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ABSTRACT. We studythe issueof how to fairly allocatecommunicationrateamongthe
usersof a Gaussianmultiaccesschannel.All usersareassumedto valuerateequallyand
eachis assumedto havenolimit onits desiredrate.Weadoptacooperative game-theoretic
viewpoint, i.e. it isassumedthattheuserscanpotentiallyformcoalitionsoff line to threaten
otheruserswith jammingthechannel,usingthisasanargumentfor deservingalargershare
of the rate. To determinethe characteristicfunction of the game,we �rst determinethe
capacityregionof theGaussianmultiaccessarbitrarilyvaryingchannel,with anoperational
meaningof capacitysomewhatmodi�ed from theusualone,which is moreappropriateto
our context andpermitstime sharing. We thenproposea solutionconceptfor the game
throughasetof naturalfairnessaxiomsandprove thatthereexistsa uniquefair allocation
that satis�es the axioms. Moreover, we demonstratethat the uniqueallocationis always
feasibleandliesin thecoreof thegame.It is alsoshown to possesssomeintuitively natural
qualitative propertiesasthesignalto noiseratiovaries.

1. Intr oduction

Therehasbeenaresurgenceof interestin multiuserinformationtheory. Major driving
forcesbehindthisarethegrowthof networking,theincreasingpenetrationof wirelesslocal
access(includingmultiple antennatechniques),andthedrive to developsensornetworks
usingadhocwirelessnetworking technology.

Apart from playinganobviousrole in meetingthetechnicalchallengesneededto de-
velopanddeploy suchsystems,webelievethatinformationtheorycanalsohelpto provide
insight into the importantsocialchoiceissuesthat arisefrom this networking explosion.
By this we meanaspectsof multiple agentinteractionthat are normally studiedin the
economicsliterature,suchasfairness,incentivecompatibility, mechanismdesign,pricing,
revenuemaximization,budgetbalance,etc. [3, 7]. Whenthesystemis modeledashaving
a singleobjective, which may be sharedby the agentsor imposedfrom above, someof
theseissuesdisappear, andsuchproblemsfall within the traditionaldomainof optimiza-
tion theory. Thereis a well establishedbody of suchwork in the information-theoretic
literature.However, muchlessattentionhasbeenpaidto thestudyof situationswherethe
individualagentsmayhaveobjectivesthatarein con�ict with eachother.

Key words and phrases.Cooperative game theory, Gaussianmultiaccesschannel,arbitrarily varying
channel.
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In this paperwe make a starton thediscussionof suchissuesby consideringoneof
the mostbasicmultiuserinformationtheorymodels: the Gaussianmultiaccesschannel.
We view the channelfrom the point of view of the usersand ask : what is a fair way
for theusersto chooseanoperatingpoint in thecapacityregion? Theanswer, of course,
dependson whatonemeansby “f air”. To this endwe adopttheviewpoint of cooperative
gametheory. First of all, we assumetht all usersvaluerateequallyandeachuserhasno
intrinisic limit on its desiredrate. We envision subsetsof theusersasbeingableto form
contractsoff line thatenablethemto actascoalitions;suchacoalitionof userscanthreaten
the otherswith using its power to jam the sharedchannelandcan implicitly demanda
largershareof theresourceasapayoff to avoid theexecutionof suchathreat.Cooperative
gametheoryaddressesthis by de®ninga notioncalledthe“characteristicfunction” : this
associatesto eachsubsetof theplayers(users)a numberwhich is the largestpayoff that
they areguaranteedevenif all theotherplayersform a coalitionto work againstthem.A
fair allocationmaythenberoughlyde®nedasonethatis compatiblewith thecharacteristic
function(precisede®nitionsaregivenlater– whatwemeanis thattheallocationshouldlie
in thecoreof thegame)andsatis®essomenaturalsetof fairnessaxioms.Our goal in this
paperis to carryout thiscooperativegame-theoreticprogramfor theGaussianmultiaccess
channel.

Thereareseveral aspectsthat we needto address.First, we needto determinethe
characteristicfunctionof thegame,andfor this we needto solve a versionof theGauss-
ian multiaccessarbitrarily varyingchannelproblem.This problemhasbeenknown to the
communityfor sometime andthemajorbottleneckto its solutionis theability, in thetra-
ditional formulation,of thejammerto useaveryskewedpowerdistribution in its jamming
sequence,preventingtheuseof timesharing.In ourcontext it is naturalto think of all users
asalignedto a commonunderlyingtime frame,sowe areableto ®nessethis problemby
working with analternative operationalmeaningof capacityregion (which reducesto the
usualde®nitionin theabsenceof a jammer). This developmentis carriedout in Section
2. Secondly, we needto proposea naturalsetof fairnessaxiomsfor theproblem.We do
this, with thenotionof envy-freeness,in Section4, aftera quick introductionto standard
cooperativegame-theoreticconceptsin Section3. Finally, we needto demonstratetheex-
istenceanduniquenessof a rateallocationthat is bothcompatiblewith thecharacteristic
function(in thecore)andfeasible– i.e., it is in thecapacityregion. We do this in Section
5. We make someconcludingremarksin Section6. Somesimpleinequalitiesthatwe use
in theproofaregatheredin anAppendix.

2. Capacity regionof Gaussianmultiaccessarbitrarily varying channel

We ®rst discussthe standardpower constrainedGaussianmultiaccesschannelwith
analternative operationalinterpretationof capacitythatyieldsa capacityregion identical
to the original one. The reasonfor doing this will becomeapparentwhen we turn to
theanalysisof theversionof theGaussianmultiaccessarbitrarily varyingchannelthat is
necessaryfor usto setup thegame-theoreticformulationof theproblemwe areinterested
in.

2.1. A mildly differ ent look at the usualGaussianmultiaccesschannel. Consider
a Gaussianmultiple accesschannelwith I usersandlet I = f 1; : : : ; I g denotethesetof
users. A codingschemeat block length n for this channelis a collectionof sequences
of codesfCi (k); k � 1g, one for eachuser, where Ci (k) : M i (k) 7! R n . Here
(M i (k); k � 1) is a sequenceof positive integers. The codingschemeis assumedto be
commonknowledgeto all usersandto thereceiver. Thecodingschemeis saidto satisfy
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power constraints� = (� 1; : : : ; � I ) if for eachi 2 I , eachk � 1, andeachm 2 M i (k)
wehave

nX

j =1

x2
j � n� i

wherex = (x1; : : : ; xn ) = Ci (k)(m) is thecodewordcorrespondingto messagem of user
i in block k. We denotea codingschemeat block lengthn by C(n ) .

Let

� i = lim inf
K

P K
k=1 logM i (k)

nK
wherethelogarithmis to base2, andlet � denote(� 1; : : : ; � I ). We call � theratevectorof
thecodingschemeC(n ) .

Eachuseri usesits sequenceof codebooksin thecodingschemeto encodeasequence
of messagesblock by block, beingallowed to sendoneof M i (k) messagesin block k.
Supposeuseri sendsmessagem i (k) in block k. Thereceivedvectorin blockk is

y =
IX

i =1

x i (k) + z(k)

wherex i (k) = (x1; : : : ; xn ) = Ci (k)(m i (k)) is thecodeword correspondingto message
mi (k) of useri in block k andz = (z1; : : : ; zn ) is a sequenceof independentGaussian
randomvariablesof meanzeroandvariance� 2. A decodingschemefor thegivencoding
schemeis asequence(d(k); k � 1) whered(k) : R n 7! [M 1(k)] � : : : � [M I (k)] [ f�g .
Here [M i (k)] denotesthe set f 1; : : : ; M i (k)g. The probability of error of the decoding
schemein blockk is de®nedas

e(k) = P(d(k)(y) 6= (m1(k); : : : ; mI (k))

wherey is the received vector in block k correspondingto the usershaving transmitted
messagesm i (k) in block k andthe choicesof messagesin the messagesetsof the indi-
vidualusersassumedto beuniformly distributed.Theprobabilityof errorof thedecoding
schemeis de®nedas e = supk � 1 e(k). Finally, for the given coding schemeat block
lengthn, C(n ) , let e(C(n ) ) denotethein®mumof theprobabilityof erroroverall decoding
schemesfor thatcodingscheme.

We saycodingis achievableat ratevectorR = (R1; : : : ; RI ) if thereis asequenceof
codingschemes(C(n ) ; n � 1) suchthatbothe(C(n ) ) ! 0asn ! 1 andlim inf n � (C(n ) ) �
R. Thecapacityregionof theGaussianmultiaccesschannelwith I userssatisfyingpower
constraints� is de®nedastheclosureof all achievableratevectors.

THEOREM 2.1. Thecapacityregionof theGaussianmultiaccesschannelasde�nedin
theprecedingparagraphsis identicalto thecapacityregion of thechannelasit is usually
de�ned.

PROOF. The usualde®nitionof codingat block lengthn differs from our de®nition
preciselyin thatit presumesa codingschemewhereeachuserusesthesamecodein each
block, i.e., M i (k) � M i andCi (k) � Ci for eachk � 1, andalsorequiresthat thesame
decodingrulebeusedin eachblock, i.e., d(k) � d for eachk � 1. Onethenhase(k) = e
for eachk � 1 andtheratevectorof thecodebecomes� = (� 1; : : : ; � I ) with � i = log M i

n .
Also, in theusualcase,onehasexactly thesamede®nitionfor theconceptof codingbeing
achievableat rateR aswe have, only that onehasalreadyrestrictedto codingschemes
usingthesamesetof codebooksin eachblock.
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It follows thenthatthecapacityregionof a Gaussianmultiaccesschannel,aswe have
de®nedit, is no smallerthan the capacityregion as usually de®ned. For the converse,
supposewe aregivena sequenceof codingschemesin our sense,(C(n ) ; n � 1), suchthat
both e(C(n ) ) ! 0 asn ! 1 andlim inf n � (C(n ) ) � R. Then,for any � > 0, for all
suf®ciently largen wehave� (C(n ) ) � �R where �R = ( �R1; : : : ; �RI ) with �Ri = (Ri � � )+ .
Given� > 0, however small,we thenalsohave, for all suf®ciently largen, that for every
blockk � 1 of thecodingschemeC(n ) thereis adecodingrule for theassociatedfamily of
codesC(n )

i (k); 1 � i � I , resultingin averageprobabilityof errorat most� . By applying
Fano's inequalityin theusualway we thenconcludethat for any subsetJ � I of users
wehave

X

i 2J

1
n

logM (n )
i (k) �

1
2

log(1 +

P
i 2J Pi

� 2 ) + D �

whereD is a ®xedconstantthatdoesnot dependon n, k, � or � . Fromthis we conclude
that

X

i 2J

�Ri �
1
2

log(1 +

P
i 2J Pi

� 2 ) + D � :

Sincethis holdsfor every � > 0 andevery � > 0, we concludethatthecapacityregion of
thechannelin our senseis identicalto the capacityregion of thechannelasit is usually
de®ned. �

2.2. A fr esh look at the Gaussianmultiaccessarbitrarily varying channel. We
next turn to studythe Gaussianmultiaccesschannelwherea subsetof the usersform a
coalitionattemptingto limit theability of theotherusersto communicate.We call these
usersthe jammingusers,while the remainingusersarecalledthe communicatingusers.
Assume,for notationalconvenience,that the jammingusersareusersJ + 1 � i � I ,
so that the communicatingusersareusers1 � i � J . We assumethat communication
takesplaceswith all usersusingcodesat block lengthn to determinetheir input into the
channel.We may thendescribethe overall communicationsystemvia a codingscheme
with notationessentiallyasabove,while notingthefollowing crucialdifference: sincethe
jammingusersareno longerparticipatingin thecommunicationprocess,we assumethat
the inputsto the channelof the jammingusersareprivateknowledgeto the coalition of
jammers.Thesequencesof codesof thecommunicatingusersareassumedto becommon
knowledgeto all usersand to the receiver. The communicatingusersshouldbe able to
communicateirrespectiveof thejammingstrategy of thejammingusers.With this in mind
wemaysetup theproblemasfollows :

Sincethe jamming usersdo not wish to communicate,we do not ascribea set of
messagesto suchusers,but ratherusethe notationsi (k) for the input to the channelof
the jamminguseri , J + 1 � i � I , in theblock k. Thusa codingschemeC(n ) at block
lengthn for a Gaussianmultiaccesschannelwith I userswhereusersJ + 1 � i � I
arethe jammingusersis a collectionof sequencesof codesfC i (k); k � 1g, onefor each
communicatinguser, 1 � i � J , whereCi (k) : M i (k) 7! R n and a collection of
sequences(si (k); k � 1), onefor eachjamminguseri , J + 1 � i � I , wheresi (k) 2 R n .
Thecodingschemeis saidto satisfypower constraints� = (� 1; : : : ; � I ) if for each1 �
i � J , eachk � 1, andeachm 2 M i (k) we have

nX

j =1

x2
j � n� i
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wherex = (x1; : : : ; xn ) = Ci (k)(m) is thecodewordcorrespondingto messagem of user
i in block k, andfurther, for eachJ + 1 � i � I andeachk � 1 we have

nX

j =1

sij (k)2 � n� i

wheresi (k) = (si 1(k); : : : ; sin (k)) is theinput to thechannelof jamminguseri . Let

� i = lim inf
K

P K
k=1 logM i (k)

nK
; 1 � i � J ;

wherethe logarithmis to base2, andlet � denote(� 1; : : : ; � J ). We call � the ratevector
of theblockcodingschemeC(n ) .

Supposecommunicatinguseri , 1 � i � J , sendsmessagem i (k) in block k. The
receivedvectorin blockk is

y =
JX

i =1

x i (k) +
IX

i = J +1

si (k) + z(k)

wherex i (k) = (x1; : : : ; xn ) = Ci (k)(m i (k)) is the codeword correspondingto mes-
sagem i (k) of communicatinguser i in block k, and z = (z1; : : : ; zn ) is a sequence
of independentGaussianrandomvariablesof meanzeroand variance� 2. A decoding
schemefor the givencodingschemeis a sequence(d(k); k � 1) whered(k) : R n 7!
[M 1(k)] � : : : � [M J (k)] [ f�g . Theprobabilityof errorof thedecodingschemein block
k is de®nedas

e(k) = sup
f si (k ) ;J +1 � i � I g

P(d(k)(y) 6= (m1(k); : : : ; mI (k))

wherey is thereceivedvectorin blockk correspondingto thecommunicatingusershaving
transmittedmessagesm i (k) in blockk andthechoicesof messagesof thecommunicating
usersin the individual messagesetsassumedto beuniformly distributed.Theprobability
of error of the decodingschemeis de®nedas e = supk � 1 e(k). Finally, for the given
codingschemeat block lengthn, C(n ) , let e(C(n ) ) denotethe in®mum of theprobability
of erroroverall decodingschemesfor thatcodingscheme.

We saycodingis achievableat ratevectorR = (R1; : : : ; RJ ) if thereis asequenceof
codingschemes(C(n ) ; n � 1) suchthatbothe(C(n ) ) ! 0asn ! 1 andlim inf n � (C(n ) ) �
R. The capacityregion of the Gaussianmultiaccesschannelwith I userswhereusers
J + 1 � i � I arejammingusers,andsatisfyingpower constraints� , is de®nedasthe
closureof all achievableratevectors.

THEOREM 2.2. Thecapacityregionof theGaussianmultiaccesschannelwith I users
where users J + 1 � i � I are jammingusers, andsatisfyingpowerconstraints � , is a
convex set.

PROOF. Supposecodingis achievableat ratevectorsR0 andR1, whereR0 = (R0
1;

: : : ; R0
J ) andR1 = (R1

1; : : : ; R1
J ), andlet � 2 (0; 1). We will show thatcodingis achiev-

ableat ratevectorR� , whereR � = �R 1 + (1 � � )R0. Chooseintegers(ln ; n � 1) such
that l n

n ! � andconsiderthesequenceof codingschemeswheretheoneat block length
n is constructedby repeatedlyinterlacingln blocksof thecodingschemeat block length
n in the sequencethat veri®esthe achievability of R1 with n � ln blocksof the coding
schemeat block lengthn in thesequencethatveri®estheachievability of R0. �
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THEOREM 2.3. Thecapacityregionof theGaussianmultiaccesschannelwith I users
whereusersJ + 1 � i � I are jammingusers,andsatisfyingpowerconstraints� is

f (R1; : : : ; RJ ) : Ri = 0 for all 1 � i � J such that � i � � and(1)
X

i 2 A

Ri � C(
X

i 2 Â

� i ; � + � 2) for all A � [J ] g

where � denotes(
P I

i = J +1

p
� i )2, C(� ; �) denotes1

2 log(1 + �
� ), [J ] denotesf 1; : : : ; J g,

andfor A � [J ], Â denotesf i 2 A : � i > � g.

PROOF. Proof of theconverse: Sincethejammingusersareactingasa singlecoali-
tion wecanthink of themasasingleagent,whichwewill call thecombinedjammer. This
combinedjammeris power limited to � , ascanbe seenfrom the fact that the jamming
userscancoherentlycombinetheir jammingvectors.

Let 1 � i � J besuchthat � i � � . Considerany sequence(C(n ) ; n � 1) of coding
schemesfor which lim supn supk � 1 M (n )

i (k) � 2. We claim that lim supn e(C(n ) ) � 1
4 .

This provesthatno vectorof ratesR = (R1; : : : ; RJ ) with Ri > 0 is achievable. Hence
thecapacityregionof thechannelis containedin thesetof vectorsof rateswhereR i = 0
for all 1 � i � J suchthat� i � � .

Theproof of this follows Blackwell's argument,which wasalsousedin [1] (seethe
beginningof theAppendixon page23 of [1]). Givenany n0 > 0 thereis n > n0 andat
leastoneblock k with M (n )

i (k) � 2. We now considerthefamily of jammingstrategies
for thecombinedjammer, indexedby M (n )

i (k), with strategy m beingto useasjamming
sequence(in block k, which is all we areinterestedin) thecodeword C(n )

i (k)(m) of user
i correspondingto his messagem. We think of thecombinedjammeraschoosingoneof
thesestrategiesuniformly at random. Then,for any decodingrule in block k, the error
probability in block k for decodingthe messageof user i , averagedover equiprobable
messagesandaveragedover the strategiesof the jammeris at least 1

4 (in fact very close

to 1
2 if M (n )

i (k) is large)becauseany decodingrule thatis correctwhenthemessageis m
andthejammingstrategy is ~m (m 6= ~m) is wrongwhenthemessageis ~m andthejamming
strategy is m. This meansthat the jammerhasa strategy whoseprobability of error for
decodingthemessageof useri , averagedover equiprobablemessages,is at least 1

4 . This
beingtrue in block k, andsincetheerror probabilityof a codingschemeis givenby the
supremumof the error probability over its blocks, we have e(C(n ) ) � 1

4 . Sincegiven
arbitraryn0 > 0 thereis n > n0 for which this is true,we have lim supn e(C(n ) ) � 1

4 .
Next considerasequenceof codingschemeswherefor all suf®ciently largen wehave

M (n )
i (k) = 1 for all k � 1 andfor all 1 � i � J suchthat� i � � . Given ~� < � consider

thestrategy of thecombinedjammerfor thecodingschemeat block lengthn which is to
pick a jammingsequencewhosecomponentsareindependentGaussianrandomvariables
of meanzeroandvariance~� andto usethesamejammingsequencein eachblock. The
probabilitythat thejammingsequencedoesnot meetthepower constraintgoesto zeroas
n ! 1 . In any block of thecodingschemeat block lengthn theaverageprobabilityof
error, averagedoverequiprobablemessagesandtherandomlychosenjammingsequence,is
boundedaboveby thesumof theprobabilitythattherandomlychosenjammingsequence
doesnot meetthe power constraintand the maximumover jammingsequencesthat do
meetthepower constraintof theaverageprobabilityof error, averagedover equiprobable
messages.Sincethisgoesto zeroasn ! 1 it mustbethecasethatin eachblock therate
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vectorsasymptoticallysatisfythecapacityconstraintsfor a Gaussianmultiaccesschannel
with noisepower ~� + � 2. We maynow let ~� ! � to completetheproofof theconverse.

Proofof achievability :
We ®rst needto verify that everything in the paperof Csiszarand Narayangoes

throughwith the following noisemodel : insteadof the noisevectorV = (V1; : : : ; Vn )
in a blockhaving i.i.d Gaussiancoordinates,it is modeledas

V = W + U1 + : : : + UL

whereW = (W1; : : : ; Wn ) hasi.i.d Gaussiancoordinates,W ; U1; : : : ; UL areindepen-
dent,andeachU l is chosenuniformly at randomfrom a spherein R n of ®xedradius.

Let R = (R1; : : : ; RJ ) be a cornerpoint of the rate region given in the theorem.
To clarify what this meanslet us assume,for notationalconvenience,that � i > � for
1 � i � K and � i � � for K + 1 � i � J and let us considerthe cornerpoint
correspondingto thedecodingorder: decodeuser1, followedby user2, andsoonending
with userK . By thiswe meantheratevectorR = (R1; : : : ; RJ ) with

R1 = C(� 1;
KX

i =2

� i + � + � 2)

R2 = C(� 2;
KX

i =3

� i + � + � 2)

...

RK = C(� K ; � + � 2)

Ri = 0 for K + 1 � i � J :

Fix � > 0 with � < min1� i � K Ri . We will demonstratethe achievability of the rate
vector �R where �R = ( �R1; : : : ; �RJ ) with �Ri = (Ri � � ) for 1 � i � K and �Ri = 0 for
K + 1 � i � J . From the resulton the convexity of the capacityregion that we have
provedearlier, on letting � ! 0, thiswill completetheproof.

We will show theexistenceof a sequenceof codingschemesthat verify the achiev-
ability of �R by a randomcodingargument. The codingschemesthat we will show the
existenceof will becodingschemesin theusualsense,i.e., they will beconstantin each
block. Thuswe focuson any oneblock of thecodingschemeto be constructedat block
lengthn anddropthenotationfor thespeci®cblock underconsideration.

Following CsiszarandNarayan,we changethe normalizationof power so that the
additive Gaussiannoisein thechannelhasmeanzeroandvariance� 2

n in eachcoordinate
andso that eachcodeword of eachcommunicatinguseri and the jammingsequenceof
eachjamminguseri havenormat most

p
� i respectively.

Supposeuser1 choosesa randomcodebookC1 asfollows : he®rst picksM1 = 2n �R 1

independentvectorsin R n , eachuniformly distributedon thesphereof radius1, call them
z11; : : : ; z1M 1

. Thesearescaledby
p

� 1 to give thecodewordsx1i 1
=

p
� 1z1i 1

; 1 � i i �
M 1. Users2 throughK choosetheir randomcodebooksby ananalogousprocedure.

Theaverageprobabilityof errorof maximumlikelihooddecodingfor userK , assum-
ing thatusers1 throughK � 1 have alreadybeencorrectlydecoded,whenthe jamming
usersusejammingsequencessi , J + 1 � i � I andusersK + 1 � i � J sendthezero
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vector, is givenby

�eK (s) =
1

M K

M KX

i K =1

P(kxK i K
+

IX

i = J +1

si + W � xK j K
k2 � k

IX

i = J +1

si + W k2

for somej K 6= i K ) :

This shouldbe thoughtof asa randomvariable,which is a functionof the realizationof
therandomcodebookCK aswell ass = (si ; J + 1 � i � I ). HereW = (W1; : : : ; Wn )
with coordinatesthatarei.i.d. Gaussianwith meanzeroandvariance� 2

n .
Fix 1 � k < K . Theaverageprobabilityof errorof maximumlikelihooddecodingfor

userk, assumingthatusers1 throughk � 1 (this setis emptyif k = 1) have alreadybeen
correctlydecoded,whenthejammingusersusejammingsequencessi , J + 1 � i � I and
usersK + 1 � i � J sendthezerovectoris givenby

�ek (s) =
1

M k

M kX

i k =1

P( kxk i k
+

KX

l = k+1

x li l
+

IX

i = J +1

si + W � xk j k
k2

� k
KX

l = k+1

x li l
+

IX

i = J +1

si + W k2 for somej k 6= i k ) :

Here i l for k + 1 � l � K are thoughtof as random,uniformly distributed on [M l ]
respectively. Also, �ek (s) is thoughtof asa randomvariablewhich is a function of the
realizationsof therandomcodebooksCk throughto CK aswell asof s = (si ; J + 1 � i �
I ).

For each1 � k � K , let �ek denotesups �ek (s). Again thesearethoughtof asrandom
variablesdependenton therealizationof therandomcodebooks.

We now considerthe expectationsof eachof thesequantities,taken over the distri-
bution of the randomcodebooks.Consider®rst theexpectationof �eK . On theevent that
the randomcodebookCK is derived from scalinga setof unit norm vectorsthat satisfy
theconditionsof Lemma1 of CsiszarandNarayan,�eK is pointwisedominatedby 
 n for
some
 n ! 0 asn ! 1 . Further, thecomplementof this eventhasprobabilitybounded
aboveby � n for some� n ! 0 asn ! 1 . Hencetheexpectationof �eK is boundedabove
by some� n where� n ! 0 asn ! 1 .

Next considerany 1 � k < K . On theevent that the codebookCk is derived from
scalinga setof unit norm vectorsthat satisfythe conditionsof Lemma1 of Csiszarand
Narayan,�eK is pointwisedominatedby 
 n for some
 n ! 0 asn ! 1 , wherein making
thisclaimweappealto theextensionof theresultsin CsiszarandNarayanto noisemodels
which areof theextendedtypediscussedabove, thesalientpoint beingthatwe now treat
theentirevector

P K
l= k+1 x li l

+ W asanoisevector(wherewerecallthatfor eachk + 1 �
l � K we think of i l asa randomvariabledrawn uniformly at randomfrom [M l ]). As
beforethecomplementof thiseventhasprobabilityboundedaboveby � n for some� n ! 0
asn ! 1 . Hencetheexpectationof �ek is boundedaboveby some� n where� n ! 0 as
n ! 1 .

We may therefore®nd realizationsof the codebooksCk ; 1 � k � K suchthat for
theserealizationseachof thequantities�ek ; 1 � k � K is boundedabove by � n , where
� n ! 0 asn ! 1 . Thiscompletestheproof. �
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3. Cooperativegames

In Section2 wehavecharacterizedthecapacityregionof aGaussianmultiaccesschan-
nelwhenasubsetof usersform acoalitionof jammingusers.Theformationof suchcoali-
tions will dependon the offeredratesto eachindividual userby proposedcoalitions. In
otherwords,a userwill join a coalition of communicatingusersonly if it feelsthat it is
gettinga fair shareof the availableratebasedon its perception.A naturalquestionthat
arisesin suchascenariois how theseusersshouldallocatetheavailablerateamongthem-
selves,giventhepossibilityof forming differentcoalitionsamongthemselves. Providing
a plausibleanswerto this questionfor theGaussianmultiaccesschannelis themain aim
of this paper. We approachthis questionvia cooperative gametheory. In this sectionwe
therefore®rst brie�y review thelanguageof cooperativegametheory[5].

Let I = f 1; 2; � � � ; I g bethesetof players.Theproblemis to decidehow to allocate
somefungiblequantitybetweentheusers(in ourcasethisquantityis communicationrate),
which we will call value. A key assumptionis that all the usershave a sharednotion of
value. A non-emptysubsetof I is calleda coalition. Thebasicmathematicalobjectthat
describesthegamebetweentheplayersis its characteristicfunction. This is a functionv
de®nedon thesubsetsof I , which associatesto eachS � I themaximumvaluethat the
playersin S canacquirefrom thegameregardlessof whattheplayersin I nS do. Namely,
theplayersin S, actingasa coalition,canguaranteethemselvesasa groupthevaluev(S)
evenif theplayersin I nS, actingasacoalition,work to minimizethetotalvalueachieved
by theplayersin S.

In the Gaussianmultiaccesschannelviewed asa game,v(S) for a subsetof users
S � I is seen,from Theorem2.3,to be

(2) v(S) = C(� Ŝ ; � I nS + � 2)

where� I nS = (
P

i 2I nS

p
� i )2, Ŝ = f i 2 S j � i > � I nSg, and� Ŝ =

P
i 2 Ŝ � i .

It is generallyassumedthatthecharacteristicfunctionshouldsatisfythefollowing two
properties:

(i) Thevalueof characteristicfunctionfor anemptysetis zero,i.e., v(; ) = 0.
(ii) SupposethatS andT aretwo disjoint coalitions,i.e., S \ T = ; . Then,

v(S) + v(T) � v(S [ T) (superadditivity)(3)

In our case,thesepropertiesareapparent.The truth of the secondpropertyis most
easilyseenfrom theobviousfactthat thesumof thesumratesachievableby two disjoint
coalitionsof userseachactingseparatelywhenits complementarysetof usersactsto jam
it is no biggerthanthesumratethatcanbeachievedwhenboththesesetsof usersgroup
togetherto form a singlecoalitionwhosecomplementis thenactingto jam it.

An imputationfor an I -persongamev is a vectorx = (x1; � � � ; x I ) thatsatis®es(i)P
i 2I x i = v(I ), and(ii) x i � v(f i g) for all i 2 I . Onecanarguethat any proposed

allocationof value amongthe usersthat is not an imputationis unreasonable.This is
because,®rstof all thereis nopoint in leaving somevalueunallocatedsothe®rstcondition
hadbetterbesatis®ed,andsecond,if someuseris givenanallocationthatis lessthanwhat
he/shecouldgetby actingunilaterallyevenwheneverybodyelseformsacoalitionto work
againsthim/her, thisuserwill notbesatis®edwith theproposedallocation.

We saythatan imputationx dominatesanotherimputationy througha coalitionS if
(i) x i > yi for all i 2 S, and(ii)

P
i 2 S x i � v(S). Also, we saythat x dominatesy if

thereexistssomecoalitionS suchthatx dominatesy throughS. Onecanarguethatany
proposedallocationof valueamongthe usersthat is dominatedby anotherallocationis
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unreasonable.This is becauseif theproposedallocation(necessarilyan imputation),say
y, is dominatedby someother imputation,sayx, througha subsetof usersS, then the
usersin S will ®nd it to their advantageto disregardthe proposedallocation,sincethey
canactasa coalition to guaranteeeachof thema strictly betterallocationevenwhenthe
usersin I n S work asa coalitionagainstthem.

The set of all undominatedimputationsis called the core of the game,denotedby
C(v). With theaxiomswe haveassumedon thecharacteristicfunction,onecanshow that
C(v) is givenby thesetof imputationsthatsatisfy

P
i 2 S x i � v(S) for all S � I . Also,

whatwehavearguedsofarsuggeststhatany proposedallocationof valueamongtheusers
mustlie in thecoreof thegameif it is to beconsideredreasonable.

Hereit is necessary, unfortunately, to point out a key problemwith cooperativegame
theory: thereareexamplesof gameswherethe corecanbe empty. Suchgameswould
thenseemto havenoreasonablesolution.Ontheotherhand,in many examplesthecoreis
nonemptyandfor suchgames(of which,aswewill prove,theGaussianmultiaccessgame
is one) the coreprovidesa naturalstartingpoint in the searchfor reasonablesolutions.
However, for mostgames,including theonewe areinterestedin, thecorehasmorethan
oneelement.Thusoneneedssomeadditionalnaturalsetof axiomsto further restrictthe
setof reasonablesolutions.We will carryout this programfor our gamein thenext two
sections. To end this section,we mentionanothervery popularaxiomaticapproachto
the searchfor a notion of solutionfor a cooperative game,dueto Shapley. Our purpose
in describingtheShapley approachis only for completeness: axiom(a3)in theaxiomatic
formulationbelow is notnaturalfor theclassof gamesweconsider, sincethereisnonatural
way in which the sumsof the characteristicfunctionsof two of our gamesis physically
relevant.Indeed,theShapley valuealsosuffersfrom anotherproblem,in thatit canresultin
anallocationthatis not in thecore,aswewill latershow it doesin ourgame.Nevertheless,
beingsuchapopularconcept,it meritssomediscussion.

Let � bea permutationof thesetof playersI . Then,we denoteby � v thenew game
u suchthat,for all S = f i 1; � � � ; i sg � I , u(f � (i 1); � (i 2); � � � ; � (i s)g) = v(S). Clearly,
this new gameis thegamev with therolesof theplayersinterchangedby thepermutation
� .

Shapley proposedto study an allocationof value � [v] in gamev that satis®esthe
following setof axioms:

a1. Additivepartitionof thevalueof thegame:
P

i 2 N � i [v] = v(I ).
a2. Invarianceunderpermutation:for any permutation� andi 2 I , � � ( i ) [� v] =

� i [v].
a3. If u andv areany two games,� i [u + v] = � i [u] + � i [v].

He showedthatthereis a uniquefunction� de®nedon all gamesthatsatis®estheaxioms
above. It is givenby

� i [v] =
X

T �N ;i 2 T

(t � 1)!(n � t)!
n!

(v(T) � v(T � f i g)) ;(4)

wheret = jT j. Thisallocationis calledtheShapley valueof thegame.

4. An envy-fr eeallocation of rate

In theprecedingsectionwehavealreadyimplicitly introducedournotionof theGauss-
ianmultiaccessgamethroughde®nitionof its characteristicfunction,givenin equation(2).
Communicationrateplaysthe role of valuein our game,andthe maximumvaluethat a
coalition of userscanget even whenthe otheruserswork asa coalition againstthemis
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themaximumsumcapacityof thecorrespondingGaussianmultiaccessarbitrarily varying
channel,whosecapacityregionwe characterizedin Theorem2.3.

In this sectionwe ®rst discussthe coreof our game. The corecanbe immediately
written down as the set of allocationssatisfyinga set of linear inequalitiesdetermined
from thecharacteristicfunction,aswasmentionedin Section3 – all this usesis that the
characteristicfunction of our gameis superadditive. The most importantpoint for us is
thatthecorecontainsall feasibleimputations,asdemonstratedin subsection4.1. We then
proposea naturalsetof fairnessaxiomswhich we will work with in Section5 to propose
an allocationin the gamethat is uniquelyde®nedas the onesatisfyingour axiomsand
will turn out to be both feasibleandin the core. This is donein subsection4.2. Finally
in subsection4.3 we brie�y returnto the Shapley valueandgive a simpleexampleof a
GaussianmultiaccessgamewheretheShapley valueis neitherfeasiblenor in thecore.

4.1. The coreof a Gaussianmultiaccessgame. Recallthatthecapacityregionfor a
Gaussianmultiaccesschannel,whichcanbethoughtof asthecapacityregioncorrespond-
ing to thegamewhenall theusersform a singlecommunicatingcoalition,is givenby the
setof ratevectorssatisfying

X

i 2 A

Ri � C(� A ; � 2) for all A � I :(5)

We denotethesetof ratevectorsR thatsatisfy(5) by C. Themainresultaboutthecoreof
ourgamethatinterestsusis thefollowing :

PROPOSITION 1. Thecoreof thegameC(v) containsf R 2 C j
P

i 2I Ri = C(� I ; � 2)g.

PROOF. Weshow thatif R belongsto thecapacityregionand
P

i 2I Ri = C(� I ; � 2),
thenfor all S � I ,

X

i 2 S

Ri � C(� S ; � I nS + � 2) � v(S) :

Thiscanbeeasilyshown from thefollowing:
X

i 2 S

Ri = C(� I ; � 2) �
X

j 2I nS

Rj

� C(� I ; � 2) � C(� I nS ; � 2)

= C(� S ; � I nS + � 2) ;

wheretheinequalityfollows from thecapacityconstraintin (5) with A = I n S. �

Oneseesfrom thisresultthatthecoreof ourgameis notempty. In fact,all imputations
in Cbelongto thecore,andsoit is alsothecasethatthecoreis not unique.Therefore,to
arriveat a reasonableallocationthatservesasa solutionfor thegame,weneedto propose
anaturalsystemof axiomsthatonecanarguetheallocationshouldsatisfy. Thisallocation
should,of course,alsobefeasiblefor it to makesense.We now turn to this issue.

4.2. Fair allocation. We now proposeanaxiomaticsystemto de®nea fair allocation
in our game.The®rst two axiomsof Shapley (axiomsa1anda2)which requireef®ciency
andinvarianceunderpermutationrespectively, arebothnaturalrequirements: thereis no
point in leaving somerateunallocated,andany solutionconceptthatyieldsdifferentvalues
for thesameplayerif they arelabelleddifferentlyis hardlynatural.Hence,we imposethe
following two axioms:

(f1) Ef®ciency or Paretooptimality:
P

i 2I  i (v) = C(� I ; � 2).
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(f2) Invarianceunderpermutation: For any permutation� and i 2 I ,  i (v) =
 � ( i ) (� v), where� v is thepermutedgame.

To these,we adda third axiombasedon thenotion of envy [2].1 Thesecondaxiom
of Shapley statesthat two userswith the samepower constraintshouldreceive the same
rate. Now supposethatwe take two usersi andj suchthat � i > � j . Then,clearlyuser
i canact as if its power constraintwerealso � j insteadof � i by not consumingall of
its power constraint.Let this new gamewith useri 's power constraintreducedto � j be
denotedby vi;j . Wesaythatuseri enviesuserj if  j (v) 6=  i (vi;j ), andwemeasureit by
thedifference j (v) �  i (vi;j ). Basedon this de®nitionof envy we imposethefollowing
fairnessconstraint:

(f3) Fairness(or envy-freeallocation)
X

f j 6= i j � j � � i g

 j (v) �  i (vi;j ) =
X

f j 6= i j � j < � i g

 j (v) �  i (vi;j ) = 0 for all i 2 I ;

wherethe®rst equalityis a consequenceof axiom(f2).

Wewill show in thefollowing sectionthataxiom(f3) is equivalentto thestrongerrequire-
mentthatfor all i andj suchthat� i > � j

 j (v) �  i (vi;j ) = 0 :(6)

Also in that sectionwe will show that thereis a uniqueallocationsatisfyingour axioms
andthis allocationis feasibleandin thecore.

4.3. About the Shapley value. To end this sectionwe brie�y discussthe popular
conceptof Shapley value,eventhoughwe have arguedthat theaxiomsystemunderlying
thisconceptis notappropriatefor ourgame.Wegiveanexampleof aGaussianmultiaccess
gamewheretheShapley valueis not feasibleanddoesnot lie in thecore.

Considerthefollowing example:therearethreeuserswith � 1 = 10:1; � 2 = 10, and
� 3 = 1. The noisepower is given by � 2 = 10. In this example,from (4), the Shapley
valueof user3 is

� 3[v] =
1
3

(v(f 3g) � v(; )) +
1
6

((v(f 1; 3g) � v(f 1g)) + (v(f 2; 3g) � v(f 2g)))

+
1
3

(v(f 1; 2; 3g) � v(f 1; 2g))

=
1
3

(0 � 0) +
1
6

((C(10:1; 20) � 0) + (0 � 0)) +
1
3

(C(21:1; 10) � C(20:1; 11))

= 0:07206:

However, therateof user3 cannotbelarger thanC(� 3; � 2) = C(1; 10) = 0:06875from
thecapacityconstraintin (5). Therefore,theShapley valueof this gamedoesnot belong
to C.

In addition,onecanseethat the Shapley valueof the gamedoesnot belongto the
coreof thegameby realizingthat� 1[v] + � 2[v] = C(21:1; 10) � � 1[v] < C(20:1; 11) =
v(f 1; 2g).

1Thede�nition of envy is slightly modi�ed in ourcontext from thereference.
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5. Existence,uniquenessand propertiesof a fair allocation

In thissectionwe®rstshow thatthereexistsauniquefunction , de®nedonall games,
which satis®esaxioms(f1) - (f3) in Section4.2,andthenprove thattheuniqueallocation
alwayslies in thecapacityregion, i.e., it is feasible.Sincetheallocationis ef®cient it then
followsfrom Proposition1 thatit is alsoin thecore.Without lossof generalityweassume
thatusersareorderedby decreasingpowerconstraint� i throughouttherestof thispaper.

5.1. Existenceof a fair allocation.

THEOREM 5.1. Thereexistsa uniquerateallocationthatsatis�esaxioms(f1) through
(f3).

PROOF. Considerthefollowing rateallocation:for all i 2 I

' i (v) =
C(i � i +

P I
j = i +1 � j ; � 2) �

P I
j = i +1 ' j (v)

i
:(7)

Onecanseethatsuchanallocationcanbeeasilycomputedrecursively, startingwith user
I . Axiom (f1) is trivially satis®edby construction.Supposethattherearetwo usersi and
i + 1 suchthat� i = � i +1 . Weshow that' i (v) = ' i +1 (v). In orderto show thisweprove
thatfor all k = 1; � � � ; I � 1,

' k (v) � ' k+1 (v) =
C(k� k +

P I
j = k+1 � j ; � 2) � C(k� k+1 +

P I
j = k+1 � j ; � 2)

k
:(8)

This canbe proved by showing that the sumof the right-handsideof (8) and ' k+1 (v)
from (7) equals' k (v), andthe detailsareprovided in [4]. From (8) onecanseethat if
� i = � i +1 , then' i (v) � ' i +1 (v) = 0. Hence,this provesthattheallocationgivenby (7)
satis®esaxiom(f2).

In orderto show thataxiom(f3) is satis®ed,we®rst provethefollowing Lemma.

LEMMA 1. For all i andj such that � i > � j , ' i (vi;j ) = ' j (v).

PROOF. Thiscanbeeasilyshown from

' i (vi;j ) =
C(j � j +

P I
k= j +1 � k ; � 2) �

P I
k= j +1 ' k (vi;j )

j

=
C(j � j +

P I
k= j +1 � k ; � 2) �

P I
k= j +1 ' k (v)

j
= ' j (v) ;

wherethe ®rst equality is a consequenceof axiom (f2), andthe secondequalityfollows
becausefor all k > j , ' k (v) = ' k (vi;j ), i.e., theratesof usersk > j arenot affectedby
thereplacementof powerconstraintof useri by thatof userj ascanbeseenfrom (7). �

Now axiom(f3) holdstrivially from
X

f j >i j � j < � i g

(' j (v) � ' i (vi;j )) =
X

f j >i j � j < � i g

(0) = 0 :

Notethat,combinedwith Lemma1, axiom(f3) impliesthestrongerconditiongivenin (6)
under' (�).
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5.2. Uniquenessof the fair allocation. We now provetheuniquenessof ratealloca-
tion thatsatis®esaxioms(f1) - (f3). For i = 2; � � � ; I , let ui;j ; j < i; bethegamewhere
thepowerconstraintsof theusersaregivenby ~� k

~� k =
�

� i j � k � i
� k otherwise

:

Let i = I . Fromthefairnessconstraintin axiom(f3), we have  I � 1(uI ;I � 1) =  I (v) =
 I (uI ;I � 1). Startingwith j = I � 1 repeatedlyapplyingthefairnessrequirementto user
j � 1 in gameuI ;j with decreasingj; j = 2; � � � ; I � 1, yields

 j � 1(uI ;j � 1) =  j (uI ;j � 1) = � � � =  I � 1(uI ;I � 1) =  I (v) ;

which, for j = 2, givesus  I (v) = C (I � � I ;� 2 )
I from axiom (f2) sinceall usershave the

samepowerconstraint� I in gameuI ;1. Followingsimilarstepswith vj;I ; j = 1; � � � ; I � 1,
alsoleadsto  j (vj;I ) =  I (v) = C (I � � I ;� 2 )

I .
Decreasei by one,i.e., let i = I � 1. Following theaboveargumentstartingwith j = i

andsuccessively applyingthefairnessrequirementto u i;j � 1 with decreasingj yields

 i (v) =
1
i

 

C(i � i +
IX

k= i +1

� k ; � 2) �
IX

k= i +1

 k (v)

!

= ' i (v) :(9)

Repeatingthis procedureafterdecrementingi by oneuntil i = 1 leadsto (9) for all i =
1; � � � ; I . Thiscompletestheproof. �

5.3. On the structur eof the fair allocation. Wenow provideanintuitivewayof un-
derstandingthestructureof thefair allocationwhoseexistenceanduniquenesswasdemon-
stratedin the last two subsections.Considerthe following scenario. Initially all users
startwith the samepower constraint� I , whereeachuserreceivesa rate of C (I � � I ;� 2 )

I .
Now supposethatuserI � 1 decidesto unilaterallyincreaseits powerconstraintto � I � 1.
Then, sinceuserI � 1 was willing to pay the price of increasingits power constraint
(assumingthat it ®nds this decisionbene®cial),the increasein the total rate, namely
C(� I � 1 + (I � 1) � � I ; � 2) � C(I � I ; � 2), should be assignedto user I � 1, while
the ratesof the other usersremainthe same. Supposenow user I � 2 paysthe price
to increaseits power constraintto � I � 1. Then, the gain enjoyed by userI � 1 before
shouldbesharedwith userI � 2 aswell. More speci®cally, the increasein the total rate
C(2� I � 1 + (I � 2) � � I ; � 2) � C(I � I ; � 2), shouldbeequallysharedby usersI � 2 and
I � 1. Similar argumentscanbemadewhenanotheruserunilaterallychangesits power
constraint. The rate allocationin (7) the allocationschemeresultingfrom this thought
process.

5.4. Feasibility and reasonablenessof the fair allocation. Wenow demonstratethat
therateallocation' (v) lies in thecapacityregion, i.e. it feasible,andthenshow that it is
in thecoreof thegame.

THEOREM 5.2. Therateallocationgivenby(7) lies in thecapacityregion,i.e., for all
S � I ,

P
i 2 S ' i (v) � C

� P
i 2 S � i ; � 2

�
.

PROOF. Beforewe provethetheoremwe notethatseveralsimpleinequalitieswill be
usedin theproof, all of which canbe obtainedfrom the strict concavity of log function.
Thesearegatheredin theAppendix.
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Weprovethetheoremby induction.If thereis only oneuser, thetheoremis true.Now
supposethat the theoremholdsfor any setof k users,k = 1; � � � ; K . We now show that
thetheoremis truefor any setof K + 1 users.

Let I K +1 = f 1; � � � ; K + 1g be thesetof usersanddenotethe gameby v. We let
Sj = I K +1 n f j g, wherej 2 I K +1 , anddenotethegameonly with theusersin Sj by vj .
In orderto provethattheoremholdswith I K +1 , it suf®cesto show that,for all j 2 I K +1

' i (vj ) > ' i (v); i 6= j :(10)

Eq. (10) tellsusthatwhenanew userentersthegame,therateof theexistingusersstrictly
decreases.Therefore,from the inductionhypothesis,for all strict subsetsS of I K +1 we
will have

P
i 2 S ' i (v) < C

� P
i 2 S � i ; � 2

�
=

P
i 2 S ' i (vS ), wherevS is the gameonly

with usersin S. Thus,thetheoremwill follow.
We considerthe following threecases:(1) � j = � K +1 , (2) � j = � 1, and(3) � 1 <

� j < � K +1 .
case(1). � j = � K +1 : In this case,from axiom(f2), without lossof generalitywe assume
thatj = K + 1. First, from (7) and(8)

' K (v) = ' K +1 (v) + (' K (v) � ' K +1 (v))

=
C((K + 1)� K +1 ; � 2)

K + 1
+

C(K PK + � K +1 ; � 2) � C((K + 1)� K +1 ; � 2)
K

=
C(K PK + � K +1 ; � 2)

K
�

C((K + 1)� K +1 ; � 2)
K (K + 1)

' K (vK +1 ) � ' K (v)

=
1
K

�
C(K � � K ; � 2) � C(K � � K + � K +1 ; � 2) +

1
K + 1

C((K + 1)� K +1 ; � 2)
�

�
1
K

�
1

K + 1
C((K + 1)� K +1 ; � 2) �

�
C((K + 1)� K +1 ; � 2) � C(K � K +1 ; � 2)

�
�

> 0 ;

wherethe®rst inequalityfollowsfrom (16)(with x = K �� k+1 ; y = K �� k , andz = � k+1 ),
andthesecondinequalityfrom (17) (with x = � k+1 , andz = 0). From(8) and(19),one
canshow thatfor all i = 1; � � � ; K � 1,

' i (v) � ' i +1 (v) =
1
i

0

@C(i � i +
K +1X

j = i +1

� j ; � 2) � C(i � i +1 +
K +1X

j = i +1

� j ; � 2)

1

A

�
1
i

0

@C(i � i +
KX

j = i +1

� j ; � 2) � C(i � i +1 +
KX

j = i +1

� j ; � 2)

1

A

= ' i (vK +1 ) � ' i +1 (vK +1 )

wherethe equalityholdsonly if � i = � i +1 . Eq. (10) now follows from the above two
inequalities.
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case(2). � j = � 1: Again, from axiom (f2), without lossof generalitywe assumethat
j = 1. This casefollowsdirectly from (8) and(18)because,for all i = 2; � � � ; K ,

' i (v) � ' i +1 (v) =
1
i

 

C(i � i +
K +1X

k= i +1

� k ; � 2) � C(i � i +1 +
K +1X

k= i +1

� k ; � 2)

!

�
1

i � 1

 

C(( i � 1)� i +
K +1X

k= i +1

� k ; � 2) � C(( i � 1)� i +1 +
K +1X

k= i +1

� k ; � 2)

!

(11)

= ' i (v1) � ' i +1 (v1) :

and' K +1 (v) = 1
K +1 C((K + 1)� K +1 ; � 2) < 1

K C(K � K +1 ; � 2) = ' K +1 (v1).

case(3). � 1 < � j < � K +1 : Similarly asin (11),wehave for all i = j + 1; � � � ; K ,

' i (v) � ' i +1 (v) � ' i (vj ) � ' i +1 (vj ) and ' K +1 (v) < ' K +1 (vj ) :(12)

We ®rst show that,for all � j 2 [� j +1 ; � j � 1]

' j � 1(v) � ' j +1 (v) � ' j � 1(vj ) � ' j +1 (vj ) :(13)

Supposethat� j � 1 = � j +1 . Then,(13) is trivially truefrom axiom(f2). Hence,weassume
that� j � 1 > � j +1 . Onecanseefrom (7) that ' j � 1(v) � ' j +1 (v) is strictly decreasingin
� j over therange[� j +1 ; � j � 1]. For moredetails,see[4]. Hence,it suf®cesto show that
(13) is truewith � j = � j +1 asfollows:

' j � 1(v) � ' j +1 (v) = ' j � 1(v) � ' j (v)

=
1

j � 1

0

@C(( j � 1)� j � 1 +
K +1X

k= j

� k ; � 2) � C(( j � 1)� j +
K +1X

k= j

� k ; � 2)

1

A

<
1

j � 1

0

@C(( j � 1)� j � 1 +
K +1X

k= j +1

� k ; � 2) � C(( j � 1)� j +1 +
K +1X

k= j +1

� k ; � 2)

1

A

= ' j � 1(vj ) � ' j +1 (vj ) ;

wheretheinequalityfollows from (19).
Now we show thatfor all i = 1; � � � ; j � 2,

' i (v) � ' i +1 (v) � ' i (vj ) � ' i +1 (vj ) :(14)

This follows trivially because

' i (v) � ' i +1 (v)

=
1
i

 

C(i � � i +
IX

k= i +1

� k ; � 2) � C(i � � i +1 +
IX

k= i +1

� k ; � 2)

!

�
1
i

0

@C(i � � i +
IX

k= i +1 ;k 6= j

� k ; � 2) � C(i � � i +1 +
IX

k= i +1 ;k 6= j

� k ; � 2)

1

A

= ' i (vj ) � ' i +1 (vj ) ;

wheretheinequalityis truefrom (19). Eq. (10)now followsfrom (12) - (14). �

THEOREM 5.3. Therateallocation' (v) is in thecore of thegame.
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PROOF. This is asimpleconsequenceof thefactthatthecorecontainsall imputations
that are in C and ' (v) is an imputation(from axiom (f1)) and lies in C from Theorem
5.2. �

5.5. Qualitati ve properties of the fair allocation. Finally, we investigatehow the
allocation' (v) changesasonevariesthenoisepower� 2. In orderto makethedependence
on � 2 explicit we denoteby ' � (v) therateallocationgiventhenoisepower � 2.

THEOREM 5.4. Therateallocation' � (v) satis�esthefollowing: for all i; j 2 I such
that � j > � i

(1)
' �

j (v)
' �

i (v) is strictly increasingin � ; � > 0.

(2) lim � 2 #0
' �

j (v)
' �

i (v) = 1.

(3) lim � 2 "1
' �

j (v)
' �

i (v) = � j

� i
.

From(1) - (3) for anyi andj such that � j � � i , wehave

1 �
' j (v)
' i (v)

�
� j

� i
:

PROOF. The®rst propertycanbe provedby showing that for all k = 1; � � � ; I � 1,
and� > 0,

' � + �
k (v) � ' � + �

k+1 (v)

' �
k (v) � ' �

k+1 (v)
�

' � + �
k+1 (v) � ' � + �

k+2 (v)

' �
k+1 (v) � ' �

k+2 (v)
(15)

where� I +1 and' �
I +1 (v) arede®nedto bezero.Themanipulationsrequiredto provethis

arestandard,so, in the interestof meetingthe pagecountconstraint,they areleft to the
reader. If necessary, see[4] for thedetails.

We now prove that lim � 2 #0
' �

j (v)
' �

i (v) = 1. In orderto show this, it suf®cesto show that,

for all k = 1; � � � ; I � 1,
' �

k (v) � ' �
k +1 (v)

' �
I (v) ! 0 as� # 0. This canbe easilyshown as

follows. From(7) ' �
I (v) = C (I � � I ;� 2 )

I ! 1 as� # 0. On theotherhand,from (8)

' �
k (v) � ' �

k+1 (v) =
C(k� k +

P I
j = k+1 � j ; � 2) � C(k� k+1 +

P I
j = k+1 � j ; � 2)

k

=
C(k(� k � � k+1 ); � 2 + k� k+1 +

P I
j = k+1 � j )

k

!
C(k(� k � � k+1 ); k� k+1 +

P I
j = k+1 � j )

k
as� # 0 :

Thus,thedifference' �
k (v) � ' �

k+1 (v) is decreasingin � andlim � #0
�
' �

k (v) � ' �
k+1 (v)

�

is ®nite for all k = 1; � � � ; I � 1, whereaslim� #0 ' �
I (v) = 1 . Therefore,'

�
k (v)

' �
I (v) # 1 as

� # 0 for all k = 1; � � � ; I .
To provethelastpropertywe show thatfor all k = 1; � � � ; I � 1,2

' �
k (v) � ' �

k+1 (v)

' �
k+1 (v) � ' �

k+2 (v)
!

� k � � k+1

� k+1 � � k+2
as� " 1 :

2Hereweassumethat� k +1 > � k +2 .
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Therestcanbeeasilyprovedfrom that d
dx log(1 + x) = 1

(1+ x ) ln 2 .3 From(8)

' �
k (v) � ' �

k+1 (v)

' �
k+1 (v) � ' �

k+2 (v)
=

(k + 1) � C
�

k(� k � � k+1 ); � 2 + k � � k+1 +
P I

j = k+1 � j

�

k � C
�

(k + 1)(� k+1 � � k+2 ); � 2 + (k + 1)� k+2 +
P I

j = k+2 � j

�

!
� k � � k+1

� k+1 � � k+2
as� " 1 by L'H ôpital's rule

Thiscompletestheproofof thetheorem. �

Theorem5.4 tells us that whenthe signal-to-noise-ratio(SNR) is high for all users,
their ratesareroughlythesame,while whentheSNRis low, their ratesareapproximately
proportionalto their power constraints. In the two userscasewhen the noisepower is
very small, i.e., high SNR, theconstraintthatR1 + R2 � C

�
� 1 + � 2; � 2

�
becomesthe

dominantconstraint.Hence,theallocationis mostlygovernedby this constraintandboth
usersreceiveroughlythesamerate.On theotherhand,if thepowerconstraintsof thetwo
usersarequitedifferentandthenoisepower is high, i.e., low SNR,thentheconstrainton
therateof theuserwith smallerpowerconstraintbecomesmoreactive. Therefore,therate
allocationis closeto theintersectionof thesetwo constraints.Similar intuition carriesover
to multiple usercases.Thus,in conclusion,we havealsodemonstratedsomepleasingand
naturalpropertiesof thefair rateallocationasthenoisepowervaries.

6. Concluding remarks

We have studiedthe issueof how to fairly allocatecommunicationrateamongthe
usersof a Gaussianmultiaccesschannel.We adopteda cooperativegame-theoreticview-
point which presumedtheability to make contractsof�ine basedon threatstrategiesand
thepotentialformationof coalitions.Contributionsof thepaperincluded(i) determining
thecapacityregionof theGaussianmultiaccessarbitrarily varyingchannel(albeitwith an
alternativeoperationalde®nitionof capacitywhich avoidsthemaintechnicaldif®culty of
theusualapproach);(ii) determiningthecharacteristicfunctionof theGaussianmultiac-
cessgame;(iii) proposinga naturalsetof axiomsthata fair allocationshouldsatisfy;(iv)
proving the existenceanduniquenessof a fair allocationthat satis®estheseaxioms;(v)
demonstratingthatthis fair allocationis feasibleandreasonable,in thesensethatit lies in
thecoreof thegame;and®nally (vi) demonstratingsomenicequalitativepropertiesof the
fair allocationasthenoisepower varies.We alsobrie�y touchedupontheShapley value
asa solutionconcept,eventhoughwe arguedthat theaxiomsunderlyingthis conceptare
notnaturalfor our game.

Our main motivation for undertakingthis study was to explore the intersectionof
the two rich ®elds of cooperative gametheoryand information theory. We believe that
investigationsin this intersectioncanhavea valuablerole to play in bringinginformation-
theoreticideasto bearon the socialchoiceissuesthat arisein multiusercommunication
systemswheretheagentsmighthavediverseobjectives.

7. Appendix

Herewegathersomesimpleinequalitieswhich thereaderwill haveno troubleverify-
ing in a few minutes.

3Recallthatthelogarithmis to base2 in thispaper.
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� If y � x � 0 andz > 0, then

C(x + z; � 2) � C(x; � 2) � C(y + z; � 2) � C(y; � 2) ;(16)

andtheequalityholdsonly if y = x.
� If x > 0 andz � 0, then

C((k + 1)x + z; � 2) > (k + 1)
�
C((k + 1)x + z; � 2) � C(kx + z; � 2)

�
(17)

wherek 2 N = f 1; 2; � � � g.
� If y � x � 0 andz � 0, thenfor k = 2; 3; � � � ;

1
k

�
C(ky + z; � 2) � C(kx + z; � 2)

�

�
1

k � 1

�
C((k � 1)y + z; � 2) � C((k � 1)x + z; � 2)

�
(18)

andtheequalityholdsonly if x = y.
� If z1 > z2 � 0 andy � x � 0, thenfor all k 2 N

C(ky + z1; � 2) � C(kx + z1; � 2) � C(ky + z2; � 2) � C(kx + z2; � 2) ;(19)

andtheequalityholdsonly if y = x.
� If y > x � 0 andz � 0, then

C(ky + z; � 2) � C(kx + z; � 2)

> k
�
C((k � 1)y + y + z; � 2) � C((k � 1)y + x + z; � 2)

�
:(20)
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