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ABSTRACT. We studytheissueof how to fairly allocatecommunicatiorrateamongthe
usersof a Gaussiarmultiaccesshannel.All usersareassumedo valuerateequallyand
eachis assumedo have nolimit onits desiredrate. We adopta cooperatie game-theoretic
viewpoint,i.e. it isassumedhattheuserscanpotentiallyform coalitionsoff line to threaten
otheruserswith jammingthechannelusingthisasanargumentor deservinglargershare
of the rate. To determinethe characteristidunction of the game,we rst determinethe
capacityregion of theGaussiamultiaccessrbitrarily varyingchannelwith anoperational
meaningof capacitysomaevhatmodi ed from theusualone,whichis moreappropriateo
our context and permitstime sharing. We then proposea solutionconceptfor the game
througha setof naturalfairnessaxiomsandprove thatthereexistsa uniquefair allocation
that satis esthe axioms. Moreover, we demonstrat¢hat the uniqueallocationis always
feasibleandliesin thecoreof thegame.lt is alsoshavn to possessomeintuitively natural
qualitatve propertiesasthe signalto noiseratio varies.

1. Intr oduction

Therehasbeenaresugenceof interestin multiuserinformationtheory Major driving
forcesbehindthis arethegrowth of networking, theincreasingpenetratiorof wirelesdocal
accesgincluding multiple antennaechniques)andthe drive to developsensometworks
usingadhocwirelessnetworking technology

Apart from playinganobviousrole in meetingthetechnicalchallengesieededo de-
velopanddeploy suchsystemswe believe thatinformationtheorycanalsohelpto provide
insightinto the importantsocial choiceissuegthat arisefrom this networking explosion.
By this we meanaspectof multiple agentinteractionthat are normally studiedin the
economicditerature,suchasfairnessjncentve compatibility, mechanisndesign pricing,
revenuemaximization budgetbalancegtc. [3, 7]. Whenthe systemis modeledashaving
a single objective, which may be sharedby the agentsor imposedfrom above, someof
theseissuesdisappearandsuchproblemsfall within the traditionaldomainof optimiza-
tion theory Thereis a well establishedody of suchwork in the information-theoretic
literature.However, muchlessattentionhasbeenpaidto the studyof situationswherethe
individual agentamay have objectivesthatarein con ict with eachother
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In this paperwe make a starton the discussiorof suchissuesbhy consideringone of
the mostbasicmultiuserinformationtheorymodels: the Gaussiammultiaccesshannel.
We view the channelfrom the point of view of the usersandask: whatis a fair way
for the usersto choosean operatingpointin the capacityregion? The answey of course,
dependsn whatonemeansby “fair”. To this endwe adoptthe viewpoint of cooperatie
gametheory First of all, we assumeht all usersvaluerateequallyandeachuserhasno
intrinisic limit onits desiredrate. We ervision subsetf the usersasbeingableto form
contractff line thatenablethemto actascoalitions;suchacoalitionof userscanthreaten
the otherswith usingits power to jam the sharedchanneland canimplicitly demanda
largershareof theresourceasa payof to avoid theexecutionof suchathreat.Cooperatie
gametheoryaddressethis by de®ninga notion calledthe “characteristidunction” : this
associate$o eachsubsetf the players(users)a numberwhich is the largestpayof that
they areguarantee@venif all the otherplayersform a coalitionto work againsthem. A
fair allocationmaythenberoughlyde®nedasonethatis compatiblewith thecharacteristic
function(precisede®nitionsaregivenlater—whatwe meanis thattheallocationshouldlie
in the coreof the game)andsatis®esomenaturalsetof fairnessaxioms.Our goalin this
paperis to carryoutthis cooperatie game-theoretiprogramfor the Gaussiaimmultiaccess
channel.

Thereare several aspectghat we needto address.First, we needto determinethe
characteristidunction of the game,andfor this we needto solve a versionof the Gauss-
ian multiaccessarbitrarily varying channelproblem. This problemhasbeenknown to the
communityfor sometime andthe major bottleneckto its solutionis the ability, in thetra-
ditionalformulation,of thejammerto usea very skewedpower distributionin its jamming
sequencepreventingtheuseof time sharing.In our context it is naturalto think of all users
asalignedto a commonunderlyingtime frame,sowe areableto ®nessethis problemby
working with analternatve operationalmeaningof capacityregion (which reducedo the
usualde®nitionin the absencef a jammer). This developmentis carriedout in Section
2. Secondlywe needto proposea naturalsetof fairnessaxiomsfor the problem. We do
this, with the notion of ervy-freenessin Section4, aftera quick introductionto standard
cooperatre game-theoreticonceptsn Section3. Finally, we needto demonstratéhe ex-
istenceanduniquenes®f arateallocationthatis both compatiblewith the characteristic
function(in the core)andfeasible—i.e., it is in the capacityregion. We do thisin Section
5. We make someconcludingremarksin Section6. Somesimpleinequalitiesthatwe use
in the proof aregatheredn an Appendix.

2. Capacity regionof Gaussianmultiaccessarbitrarily varying channel

We ®rst discussthe standardpower constrainedGaussiammultiaccesshannelwith
an alternatie operationainterpretationof capacitythatyields a capacityregion identical
to the original one. The reasonfor doing this will becomeapparentwhenwe turn to
the analysisof the versionof the Gaussiammultiaccessarbitrarily varying channelthatis
necessarjor usto setup thegame-theoretiformulationof the problemwe areinterested
in.

2.1. A mildly differ entlook at the usual Gaussianmultiaccesschannel. Consider

users. A codingschemeat block lengthn for this channelis a collection of sequences
of codesfC;(k); k 1g, one for eachuser whereG(k) : M;(k) 7! R". Here
(Mi(k);k 1) is asequencef positive integers. The codingschemds assumedo be
commonknowledgeto all usersandto the recever. The codingschemses saidto satisfy
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powerconstraints = ( q;:::; ) if foreachi 2 | ,eachk 1, andeachm 2 M;(k)
we have
X
sz n
j=1
wherex = (Xz;:::;Xn) = G(k)(m) isthecodevord correspondingo messagen of user
i in block k. We denotea codingschemeat block lengthn by C(™).
Let p
K logM;(K)
i = lim inf <=L =22
K nK
wherethelogarithmis to base2, andlet denotg( 1;:::; ). Wecall _theratevectorof

thecodingschemeC™

Eachuseri usedts sequencef codebooksn thecodingschemdo encodeasequence
of messageslock by block, being allowed to sendone of M (k) message@ block k.
Supposeuseri sendsnessagen; (k) in blockk. Therecevedvectorin blockk is

X
y= x(k)+z(k)
i=1

randomvariablesof meanzeroandvariance 2. A decodingscheméor the givencoding
schemas asequencéd(k);k 1) whered(k) : R" 7! [My(k)] ::: [M(K)][ fg .

wherey is the receved vectorin block k correspondingdo the usershaving transmitted
messages; (k) in block k andthe choicesof message# the messagesetsof the indi-
vidual usersassumedo be uniformly distributed. The probability of errorof thedecoding
schemes de®nedase = sup ;e(k). Finally, for the given coding schemeat block
lengthn, ¢, let e(C")) denotethein®mum of the probability of erroroverall decoding
schemedor thatcodingscheme.

codingscheme$C™);n 1) suchthatbothe(C™) ! Oasn! 1 andliminf, (C™)
R. Thecapacityregion of the Gaussiammultiaccesshannebwith | userssatisfyingpower
constraints_ is de®nedastheclosureof all achievableratevectors.

THEOREM 2.1. Thecapacityregionof the Gaussiarmultiaccesghannelasde nedin
the precedingparagraphsis identicalto the capacityregion of the channelasit is usually
de ned.

ProoF. Theusualde®nition of codingat block lengthn differs from our de®nition
preciselyin thatit presumes codingschemevhereeachuseruseshe samecodein each
block,i.e.,Mj(k) M;andG(k) G foreachk 1, andalsorequiresthatthesame
decodingule beusedin eachblock,i.e.,,d(k) dforeachk 1. Onethenhase(k) = e
foreachk 1andtheratevectorof thecodebecomes = ( 1;:::; ) with ; = "JQTM
Also, in theusualcase pnehasexactly the samede®nitionfor the concepif codingbeing
achievableat rate R aswe have, only that one hasalreadyrestrictedto coding schemes
usingthe samesetof codebooksn eachblock.
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It follows thenthatthe capacityregion of a Gaussiammultiaccesshannelaswe have
de®nedit, is no smallerthanthe capacityregion as usually de®ned. For the corverse,
supposave aregivena sequencef codingschemesn oursense(C™);n 1), suchthat
bothe(C™) ! Oasn! 1 andliminf, (C") R. Then,forary > O, for all
suf®cientlylargen wehave (G™) RwhereR = (Ry;:::;R))withR; = (R; )*.
Given > 0, however small,we thenalsohave, for all suf®ciently largen, thatfor every
blockk 1 of thecodingschemeZ") thereis adecodingule for theassociateamily of

codesq(n)(k); 1 i 1,resultingin averageprobabilityof erroratmost . By applying
Fano's inequalityin the usualway we thenconcludethatfor any subsetl | of users
we have

1 (n) 1 izg Pi

_ ﬁIogMi (k) zIog(1+ —
i2)

whereD is a ®xed constanthatdoesnotdependonn, k, or . Fromthiswe conclude

that

)+ D

X i

1 oy P
R Slog(1+ —12__ )+ D

2

i2Jd
Sincethis holdsfor every > 0andevery > 0, we concludethatthe capacityregion of
the channelin our senses identicalto the capacityregion of the channelasit is usually

de®ned.

2.2. A freshlook at the Gaussianmultiaccessarbitrarily varying channel. We
next turn to studythe Gaussiarmultiaccesshannelwherea subsetof the usersform a
coalition attemptingto limit the ability of the otherusersto communicate We call these
usersthe jammingusers,while the remainingusersare called the communicatingusers.
Assume for notationalcorvenience thatthe jammingusersareusersd + 1 i I,
sothatthe communicatingusersareusersl i J. We assumehatcommunication
takesplaceswith all usersusingcodesat block lengthn to determinetheirinputinto the
channel. We may then describethe overall communicatiorsystemvia a codingscheme
with notationessentiallyasabove, while notingthefollowing crucialdifference sincethe
jammingusersareno longerparticipatingin the communicatiorprocesswe assumehat
the inputsto the channelof the jammingusersare private knowledgeto the coalition of
jammers.The sequencesf codesof the communicatingisersareassumedo be common
knowledgeto all usersandto the receiver. The communicatingusersshouldbe ableto
communicatérrespectve of thejammingstratey of thejammingusers.With thisin mind
we may setup the problemasfollows:

Sincethe jamming usersdo not wish to communicatewe do not ascribea set of
message$o suchusers,but ratherusethe notations; (k) for theinput to the channelof
thejamminguseri,J + 1 i |, intheblock k. Thusa codingschemeC") atblock
lengthn for a Gaussiammultiaccesschannelwith | userswhereusersJ + 1 i I
arethe jammingusersis a collectionof sequencesf codesfC;(k);k  1g, onefor each

communicatinguser 1 i J, whereG(k) : Mj(k) 7! R" anda collection of
sequencefs, (k); k 1), onefor eachiamminguseri,J+1 i |,wheres;(k) 2 R".
The codingschemes saidto satisfypower constraints = ( 1;:::; ) if for eachl
i J,eachk 1,andeachm 2 M;(k) wehave

X
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i in blockk, andfurther,foreachJ + 1 i | andeachk 1 wehave

sj (k)2 n
i=1

P K logMi(k
= lim inf =1 1°9Mi(k)
K nK

of theblock codingschemeC(™) .
Supposecommunicatinguseri, 1 i J, sendsmessagen; (k) in block k. The
recevedvectorin blockk is
X X
y=  x(k)+ s (k) + z(k)
i=1 i=J+1

sagem; (k) of communicatinguseri in block k, andz = (z1;:::;z,) is a sequence
of independenGaussiarrandomvariablesof meanzeroandvariance 2. A decoding
scheméfor the givencodingschemes asequencgd(k);k 1) whered(k) : R" 7!

[My(K)] ::: [My(K)][ fg . Theprobabilityof errorof thedecodingschemen block
k is de®nedas
e(k) = sup P(d(k)(y) 8 (ma(k);:::;m, (K))
fsi(k);J+1 i Ig

wherey is therecevedvectorin blockk correspondingo thecommunicatingisershaving

transmittecdmessagem; (k) in block k andthe choicesof messagesf thecommunicating
usersin theindividual messagesetsassumedo be uniformly distributed. The probability
of error of the decodingschemeis de®nedase = sup 4 e(k). Finally, for the given
codingschemeat block lengthn, C"), let e(C™) denotethe in®mum of the probability
of erroroverall decodingschemegor thatcodingscheme.

codingscheme$C™;n 1) suchthatbothe(C(™)! 0Oasn! 1 andliminf, (C")
R. The capacityregion of the Gaussiarmultiaccesschannelwith | userswhereusers
J+1 i | arejammingusers,andsatisfyingpower constraints , is de®nedasthe
closureof all achievableratevectors.

THEOREM 2.2. Thecapacityregion of the Gaussiammultiaccesghannelwith | uses
wheeusesJ + 1 i | arejamminguses, andsatisfyingpowerconstaints _, is a
corvex set.

PROOF. Supposeodingis achiezableat ratevectorsR, andR,, whereR, = (RY;

ableatratevectorR ,whereR = R ;+ (1 )R,. Choosedntegers(l,;n 1) such
that 'nl ! andconsiderthe sequencef codingschemesvherethe oneat block length
n is constructedy repeatedlyinterlacingl,, blocksof the codingschemeat block length
n in the sequencehat veri®esthe achiezability of R; with n |, blocksof the coding
schematblock lengthn in the sequencéhatveri®esthe achievability of R,
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THEOREM 2.3. Thecapacityregion of the Gaussiammultiaccesghannelwith | uses

wheeusesJ + 1 i | arejamminguses, andsatisfyingpowerconstaints__is
Q) f(Rl;:::;RJ&: Ri:Of)(zralll i Jsudthat ; and
Ri C( i+ ) forallA [J]g
i2A i2 A

P _
whee denoteg |_,., P i)2,C( ;) denotes;log(1+ —),[J]denotes 1;:::;Jg,

andforA [J],Adenotedi2 A : ;> g

Proor. Proof of the corverse: Sincethejammingusersareactingasa singlecoali-
tion we canthink of themasa singleagentwhichwe will call thecombinedammer This
combinedjammeris power limited to , ascanbe seenfrom the fact that the jamming
userscancoherentlycombinetheir jammingvectors.

Letl i J besuchthat ; . Considerary sequenc¢C™;n 1) of coding
schemesor which lim sup, sup, ; M{™(k) 2. We claimthatlim sup, e(C™) 1.
This provesthatno vectorof ratesR = (R1;:::;R3) with R; > 0is achievable. Hence

the capacityregion of the channeis containedn the setof vectorsof rateswhereR; = 0
foralll i J suchthat j

The proof of this follows Blackwell's agument,which wasalsousedin [1] (seethe
beginning of the Appendixon page23 of [1]). Givenary ng > 0thereis n > ng andat
leastoneblock k with M i(”) (k) 2. We now considerthe family of jammingstrateies
for the combinediammer indexed by M i(n) (k), with stratggy m beingto useasjamming

sequencéin block k, which is all we areinterestedn) the codevord q(“)(k)(m) of user
i correspondingo his messagen. We think of the combinedammeraschoosingone of

thesestratgies uniformly at random. Then, for ary decodingrule in block k, the error
probability in block k for decodingthe messagef useri, averagedover equiprobable
messageandaveragedover the stratgiesof the jammeris at Ieast% (in factvery close

to % if M i(n) (k) is large)becausany decodingrule thatis correctwhenthe messagés m
andthejammingstratgyis m (m 6 m) iswrongwhenthemessagés m andthejamming
stratgy is m. This meansthat the jammerhasa stratgyy whoseprobability of error for
decodingthe messag®f useri, averagedover equiprobablenessagess at Ieast%. This
beingtrue in block k, andsincethe error probability of a codingschemds givenby the
supremunof the error probability over its blocks, we have e(C™) 1. Sincegiven
arbitraryng > Othereis n > no for whichthisis true,we havelim sup, e(C™) 1.
Next considerasequencef codingschemesvherefor all suf®ciently largen we have
Mi(”)(k) = 1forallk landforalll i J suchthat ; . Given~ < consider
the stratgy of the combinediammerfor the codingschemeat block lengthn which is to
pick ajammingsequencevhosecomponentareindependenGaussiamandomvariables
of meanzeroandvariance™ andto usethe samejammingsequencén eachblock. The
probability thatthe jammingsequence&oesnot meetthe power constraintgoesto zeroas
n! 1 . In ary block of the codingschemeat block lengthn the averageprobability of
error, averagedverequiprobablenessageandtherandomlychosenammingsequences
boundedabove by the sumof the probabilitythatthe randomlychoserjammingsequence
doesnot meetthe power constraintand the maximumover jamming sequenceshat do
meetthe power constraintof the averageprobability of error, averagedover equiprobable
messagesSincethisgoesto zeroasn ! 1 it mustbethecasethatin eachblocktherate
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vectorsasymptoticallysatisfythe capacityconstraintfor a Gaussiamultiaccesshannel
with noisepower ~+ 2. We maynow let ~ ! to completethe proof of thecorverse.
Proof of achievability :
We ®rst needto verify that everythingin the paperof Csiszarand Narayangoes

in ablock having i.i.d Gaussiarcoordinatesit is modeledas

V=W+U;+::+ U

whereW = (Wy;:::;W,) hasi.i.d GaussiarcoordinatesW;U,;:::;U, areindepen-
dent,andeachU, is choseruniformly atrandomfrom aspheren R" of ®xedradius.
LetR = (R3;:::;Ry) bea cornerpoint of the rate region given in the theorem.
To clarify what this meanslet us assumefor notationalcorveniencethat ; > for
1 i K and ; for K + 1 i J andlet us considerthe corner point
correspondingo thedecodingorder: decodeuserl, followedby user2, andsoonending
with userK . By thiswe meantheratevectorR = (Ry;:::;Rj) with
X
Ry = C( 1; i+ o+ 2
i=2
R, = C( 2 i+ o+ 9
i=3
R« = C(k; + 2
Ri = OforK+1 i J:

Fix > Owith < min; ; ¢ Rij. We will demonstratéhe achievability of the rate

vectorR whereR = (Rj;:::;R;) with Rj = (R; )for1l i K andR; = Ofor
K+ 1 i J. Fromtheresulton the corvexity of the capacityregion thatwe have
provedearlier onletting ! 0, thiswill completethe proof.

We will showv the existenceof a sequencef codingschemeghat verify the achies-
ability of R by a randomcoding argument. The coding schemeghat we will showv the
existenceof will be codingschemesn the usualsensej.e., they will be constanin each
block. Thuswe focuson ary oneblock of the codingschemeo be constructedat block
lengthn anddropthe notationfor the speci®cblock underconsideration.

Following Csiszarand Narayan,we changethe normalizationof power so that the
additve Gaussiamoisein the channehasmeanzeroandvarianceT2 in eachcoordinate
and so that eachcodevord of eachcoer_unicatinngeri andthe jamming sequencef
eachjamminguseri havte normatmost’ ; respectiely.

Supposeaiserl chooses randomcodebookC; asfollows: he®rst picksM; = 2"R:
independentectorsn R", eachungolnly distributedon the sphereof F5aﬂus1, call them
Z11;::5,21m, - Thesearescaledby = 3 to givethecodawvordsxy;, = 123,51
M. Users2 throughK chooseheirrandomcodebooksy ananalogougprocedure.

The averageprobability of errorof maximumlik elihooddecodingfor userK , assum-
ing thatusersl throughK 1 have alreadybeencorrectlydecodedwhenthe jamming
usersusejammingsequences;,J + 1 i | andusersK + 1 i J sendthezero
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vector is givenby

1 M« X X
e(s)= o—  Plhkxgg, + S+W o oxe Kk s + Wk?
ik =1 i=J+1 i=J+1

forsomejk 6 ik ):

This shouldbe thoughtof asa randomvariable,which is a function of the realizationof
therandomcodebookCk aswellass = (s;;J + 1 i 1). HereW = (Wq;:::;Wy)
with coordinateghatarei.i.d. Gaussiarwith meanzeroandvarianceﬁz.

Fix1 k< K. Theaverageprobabilityof errorof maximumlik elihooddecodingor
userk, assuminghatusersl throughk 1 (this setis emptyif k = 1) have alreadybeen

correctlydecodedwhenthejammingusersusejammingsequences;,J+ 1 i | and
usersK + 1 i J sendthezerovectoris givenby
1 M« X X
&(s) = M P(kxy, + X, + s+ W Kkjkkz
Ki=1 I= k+1 i=3+1
X X
K Xj, + s, + WKk? for somejg 6 i) :
I=k+1 i=J+1
Herei) fork + 1 | K arethoughtof asrandom,uniformly distributed on [M ]

respectiely. Also, ex(s) is thoughtof asa randomvariablewhich is a function of the
realizationf therandomcodebook<, throughto Gc aswellasofs = (s;;J+ 1 i
).

Foreachl k K,letex denotesup; e (s). Againthesearethoughtof asrandom
variablesdependentn the realizationof the randomcodebooks.

We now considerthe expectationsof eachof thesequantities,taken over the distri-
bution of the randomcodebooks Consider®rst the expectationof g . On the eventthat
the randomcodebookC; is derived from scalinga setof unit norm vectorsthat satisfy
the conditionsof Lemmal of CsiszarandNarayangg is pointwisedominatedby , for
some , ! Oasn! 1 . Furtherthecomplemenbdf this eventhasprobabilitybounded
aboreby , forsome , ! 0Oasn! 1 . Hencetheexpectationof ex is boundedabore
bysome , where ,! Qasn! 1.

Next considerary 1  k < K. Onthe eventthatthe codebookCs is derived from
scalinga setof unit norm vectorsthat satisfythe conditionsof Lemmal of Csiszarand
Narayangg is pointwisedominatecdoy , forsome ! Oasn! 1 ,wherein making
this claim we appeato the extensionof theresultsin CsiszarandNarayarto noisemodels
which are of thelgxtendedtype discussedborve, the salientpoint beingthatwe now treat
theentirevector < ., X, + W asanoisevector(wherewerecallthatfor eachk + 1
I K wethink of ij asarandomvariabledravn uniformly at randomfrom [M,]). As
beforethecomplemenbf this eventhasprobabilityboundedaboveby ,, forsome , ! 0
asn! 1 . Hencetheexpectationof g is boundedabore by some , where , ! Oas
n! 1.

We may therefore®nd realizationsof the codebooksg;1  k K suchthat for
theserealizationseachof the quantitiesex; 1 kK is boundedabore by ,, where

n! Oasn! 1 .Thiscompletegheproof.
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3. Cooperative games

In Section2 we have characterizethecapacityregion of aGaussiamultiaccesghan-
nelwhenasubsebf usersorm acoalitionof jammingusers.Theformationof suchcoali-
tionswill dependon the offeredratesto eachindividual userby proposedcoalitions. In
otherwords,a userwill join a coalition of communicatingusersonly if it feelsthatit is
gettinga fair shareof the availablerate basedon its perception.A naturalquestionthat
arisesin suchascenarids how theseusersshouldallocatethe availablerateamongthem-
seles,giventhe possibility of forming differentcoalitionsamongthemseles. Providing
a plausibleanswerto this questionfor the Gaussiammultiacceschannelis the main aim
of this paper We approactthis questionvia cooperatre gametheory In this sectionwe
therefore®rst brie y review thelanguageof cooperatie gametheory[5].

Letl = f1;2; ;Igbethesetof players.Theproblemis to decidehow to allocate
somefungiblequantitybetweertheusergin our casehis quantityis communicationate),
which we will call value. A key assumptioris thatall the usershave a sharednotion of
value. A non-emptysubsebf | is calleda coalition. The basicmathematicabbjectthat
describeghe gamebetweerthe playersis its characteristicfunction Thisis afunctionv
de®nedon the subsetf | , which associateto eachS | the maximumvaluethatthe
playersin S canacquirefrom thegameregardles®of whattheplayersin | nS do. Namely
theplayersin S, actingasa coalition,canguarante¢hemselesasagroupthevaluev(S)
evenif theplayersin | nS, actingasa coalition,work to minimizethetotal valueachieved
by the playersin S.

In the Gaussiammultiaccesschannelviewed as a game,v(S) for a subsetof users
S | isseenfrom Theorem?2.3,to be

(@) V()= C( & 1ns+ ?)

P P—, . . P
where 1ns = ( i3 ns  12S=fi2Sj i> |nsgand = 1,8 i
It is generallyassumedhatthecharacteristiéunctionshouldsatisfythefollowing two
properties

(i) Thevalueof characteristi¢unctionfor anemptysetis zero,i.e., v(;) = 0.
(i) SupposehatS andT aretwo disjointcoalitions,i.e., S\ T = ;. Then,

3) v(S)+ V(T) V(S[ T) (superadditiity)

In our case thesepropertiesare apparent.The truth of the secondpropertyis most
easilyseenfrom the obviousfactthatthe sumof the sumratesachiesableby two disjoint
coalitionsof userseachactingseparatelyhenits complementangetof usersactsto jam
it is no biggerthanthe sumratethatcanbe achiezedwhenboth thesesetsof usersgroup
togetherto form a singlecoalitionwhosecomplements thenactingto jamit.

An imputationfor an| -persongameyv is avectorx = (x1; ;X;) thatsatis®eqi)

iar Xi = v(l'), and(ii) x; v(fig) foralli 2 |I. Onecanarguethatary proposed
allocationof value amongthe usersthat is not an imputationis unreasonable.This is
because®rst of all thereis nopointin leaving somevalueunallocatedothe®rst condition
hadbetterbe satis®edandsecondif someuseris givenanallocationthatis lessthanwhat
he/shecouldgetby actingunilaterallyevenwheneverybodyelseformsa coalitionto work
againstim/her this userwill notbe satis®edwith the proposedallocation.

We saythatanimputationx dgminateanotherimputationy througha coalition S if
(i) x; > yj foralli 2 S,and(ii) ;,5Xi V(S). Also, we saythatx dominatesy if
thereexists somecoalition S suchthatx dominates/ throughS. Onecanarguethatary
proposedallocationof valueamongthe usersthatis dominatedby anotherallocationis
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unreasonableThis is becauséf the proposedallocation(necessarilyanimputation),say
y, is dominatedby someotherimputation,sayx, througha subsetof usersS, thenthe
usersin S will ®nd it to their advantageto disregardthe proposedallocation,sincethey
canactasa coalitionto guaranteeachof thema strictly betterallocationevenwhenthe
usersin | nS work asa coalitionagainsthem.

The setof all undominatedmputationsis called the core of the game,denotedby
C(v). With theaxiomswe have assumean the chasacteristidunction,onecanshow that
C(v) is givenby the setof imputationsthatsatisfy ;,5xi v(S)forallS I. Also,
whatwe have arguedsofar suggestshatarny proposedillocationof valueamongtheusers
mustlie in the coreof thegameif it is to beconsideredeasonable.

Hereit is necessaryunfortunatelyto point outa key problemwith cooperatie game
theory: thereare examplesof gameswherethe core canbe empty Suchgameswould
thenseento have noreasonablsolution.Ontheotherhand,in mary exampleshecoreis
nonemptyandfor suchgamegof which, aswe will prove,the Gaussiamultiaccesgame
is one)the core providesa naturalstartingpoint in the searchfor reasonablesolutions.
However, for mostgamesjncluding the onewe areinterestedn, the corehasmorethan
oneelement. Thusoneneedssomeadditionalnaturalsetof axiomsto furtherrestrictthe
setof reasonableolutions. We will carry out this programfor our gamein the next two
sections. To end this section,we mentionanothervery popularaxiomaticapproachto
the searchfor a notion of solutionfor a cooperatie game,dueto Shaplg. Our purpose
in describingthe Shaplg approachs only for completenessaxiom (a3)in theaxiomatic
formulationbelow is notnaturaffor theclassof gameave consideysincethereis nonatural
way in which the sumsof the characteristidunctionsof two of our gamesis physically
relevant.IndeedtheShaple valuealsosuffersfrom anotheproblem,in thatit canresultin
anallocationthatis notin thecore,aswewill latershav it doesin ourgame.Nevertheless,
beingsucha popularconceptjt meritssomediscussion.

Let beapermutatiorof thesetof playersl . Then,we denoteby v thenew game
u suchthat,forall S = fiy;  ;isg |,u(f (i1); (i2); ; (is)g) = v(S). Clearly,
this new gameis the gamev with therolesof the playersinterchangedy the permutation

Shaplg proposedto study an allocationof value [v] in gamev that satis®esthe

following setof axioms: p

al. Additive partitionof thevalueof thegame: , i[vl= v(I).

a2. Invarianceunderpermutation:for ary permutation andi 2 1, [ v] =

i[v].

a3. IfILl\ndv areary two games, j[u+ v]= [u]l+ i[v].
He shavedthatthereis a uniquefunction de®nedon all gameghatsatis®eghe axioms
above. It is givenby

X
@ M= €O Do wr gy ;

TN ;i2T

wheret = jTj. Thisallocationis calledthe Shaple valueof thegame.

4. An ernvy-fr eeallocation of rate

In theprecedingectionwe have alreadyimplicitly introducedburnotionof theGauss-
ianmultiaccesgiamethroughde®nitionof its characteristiéunction,givenin equation(2).
Communicatiorrate playsthe role of valuein our game,andthe maximumvaluethat a
coalition of userscanget even whenthe otheruserswork asa coalition againstthemis
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themaximumsumcapacityof the correspondingsaussiarmultiaccesarbitrarily varying
channelwhosecapacityregion we characterizeith Theorem2.3.

In this sectionwe ®rst discussthe core of our game. The core canbe immediately
written down as the set of allocationssatisfyinga setof linear inequalitiesdetermined
from the characteristidunction, aswasmentionedn Section3 — all this usesis thatthe
characteristidunction of our gameis superadditre. The mostimportantpoint for usis
thatthe corecontainsall feasibleimputations asdemonstrateith subsectiord.1. We then
proposea naturalsetof fairnessaxiomswhich we will work with in Section5 to propose
an allocationin the gamethatis uniquely de®nedasthe one satisfyingour axiomsand
will turn out to be both feasibleandin the core. This is donein subsectior.2. Finally
in subsectiot.3we brie y returnto the Shapleg valueandgive a simple exampleof a
Gaussiamultiaccesgiamewherethe Shaplg valueis neitherfeasiblenorin the core.

4.1. The coreof a Gaussianmultiaccessgame. Recallthatthe capacityregionfor a
Gaussiammultiaccesshannelwhich canbethoughtof asthe capacityregion correspond-
ing to the gamewhenall the usersform a singlecommunicatingsoalition, is givenby the
setof ratevectorssat)i(sfying

(5) Ri C( a; ?) forallA |

i2A
We denotethe setof ratevectorsR thatsatisfy(5) by C. Themainresultaboutthe coreof
ourgamethatinterestausis thefollowing :

P
PROPOSITION 1. ThecoreofthegameC(v) containfR2 Cj ., Ri = C( |; ?)g.

P
PROOF. We shaw thatif R belongsto thecapacityregionand ,,, Ri = C( 1; 2),
thenforallS 1,

Ri C(siinst %) V(S):
i2s
This canbeeasilyshavn fr>(()m thefollowing: X
Ri=C(1; 2 R
i2s j2l ns
C( 2) C( ins; 2)
=C(siinst 9

wheretheinequalityfollows from the capacityconstraintn (5) with A = | nS.

Oneseedrom thisresultthatthecoreof ourgameis notempty In fact,all imputations
in Cbelongto the core,andsoit is alsothe casethatthe coreis notunique. Thereforeto
arrive atareasonablallocationthatsenesasa solutionfor thegame we needto propose
anaturalsystemof axiomsthatonecanarguetheallocationshouldsatisfy Thisallocation
should,of course alsobefeasiblefor it to make senseWe now turnto thisissue.

4.2. Fair allocation. We now proposeanaxiomaticsystento de®neafair allocation
in our game.The®rst two axiomsof Shaplg (axiomsalanda2)whichrequireef®ciency
andinvarianceunderpermutatiorrespectiely, areboth naturalrequirements thereis no
pointin leaving somerateunallocatedandary solutionconcepthatyieldsdifferentvalues
for thesameplayerif they arelabelleddifferentlyis hardly natural.Hence we imposethe
following two axioms:

P
(f1) Ef®cieng or Paretooptimality: 5, (V) = C( ; 2).
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(f2) Invarianceunder permutation: For ary permutation andi 2 |, j(v) =
@y( V), where v isthepermutecgame.

To these we adda third axiom basedon the notion of envy [2].1 The secondaxiom
of Shaplg stateshattwo userswith the samepower constraintshouldreceve the same
rate. Now supposehatwe take two usersi andj suchthat ; > ;. Then,clearlyuser
i canactasif its power constraintwerealso ; insteadof ; by not consumingall of
its power constraint. Let this new gamewith useri's power constraintreducedo ; be
denotedby vl . We saythatuseri erviesuserj if j(v) 8 (v ), andwe measurét by
thedifference  (v) i (V). Basedon this de®nitionof envy we imposethe following
fairnessconstraint:

(f3) Fairnesqor envy-freeallocation)
X X

i (v) vy = i(v) iw)y=0foralli 21 ;
fiéij; g fj6ij j< ig

wherethe ®rst equalityis a consequencef axiom (f2).

We will shaw in thefollowing sectionthataxiom(f3) is equivalentto thestrongerequire-
mentthatfor all i andj suchthat ; >

®) jv) i) =o:

Also in that sectionwe will shawv thatthereis a uniqueallocationsatisfyingour axioms
andthis allocationis feasibleandin the core.

4.3. About the Shapleyvalue. To endthis sectionwe brie y discussthe popular
conceptof Shaplg value,eventhoughwe have aguedthat the axiom systemunderlying
thisconcepis notappropriatdor ourgame.We giveanexampleof aGaussiamultiaccess
gamewherethe Shaplg valueis notfeasibleanddoesnotlie in thecore.

Considerthe following example:therearethreeuserswith ; = 10:1; , = 10, and

3 = 1. Thenoisepoweris givenby 2 = 10. In this example,from (4), the Shaplg
valueof user3is

M= 3(13) V6 + (W13 V(T19) + (1239 V(T 29)
FIOL23Y  V(11:29)

= %(o 0) + %((0(10:1;20) 0)+ (0 0)+ %(C(Zl:l;lO) C(20:1;11))
= 0:07206:

However, therateof user3 cannotbelargerthanC( 3; 2) = C(1;10) = 0:06875from
the capacityconstraintin (5). Thereforethe Shapleg valueof this gamedoesnot belong
to C.

In addition, one can seethat the Shaplg value of the gamedoesnot belongto the
coreof thegameby realizingthat ;[v]+ »[v] = C(21:1;10) 1[v] < C(20:1;11) =
v(f1; 20).

1Thede nition of envy is slightly modi ed in our context from thereference.
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5. Existence,uniquenessand propertiesof a fair allocation

In this sectionwe ®rst shaw thatthereexistsauniquefunction , de®nedonall games,
which satis®esaxioms(fl) - (f3) in Section4.2, andthenprove thatthe uniqueallocation
alwayslies in the capacityregion, i.e., it is feasible.Sincetheallocationis ef®cientit then
follows from Propositionl thatit is alsoin the core. Without lossof generalitywe assume
thatusersareorderedby decreasingpower constraint ; throughoutherestof this paper

5.1. Existenceof a fair allocation.

THEOREM 5.1. Thee existsa uniquerateallocationthatsatis esaxioms(fl) through
(f3).

Proor. Considetthefollowing rateallocation:for alli 2 |
P

P .
j=i+l j(V)_

C | L+ - - 2
(7) = U e = )
Onecanseethatsuchanallocationcanbe easilycomputedecursvely, startingwith user
I . Axiom (f1) is trivially satis®edby construction.Supposéehattherearetwo usersi and

i + 1suchthat ; = j+1.Weshavthat' j(v) = ' j+1 (v). In orderto shav thiswe prove
thatforall k = 1, 1,
Ck i+l 152 CK ot ' s 1 D)
j=k+ ’ + j=k+ ’
® kv (V)= e R

This canbe proved by shaving that the sum of the right-handside of (8) and" k.1 (V)
from (7) equals' k(v), andthe detailsare providedin [4]. From (8) onecanseethatif
i = i+1,then'i(v) '+ (v) = 0. Hencethis provesthattheallocationgivenby (7)
satis®esaxiom (f2).
In orderto shav thataxiom (f3) is satis®edwe ®rst prove thefollowing Lemma.

LEMMA 1. Foralli andj sudithat ; > ," (V¥ )="(v).
PrROOF. Thiscanbeeasilyshovn from
. Py o P i
CG j+ k=j+1 ko ) k=j+1 k()

L)

: P .
Ch i+ k=ju1 K %) L:j+1 k(V)

='j(v);

wherethe ®rst equalityis a consequencef axiom (f2), andthe secondequality follows
becausdor allk > j,"' ((v) = ' (V" ), i.e.,, theratesof usersk > j arenotaffectedby
thereplacementf power constrainbf useri by thatof userj ascanbeseerfrom (7).

Now axiom(f3) holdstrivially from
X
Ci(v) i) = (0)=0:
fi>ijj< ig fi>ijj< ig
Notethat,combinedwith Lemmal, axiom(f3) impliesthe strongerconditiongivenin (6)
under' ().
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5.2. Uniquenessof the fair allocation. We now provetheuniquenessf ratealloca-

tion thatsatis®esaxioms(f1) - (f3). Fori = 2; ;1,letu’ ;j < i; bethegamewhere
the power constraintof the usersaregivenby ~
- _ o] ko
k= « otherwise
Leti = |. Fromthefairnessconstraintin axiom(f3), wehave | 1(u'"' 1) = |(v) =
(u't 1), Startingwith j = 1 1 repeatedhapplyingthefairnessequiremento user
j lingameu'l with decreasing j = 2; ;1 1,yields
T e (T R (L T (O
which, forj = 2, givesus | (v) = C('Ii'z) from axiom (f2) sinceall usershave the
samepowerconstraint ;| in gameu' %, Following similarstepswith v ;j = 1; ;1 1,
. .2
alsoleadsto (V' )= | (v) = St
Decreasebyone,i.e, leti = | 1. Followingtheaboveargumentstartingwithj = i
andsuccessiely applyingthefairnessequiremento u™ ! with decreasing yields
I
1 _ X ) X '
9) i(v) = T C( i+ ks %) k(V) ="i(v):
k=i+1 k=i+1
Repeatinghis procedureafter decrementing by oneuntil i = 1 leadsto (9) for all i =
1, ;I.Thiscompleteghe proof.

5.3. Onthe structur e of the fair allocation. We now provide anintuitiveway of un-
derstandinghestructureof thefair allocationwhoseexistenceanduniquenessiasdemon-
stratedin the last two subsections.Considerthe following scenario. Initially all users

startwith the samepower constraint |, whereeachuserrecevesa rate of C('Ii'z)
Now supposehatuserl 1 decidego unilaterallyincreasets power constrainto | ;.
Then, sinceuserl 1 waswilling to pay the price of increasingits power constraint
(assumingthat it ®nds this decisionbene®cial),the increasein the total rate, namely
C(i1+( 1) ;2 c( ; ?, shouldbe assignedo userl 1, while
the ratesof the other usersremainthe same. Supposenow userl 2 paysthe price
to increaseits power constraintto | ;. Then,the gain enjoyed by userl 1 before
shouldbe sharedwith userl 2 aswell. More speci®cally theincreasen thetotal rate
C2, 1+( 2 ;2 c( ; ?),shouldbeequallysharecby userss 2 and
I 1. Similar agumentscanbe madewhenanotheruserunilaterallychangests power
constraint. The rate allocationin (7) the allocationschemeresultingfrom this thought
process.

5.4. Feasibility and reasonablenessf the fair allocation. We now demonstratéhat
therateallocation' (v) liesin the capacityregion, i.e. it feasible,andthenshow thatit is
in thecoreof thegame.

THEOREM 5.2 Therq{,eallocationgivenby(7) liesin thecapacityregion,i.e., for all
S I, pstiv) C s i 2

Proor. Beforewe provethetheoremwe notethatseveralsimpleinequalitieswill be
usedin the proof, all of which canbe obtainedfrom the strict concaity of log function.
Thesearegatheredn the Appendix.
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We provethetheoremby induction.If thereis only oneuser thetheoremis true. Now
supposdhatthe theoremholdsfor ary setof k usersk = 1; ;K. We now shov that
thetheoremis truefor ary setof K + 1 users.

Let1 X*1 = f1; ;K + 1g bethesetof usersanddenotethe gameby v. We let
Sl = I X*1 nfjg, wherej 2 |1 *1 anddenotethegameonly with theusersin SI by v/ .
In orderto prove thattheoremholdswith | X *1 | it suf®cesto shaw that,for all j 2 X *1

(10) i) > i(v); i 6

Eq. (10)tellsusthatwhenanew userenterghe game therateof theexisting usersstrictly
decreaseﬁTherefore,from tl'p induction hypowesisfor all strict subsetsS of | K*1 we

will have ,5"i(V) < C 1,5 i 2 = 5" i(V®), wherev® is the gameonly
with usersn S. Thus,thetheoremwill follow.

We considerthe following threecases:(1) j = k+1,(2) j = 1,and(3) 1<
j < K+l-
case(l). j = «k+1: Inthiscasefrom axiom(f2), withoutlossof generalitywe assume

thatj = K + 1. First,from (7) and(8)

k(W)= ka(WMFH k(M) Tk (V)
_ CU(K+1) k+1; 2)+ C(KPk + k+1; 2) C((K+1) k+; 2
K+1 K
_ C(KPk + k+135 2 C((K+1) ks ?)
K K(K + 1)

"k (V) Tk (v)

= CK ki) CK okt ki % g CK D) ki D)
Il oK+ ka: D CK+1) ks ) CK kea: 2)
K K+1 ’ ! ’

> 0;

wherethe®rstinequalityfollowsfrom (16) (withx = K 41;y= K ,andz=  41),
andthe secondnequalityfrom (17) (with x = 41, andz = 0). From(8) and(19), one
canshav thatforalli = 1; ;K 1,

0 1
1o, Kt , . K ,
(V) 'i+1(V)=i—@C(l i + v D Cli ia 1 DA
j:i+l j:i+1
0 1
Lagnn . % ) , X ) A
i_@c(' it iv ) Cli i+ i )
j=i+1 j=i+1
=) i ()
wherethe equalityholdsonly if ; = 1. Eq. (10) now follows from the above two

inequalities.
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case(2). j = 1: Again, from axiom (f2), without loss of generalitywe assumethat
j = 1. Thiscasefollowsdirectly from (8) and(18) becausefor alli = 2; ;K
1 IX+1 IX+1 !
“i(v) Tia(v) = T Ci i+ ko2 C(i e+ ko 2)
k=i+1 k=i+1 I
1 K+l I+l :
1) 5 C D+ G ) C D i ?)
k=i+l k=i+1
=ivh i (VY
and' k+1 (V) = g2 C((K + 1) k415 2)< #C(K k+1: %) =" ke (VY).
case(3). 1< j < k+1:Similarlyasin (11),wehaveforalli = j + 1; K,
(12) i) e (V) V) (V) and !t kaa (V) < ks (V)
We ®rstshaw that,forall | 2 [ js1; j 1]
(13) ) () ) e (v

Supposghat ; 1= j+1 . Then,(13)istrivially truefrom axiom(f2). Henceweassume
that ; 1 > 41 . Onecanseefrom(7)that’ j 1(v) '+ (V) is strictly decreasingn

j overtherange[ j+1; ; 1]. For moredetails,see[4]. Hence,it suf®cesto shav that
(13)istruewith ; = ;41 asfollows:
) (=T av) W) 1
1 . e+l ) . I+l )
= ﬁ@c((J 1) j 1+ ke ) CG 1+ K A
J 0 « < 1
1 +1 |rx+1
< ﬁ@C((j 1) 1+ k2 CU 1 ja+ ki A
J k=j+1 k=j+1

) ()

wheretheinequalityfollows from (19).

Now we show thatforalli = 1; ;j 2,
(14) V) i) i) i (V)
Thisfollowstrivially because
i) s () |
1 ; X 2 ; X 2 .
=7 Ci i+ ki ) C( i+ ks °)
0 k=i+1 k=i+1 1
1o X . X
“@ci i+ kD) C(i e+ K HA
! k=i+1 k6] k=i+1 k6]

i) i (W)

wheretheinequalityis truefrom (19). Eq. (10) now follows from (12) - (14).

THEOREM 5.3. Therateallocation' (v) is in thecore of thegame
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ProoF. Thisis asimpleconsequencef thefactthatthecorecontainsll imputations
thatarein C and' (v) is animputation(from axiom (f1)) andlies in C from Theorem
5.2.

5.5. Qualitati ve properties of the fair allocation. Finally, we investigatehow the
allocation' (v) changesisonevariesthenoisepower 2. In orderto makethedependence
on ? explicit wedenoteby' (v) therateallocationgiventhe noisepower 2.

THEOREM 5.4. Therateallocation' (v) satis esthefollowing: foralli;j 2 | sud
that i >
Q) ’EX; is strictly increasingin ; > 0.

) lim Z#O% =1

. ) .
(3) lim 2 .:(X) =L

From(1) - (3) for anyi andj sudthat ; i, wehave
IO
"i(v) i
PrROOF. The®rst propertycanbe provedby shaving thatforallk = 1; ;I 1,
and > 0,
(15) I.k+ (V) .' ki (V) : ki1 (V) : k2 (V)
K (v) K+1 (v) k+1 (v) K+2 (v)

where |41 and' | ,; (v) arede®nedto bezero. Themanipulationgequiredto prove this
arestandardso, in the interestof meetingthe pagecountconstraintthey areleft to the
reader If necessarysee[4] for the detalils.

We now provethatlim 24 % = 1. In orderto shaw this, it suf®cesto shaw that,

forallk = 1, ;I 1, w I 0 as # 0. This canbe easilyshovn as

follows. From(7)" | (v) = C('li'z) I 1 as #0.Ontheotherhand,from (8)

P| .2 Pl .2
Ck k+ joker iv ) Ck kea v o 15 %)
k

k() (V)

2 P |
_ C(k( « ke1); St K ka1 + j=k+l j)
. ) P
I C(k( k k+1)!k k+1 * j=k+1 j) as #0:
k
Thus,thedifference’ | (v) ', (v)isdecreasingn andlim gz ' (V) ' 4 (V)
is ®nite for all k = 1; ;1 1, whereadim 4 ' | (v) = 1. Therefore,: kg; #1as
|
#0forallk=1; ;I.
To provethelastpropertywe shaw thatforallk = 1; ;1 1,2
V) Tk (V) | k k+1 as "1 -
ke (V) Tk (V) k+1 k+2

’Hereweassumehat i1 > 2 -
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Therestcanbeeasilyprovedfrom that% log(1+ x) = 3 From(8)

1
I+ x)In 2"

P
W) vy (kD) C k(o k) 24K ket oy

et (V) (V) k C (k+ 1)( k+1 ke2); 2+ (kK+ 1) ka2 +|JjI:k+2 i

QU S as "1 byL'Hépital'srule
k+1 k+2

This completeghe proof of thetheorem.

Theoremb.4 tells us that whenthe signal-to-noise-ratigSNR) is high for all users,
theirratesareroughlythe samewhile whenthe SNRis low, their ratesareapproximately
proportionalto their pawer constraints. In the two userscasewhen the noise power is
very small,i.e., high SNR,theconstrainthatR; + R, C 1+ 5; 2 becomeghe
dominantconstraint.Hence the allocationis mostly governedby this constraintandboth
usersreceve roughlythe samerate. On the otherhand,if the power constraintof thetwo
usersarequite differentandthe noisepoweris high, i.e., low SNR,thenthe constrainton
therateof theuserwith smallerpower constrainbbecomesnoreactive. Thereforetherate
allocationis closeto theintersectiorof thesetwo constraintsSimilar intuition carriesover
to multiple usercasesThus,in conclusionwe have alsodemonstratedomepleasingand
naturalpropertiesof thefair rateallocationasthe noisepower varies.

6. Concluding remarks

We have studiedthe issueof how to fairly allocatecommunicationrate amongthe
usersof a Gaussiamultiaccesshannel.We adopteda cooperatie game-theoretigiew-
point which presumedhe ability to make contractsof ine basedon threatstratgiesand
the potentialformationof coalitions. Contritutionsof the paperincluded(i) determining
the capacityregion of the Gaussiammultiaccessrbitrarily varyingchannelalbeitwith an
alternatve operationade®nitionof capacitywhich avoids the maintechnicaldif®culty of
the usualapproach){ii) determiningthe characteristidunction of the Gaussiarmultiac-
cessggame;(iii) proposinga naturalsetof axiomsthata fair allocationshouldsatisfy; (iv)
proving the existenceand uniquenes®f a fair allocationthat satis®esheseaxioms; (v)
demonstratinghatthis fair allocationis feasibleandreasonablen the sensehatit liesin
thecoreof thegame;and®nally (vi) demonstratingomenice qualitative propertiesof the
fair allocationasthe noisepower varies. We alsobrie y toucheduponthe Shaplg value
asa solutionconcepteventhoughwe arguedthatthe axiomsunderlyingthis conceptare
not naturalfor our game.

Our main motivation for undertakingthis study was to explore the intersectionof
the two rich ®elds of cooperatie gametheory and informationtheory We believe that
investigationsn thisintersectionrcanhave a valuablerole to play in bringinginformation-
theoreticideasto bearon the socialchoiceissuesthat arisein multiusercommunication
systemavherethe agentanight have diverseobjectves.

7. Appendix

Herewe gathersomesimpleinequalitiesvhichthereadewill have notroubleverify-
ing in afew minutes.

3Recallthatthelogarithmis to base2 in this paper
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Ify x 0Oandz> 0,then
(16) Clx+z %) C(x 3 Cly+z 2 Cly; ?);
andtheequalityholdsonly if y = x.
If x> 0andz O, then
(17) C((k+ x+z ?)>(k+1) C((k+ L)x+z 2 C(kx+z 2
wherek 2 N = f1;2; g@.
Ify x 0Oandz O,thenfork=2;3; ;
% C(ky+z; 2 C(kx+z; 2
1
k 1
andtheequalityholdsonly if x = y.
Ifzz>2z, Oandy x O,thenforallk2 N

(19) C(ky+zi; ?) C(kx+2zy; %) C(ky+ 2z ?) C(kx+ z; ?);

andtheequalityholdsonly if y = x.
Ify>x 0andz 0,then

Cky+z; ) C(kx+1z; ?)
(20) >k C((k Dy+y+2z ?) C(k Dy+x+z ?)

(18) C((k Ly+z 2 C(k x+z ?
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