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Abstract—We study the stability of a variant of Kelly's rate
control schemein a simple setting with a single o w and a single
resource. The feedbacksignal from the resource is a function of
an average rate of the ow obtained using a low pass lter .
We derive a suf cient condition for asymptotic stability in the
presenceof an arbitrary xed communication delay from the
resource to the sender We show that a suf cient condition
derived earlier for a system without averaging suf ces. We
validate our result using simulation with a family of popular
utility and price functions.

Index Terms— Rate control, asymptotic stability, delay.

I. INTRODUCTION

With emepging networked control systems,control of a
distributed systemin the presenceof communicationdelays
is emeging as an interestingand importantissue.Examples
of suchsystemsncludea sensometwork consistingof arrays
of sensorghat collect and provide feedbackinformation for
a control system,and a communicationnetwork with mary
end users that individually adjust their transmissionrates
basedon the feedbackinformation provided by active queue
managementAQM) schemed1], [4].

In [12] we study the stability of a rate control system
proposedy Kelly et al. [10] (calleda primal algorithm),and
derive asymptoticstability criteriain the presencef arbitrary
x ed network delays.Thesestability conditionsare obtained
using invariance-basedtability results for nonlinear delay
differential equationd?7], [8].

In this article we studya variantof the rate control system
proposedn [10] in a simple settingwherea single ow tra-
versesasingleresourceThiswas rst studiedin [17]. Kelly's
modeladoptsa uid model,andthe feedbacksignalgenerated
by a resourceis a function of users'instantaneousates.A
uid modelis shavn to be a good approximationwhen the
numberof o ws is large andresourcecapacitiesare high [2],
[13], [14], [15]. In practice,however, an instantaneousate
througha resources dif cult to measureaccurately;n order
to obtain a good estimateof the aggreate rate, a resource
may needto rely on an averagerate over a period.

We model this scenarioby assumingthat the feedback
signalfrom theresourcds basedon an averagedateobtained
usingalow passlter [17]. Thisis similarin spirit to Random
Early Detection(RED) [4] or Proportionalcontroller[6] type
schemeswith one or more stagesof low pass Itering. We
alsoassumehat the feedbacksignalfrom the resourceo the
useris delayeddueto a network delay
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We rst shawv the existenceof a unique solution of the
system.Then,we demonstrat¢hatan approactsimilar to that
emplo/ed in [12] can be extendedto the current problem.
We derive asymptoticstability criteria on utility andresource
pricefunctionswith anarbitrary x ed network delay Stability
resultsbasedon a linear analysisare derived in [17], and
dependon both the network delay and users gain parameter

The restof this article is organizedasfollows: We present
our main resultson asymptoticstability in Sectionll. Simu-
lation resultsare presentedn Il.

Il. RATE CONTROL WITH A FEEDBACK DELAY
A. Feedbak signal basedon low pass lter ed load

In Kelly's optimization framavork for rate control [9] a
user receves utility U(x) when it gets a rate of x. This
utility function could representeither the users true utility
or some function assignedto the user through the selected
end useralgorithm. We take the latter view and assumethat
the utility functionsof the usersare usedto selectthe desired
rate allocationamongthe users.The utility function U(x) is
anincreasingstrictly concae andcontinuouslydifferentiable
function of x over the rangex 0. We denoteby x(t) the
usersrateattimet. Sincea usersrateis boundedn practice,
we assumehattheusers ratebelonggo acompactset[ X min ,
Xmax] R+ :=(0;1 ). Herethe lower (resp.upper)bound
Xmin (resp. Xmax ) can be arbitrarily close to zero (resp.
arbitrarily large).

Kelly's primal algorithm [10] basedon a uid model,
assumeghat the price chaged by a resourceis a function
of users'instantaneousate. Althougha uid modelis shavn
to bea goodapproximatiorfor alarge scalenetwork [2], [13],
[14], [15], it doesnot capturethe paclet level dynamicsand
stochasticnatureof a real network. In particular the notion
of instantaneousate usedin a uid modelis an idealized
conceptthat cannotbe measuredn a real network.

The rate of a ow over a roundtrip can be computedby
dividing the numberof successfullydelivered bytes by the
round-trip time! However, thereis no such pre-determined
timescaleat which a resourcecan measureits rate; the rate
seenby a resourceover a period dependson mary factors,
e.g.,round-triptimesof the o ws, detailsof paclet transmis-
sions by end users,and queueingdelaysat the bottlenecks.
Instead, a resourcecan divide time into short, contiguous
timeslotsand measurethe noisy aggrajate rate of the ows
during eachtimeslot. Then, an averagerate canbe computed

1This resultsin self-clockingbehaior of an end user congestioncontrol
mechanisme.g., TCP



using,for example,anexponentiallyweightedmoving average
to obtain a better(or smoother)estimate.

Let (t) denotethe averagerate at the resourceat time
t. The price chaged by the resourceat time t is given by

(t) == p( (t)). We assumethat the price function p() is
non-ngative, increasingand continuouslydifferentiable.

We assumethat the forward delay from the senderto the
resourceis ngyligible and that the feedbacksignal generated
by the resourceis returnedto the user after a x ed round
trip time T 2 R. . As mentionedin Sectionl we modelthe
averagingat the resourceby introducinga low pass Iter. In
the presenceof low pass Itering and a feedbackdelay the
interactionbetweenthe userandthe resources given by the
following delay differential equation[10], [12].

xm= mw xa¢ T ¢ 1)
= KOUX) xt T @
Sw= wexw: >0

where > 0, andw(t) := x(t)UYx(t)) denotesthe users
willingnessto pay at time t. It is clearfrom (1) thatthe user
alwaysattemptsto reachan equilibriumwhereits willingness
to pay equalsits total price.

In this article we are interestedin nding conditionson
users utility and resourceprice functions for asymptotic
stability of the systemin (1). First, for notationalsimplicity
let usde ne g(x) andf (x) to beuserswillingnessto payand
total price, respectiely, asa function of its rate asfollows:

(@)

We male the following assumption®n the functionsg(x)
andf (x).

Assumptiorl: (i) The function g(x) is strictly decreasing
(i.e., g%x) < 0) for all x > 0, (ii) thefunctionf (x) is strictly
increasing(i.e., f (x) > 0) for all x > 0, and (iii) both
g(x) andf (x) are Lipschitz continuouson [X min , Xmax I,
and the inversefunction g *(y) is Lipschitz continuouson
[g 1(Xmax ), g 1(xmin )]

Note that the inversefunctiong () exists from Assump-
tion 1(i). As statedin [12], Assumptionl(i) implies that the
users demandis inelastic[16]. An example of a family of
utility andresourceprice functionsthatsatis esAssumptionl
is usedin Sectionlll for simulation.

We rewrite (1) in aform moreamenabldo analysis:De ne

) @

g(x) := x U%x) and f(x) := x p(x)

y(t) = g(x(t)) : 3)
This allows us the following changeof coordinate.
X©= 9 MyM) ) x(0)= a0 @

gAg (y(1))

De ne ~(y(t)) := g%g *(y(t))). Clearly ~(y(t)) > 0
underAssumptionl. We rewrite (1) in termsof y(t).

%Y(t) = (y() g 'yt THRC (t T) y()

T = m+gom

at ®)

We study the systemin (5) and shav that there is a
closecorrespondencbetweenthe invarianceand asymptotic
stability propertiesof a discrete-timemap

o1 = f(g *(¥n)) = F(yn) (6)

and those of (5) for x ed orbits as done in [12] with no
averaging.

Assumptior2: Suppose that | = [a; bl
O([Xmin 7 Xmax]) is a compactintenal invariant under
themapF,ie., F(l) 1.

Let Y := C( T;0];R:+) be the Banachspaceof con-

tinuous functions mappingthe interval [ T;0] to R. . For
alA R.,wedeneYy ::=f 2Yj (s)2 A forall
s2[ T,;0]g.

B. Existenceof a uniquesolution& asymptoticstability

The functionsin (5) are Lipschitz continuousby Assump-
tion 1. Therefore,a uniquesolutionof (1) existsforallt 0
with ary initial function[ y; 12 Y, Yy 1¢y,i.e.,y(s) 2 |
and (s) 2 g (1) for all s 2 [ T;0]. Moreover, our rst
result(Theoreml) shaws that the solution stayspositive and
within theinterval | . This is a consequencef the invariance
propertyof the interval | underthe mapF (Assumption2).
Before statingthis invarianceresult,we rst introducea few
lemmasusedin the proof.

Lemmal: Supposehat|? := [a’; b’] R is a compact
interval. Assume : [0;1]! 17 is a continuousfunction
and :[0;1]! R, is acontinuous,strictly positive, and
boundedfunction. If u(t) is a solution of following equation

020+ U= @ @

with an initial conditionu(0) 2 17, thenu(t) 2 17 for all

0.

Proof: We prove this lemmaby contradiction.Suppose
that the lemmais not true. Then,letty 0 bethe rst time
at which the solution leaves | ?. First, supposeu(to) = b’
and every intenval (to; to + ), > 0, containsa point
suchthatu( ) > b’ andu( ) > 0. However, if u( ) > b’,
from (7) we musthave u( ) < 0 because (t) b’. Thisis a
contradiction.The caseu(to) = a’ is handledsimilarly. This

completegthe proof. ™
Lemmal is essentiallybasedon [5].
Lemma2: Suppose that 17 = [a’; ]

O([Xmin ;Xmax]) is a closed internval invariant under
the map F. If y(t) 2 1?7 and (t) 2 g (1?) for all
t 2 [ty; t1+ T], theny(t) 2 17 forallt 2 [ty + T; t; + 2T].
Proof: We rst rewrite the rst equationin (5):
1 d
) ®
Then,from Lemmal, in orderto prove Lemmaz2 it sufces
to shaw that the right-handside of (8) liesin | ? for all t 2
[ty + T; ty + 2T]. This follows directly from the assumed
invariancepropertyof 1 ? underthe mapF and monotonicity
propertiesof the functionsg andf : First, note that the map
Fiy)=f g Y(y)=9 *(y) p(g (y)).Recallthatthe price

yt) +y(®) =g *(yt T)p( (t T))



functionis non-decreasingndthefunctiong is monotonically
decreasingThus,for all t 2 [ty + T; t; + 2T],

g '(0)p(g (1) g Yyt THp( (t T))
g *(@")p(g *(@")
becausey(t T) 2 17 and (t T) 2 g (17).

The invariance property of |7 now tells us F(1?) =

[0 2(0")p(g 2(B7); g *(@”)p(g *(a7))] 1?7, and the
claim follows. n

Theoem1: Supposethat Assumptionsl and 2 hold and
that the initial function[ y; 12 Y, Yy 1(y. Then,the
correspondingsolution (y(t); (t); y; ) satisesy(t) 2 |
and (t)2g (1) forallt O.

Proof: By Lemmaz2, if 2 Yy 1y and y 2 1 then
y(t) 2 | for allt 2 [0;T]. Applying this and Lemmal to
the secondequationin (5) tells us that (t) belongsto the
inverseimageg (1) forallt 2 [0; T]. Now theclaim follows
from an induction agumenton time (called the method of
steps[3]). ]

We now consider the case where the map F has an
attracting x ed point y? with a domain of attractionl. In
otherwords,F"(yo) ! y? for any yo 2 lo.

Assumptior8: Thereis a sequenceof compactintenals
Iv;k = 0;1;2;:::, satisfying (i) F(lk) int (Ix+1)
lker int(ly) forall k= 0;1;:::; and (i) \ i, Ik = fy’g.
Hereint (1) denoteghe interior of 1,

It is clearthatthe x ed pointy? is the users willingnessto
pay at the equilibrium. In otherwords,if x? is the equilibrium
rate that satis es UYx?) = p(x?), theny” = g(x?) = x?
uqx?).

Lemma3: Fix k = 0;1;:::. Let L = (a;b) be ary open
interval thatsatisesF (1) L . Supposeahaty(s) 2 |
and (s) 2 g (lx) for all s2 [ T;0]. Then,thereexists a
nite timet? = t?(L) suchthaty(t) 2 L and (t) 2 g (L)
forallt t°.

Proof: We rst shav thatthereexistsa nite timetg such
thaty(t) 2 L for allt to. Let L= (a% b") be an open
interval containingF (1) andwhoseclosureL ’is containedn
L,ie.,[a% 7 L. We provethatthereexistsa nite timetg
suchthaty(to) 2 L Supposethis is not true, i.e., y(t) 62
forallt 0. First,assumehaty(t) sup LCforallt o
This implies that there exists > 0 such that y(t)
becauseg L(y(t T)p( (t T)) sup F(lx) < sup L~
This meansy(t) # 1 , and contradictsthe assumptiorthat
y(t) sup L forallt O.Hencethereexists nite to such
thaty(to) 2 L. The casewherey(t) inf L forallt O
canbe handledsimilarly. Now, following the samearé;ument
in the proof of Lemma2 onecanshaw thaty(t) 2 L for all
t to. SinceL® L, clearlyy(t) 2 L forallt to. Thus,
thereexistsa nite ty suchthaty(t) 2 L forallt to.

We nowv show that there exists nite t; tg suchthat
forallt t;, (t) 2 g }(L). LetL? = (a?; b’) be an
openintenal suchthat a < a’<a’< < < band
L  := [a@’; b’]. From abore we know thaty(t) 2 L for all
t  to. Following the sameargumentabove we canshaw that
thereexists nite t;  to suchthat (t;) 2 g *(L"). Then,

by Lemmal, it follows that (t) 2 g 1(E?) forallt t;.
Sinceg (L") g %(L),thisimplies (t)2 L forallt t;.
Thus, thereexists a nite t; suchthat (t) 2 g (L) for all
t  ti. Now, letting t? = t;, the lemmafollows. =

Theoem2: Supposethat Assumptions1l - 3 hold. If
the initial function [ y; ] 2 Y, Yg 1(1,), then
limas  (y(Y); () y; )= (Y59 2(Y?).

Proof: By repeatediyapplyingTheoreml andLemma3
we can constructan increasingsequencdty;k = 1;2;:::9
suchthat,forallt  ty, y(t) 2 I¢. Then,thetheoremfollows
directly from the assumption }_ I = fy’g. n

A quick look at Theorem2 above and Theorem2 in [12]
reveals that the samestability criterion is sufcient with or
without a low pass Iter in the control loop. In otherwords,
the stability of themapF is sufcient in both casesprovided
thattheinitial functionliesin anappropriatespacedetermined
by 1. Also, notethat the stability conditiondoesnot depend
on the averagingparameter in (5).

We have shown in [12] that without averaging,when the
map F is unstable,the delay differential systemloses its
stability for sufciently large delays.In Sectionlll we shav
using simulationthat even with ltering, whenthemapF is
not stable,the systemin (5) is unstablewhenthe delay T is
sufciently large. Also, it is clearthat the systemis globally
stableif | canbe madearbitrarily largein R, . An example
of sucha caseis providedin Sectionlll.

C. Multiple stage ltering

In this subsectionwe extend our resultsin the previous
subsectiorto the casewheremorethanonelow passlter are
addedo the systemWe shav thata similar stability condition
sufces evenwith multiple stagesof Itering.

Supposethat there are N, N 1, stagesof low pass
Itering. This scenariois modeledby the following set of
differential equations:

%X(t): xOUAX®)  x(t Tp(n(t T ;

= O ©
A= O+ a0 = 200N

passlter, and ; arepositive constants.

Corollary 1: Supposethat Assumptionsl - 3 hold. As-
sume the initial function [ y;
y 2 Y, and 2 Ygq 1, foralli = 1;::0N.
Then, lim¢y

Corollary 1 stateghatthe stability of the discretetime map
F is sufcient for the stability of (9) aslong as the initial
function belongsto an appropriatespacedeterminedby the
domainof attractionof the mapF .

I1l. SIMULATION

In this sectionwe presentsimulationresultsusinga family
of popular utility and price functions. We simulatea uid



model as opposedto using a paclet-level event driven sim-

ulator. This can be justi ed as follows: Considerthe model
describedn Sectionll-A in which aresourceneasureds rate
duringeach(short)timeslot.In this modelthe numberof bytes
thatarrive during a timeslotwill be random.This systemcan
be modeledas a discretetime stochasticsystemwherea unit

time correspondso the durationof atimeslot(e.g.,[14]). As

mentionedn Sectionl, whenthenumberof o wsis large,the
aggregate behaior of the o ws (hormalizedby the number
of ows) in this systemcan be well approximatedusing a
deterministicmodel that resemblesa uid model [13], [14],

[15]. Hence,the single ow studiedin this article can be
seento representhe averagebehaior of a large numberof

o ws. This providesa justi cation for usinga uid modelfor

simulation.

The ow hasa utility functionU(x) = 1=(a x?) with
a = 2.0, andthe resourceprice function is given by p(x) =
(x=C)® with b= 0.7. The link capacityC = 5. It is easyto
shav thatthe price elasticityof demandof the o w decreases
with increasinga [12], [16]. This family of utility functions
is also usedto achiee a wide rangeof different fairnessin
rate control [11].

We shaw in [12] that with the assumedutility and price
functions,the map F is stable(i.e., has an attracting x ed
point) if andonly if a > 1+ b with R, as the region of
attraction.Since2:0 > 1+ 0:7, the stability condition holds
in this example.Therefore, Theorem2 tells us that the user
rate will corverge to the equilibrium rate, startingwith ary
positive, continuoudnitial function. The equilibriumuserrate
is x? = Cb=(t+ a+h) = 1 3559 The reversedelay T from the
resourceto the senderis setto 100 in the simulation. The
gain parameter = 1. The low pass Iter parameter ! is
setto 0.05. The initial functionis setto [x(s) (s)] = [3 3]
for all s 2 [-100, 0]. Fig. 1(a) showvs the evolution of the
instantaneousate x(t) andthe averagerate (t). Clearly, the
systemexhibits stable behaior; both the instantaneousnd
averageratesapproachthe equilibriumvaluex? = 1.3559as
t goesto 1 .

In Fig. 1(b) we shawv the ratex(t) with the utility function
parametera = 1.4, which violates our stability condition
(1:4 < 1+ 0:7). In this case,the systemis unstableand the
userrate shows oscillatory behaior.
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