr {T () G2 K}

with boundary condition fr(X) = 0.
Proof. See Appendix A.4. 0
We see from (20) and (21) that when A = R?, the optimal control is given by

(24) uf = —P7'BI K, i,
with associated optimal cost
(25) J* = z{ KoZo + fo (Zo) -

While the optimal control (24) has been obtained by Rhodes and Snyder [8], the value

of the corresponding optimal cost (25) is newly obtained here.

6. Conclusion. Optimal control and estimation problems associated with a dif-
fusion process modulating the rate of a doubly stochastic space-time Poisson process
are discussed. It is assumed that the observation of the space-time process over a
subset of R? is used for the purpose of estimation and control. Our prime motivation
for examining this optimal control problem is its application to active pointing in free-
space optical communication. The main contributions of the paper are a suboptimal
estimator for state of the diffusion process and a suboptimal control associated with a
quadratic cost functional. Further, it is shown that when the observation is available
over all of R?, our results tend toward the results of Rhodes and Snyder [8] for the

latter case.
Appendix A. Proof of the Theorems.

A.1. Proof of Theorem 4.1. The Fourier transform of (5) is given by [8]
doy (jw) = E [exp (ijxt) <ij (Ayxy + Byuy) — %wTDtDtTw) ‘%’t] dt
+/ E [exp (jwzy) ()\t (ry ) AL (r) — 1) |%t] N (dtxdr)
A

(26) - /AE [exp (jwTz) (N (r,2) — At (r)) |%t] drdt.
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Let t1 < to < t3 < --- be the occurrence times of the space-time process N (7 x S).
During the interval (¢, tx+1), k =0,1,2,..., the first integral in the right side of (26)

is zero, thus we can write (26) as
1
dexp{: (jw)} = E [exp (ij:Et) (ij (Atxs + Brug) — 3 wTDtD;‘Fw> ‘e%’t} dt

(27) — /A E {exp (ijxt) (e (@) — At () ‘%’t} drdt.

Continuing, we write

exp (o)} dv (o) = exp {1 (jw)) [ij (At ) Btut) T DD] w] "
- exp (jwT ¢ t(r,x) — At T | drdt,
(28) /AE[ p (jwzs) (M (ry ) )\())]%’}ddt

using the identity

0
E [z, exp (jw"z:) | %] = 9o E [exp (jw"z:) | %]

= 20 exp (e}

Multiplying both sides of (28) by exp {—:(jw)} and substituting §; (r, jw) from (10)

into the resulting equation, we obtain

(29) vy (joo) = jw” (Ataif;f(.j}“’) + Btut) dt - L wTD, Dl

- [ @) - a0
A

The discontinuity at ¢ = ¢, is treated as follows. Let r; be the spatial component

of the event occurring at ¢;. Then, from (26) we find
by (o) = 0y () = B [exp (i, ) (A (s )AT () = 1) ], ]
k
which can be simplified as

¢tk+ (jw)=E [exp(ij:Et;))\t; (rk, xt;)‘%t;} j\t ! (r) -

K
Multiplying both sides of this equation by exp{—wt; ( jw)} and taking logarithms, we

obtain

Pyt (jw) — by (jw) = ln(exp{—@bt; (jw)}E [exp(jwr‘rgct;))\t)Z (m,xt;”%t;})
—In 5\75; (rk)
= lnﬁt; (’l"k,jW) - lnﬁt; (rku O) .

Combining this with (29) and replacing jw by s, we obtain (9).
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From definition of G, (r, jw) (10), we have
(B0 Blrge) = e (=i ()} [ pa, 0lB0) exp (17) N (r.0) do
Rn
Note that p,, (z|%:) is the Fourier transform of exp {¢: (jw)}, and so we can write
1 . .
oy (010 = T [ exp {w (G0) exp (~0") .
(27T) Rn
Upon substituting this into (30) and interchanging the order of integration?, we obtain
. 1 . . .
Bt (1, jw) = — / exp{wt(ju) — wt(jw)} / At (r,2) exp {—] (v — w)T x} dxdy.
(2m)™ Jgn R

Replacing the second integral above by A; (r, jv — jw) and changing the variable of

integration v with v 4+ w, we get
. 1 ) ) . )
B (r, jw) = @ / A¢ (r, jv) exp{ee(jv + jw) — Y (jw) }dv.
RTL

Finally we obtain (11) upon replacing jw with s. n

A.2. Derivation of (12), (13). We first state a technical lemma from [10]
which will be used later in deriving (12) and (13). For sake of completeness, we
repeat below the proof from [10].

LEMMA A.1. Let 2,2, € R*, 2, € R, and ©y, and ©; be respectively kxk and

Ix1 positive definite matrices. Assume that G is any I xk matriz. Then we have
(31) / [OF% (Zk;zk,@k) P, (ZZ;GZk,Gl)de =@ (Zl;sz,(al —I—G@kGT) .
Rk

Proof. Denoting the Fourier transform of the left side of (31) by Fj (w;), we can

write

F(w) = /k Dy (21; 2k, Ok ) exp (jwlTsz — %wlT@lwl) dzp
R

= exp (jwlTGEk — %wlTG@kGTwl) exp (—% wf@lwl)

= exp (jwlTGEk - %wlT (@l + G@kGT) wl)

Taking inverse Fourier transform of the expression above, we get the right side of (31).
5 O

The probability density function associated with the truncated expansion ¢ (s) =
sTa, + %sTi)ts is Gaussian with mean Z; and covariance matrix f]t. With this ap-
proximate probability density function and with A\ (r,x2¢) = p®2 (r; Cray, Ry), the

approximation of 3 (-, -) is given by

Bt (r,8) = exp {—15,5 (s)} /n P, (x; Tt it) exp (ST:C) 1 ®s (r; Crxy Ry) da.

2This interchange is permissible since for any fixed ¢, the integrand is continuous in x and v.
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A simple calculation yields that
exp {—1/~Jt (s)} P, (:1:; Ty, it) exp (sTx) =, (3:; Fy 4 Dy, it)

Then, using Lemma A.1, we get

615 (T, S) = ,ut<I>2 (’I”; Otft + Otits, CtitCéT + Rt) 5
which leads to

~ - - - —1
mﬁgng-Jn@@qn:sTnc?(ngfﬂ+RQ (r — Ciy)

1 - ~ 1~
(32) — 5 STEtC;T (CtEtC;T + Rt) CtEtS

By (7,8) — By (r,0) = 1, @2 (T; Ciig, Cy 2 CF + Rt)

~ ~ —1
. {STEtC;T (CtEtC;T + Rt) (’f‘ — Cti't)
1[ e . -1 2
+ 5 |:STEtO;T (CtZtO;T + Rt) (T — Otjft):|

1 ~ 1
(33) -3 sty cF (CtEtCtT + Rt) Ci¥s+ 0 (”SHB)}

We combine (32), (33), and (9), and match the coefficients of s7(-) and sT()s from
both sides to obtain (12), (13). 0

A.3. Proof of Theorem 5.1. Our proof consists of the following four steps.

Step I: Using properties of conditional expectation, it is easy to show that
E [I?Qt.ft} = E {ijtjt + tr {QtEt}} .

Then the cost functional (4) can be expressed as

(34) J=FE

T
/ (f?@tft +tr {Qtit} + utTPtut + 6t1> dt + ZC;SI’T‘|
0
where 4} is defined as
6t1 =1tr {Qt (jt«%? — (it(i? + Et — St>} .

Step II: For t > 0 and for any positive ¢, AN;2N; . — N; is a conditionally Poisson

random variable with stochastic rate

_ t+e
Af = / / Ar (ryxy) drdr.
t A
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Thus, using the law of total probability, we can write

=E [X{ exp (—X}) | %]
(35) =eq + O (%)

where ¢; is defined as
(36) [ / E [At (T, It) |ggt] dr.
A

In a similar manner, we can show that

Pr {ANt = O}%t} =1l—eq+0O (62)

(37)
PI’{ANt 2 2‘3315} =0 (62) .

Let the random vector R € R? denote the location of a single event occurring dur-

ing [t,t + €). We show that

E [)\t ('f‘, ZCt) |33t] I

(38) P (r|AN, =1,%,;) = m A(r)+0(e)

where T4 (r) =1if r € A and I4(r) = 0 otherwise. For this purpose, let D (r) C A
denote a square with side length Ar and centered at r € A. Defining .7 = [¢,t + ¢€)

and using Bayes’ rule, we can write

pp (AN =1, %) = Alimo Ar2Pr{ReD(r)|AN; = 1, %}
= AlimOAr’Q Pr{N (7 xD(r)) = 1]AN; = 1,%;}

1 Pr{N(IxD(r)=1N(7 x A) =12}
(39) = Jim R Pr{AN, = 1|%;} '

Note that the event of N(J xD(r)) = 1 and N(J x . A) = 1 is equivalent to
the event of N (7 xD(r)) =1 and N (7 x (A—D(r))) = 0. Therefore, defining
2 = {x,| 7 € T} and using the law of total probability and properties of a space-time
Poisson process, we get
Pr{N (7 xD(r))=1,N(J x A) = 1|%,}
=E[Pr{N (7 xD(r) = 1,N (7 x (A=D(r))) = 0|2;, %} | %]

= E{Pr{N (T xD(r) =12} Pr{N (T x (A-=D(r))) =0|2:} |<%’t}
=E / Ar (s,@7) drds (1 — O (eAr?)) ‘ z%’t]
TxD(r)

(40) = eAr’E [\ (1, @0) %] + O (eAr®) + O (2 Ar?) .
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Substituting (35) and (40) into (39), we obtain (38).
Let pg, (¢|%:) be the Gaussian approximation of p., (¢|%;). Then using

Lemma A.1, we can write

n

E [N\ (r,2:) | %B:] = / D, (x| By) At (1, x) da
+ [ (o 0180) = B (@180 ) da
= w®2(r; CiZy, CiSCF + Ry)

(41) + /n (pmt (x| Bt) — P, (xL%’t)) At (r,2) dz.

Step IIT: Let g: (z, %) be a scalar function of 2 € R™ and n X n symmetric matrix X.
Assume that the partial derivatives of g; (x,X) with respect to ¢, z and ¥ exist. Using

the law of total probability we can write

M8

E {gt-i-e (éft+e, St-qre) ‘%t} = E {gt-re (lft+e, it-‘ré) ‘«%t, ANy = k} Pr {ANt = k|<@t}

=
i

0

Substituting Pr{AN; = k|%;} from (35) and (37) into the previous expression, and
using the law of total probability again, we find

E {gtﬂ (Ztter Stve) |=@t} =k {gt+e (Ztres Stre) | 2B, AN, = 0} (1—eq)
+E [E [gt+6(9~ct+€,it+e)|%t,ANt —1,R= r] |%,, AN, = 1} eqi+ 0 ().
Inserting (36) and (38) above and rearranging terms, we obtain
E [gt+€(9~ct+€, Site) |<@t} —E [gm (Frse, Sore) | B, AN, = o]
+ e/A <E [gm (Frre, Sese) | B AN, = 1, R = r]

—E |:gt+6 (‘%t+672t+€)‘%ﬁ7ANt = 0} )
(42) “E N (r,xe) |Be] dr + O (62) .
Conditioned on %; and AN; = 0, (12) and (13) can be solved during [t,t + €) to
obtain

i’t+€ = i’t + 6At.’ft + eBtut — E/Ltht (55,5, it) + O (62)

(43) - i . -
Et+g = Et + EAtEt + EEtAIiT + GDtD;T + E/Lth ({ft, Et) + O (62) .

Also, conditioned on %;, AN; =1, and R = r, we can write

jt-&-e = (it + Mt (’f’ — Ct{it) + 0] (6)

(44) ~ L
Et+5 = Et - MtC’tEt + O (6) .
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Inserting (43) and (44) into (42), and linearizing with respect to €, we obtain

E [Qt (Fr4e, Sere) ‘«%t] = g¢ (&, 5¢)

0 - 9 -\ -
+ EE gt (ift, Et) +€ (6_,@ gt ({ft, Et)) (Atfft + Btut - /Ltht ({ft, Et)>

+ etr { <% gt(jtv it)) (Atit + itA? + DtD;T + /Lth (.ft, it)Mg) }
t
+ 6/ |:gt (it —+ Mt (T — Ctjft) ) it — Mtotit) — gt (it, it):|
A
"B\ (r, 1) | %] dr + O ().

We substitute E [\ (1, z¢) | %] from (41) into the expression above and use the linear

operator L {-} defined by (16) to obtain the simplified form

- - 0
(45) E [Qt (Ztter Bise) |=%t} = g¢(2¢, %) + €57 9t (4, 24)
9 N7
+e€ (8_:5,5 gt (jtv Et)) (A4 + Byuy)
+ etr { (i., gt ({ft, it)> (Atit + itA? + DtD%T) }
0%y
+epely {gt (24, it)} +e6?+0 (62)
where the error term §7 is defined as
& = / / [gt (ft + My (r — Cyiiy) , S — Mtctit) — g4 (i, it)]
nJA

- (e, (@11) = B, (2180 )\ (7, 2) drda.

Define the nonlinear operator &; {-} by
Koo @) = Lo @)+ (Loem) 4
t 19t \ T, ~ ot gt (T, Oz gt (T, tT
1/0 T 0
- Z (8_{Egt (.’L‘,E)) B P, 1BtT (% gt (,T,E))
0 T T
—|—tI‘ ﬁgt (.I,E) (AtE—FEAt +DtDt ) +Qt2

+ 2" Qur + Ly {gi (x,5)} .

Then, (45) can be rewritten as

2
+ €62

1 0 -
ut+§Pt 1BtT (a—itgt(xtazt))

E {gt-i-e (Zttes it+e) ‘«%t] = g¢ (4, it) +e
P;

—€ (i?@tit + tr {Qtit} + utTPtut) + ek {gt (:it, it)} + 0 (62) .
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Now, let g; (+,-) be the backward solution of the partial differential equation (17) with
boundary condition g7 (z,%) = 27 Sx. This implies that ICt{gt (it, i)t)} = 0. Under

this condition, we take expectation from the equation above to get

E |:gt+é (ft+e, it+€):| =E [Qt (i“t, it):|

2
+ B || u+ 5 PUBT < e Et)) + ¢ (6]
2 0, .
(46) —eE {f?@t.’it +tr {Qtit} + ’U/?Pt’ut:| + O (62) .

Step IV: We partition the interval [0,T') into K subintervals [t,tx+1), k = 0,1,...,
K — 1, where tg = 0, txg = T, and tg41 — g £ ¢ > 0. Recalling that xTS’xT =

Gty (;Ct P EtK), we approximate the cost functional (34) by the finite sum

K—-1
JZJK = Z EkE [fz;@tki%tk —|—tr{th2~]tk} +U’Z;Ptkutk +6gk:| +E |:gtK (itkait;()} .
k=0

This finite sum can be rearranged as

K-2

Jrk = B [i.z;thi.tk +tr {thitk} +uf, Py ug, + 52,6} +E {51:1;( 1}
k=0

+ex—1E [i’;c(,l QtK—ljtK—l +tr {QtK—litK—l} =+ U?K,lptkflutkfl]

+ E |:gtK (jtKvitK)} .

In the right side above, we replace E [gtK (jtK,f]tK)] by the right side of (46). With

minor manipulations, and upon defining 6; = 6} + 62 according to (19), we find that

K-2
JK = Z EkE {fa@tk,’itk + tr {thEtk} + uZ;Ptkutk + (Stlk:|
k=0

+E |:gtK—1 (jtK—l ) itK—l):|

1 0
Uge_, + §PtklletTK71 (3557

tk—1

+ex 1 E [

2
Py

Jtr 1 (i.tK—l ) i75}(1))

+ex 1E [515[(71} + O (6%(_1) .

=

Repeating this procedure for k = K — 2, K — 3,...,1,0, we obtain

=

=E {gto Ito’zto } + ekE[atk]

k=0
K-1 a 2 K-1
+ z;) € [ ug, + = Ptletk (8~ g1, (mtk,ztk)) . + kgo 0 ().

Finally, we take the limit of Jx as K — oo and maxe; — 0 to obtain (18). n
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A.4. Proof of Theorem 5.2. For A = R? and g, (z,%) given by (21), we can
show that

Li{ge(2,8)} = fi(ZE—T:(2)CiX) — fi (B) + tr {T; (2) CiE K, }

which is clearly not dependent on x. Therefore, (17) can be decomposed into two
independent equations: the partial differential equation (23) with boundary condi-

tion fr (3) = 0 and the following equation

o (xTKtx)
B ot
B B(xTKtx) TA 1 8(:ETK,5$) TB p-1p5T 8(xTKt:E) T
N ox e 4 ox e Tt ox oG

with boundary condition 27 Kra = 27 Sz. This equation holds for any arbitrary x if

and only if K satisfies (22) with terminal condition K7 = S. 0
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