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Stability of a RateControl Systemwith Averaged
FeedbackandNetwork Delay

RichardJ. La andPriya Ranjan

Abstract— We study the stability of a variant of Kelly's rate
control schemein a simple setting with a single �o w and a single
resource. The feedbacksignal fr om the resource is a function of
an average rate of the �o w obtained using a low pass �lter .
We derive a suf�cient condition for asymptotic stability in the
presenceof an arbitrary �xed communication delay fr om the
resource to the sender. We show that a suf�cient condition
derived earlier for a system without averaging suf�ces. We
validate our result using simulation with a family of popular
utility and price functions.

Index Terms— Rate control, asymptotic stability, delay.

I . INTRODUCTION

With emerging networked control systems,control of a
distributed systemin the presenceof communicationdelays
is emerging as an interestingand important issue.Examples
of suchsystemsincludea sensornetwork consistingof arrays
of sensorsthat collect and provide feedbackinformation for
a control system,and a communicationnetwork with many
end users that individually adjust their transmissionrates
basedon the feedbackinformationprovided by active queue
management(AQM) schemes[1], [4].

In [12] we study the stability of a rate control system
proposedby Kelly et al. [10] (calleda primal algorithm),and
derive asymptoticstability criteria in thepresenceof arbitrary
�x ed network delays.Thesestability conditionsare obtained
using invariance-basedstability results for nonlinear delay
differentialequations[7], [8].

In this article we studya variantof the ratecontrol system
proposedin [10] in a simplesettingwherea single �o w tra-
versesa singleresource.This was�rst studiedin [17]. Kelly's
modeladoptsa �uid model,andthefeedbacksignalgenerated
by a resourceis a function of users' instantaneousrates.A
�uid model is shown to be a good approximationwhen the
numberof �o ws is large andresourcecapacitiesarehigh [2],
[13], [14], [15]. In practice,however, an instantaneousrate
througha resourceis dif�cult to measureaccurately;in order
to obtain a good estimateof the aggregate rate, a resource
may needto rely on an averagerateover a period.

We model this scenarioby assumingthat the feedback
signalfrom theresourceis basedon anaveragedrateobtained
usinga low pass�lter [17]. This is similar in spirit to Random
Early Detection(RED) [4] or Proportionalcontroller[6] type
schemeswith one or more stagesof low pass�ltering. We
alsoassumethat the feedbacksignalfrom the resourceto the
useris delayeddue to a network delay.
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We �rst show the existenceof a unique solution of the
system.Then,we demonstratethatanapproachsimilar to that
employed in [12] can be extendedto the current problem.
We derive asymptoticstability criteria on utility andresource
pricefunctionswith anarbitrary�x ednetwork delay. Stability
results basedon a linear analysisare derived in [17], and
dependon both the network delayanduser's gain parameter.

The restof this article is organizedasfollows: We present
our main resultson asymptoticstability in SectionII. Simu-
lation resultsarepresentedin III.

I I . RATE CONTROL WITH A FEEDBACK DELAY

A. Feedback signal basedon low pass�lter ed load

In Kelly's optimization framework for rate control [9] a
user receives utility U(x) when it gets a rate of x. This
utility function could representeither the user's true utility
or somefunction assignedto the user through the selected
end useralgorithm.We take the latter view and assumethat
theutility functionsof theusersareusedto selectthedesired
rateallocationamongthe users.The utility function U(x) is
an increasing,strictly concave andcontinuouslydifferentiable
function of x over the rangex � 0. We denoteby x(t) the
user's rateat time t. Sincea user's rateis boundedin practice,
weassumethattheuser's ratebelongsto acompactset[X min ,
X max ] � IR+ := (0; 1 ). Herethe lower (resp.upper)bound
X min (resp. X max ) can be arbitrarily close to zero (resp.
arbitrarily large).

Kelly's primal algorithm [10] basedon a �uid model,
assumesthat the price charged by a resourceis a function
of users'instantaneousrate.Although a �uid modelis shown
to bea goodapproximationfor a largescalenetwork [2], [13],
[14], [15], it doesnot capturethe packet level dynamicsand
stochasticnatureof a real network. In particular, the notion
of instantaneousrate used in a �uid model is an idealized
conceptthat cannotbe measuredin a real network.

The rate of a �o w over a round trip can be computedby
dividing the numberof successfullydelivered bytes by the
round-trip time.1 However, there is no such pre-determined
timescaleat which a resourcecan measureits rate; the rate
seenby a resourceover a period dependson many factors,
e.g.,round-triptimesof the �o ws, detailsof packet transmis-
sions by end users,and queueingdelaysat the bottlenecks.
Instead,a resourcecan divide time into short, contiguous
timeslotsand measurethe noisy aggregate rate of the �o ws
during eachtimeslot.Then,an averageratecanbe computed

1This resultsin self-clockingbehavior of an end usercongestioncontrol
mechanism,e.g.,TCP.
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using,for example,anexponentiallyweightedmoving average
to obtaina better(or smoother)estimate.

Let 
 (t) denotethe averagerate at the resourceat time
t. The price charged by the resourceat time t is given by
� (t) := p(
 (t)) . We assumethat the price function p(�) is
non-negative, increasingandcontinuouslydifferentiable.

We assumethat the forward delay from the senderto the
resourceis negligible and that the feedbacksignal generated
by the resourceis returnedto the user after a �x ed round
trip time T 2 IR+ . As mentionedin SectionI we model the
averagingat the resourceby introducinga low pass�lter . In
the presenceof low pass�ltering and a feedbackdelay the
interactionbetweenthe userandthe resourceis given by the
following delaydifferentialequation[10], [12].

d
dt

x(t) = � (w(t) � x(t � T)� (t � T))

= � (x(t)U0(x(t)) � x(t � T)p(
 (t � T))) (1)

�
d
dt


 (t) = � 
 (t) + x(t) ; � > 0

where � > 0, and w(t) := x(t)U0(x(t)) denotesthe user's
willingnessto pay at time t. It is clear from (1) that the user
alwaysattemptsto reachanequilibriumwhereits willingness
to pay equalsits total price.

In this article we are interestedin �nding conditionson
user's utility and resourceprice functions for asymptotic
stability of the systemin (1). First, for notationalsimplicity
let usde�ne g(x) andf (x) to beuser's willingnessto payand
total price, respectively, asa function of its rateas follows:

g(x) := x � U0(x) and f (x) := x � p(x) (2)

We make the following assumptionson the functionsg(x)
and f (x).

Assumption1: (i) The function g(x) is strictly decreasing
(i.e., g0(x) < 0) for all x > 0, (ii) the functionf (x) is strictly
increasing(i.e., f 0(x) > 0) for all x > 0, and (iii) both
g(x) and f (x) are Lipschitz continuouson [X min , X max ],
and the inversefunction g� 1(y) is Lipschitz continuouson
[g� 1(X max ), g� 1(X min )].

Note that the inversefunction g� 1(�) exists from Assump-
tion 1(i). As statedin [12], Assumption1(i) implies that the
user's demandis inelastic [16]. An example of a family of
utility andresourcepricefunctionsthatsatis�esAssumption1
is usedin SectionIII for simulation.

We rewrite (1) in a form moreamenableto analysis:De�ne

y(t) := g(x(t)) : (3)

This allows us the following changeof coordinate.

x(t) = g� 1(y(t)) ) _x(t) =
_y(t)

g0(g� 1(y(t)))
(4)

De�ne � (y(t)) := � � � g0(g� 1(y(t))) . Clearly, � (y(t)) > 0
underAssumption1. We rewrite (1) in termsof y(t).

d
dt

y(t) = � (y(t))
�
g� 1(y(t � T))p(
 (t � T)) � y(t)

�

�
d
dt


 (t) = � 
 (t) + g� 1(y(t)) (5)

We study the system in (5) and show that there is a
closecorrespondencebetweenthe invarianceand asymptotic
stability propertiesof a discrete-timemap

yn +1 = f (g� 1(yn )) =: F (yn ) (6)

and those of (5) for �x ed orbits as done in [12] with no
averaging.

Assumption2: Suppose that I := [a; b] �
g([X min ; X max ]) is a compact interval invariant under
the mapF , i.e., F (I ) � I .

Let Y := C([� T; 0]; IR+ ) be the Banachspaceof con-
tinuous functions mapping the interval [� T; 0] to IR+ . For
all A � IR+ , we de�ne YA := f � 2 Y j � (s) 2 A for all
s 2 [� T; 0]g.

B. Existenceof a uniquesolution& asymptoticstability

The functionsin (5) areLipschitz continuousby Assump-
tion 1. Therefore,a uniquesolutionof (1) exists for all t � 0
with any initial function[� y ; � 
 ] 2 YI � Yg� 1 ( I ) , i.e., y(s) 2 I
and 
 (s) 2 g� 1(I ) for all s 2 [� T; 0]. Moreover, our �rst
result (Theorem1) shows that the solutionstayspositive and
within the interval I . This is a consequenceof the invariance
propertyof the interval I underthe map F (Assumption2).
Beforestatingthis invarianceresult,we �rst introducea few
lemmasusedin the proof.

Lemma1: Supposethat I ? := [a?; b?] � IR is a compact
interval. Assume� : [0; 1 ] ! I ? is a continuousfunction
and � : [0; 1 ] ! IR+ is a continuous,strictly positive, and
boundedfunction. If u(t) is a solutionof following equation

� (t)
d
dt

u(t) + u(t) = � (t) (7)

with an initial condition u(0) 2 I ?, then u(t) 2 I ? for all
t � 0.

Proof: We prove this lemmaby contradiction.Suppose
that the lemmais not true. Then, let t0 � 0 be the �rst time
at which the solution leaves I ?. First, supposeu(t0) = b?

and every interval (t0; t0 + � ), � > 0, containsa point �
suchthat u(� ) > b? and _u(� ) > 0. However, if u(� ) > b?,
from (7) we musthave _u(� ) < 0 because� (t) � b?. This is a
contradiction.The caseu(t0) = a? is handledsimilarly. This
completesthe proof.

Lemma1 is essentiallybasedon [5].
Lemma2: Suppose that I ? := [a?; b?] �

g([X min ; X max ]) is a closed interval invariant under
the map F . If y(t) 2 I ? and 
 (t) 2 g� 1(I ?) for all
t 2 [t1; t1 + T], theny(t) 2 I ? for all t 2 [t1 + T; t1 + 2T].

Proof: We �rst rewrite the �rst equationin (5):

1
� (y(t))

d
dt

y(t) + y(t) = g� 1(y(t � T))p(
 (t � T)) (8)

Then,from Lemma1, in order to prove Lemma2 it suf�ces
to show that the right-handside of (8) lies in I ? for all t 2
[t1 + T; t1 + 2T]. This follows directly from the assumed
invariancepropertyof I ? underthe mapF andmonotonicity
propertiesof the functionsg and f : First, note that the map
F (y) = f � g� 1(y) = g� 1(y) �p(g� 1(y)) . Recallthat theprice
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functionis non-decreasingandthefunctiong is monotonically
decreasing.Thus,for all t 2 [t1 + T; t1 + 2T],

g� 1(b?)p(g� 1(b?)) � g� 1(y(t � T))p(
 (t � T))

� g� 1(a?)p(g� 1(a?))

becausey(t � T) 2 I ? and 
 (t � T) 2 g� 1(I ?).
The invariance property of I ? now tells us F (I ?) =
[g� 1(b?)p(g� 1(b?)) ; g� 1(a?)p(g� 1(a?))] � I ?, and the
claim follows.

Theorem1: Supposethat Assumptions1 and 2 hold and
that the initial function [� y ; � 
 ] 2 YI � Yg� 1 ( I ) . Then, the
correspondingsolution (y(t); 
 (t); � y ; � 
 ) satis�es y(t) 2 I
and 
 (t) 2 g� 1(I ) for all t � 0.

Proof: By Lemma2, if � 
 2 Yg� 1 ( I ) and � y 2 I then
y(t) 2 I for all t 2 [0; T]. Applying this and Lemma 1 to
the secondequationin (5) tells us that 
 (t) belongsto the
inverseimageg� 1(I ) for all t 2 [0; T]. Now theclaim follows
from an induction argumenton time (called the methodof
steps[3]).

We now consider the case where the map F has an
attracting�x ed point y? with a domain of attractionI 0. In
otherwords,F n (y0) ! y? for any y0 2 I 0.

Assumption3: There is a sequenceof compact intervals
I k ; k = 0; 1; 2; : : :, satisfying (i) F (I k ) � int (I k+1 ) �
I k+1 � int (I k ) for all k = 0; 1; : : :, and(ii) \ 1

k=0 I k = f y?g.
Here int (I k ) denotesthe interior of I k ,

It is clearthat the �x edpoint y? is theuser's willingnessto
payat theequilibrium.In otherwords,if x? is theequilibrium
rate that satis�es U0(x?) = p(x?), then y? = g(x?) = x? �
U0(x?).

Lemma3: Fix k = 0; 1; : : :. Let L = (a; b) be any open
interval thatsatis�esF (I k ) � L � I k . Supposethaty(s) 2 I k

and 
 (s) 2 g� 1(I k ) for all s 2 [� T; 0]. Then, thereexists a
�nite time t? = t?(L ) suchthat y(t) 2 L and 
 (t) 2 g� 1(L )
for all t � t?.

Proof: We�rst show thatthereexistsa �nite timet 0 such
that y(t) 2 L for all t � t0. Let L 0 = (a0; b0) be an open
interval containingF (I k ) andwhoseclosureL

0
is containedin

L , i.e., [a0; b0] � L . We prove that thereexistsa �nite time t0

suchthat y(t0) 2 L
0
. Supposethis is not true, i.e., y(t) 62L

0

for all t � 0. First, assumethat y(t) � sup L
0

for all t � 0.
This implies that there exists � > 0 such that _y(t) � � �
becauseg� 1(y(t � T))p(
 (t � T)) � sup F (I k ) < sup L

0
.

This meansy(t) # �1 , and contradictsthe assumptionthat
y(t) � sup L

0
for all t � 0. Hence,thereexists �nite t0 such

that y(t0) 2 L
0
. The casewherey(t) � inf L

0
for all t � 0

canbe handledsimilarly. Now, following the sameargument
in the proof of Lemma2 onecanshow that y(t) 2 L

0
for all

t � t0. SinceL
0

� L , clearly y(t) 2 L for all t � t0. Thus,
thereexists a �nite t0 suchthat y(t) 2 L for all t � t0.

We now show that there exists �nite t1 � t0 such that
for all t � t1, 
 (t) 2 g� 1(L ). Let L ? = (a?; b?) be an
open interval such that a < a? < a0 < b0 < b? < b and
L

?
:= [a?; b?]. From above we know that y(t) 2 L

0
for all

t � t0. Following thesameargumentabove we canshow that
thereexists �nite t1 � t0 suchthat 
 (t1) 2 g� 1(L

?
). Then,

by Lemma1, it follows that 
 (t) 2 g� 1(L
?
) for all t � t1.

Sinceg� 1(L
?
) � g� 1(L ), this implies
 (t) 2 L for all t � t1.

Thus, thereexists a �nite t1 suchthat 
 (t) 2 g� 1(L ) for all
t � t1. Now, letting t? = t1, the lemmafollows.

Theorem2: Supposethat Assumptions 1 - 3 hold. If
the initial function [� y ; � 
 ] 2 YI 0 � Yg� 1 ( I 0 ) , then
lim t !1 (y(t); 
 (t); � y ; � 
 ) = (y?; g� 1(y?)) .

Proof: By repeatedlyapplyingTheorem1 andLemma3
we can constructan increasingsequencef t k ; k = 1; 2; : : :g
suchthat, for all t � tk , y(t) 2 I k . Then,the theoremfollows
directly from the assumption\ 1

k=1 I k = f y?g.

A quick look at Theorem2 above and Theorem2 in [12]
reveals that the samestability criterion is suf�cient with or
without a low pass�lter in the control loop. In other words,
thestability of themapF is suf�cient in bothcases,provided
thattheinitial functionlies in anappropriatespacedetermined
by I 0. Also, notethat the stability conditiondoesnot depend
on the averagingparameter� in (5).

We have shown in [12] that without averaging,when the
map F is unstable,the delay differential system loses its
stability for suf�ciently large delays.In SectionIII we show
usingsimulationthat even with �ltering, when the mapF is
not stable,the systemin (5) is unstablewhen the delayT is
suf�ciently large. Also, it is clear that the systemis globally
stableif I 0 canbe madearbitrarily large in IR+ . An example
of sucha caseis provided in SectionIII.

C. Multiple stage �ltering

In this subsectionwe extend our results in the previous
subsectionto thecasewheremorethanonelow pass�lter are
addedto thesystem.Weshow thata similar stability condition
suf�ces even with multiple stagesof �ltering.

Supposethat there are N , N � 1, stagesof low pass
�ltering. This scenariois modeledby the following set of
differentialequations:

d
dt

x(t) = � (x(t)U0(x(t)) � x(t � T)p(
 N (t � T))) ;

� 1
d
dt


 1(t) = � 
 1(t) + x(t) ; (9)

� i
d
dt


 i (t) = � 
 i (t) + 
 i � 1(t) ; i = 2; : : : ; N

where
 i (t); i = 1; : : : ; N , is the outputof the i -th stagelow
pass�lter , and � i arepositive constants.

Corollary 1: Supposethat Assumptions1 - 3 hold. As-
sume the initial function [� y ; � 
 i ; i = 1; : : : ; N ] satis�es
� y 2 YI 0 and � 
 i 2 Yg� 1 ( I 0 ) for all i = 1; : : : ; N .
Then, lim t !1 (y(t); 
 1(t); : : : ; 
 N (t); � y ; � 
 1 ; : : : ; � 
 N ) =
(y?; g� 1(y?); : : : ; g� 1(y?)) .

Corollary1 statesthat thestability of thediscretetime map
F is suf�cient for the stability of (9) as long as the initial
function belongsto an appropriatespacedeterminedby the
domainof attractionof the mapF .

I I I . SIMULATION

In this sectionwe presentsimulationresultsusinga family
of popular utility and price functions. We simulate a �uid
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model as opposedto using a packet-level event driven sim-
ulator. This can be justi�ed as follows: Considerthe model
describedin SectionII-A in whicha resourcemeasuresits rate
duringeach(short)timeslot.In thismodelthenumberof bytes
that arrive during a timeslotwill be random.This systemcan
be modeledasa discretetime stochasticsystemwherea unit
time correspondsto the durationof a timeslot(e.g., [14]). As
mentionedin SectionI, whenthenumberof �o ws is large,the
aggregate behavior of the �o ws (normalizedby the number
of �o ws) in this systemcan be well approximatedusing a
deterministicmodel that resemblesa �uid model [13], [14],
[15]. Hence, the single �o w studied in this article can be
seento representthe averagebehavior of a large numberof
�o ws. This providesa justi�cation for usinga �uid modelfor
simulation.

The �o w hasa utility function U(x) = � 1=(a � xa) with
a = 2.0, and the resourceprice function is given by p(x) =
(x=C)b with b = 0.7. The link capacityC = 5. It is easyto
show that thepriceelasticityof demandof the �o w decreases
with increasinga [12], [16]. This family of utility functions
is also usedto achieve a wide rangeof different fairnessin
ratecontrol [11].

We show in [12] that with the assumedutility and price
functions, the map F is stable(i.e., has an attracting�x ed
point) if and only if a > 1 + b with IR+ as the region of
attraction.Since2:0 > 1 + 0:7, the stability condition holds
in this example.Therefore,Theorem2 tells us that the user
rate will converge to the equilibrium rate, startingwith any
positive, continuousinitial function.Theequilibriumuserrate
is x? = Cb=(1+ a+ b) = 1.3559.The reversedelayT from the
resourceto the senderis set to 100 in the simulation.The
gain parameter� = 1. The low pass�lter parameter� � 1 is
set to 0.05. The initial function is set to [x(s) 
 (s)] = [3 3]
for all s 2 [-100, 0]. Fig. 1(a) shows the evolution of the
instantaneousratex(t) andthe averagerate
 (t). Clearly, the
systemexhibits stablebehavior; both the instantaneousand
averageratesapproachthe equilibrium valuex? = 1.3559as
t goesto 1 .

In Fig. 1(b) we show the ratex(t) with the utility function
parametera = 1:4, which violates our stability condition
(1:4 < 1 + 0:7). In this case,the systemis unstableand the
userrateshows oscillatorybehavior.
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