
ENEE626. Midterm examination, 10/27/2005 Instructor:A. Barg

Solutions of problems

Problem 1. (6pts, 2 each subproblem) Consider a ternary linear codeC with the generator matrix

G =

[
0 0 1 1 2 0
1 0 0 2 0 2
0 1 0 1 1 2

]
(1) Find a parity-check matrix ofC
For instance,

H =

[
1 2 2 1 0 0
0 2 1 0 1 0
1 1 0 0 0 1

]
(2) What are the parameters[n, k, d] of the codeC?
[6,3,3] because, for instance, 200101 is a codeword and no two columns ofH are proportional.

(3) How many cosets doesC have? Name 10 coset leaders.

It has3n−k = 27 cosets. Sinced(C) = 3, all 12 vectors of weight 1 are coset leaders.

Problem 2. (14 pts, 2 each subproblem) Letf(x) = x4 + x3 + 1 and letα be a root off .

(1) Isf a primitive polynomial?

Yes because we have shown in class thatf ∗(x) = x4 + x + 1 is primitive, so ifα is a root off
thenα = γ−1 whereγ is a root off ∗(x).

Alternatively, letα be a root off. If α 6= 1, α3 6= 1, andα5 6= 1, thenord(α) = 15, but the first
two are trivial, and for the third, compute

α4 = α3 + 1

α5 = α3 + α + 1 6= 1.

For future use also computeα6 = α3 + α2 + α + 1, α7 = α2 + α + 1, α8 = α3 + α2 + α, α9 =
α2 + 1, α10 = α3 + α, α11 = α3 + α2 + 1, α12 = α + 1, α13 = α2 + α, α14 = α3 + α2, α15 = 1.

(2) Let F4 = {0, 1, ω, ω2} be the field of4 elements. Is it a subfield ofF16? Write out the
addition table ofF4.

It is a subfield because22 − 1|24 − 1. The nontrivial entries of the addition table are obtained
from the relationω + 1 = ω2.

(3) Is (1, ω) a basis ofF16 overF4?

No because1 = ω2ω, so 1 andω are proportional.

(4) Letg(x) = x2 + ωx+ 1. Is it irreducible overF4?

g(x) has no zeros inF4 so it does not have linear factors. Thus, it is irreducible.

(5) Letβ be a root ofg(x). Find the order ofβ. Is it primitive?

Computeβ3 = ωβ2 + β = ωβ + ω, β4 = ωβ2 + ωβ = β + ω, β5 = β2 + ωβ = 1. Thus
ord(β) = 5, so it is not primitive.

(6) Expressβ as a power ofα.
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β is an element of order 5, so we should look amongα3, α6, α9, α12. We claim thatβ = α3

because
g(α3) = α6 + ωα3 + 1 = α6 + α8 + 1 = 0.

(7) Find the representation ofα7 in the basis(1, β) overF4.

Sinceω = α5 = β + α + 1, we obtainα = ω + β + 1 = ω2 + β. Next,

α7 = α6α = β2α = (ωβ + 1)(ω2 + β) = ω2β + 1.

Thus, the coordinates ofα7 are1, ω2.

Problem 3. (8 pts each, 2 each subproblem) The polynomialx15 + 1 factors overF2 as follows:

x15 + 1 = (x+ 1)(x2 + x+ 1)(x4 + x+ 1)(x4 + x3 + 1)(x4 + x3 + x2 + x+ 1)

Let C be a[15, k, d] binary cyclic codeC of length15 generated byg = (x+ 1)(x4 + x3 + 1).

(1) What arek anddBCH?

dim(C) = n− deg g = 10.

The problem does not state what was the polynomial used to generateF16. Because of unique-
ness ofF16 is does not matter for the solution, but for definiteness let us assume that the primitive
polynomial wasx4 + x+ 1 and denote its root byα.

Theng(x) = m0m7, so the zeros ofC are(0, 7, 11, 13, 14) = (0,−8,−4,−2,−1). Among the
exponents of the zeros ofC we find−2,−1, 0, sodBCH = 4.

We could have also takenx4 + x3 + 1 as the polynomial used to construct the field. Denoting its
root byβ = α−1 we would have found the zeros(0, 1, 2, 4, 8), reciprocal to the ones found above.

(2) Is c(x) = x10 + x9 + x7 + x3 a codeword inC? Isf(x) = c(x) + 1?

c(1) = 0 andc(α7) = α10 + α3 + α4 + α6 = α6(α4 + 1) + α4 + α3 = α7 + α4 + α3 =
α3(α+ 1) +α4 +α3 = 0 usingα4 = α+ 1, soc ∈ C. The vectorf is of odd weight, sof(1) 6= 0,
f 6∈ C.

(3) What is the generator polynomial ofC⊥?

We havegC⊥(x) = h∗(x),whereh(x) = m1m3m5 = (x2+x+1)(x4+x+1)(x4+x3+x2+x+1).
Explicitly,

gC⊥(x) = m−1m−3m−5 = m3m5m7 = x10 + x9 + x8 + x6 + +x5 + x2 + x+ 1.

(4) What isdBCH(C⊥)?

The zeros ofC⊥ have the exponents(−1,−2,−4,−8;−3,−6,−9,−12;−5,−10), so the BCH
bound givesdBCH(C⊥) = 7.


